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THE VISCOELASTIC DEFLECTION 
OF AN INFINITE FLOATING ICE PLATE 
SUBJECTED TO A CIRCULAR LOAD 

Shunsuke Takagi 

INTRODUCTION 

Since ancient times floating ice plates have been used to cross rivers and lakes. During recent 
years traffic load on frozen rivers and lakes has greatly increased, and at the same time vehicles have 
become heavier. Aircraft landing and parking facilities also have added loads on these bodies of water. 
In addition, during the past several years, oil companies have started to use ice plates as drilling plat
forms. Thus, we now need to acquire a more detailed understanding of the creep of ice plates. 

Maxwe II 
Unit 

Voi gt 
Unit 

Figure 7. Max well- Voigt type 
four elemen t model. 

Formulation of the creep of a floating ice plate began 
after World War II with the intense development of the linear 
viscoelasticity theory. In 1947 Golush kevich (referred to by 
Kheysin 10) presented an analysis assuming that ice behaves 
elastically for volumetric deformations and viscoelastically 
for deviatoric deformations. Kheysin lO used a general visco
elastic thin-plate theory to analyze the infinite floating ice 
plate. He used the Maxwell unit (Fig. 1) only, and considered 
only a concentrated load. Nevel ll also used the Maxwell unit 
only, but considered a distributed load. He limited his 
numerical computation only to the center of the load. 

William L. Ko, as reported by Garbaccio,4 5 used the 
Maxwell-Voigt type four-element model (Fig. 1), which is 
known to represent the creep of ice satisfactorily (Jellinek 
and BriIl8). In addition to thin-plate theory, Ko used 
Reissner's plate theory, which includes the deflection due 
to vertical shear forces. Garbaccios numerically evaluated 
Ko's solution for specific values of material constants rather 

than for nondimensional parameters. Garbaccio's numerical answers show that the discontinuity of 
the load distribution yields a strong influence on the values of deflection. It is reasonable to suspect 
that his numerical evaluation may contain some errors. 

IAkunin6 
7 has solved the same problem as Ko, but he used only thin-plate theory. Unfortunately, 

only an abstract of IAkunin's work is available to western researchers. 
Katona9 and Vaudrey and Katona 17 solved the same problem with a finite-element viscoelastic 

computer program. 
We solved this problem analytically by use of thin plate theory, and also developed an effective 

method of numerical integration of the solution integrals. However, the theoretical curves did not 
satisfactorily fit the field-test curves. It is now evident that a large scale laboratory test eliminating 
the variation due to natural conditions must be carried out and the theoretical assumptions must be 
tested. 



1. THE PROBLEM 

We shall consider the viscoelastic ice plate floating on water extending horizontally to infinity. 
We shall use the Maxwell-Voigt type four-element model (Fig. 1) to describe the viscoelastic deforma
tion of ice. 

Using the notation of Fig. 1, we can show that this model gives the stress-strain relationship 
which we show in an operator form, 

e=[l+_l + 1 ]a £ a a 
1 171 - £2 +172-at at 

(1.1 ) 

where t is time. To extend the one-dimensional relationship (1.1) to the three-dimensional relation
ship, we assume, as explained by Flugge, 2 that 13 and a are deviatoric and relate them by 

a = 2Ge 

where G is the rigidity modulus relative to the three-dimensional deformation. Using (1.1)' 2G is 
given as an operator 

1 
2G 

The differential equation describing the deflection w of an elastic plate on water is 

where V 4 is the biharmonic operator 

V - -+-4 _ (a2 a2 
)2 

ax2 ay2 

p the density of water, q the load per unit area, D the flexural rigidity defined by 

D = 2Gh 3/[12(1 - v)] 

(1.2) 

(1.3) 

(1.4) 

(1.5) 

in which h is the thickness of the ice plate, and v Poisson's ratio. Substituting 2G from (1.2) into 
(1.5), and D thus found into (1.3), we find the differential equation governing the viscoelastic de
flection of a floating ice plate. We shall show this equation later in the nondimensional form. 

We assume the load q to be a step loading applied at t = 0 and distributed uniformly over a circle 
of radius a with the center at origin. Then, letting r be the radial distance from origin 

q = qo U(t) for 0 ;;; r < a 
(1.6) 

= 0 for a < r 

where U(t) is the step function, and t the time. Our problem is axisymmetric, and the biharmonic 
operator V4 reduces to 

2 



We shall nondimensionalize our differential equation. We define the characteristic length Q by 

(1.7) 

where 

(1.8) 

We have chosen Eo, rather than E1 or E2, to define Q, because Eo is related to the secondary 
creep (Nevel 12 ), which is the main interest in ourfield observation. 

Let D1 be defin~d by 

(1.9) 

Use of (1.4) and (1.7) changes (1.9) to 

(1.10) 

Substituting Gin (1.2), (1.10) becomes 

(1.11 ) 

We choose nondimensional time T 

(1.12) 

and a parameter r 

(1.13) 

Then (1 .11 ) becomes 

D1 = l//E+ ~ + ;~ I 
aT r aT 

(1.14) 

where 

E = Eo/E1 . (1.15) 

It is noted that 

o ;;; E ;;; 1. (1.16) 

Clearing the denominator, (1.14) becomes 

D1 = .L(--L + r\//E ~ + (1 + r) ~ + rl 
aT aT )/ aT2 aT 

(1.17) 

where use is made of the relation 

3 



which can be proved by use of (1.13), (1.15), and (1.8). 
We define the nondimensionallength R by 

R = r/Q. 

We replace Din (1.3) with D in (1.9), and (1.3) becomes 

D 1 V'~ w + W = q / p 

where 

With D 1 given by (1.17), (1.19) is the differential equation to be solved. 

2. THE SOLUTION 

We denote the Han kel transform of fiR) by f({3) 

f(p) = J f(R)Jo ({3R) RdR 
o 

and the two-sided Laplace transform (Van der Pol and Bremmer 16
) of g(T) by g(s) 

g(s) = 5 J= g(T) e-ST dT . 

We denote the inverse of (2.2) by 

g(T) = L -1 [q(5)]. 

Applying these two transforms, (1.19) becomes 

where 

5(5 + 7) 
£52 + (1 + 7)5 + 7 

Applying the two transforms to q defined by (1.6), we get 

(l/p)q = [P/(1TApQ2)) (1/{3) J1 ({3A) 

where 

4 

(1.18) 

(1.19) 

(1.20) 

(2.1 ) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 



and 

A = ajQ. 

Thus the transformed solution is given by 

Performing the Hankel inverse, we find 

Performing the Laplace inverse, we find 

w = P J C 1
( 1 ) 11(J3A) 10(~R} d~. 

1TApQ2 0 1 + D1 ~4 

To find L-1 [1/(1 + [51 ~4)], we compute the partial fraction 

1 1 
:5 1 +D1~ 

where - <Xl and - <X2 are the roots of the quadratic equation 

They are given by 

where 

= ttf + 1 + 7 +- ....tl5E5C 
2(f34 + £} 

D£SC = (7~4 + 1 + 7}2 - 47(~4 + £) 

which transforms to 

= [7 (~4 + 1) - 1 J2 + 4T( 1 - £). 

From (2.13), it is clear that 

D£SC> O. 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

(2.11 ) 

(2.12) 

(2.13) 

(2.14) 

The roots <Xl and <X2 are therefore always real. Moreover, inspection of (2.11) and (2.12) shows 
that both <Xl and <X2 are always positive. Thus we find that 

5 



L -1+ e - e. -1( 1 ) _ tJ4(r-a2 ) -a2T tJ4(r- ad -a1 T 

1 + D1 tJ4 yDESC yDESC 
(2.15) 

Substituting (2.15) into (2.9), the solution for w is found: 

The radial and hoop stresses are given by 

respectively. Changing D to D1 by use of (1.9) and r to non dimensional R by use of (1.18), they 
become 

where D1 is the operator on T given by (1.17). The two-sided Laplace transform yields 

(2.17) 

(j = _ 6pQ2 (l 1- + v ~) l5:W 
(J h 2 R aR aR2 1 

(2.18) 

where D1 w is the Laplace transform of D1 w. 
Using (2.8) one gets 

The Laplace inverse of this is 

To find L -1 [D1/(1 + D1 tJ4)], we compute the partial fraction, 

6 



1 D1 T - 0:1 1 T - 0:2 1 

5" 1 + D1 rr yDESC 5 + 0:1 - yDESC 5 + 0:2 . 

Thus we find 

- Q 1 T T - 0:2 - Q2 T e - e 
yDESC . 

Thus the inverse of (2.17) is 

The inverse of (2.18) is 

a = ~ f J ((3A) vJ ({3R) + 1-v J ({3R) T-0:1 e - T-0:2 e {32 d{3. ~ I J ( ) -Ql T ( ) - Q2 T 

o rrAh2 0 1 0 {3R 1 yDESC 
(2.20) 

Tabulation of ar and ao becomes easier if linear combinations of (2.19) and (2.20) that do not con
tain v are computed. 

3. METHOD OF NUMERICAL INTEGRATION 

It is impossible to analytically integrate the solution integrals (2.16), (2.19) and (2.20). (See 
App. I.) 

The direct numerical integration is inconvenient because of the slow convergence of the Bessel 
functions for large values of the independent variable (3. We shall choose finite ranges of integration 
that give sufficiently close approximations. The essence of our method consists of the following 
integration procedure: 

Consider the integral 

~ 

I = f CP({3) J ,({3A) J 0 ({3R) d{3 
o 

where the non-Bessel factor CP({3) is finite in the range of integration, and asymptotically 

(3.1 ) 

(3.2) 

in which a is constant. The value of n in our formulas in the previous section is ;; 4. The general 
case is discussed in Appendix I. 

We will replace the infinite integral (3.1) with a finite integral. Given a large value N, we can esti
mate an upper bound of the absolute integral, 

~ 

f I cp({3} ;, ({3A) J 0 ({3R) I d{3 (3.3) 
N 

7 



called the absolute remainder, by substituting the asymptotic expansions of ct>({3) and Bessel functions. 
We let the trigonometric functions in the latter equal one. Denoting the absolute remainder by 

[Abs I] N' we find 

(3.4) 

Let f be the error we can tolerate in our computation. In our actual computation, we chose 

f = 10-5 . 

The value of N is evaluated by equating the right hand side of (3.4) to f: 

(3.5) 

Then, integral 1 in (3.1) is approximated by 

N 

1 - f ct>({3) ;, ((14) Jo({3R) d{3. (3.6) 
a 

The value of N was small in most of our computation [N ~ 10 except in (6.4)], and our numerical 
scheme worked very effectively. 

We list in the following the asymptotic expansions of the non-Bessel factors <t>({3) contained in the 
integrands of our integral solutions (2.16), (2.19), and (2.20): 

(3.7) 

(7 - Q 1 )/-jDESC - {3-4 - {3-8 

(7 - Q2)/-jDESC - - (1 - E){3-8 . 

4. RAMP/STEADY LOADING 

We used two load tests to fit our theoretical curves. One was the Sun Oil Corporation's 
(SUNOCO) data obtained during the winters of 1973-1974 and 1974-1975 at Resolute Bay, North
west Territory (unpublished). The other was Frankenstein's data3 obtained on Portage Lake, 
Michigan, and the Garrison Dam Reservoir, North Dakota, on 20 March 1956 and 18 January 1957. 
Among these tests, we chose the ideal ramp/steady loading for our numerical computation. In this 
loading, as illustrated in Figure 2, the load P is increased initially at a constant rate P and, after a 
certain time To, kept constant at P = PTa. However, since SUNOCO does not allow the publication 
of their data, we cannot include their data in this paper. 

We will derive the ramp/steady formulas by use of the step-loading formulas given in the previous 
section. However, since both SUNOCO and Frankenstein measured only deflection, we derive only 
the deflection formulas. 

Define the influence function Wo (T) by letti ng P = 1 in (2.16): 

8 



p Figure 2. Definition of the ramp/steady loading. 

T 

The deflection w(T) for 0 ~ T ~ To is given by 

T 

w(T) = J Wo (T - X)?dX 
o 

and for To ~ Tby 

TO 

= f Wo (T - X)? dX 
o 

where? = PITo. 

(4.2) 

(4.3) 

Substituting (4.1) into (4.2) and integrating with regard to X, we get the deflection w(T) for 
O~ T~ To: 

where 

The absolute remainders are as follows: 

[Abs U d ~ < [T2 /(41Tv'ARll N-4 

[Abs U2] ~ < [T/(21Tv'AR)] N-4 

9 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

(4.8) 

(4.9) 



(4.10) 

Substituting (4.1) into (4.3) and integrating with regard to A, we get the deflection w(T) for 
To ;;; T: 

w(T) 

where 

The absolute remainders are as follows: 

[Abs Id ~ < (21TyAR")-1 N-4 

[Abs/2]~ < [T/(21TyAR)] N-4 

[Abs/3]~ < [(1-E)/(21TyAR)][(e rTO -1)/(rTo)] e-rT N-4. 

Computer programs for these formulas are shown in Appendix II. 

5. CURVE FITTING TO TIME LAPSE DEFLECTIONS 

(4.11 ) 

(4.12) 

(4.13) 

(4.14) 

(4.15) 

(4.16) 

(4.17) 

Frankenstein 3 placed a 12·ft-diameter tank on the ice and pumped the adjoining water into the 
tank. (We call this the distributed load test.) However, the temperature of the water in the tank 
obviously disturbed the ice temperature. He then tried a variation by placing a 17.3-in.-diameter 
concrete block under the 12-ft-diameter tank. (We call this the concentrated load test.). The water 
in the tank was, in this case, isolated from the ice and did not disturb the ice temperature. 

The load-vs-time curve~ of these tests and the measured deflections are shown in Figures 3 and 
4. "TANK" designates the deflection of the edge of the tank. "RODS" are the sites where the 
measurements were taken. The distances of the measurement sites from the center of the load are 
listed in Tables I and II. 

The material constants found by the curve fitting are shown in Tables I and II. They vary with 
the location of the measurement. 

To show the significance of the material constant variation with the measurement sites, we chose 
the material constants determined at rod 1 of Frankenstein's concentrated-load time-lapse curve, and 
computed the deflections at the other measurement sites. Figure 5 shows the comparison of the 
computed curves and the measured data. The left and right columns show the ramp and steady 
portions of the deflection curves, respectively. They are designated by (r) and (s) respectively. 

To express the degree of curve fitting we devised the trapezoidal error (TE). In Figure 6, a, A 
and b, B show two pairs of measured and computed deflections at two consecutive times t1 and t 2 , 

10 
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Table I. Material constants found by using the time-lapse curves of 
Frankenstein's distributed load test (ref. 3, test 5). 

TANK Rod I Rod 2 Rod 3 

Distance 1.83m 4.9m 9.8m 19.6 m 

T 20 20 26 5 

E 0.028 0.014 0.005 0.02 

EO (kg/m 2) 2.159Xl08 3.729Xl08 9.812Xl08 3.925 Xl 09 

r) l/EO (sec) 1.488 Xl 06 1.4691.106 1.224 Xl 06 2.448 X 1 06 

TE (ramp) (m) 4.928 Xl 0-3 2.780 X 10-3 3.111 X 10-3 1.0541 X 10-3 

TE (flat) (m) 3.048X10-3 2.195 Xl 0.3 3.882 Xl 0-3 1.393 X 10-3 

IV 

Table II. Material constants found by using the time-lapse curves of 
Frankenstein's concentrated load test (ref. 3, test 8). 

TANK Rod I Rod 2 Rod 3 

Distance O.22m 4.9m 9.8m 19.6 m 

T 2 6.5 20 5 

E 0.0005 0.007 0.05 0.1 

EO (kg/m 2) 1.766X106 9.813X107 6.869Xl0 8 9.813 Xl 0 11 

r)l/EO (sec) 2.815Xl06 4.896 X 105 1.101Xl06 2.448 Xl 06 

TE (ramp) (m) 4.718 Xl 0-3 5.812 Xl 0-3 2.063 XlO-3 

1 E (flat) (m) 4.727 Xl 0- 3 2.730Xl0-3 2.884 X 10-4 2.750Xl0-3 

0:'- Tonk(r) 
04 TE= 2.42006 x 10- 2 

03 

02-

01 

0 

03 Rod I (r) 

02 
TE=5.81165x 10-3 

0.1 

0 

0.2 Rod 2( r) 

TE= 409208x 10-3 

w 
(m) 0.1 

0.1 Rod3(r) 

TE=9.93641 x 10- 3 

0.05 

0.1 Rod 4(r) 

TE=6.20518xI0- 3 
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--4 ••• e 
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TE=2 7299x 10-3 
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TE= 4.24524 x I 0 2 

- Rod 4(5) 

TE=762078xIO-' 

.! . 

1200 •• ·4&io --'- 8400 

Time (5) 

. . . . . 

.' 

120G 

Figure 5. Comparison of the calculated curves and measured points of Frankenstein's3 
concentrated load test. 
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~ 
I 

respectively. We squared A-a and B-b and, in case of the upper figure where the errors are of the 
same sign, computed the area of the trapezoid of which the bases are {A_a)2 and {B-b)2 and the 
height t2 - t 1. In Case of the lower figure where the errors change sign, we calculated the sum of 
the areas of the two triangles of which the bases are {A-a)2 and (b-B)2 and the heights to - t1 and 
t2 - to respectively, where to is the abscissa of the intersection. Denoting by S the area of such a 
figure, we defined TE by 

TE = vTITfTt (5.1 ) 

where the summation is over all the intervals and T the sum of the abscissa intervals. 
The TE indicates a sort of absolute maximum error. Its unit is m. If the deflections are of 

ordinary magnitude, the TE of order 10-3 and 10-2 means a good and tolerable fit, respectively. If 
the deflections are very small, as in the Case of rod 4, the smallness of the value of TE does not mean 
much. We did not list the computed values at rod 4 in Tables I and II. 

We evaluated the TE for all the possible cases. They are shown in Figures 7 and 8. The abscissa 
is the distance from the center of the load. The measurement sites are noted on the abscissa axis. 
The circled points are those whose material constants are used to compute a set of TE. The sets of 
TE thus computed are connected with solid or broken lines and labeled with the appellations of the 

circled measurement sites. 
Comparison of Figures 7 and 8 shows that the concentrated load test has smaller overall TE values 

than the distributed load test. However, we cannot recognize any significant effect of the tempera
ture distribution due to the watertank temperature disturbance. Probably the cracks, whose appear
ances are noted in Figures 3 and 4 but are not considered in our formulation, were more detrimental 

After the numerical computation was finished in 1976, Dr. Andrew Assur, an ice mechanics 
expert at CR REL, notified us that the variations of material constan ts in Tables I and II are in the 
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(ref. 3, test 8). 

range of reasonable values from the viewpoint of the nonlinear viscoelastic constants (Shumskij 14). 
We tried in 1977 to reevaluate the material constants; we thought that, although the theoretical 
curve is formulated on the linear assumption, if we fit the theoretical curve in the narrow time 
interval and space span, we can find the material constants close to the incremental viscoelastic 
constants. However, this plan could not be executed because the distances between the measuring 
rods were too large. 

6. ASYMPTOTIC DEFLECTION 

We shall show in the following that only one material constant is contained in the asymptotic 
formulas. The curve fitting, therefore, must be carried out in the initial stage. 

Referring to the asymptotic relationships in (3.7), we find that, when T is large, both the step
loading formulati on (2.16) and the ramp/steady loading formulation (4.11) reduce to 

where 

w = [P/(1TApQ2)] (K/A) 

~ K = j (1 - e-Tir4)jl (I3A)Jo (1m) dl3. 
o 

(6.1 ) 

(6.2) 

It is assumed in this derivation that 7 > 0, and that only large values of 13 are effective in the integra
tion. Letting 
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x = J3A 

(6.2) becomes 

K 

~ 

f T -4 
(1 -e- AX )1, (x)1o[(RIA)x] dx 

o 

where 

= ta4 J1lill-=.£l. 
h3 1], 

(6.3) 

(6.4) 

(6.5) 

(6.6) 

Thus, all the material constants are lumped into the second factor of (6.6). The stress formulas, al
though not mentioned here, can be similarly transformed. 

As shown in Appendix I, (6.4) cannot be analytically integrated; it must be numerically integrated. 
To effect the numerical integration, the non-Bessel factor in (6.4) is so chosen that it becomes zero 
atx = 00. The absolute remainder is estimated: 

(6.7) 

Graphs of integral K for the values of RIA = 0.2 and 2.0 are shown in Figure 9. When T A = 00, 

the non-Bessel factor becomes equal to one. At this limit, therefore, K = 1 when R < A, and K = 
o when R > A. As shown in the graphs, this limit is almost reached when T A > 1000. 

Exact integral K was formulated for the ramp/steady loading, and evaluated by use of a set of 
constants: To = 6xl03 sec, T = 10, E = 1/6,1],IEo = 6.12xl04 sec = 17 hr, Eo = 7xl08 

kg/m 2,l' = 0.5,andA = 0.5. These constants give Q = 29.31mandTA = t(2.48xlO-3daV·I). 
As shown in Figure 9, the asymptotic integral K is very close to the exact integral in the range 
TA > 0.1. The above constants are the rough estimates used before starting the elaborate calculations. 
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They are not listed in the Tables. We did not use other sets of constants to evaluate the exact 
integral K. We expect that all the exact curves should show the similar coincidence with the 
asymptotic curve although with individual variations. 

The values of T A at the final time of the two tests are listed in Table III. These values are very 
small. However we experienced that the modification of some material constants was insensitive on 
the modification of the computed deflection values. 

Table III. Final time ofthe three tests. 

in physical unit in T A unit 

Frankenstein's distributed load test 420 min 7 hr 2.67Xl0·4 

concentrated load test 240 min 4 hr 

7. DEFLECTION PROFILES 

We computed the deflection profiles of the concentrated load test (Frankenstein,3 test 8) at 12.7, 
32.6, and 118.5 min by use of the material constants, 7 ::: 10, E ::: 0.02,111 IE ::: 7 x 1 05 sec, and 
Eo ::: 2 x 1 08 kg/m2 , as shown in Figure 10. These material constants are round numbers intermediate 
between the material constants at rod 1 and rod 2 in Table II. The three chosen times mentioned 
above are marked in Figure 4. The computed profiles are quite different from the measured profiles. 
We varied the material constants but could not find values that make the theoretical curve assume a 
similarity to the measured curve. It is our impression that the measured profiles do not belong to 
the family of curves that our analytical formula can describe. The measured and computed curves 
intersect between rod 1 and rod 2, indicating the reliability of our computation, as may be expected 
from the choice of the material constants. 

Tank 

t : 2 
I 

Rod Number 
3 
I 

4 
I 

o II_~A-------~~==----~-~~-:=; 
W --- - ---------

W 0.10 
(m) 

0.20 
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wfI)= 93.3 

I 
4 

---

I 
8 12 

--- ---
--- ---

Curve minutes -Observed 

A 
A' 

12.7 - - - Computed 

B 32.6 
B' 
C 118.5 
CO 

I I 
16 20 24 28 32 36 
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Figure 70. Deflection profile. (Frankenstein's concentrated load test, ref. 3, 
test 8.) 
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4 8 12 16 20 24 28 32 
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Figure 11. Asymptotic deflection profile. (Theoretical continuation 
of Frankenstein's concentrated load test, ref. 3, test 8.) 

At t = 00, the integral Kin (6.4) becomes 

K for 0 < r < a 

o for 0 < a < r. 

The deflection w~ at t = 00 is 

w~ = q/p for 0 < r < a 

= 0 for 0 < a < r. 

(7.1 ) 

(7.2) 

Therefore, the water tank sinks theoretically to w~ = 93.3 m in the case of the concentrated load. 
However, the ice thickness h is 0.556 m. Our analytical formulas, therefore, become invalid beyond 
a certain elapsed time. (In the case of the distributed load test, w~ = 1.350 m and h = 0.597 m.) 

Theoretical deflection profiles for large times are shown in Figure 11. At time infinity, our 
analytical deflection comes to the vertical line denoted by t = 00. Because T A 5.41 xl 0-8 x t (days) 
in the case of the concentrated load test, the largest time, 500 days, chosen for this calculation is still 
too short. However, the mode of approach to the ultimate t = 00 curve is observable with the curves 
in Figure 11. [I n the case of the distributed load test, T A = 1.98 x 1 0-4 xt (days).] 
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APPENDIX I. ANALYTICAL BACKGROUND 

A. The following theorem shows the condition under which the integral (3.1) becomes either 
discontinuous or continuous at R == A. 

Theorem 1. The integral (3.1) is discontinuous or continuous at R == A when n in (3.2) is equal 
to or larger than zero, respectively. 

Proof. We can rewrite (3.1) to a one-parameter integral 

~ 

J(a) f f(x, a) dx 
o 

(A.1 ) 

by letting x == (3A, i.e. a == RIA, where f(x, a) is continuous with regard to x and a. The condition 
that J(a) is a continuous function of a is that the integral (A.1) converges uniformly with respect to 
a (c.f. Titchmarch, IS p. 25). The integral (A.1) uniformly converges when n > 0, but does not 
when n == O. 

B. We shall consider in the following the integral (3.1) whose non-Bessel factor <1>((3) is finite in the 
range of integration but asymptotically becomes zero in a more general form than in the specific 
form (3.2). 

Let an asymptotic expansion of <1> ((3) be 

(8.1 ) 

Rewrite (3.1) as 

(8.2) 

where 

10 ! I.I/l) -t .,I/l) I i,I/lA) iol/lR) dP (B.3) 

and 

J <1>n((3) h ((14) Jo((3R) d(3. (B.4) 
o 
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Figure 72. Contour of integrations (8.5) and (8.6). 

-€ . 
o 

We choose such an integer m that makes /0 rapidly convergent. We choose such a function ¢n ((3) 
that makes (8.4) analytically integrable. The following theorem is useful for the choice of ¢n (13). 

Theorem 2. Let F(z) be an even function of the complex variable z = x + iy that becomes zero 
at z = 00 and possesses only algebraic singularities (pole or branch points) on the upper half plane 
but no poles on the real axis. Then 

f F(x) J1 (ax) Jo(bx) dx 
o 

= ~F(O)+t _t F(z) H\l) (az) Jo(bz)dz when a > b > 0 

= ~ }~ F(z) J 1 (az) Hh1) (bz) dz when 0 < a < b 
-~ 

+~ 

(8.5) 

(8.6) 

where _t dz means the integral along the contour in Figure 12, where radius € is infinitesimal, and 

the z-plane is cut along the negative real axis. 
Proof. Consider the contour integrals 

+~ 

Ita > b) = ~ _:I} F(z) H~l) (az) Jo(bz) dz (i) 

where a > b > 0, and 

+~ 

Ita < b) ~ ~ F(z) jl (az) Hh1)(bz) dz (ii) 

when 0 < a < b. Use of the asymptotic formulas show that H\l) (az) J 0 (bz) and J 1 (az) 
Hh1) (bz) are zero on the infinitely large circle when a > b > 0 and 0 < a < b, respectively. 
Therefore we may consider only the contour along the real axis 

+~ 

Ita > b) ~ J F(z) H~l) (az) Jo (bz) dz 

Ita < b) 1 
2" 

+~ 

J F(z) J 1 (az) Hh1) (bz) dz. 

20 
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We divide the real axis in three parts: - 00 - - €, - € - €, and € - 00. We let z = - x in the 
region - 00 - - €, and z = x in the region € - 00, neglect the infinitesimal terms, and let 

F{z) = F{O) 

H11) (az) - 2i/{rraz) 

H&1){bz) [2i/{bz)]log{bz/2). 

Then (iii) and (iv) become 

00 

1(0) b) -~F{O)+ f F{x)J 1{ax) Jo{bx) dx (v) 
o 

00 

I{a < b) [F{X) Jdax) Jo{bx) dx. (vi) 

Equations (v) and (vi) prove (B.5) and (B.6), respectively. 

C. The need of Theorem 2 appears frequently in the mathematical study of the problems of a float
ing ice plate and the problems of an elastic plate on an elastic foundation. A similar integral in

cluding only one Bessel function was proved by Dougal (ref. 1, p. 138 and 147) as early as in 1903. 
When t = 0, our solution of the viscoelastic plate reduces to the solution of the elastic plate. 

The elastic solution thus found is composed of the following integrals: 

Mo J 1 J1 (ax) Jo{bx) dx 
1 + x4 0 

00 

M1 f _x_ J 1 (ax) J1 (bx) dx 
0 1 + x4 

00 

M2 f x 2 
/1 (ax) /0 (bx) dx 

1 + x4 0 

where a = AEY-. and b REY-.. We can carry out these integrals by direct or indirect application 
of Theorem 2: 

Mo = berb ker'a-beib kei'a+a-1 whenb;;:: a 

ber'a kerb - bei' a keib when a ;;:: b 

- ber'b ker'a + bei' b kei' a when b ;;:: a 

= - ber'a ker' b + bei' a kei' b when a ;;:: b 

M2 beib ker'a + berb kei' a when b ;;:: a 

bei'a kerb + ber'a keib when a ;;:: b. 
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MO and M2 are found by directly applying the theorem. Ml is found by differentiating Mo with 
regard to B. Wyman 19 derived Mo by integrating a concentrated-load elastic-plate solution over the 
loading circle. 

The continuity of Mo and M2 ata = b is obvious on the strength of Theorem 1. We shall show, 
however, a direct proof in the following. We shall prove that 

berx ker'x - beix kei'x + x-I = ber'x kerx - bei'x keix 

and 

beix ker'x + berx kei'x = bei'x kerx + ber'x keix. 

To prove th is, note that 

WI (x) = berx + i beix 

and 

W2 (x) = kerx + i keix 

are the solutions of the differential equation 

d 2 
W + 1 dw _ iw = O. 

dx2 x dx 

This can be proved by decompo~ing the equation 

of which (C.3) and (C.4) are the solutions. 
We can find that the Wronskian 

W:z (x) 

is equal to 

= _ x-I. 

Thus we have the identity 

berx + i beix kerx + i keix 

ber'x + i bei'x ker' x + i kei'x 

1 
x 

of which the real part gives (C.l) and the imaginary part gives (C.2). 
Theorem 2 can be extended in many ways. Nevel 18 found that 

J F(x) dx 
o 

+00 

~ _y: F(z) logz dz 
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for an odd function F(z) that does not have any pole on the real axis and vanishes atz = 00. 

D. It is impossible to apply Theorem 2 to the integrals of win (2.16), or in (2.19), and 0 0 in (2.20) 
for the following reason. 

The function exp(- Q2 T) has essential singularities at the roots of 

f34 + E = 0, 

because 

lim Q2 = 00 

/34-+- E. 

The function exp(-Q1 T) does not possess any essential singularities because the limit of 

Q 1 = 2r/[rf34 + 1 + r + ..J(r/34 + 1 + r)2 - 4r(f34 + E) 1 

is finite. However, the real part of Q1 becomes negative, and exp(- Q1 T) diverges, as I f31 -+ co in a 
certain range of direction. 

Theorem 2 does not apply to integral K in (6.4) because the point x = 0 is an essential singularity. 
The only alternative we can find for the integration of (3.1) is the use of Barnes' integral method. 

It consists in substituting the integrals 

col 

f r(_S)(}'2x)v+2S dS 
r(v + 5 + 1) 

(0.1) 
_COl 

(0.2) 

for lv (x) and H~l) (z), respectively, where c is a real number satisfyingc > R(v),z is complex, and 
x is real. We can usually exchange the order of integration to carry out the integration with regard 
to x or z. Then, we can carry out the rest of the integration in most cases by use of the theorem 
of residue. Only the forms (0.1) and (0.2) serve this purpose. The other Barnes' representations 
of 1 v (x) and H~ 1) (z) do not enable us to carry out the above two procedures. 

However, as mentioned by Watson (ref. 18, p. 192), (0.1) does not hold true for v = 0, and 
(0.2) does not hold true when v = ° and z is real. In these two cases, the integrands of (0.1) and 
(0.2) become proportional to s-l as 5 approaches jco as the limit on the imaginary axis. Therefore 
we cannot use Barnes' integral method to carry out our integrals. 
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APPENDIX II. COMPUTER PROGRAMS 

Ramp Time Profiles 

loa ' NUMERICAL STUDY OF THE VISCOELASTIC DEFORMATION 
110 ' OF THE ICE PLATE UNDER A CIRCULAR LOAD 
120. ' S. TAKAbI, 1976 (J. BAGGER) 

__ UJ1-'~AMP fORI'!ULATlON] _______ _ 
140 

_tN _______________ . ___________ .. _____ _ 
160 ' •••••••• * •• *** •• *.*** •• *** •• **** ••• 
170 ' _ •• flUfIING Of EXPERIMENTAL pATA-.-
180 ' *****.*.******.***.*.************** 
t9~ 
20.0. 

_ L10 
220. 

- _r _ __ __ - -- _ -___ __ _________ _ 

, THI. SElT ION OF THE PROGRAM PLOTS THE FIELD DATA FROM 
'_.liU.t..liltlE R FRANK E ti.S..IilK'.5. .. L£..S..I.£ O.t.L.lAKE . .lLL SHEF T S ~ __ . _ 
, DEfuRMATION OF THE ICE FROM A CIRCULAR LOAD WAS MEASURED 

230 ' IINQEN \fAKIOIlS CONDITIONS THIS nATA IS COMpARED BElOW 

240 ' WITM THE RAMP fORMULATION OF THE VISCOELASTIC THEORY 
250 '_fOil OEfOR .. ATI0lll- __ 

260 
270 
280 ' ***.*.****SYMBOl TABlE-*- ••• _.-. 

_..L2.0 ' A ____ ll.UH.f.lL.S.EIOW IN MA IN _P_ROGRAM SYM60L TAJll..E. 
300 ' AY PHYSICAL LOAD RADIUS 
310 ' A~ DATA _f.lLE lIlAl'lE 
320 'E DEFINED BELOW IN MAIN PROGRAM SYMBOL TABLE 
330 ' J;...O. EO -- EJl.lJ.AUDN 1 • ..8 
340 ' HY PHYSICAL ICE THICKNESS 

-----li.D..._ '! CO UN IE R 
360 ' 19 CHARACTERISTIC LENGTH 
370 ' .;l 11/1 lEO 
380 ' Nd NU -- EaUATION 1.5 
390 'p NON-DIMENUDNIlUlU P-QJ)T -- .E.QUAJION 4.3 
400 ' p~ PHYSICAL P-DOT 

_4..1.0_'--._ R DEfiNED BELOW IN MAIN PROGRMl~....I.Aal.E. 
420 ' lid RHO -- EQUATION 1.3 
430 ' ~'1 PHYSICAL R.A.~lUS OFQ~S.ERVATUm 
440 'T DEFINED BELOW IN MAIN PROGRAM SYMBOL TABLE 
450 ' T 1 DEFINED 6ll0WlJiJ'!U1L1'llO.!iB..AM. SYM60L TAJlLE 
460 ' T) MAXIMUM NON-DIMENSIONALlZED T 
470 '.. oEfiNEo BELOW IN I'!AIN PROGRAM SYMBOl ~ 
480 ' x!> MAXIMUM X-PLOT 
490 ' Y!> MA~IMUM Y-eLJH_~ 
500 ' ******************************.* 
510 
520 
530 ' SET up PlUTTER DETAIL S 
540 
550 LIBRARY "PHYSLlB".:FLABEL" 
560 LIBRARY "PLOTUs.-;*:TEK10·' 
5 70 DIll U /iQ!.U. __ _ 
580 DIM C"'(60U) 

_~.!'.RINT "lrJPUT F ILE"j 
600 INPUT AS 
610 FU .. UJiAl _______________ _ 
620 PRINT ·XMAX"; 
630 INPu.Ln_~ ___________ . 
640 FRINT ·YMAX"; 
650 INPUT Y5 
660 CALL ·PLA~EL"IC(),0,X5,-Y5,Y5,"TIME (SEC)"," W (~ETERS)",-l 

~..Q CALL ·CONN~CT":C( ),0,0,X5,0 

680. 
690 ' INPUT TEST SITE OAlA 
70.0. 
~~ur~1~~p29~,~H~9~'uRL9~ ____________________________________ _ 

720. ' P9 = P-ouT 
730 ' H9 = ICE THICKNESS 

74()'R9 -: RADIUS 
750. 
760 INPUT #1: AY 
770 ' A9 _,,-PM Y S I CAL LOA"-,,-D--,,-R,,-A-,,-D-,-I-,,U~S,--_____________________ _ 
780 
790 ' PA~AI'1U.~(YAR.L~ HI ) __ _ 
80.0 
810 LET T1 = 1U 
820 LET E = .U< 
830 LET lU_ ..=o.....l.......E..±.5.. __ 
840 L.ET "d = ". E +8 
850' Tl =_Tl\.v 
860 ' E = c 

_ll.O.. 'N7 Nl,cu 
880 ' E8 = "u 
890 
900 ' CO,oTA,d:; (STANDARD) 
910 
920. LET ~o = lJuO 
930 LET _'!O = ,..;:..., ______ __ 
940 

'RHO 
'NU 

950 ' CONVc~T Tu NONDIME~SIONALIZED f9~~_ 
960 
970 LET LV = (co*H9t3l/(12*R8*(1-N8» 
980 LET L' = LYt(114) 
990 LET ~ = ~YI L9 
10.00 LET AYIL9 
10.10 LET P = PY*N7 
1020 

----_ .. _-

1030 ' PluT UIMtNSIONALIZED EXPERIMENTA~ DATA 
1040. 

1 050 IN P UH 1 .... : 'i,,-'.1-;-::-:c-:-;--.-----------------------
1060 FO R I = 1 TeN 1 
1070 
1080 
1090 
1100 
1110 
1120 
1130 
1140 
1150 
1160 

INPuT~l: T,W 
, CUNVERT TO ~KS UNITS 
L<T T = T*60 
L"T ... W*.3048 
CALL "'MUIIE"jC() ,T,W 
CALL "LASEl":C(),C'$(),"+",.1,Q,Q 

NE X T I 
CALL "LIfT":C'() 
LE T T!> = T ___ 'SAVE MA~ . .!!IUM TJ ME 

1170 I •••• ****** •••• *.*.******.****.*.*.* 
--'180. ' ***PLOITING Of THEORETICAL CURVE*** 
1190 I ••••• **** ••••• ** ••••••• **.** ••••••• 
1200 
1210 'IH!S SEC I ION OF THE PROGRAM PLOTS THE THEORE£.li.AI...._ 
1220 ' 'CuRVE Fu~ COMPARISON WITH THE EXPERIMENTAL DATA. 
1230 
1240 

-.l1_~J) _! __ ***.***~*·SYM80l TABLE----.· ••• _ 
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1 Z 70 • 
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1300 ' 
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E6 
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ALPHA1 -- EQUATION 2.11 ~ 
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NORMALIZED TRAPEZOIDAL ERROR 
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1 BO 
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INTEGRAND OF u3 
TIME COUNTER 
UPPER BOUND Of 
UPPER eO_UN_D Qf~ 

UPPER BOUND OF 

EQUATIQN '.1.e. 
EQUATION 1.12 

INTEGRATION EQUATION 4.8 
IJ1H~j!'. T1.2-" -- l~II.Hl.(lJt 4.9~ 
INTEGRATION EQUATION 4.10 

__ J.!.I.L.:-~ll!!..J1c..w1-,3,-__ 
EQUATION 4.5 
EQUATION 4 ___ 6 

EQUATION 4.7 

1460 
1470 
1480 
1490 
1500 
1510 

_ JtEFORIIt ... !lO~ 

1520 
1530 LET Pl • .)~14'S93 
1540 
1550 I ,,,,"'PulE vP~ER BDUNDS OF INTEGRATIQN_ 
1560 
!FO 
1580 
1590 
1600 
1610 

LET is-T 2.L.r!l-____ ____ ,, ___ ~NONDIMUti..!.2!!~J.l .. ll_M!J~ .. } I ~l 
lET i" C «(TS'Z.1ES)/(4.P1.SQRCA.R»)t'(1/4) 
lET N1 .; «TS.HS)/(Z.P1-SQR(A.R»)t'(1/4) 
LET ,~t z «((1 - E)"'1E5}/CZ.P1.SQR(A.R).T1).(1 - EXP(-TS.T1»),C1/4) 

1620 FOR iau Tu IS STEP TSJ20 
1630 

I... t T T.;1 

'NONDI-MENSIONAL TIME LOOP 

""1640 
1650 
1660 
1670 
1680 

CALL ":;'1MP": 
CALL "SiMP": 
I,; ALL ":;, i ,..p": 

n,N,FNU"U1 "A,E"R"T,T1 
0,N1,FNV"U2"A,E"R "T "T1 
0, N2"F N W, U3"A" E" R" T" T1_ 

1690 L t T .. .Ii U1 - u2 + U:5 
1700·--- LET T.:T*N7 

1710 
1720 
1730 

Lt.T • .;." (3" 14159"'A.RS·l9,Z/P) 
C",LL "L1NE"':C-C)"T"W .. 

1740 NEXT 1 
1750 
1760----.-pIU-,'~T 11 rLE BLDCK 

1770 
1780 CALL "FINiSHi,:-C-') 

'CONVERT TIME TO SECONDS 
'CONVE~r DefLECTION TO ME"U~S 
'DR"AW- THEORE TICAL-CURVE _ .. - -

1790 PRli'41 .... ,.. _SJTE_ ";Sf.G'-~J..L1t.l);" IE ST H; SEGS (AS" 2,2); " __ ~il!L_~LUJil(A$, ;S,lENUtl..::1J 
1800 PRINT 
1810 .. ~!,JNT "H, "TAU: n;Yl,"N1JEO; ":N7 
lsin PRINT .... , "E: ";E,IIEO: ";e8 . ~ 
18:50 (ALL _ "~.H.ttO !l"~N_'_'hZ, FNU, FNV,FNW ,A,E,R,T 1, N7 ,R8,L9,P,E6,' 1 ----------1 

1840 PRIN'r """;;'-'iORMALIZ'EO TRAPEZOIDAL ERROR ";"E6 
18S0 PAINT" II 

1860 
1870 • F~NCT"'JI.~_ DEF . .I_~H_T_!ONS AND SUBPROGRAMS 
1880 
1890 
1900 
1910 
1920 
1930 
1940 
1950 
1960 
1970 
1980 
1990 
2000 

DEF FNA(A,E,R"T"T1,x) 
• ALPhA1 -
LET F"'A • (T1*X,4) + 1 + T1 
LET FIllA. FNA/(21111(X'4 + E» 

FNEIH) 

DEF F.~d(A,t:.,R,T"T1,X) 
, AlfJHAt 
LtJ f, .. a - (T1*x,4) + 1 + T1 + ~NS~.A!_~"~~T" . .:r!.!...~)._ 
LI:.T F~d • FNB/(2*(Xt4 + E» 

FNE;~ u 

2010 DEf fNS(A,t,R"T"T1,X) 
2020 ')(,udl>tSC) 
2030 LET F,.~ - «T1.X,4) + 1 + U..>,2 - 4-T1.(X!~_+ ~) 
2 olJ)- -- .... L~~---;-S-QRc"""fNS}- --~ 
2050 fNE .. .,u 
2060 
2070 
20&0 
2090 
hoo 
2110 
2120 

Dff FNu(A,I:.,R,T"T1"X) 
LtT 1..1 z FNA(A,E"R,T,T1"X) 

·LET FIll'"' z T - C1/A1)"'(1 - EXP(-T*A1» 
----=-i.f..TF~v----;--fNij-;fN .. J-t i*A j-;FNI (X*R) 
FNE,,,I.I 

2130 DEF F~V'(,..,t,R"T"T1,X} 

2140 
2150 
21(;0 
2170 
2180 
2190 

Li:T Al - fNACA,E,R,T,T1,X) 
LtT F~~ 1: (Xt'4)*CT1 - A1)/FNSCA"E"R"T"T1"X) 
L';T-f~~- ;'FNV"'(1 - E'xp-(--i1*T»/A1 .. 
l...eT F'II'" s FNV*FNJCX*A}*FNIeX"'R) 

FNE'IIu 

2200 DEF I-lh(A,t."R,T,T1"x) 
2210 Ltl ", .; fNtHA"E,R"T,Tl,X) 
2220--~-~~~i~~-A2"f/fNS(A"e"R,'T"T1"X) 
2230 LH f, ..... fNW.(1 - ExP(-AZ"'f)}/AZ 
2240 Lt.T Fill" C fNW.FNJ(~.X).fNIeX.~) 
2250 FNENI.l 
2260 
~fs~- DE F F"'"!.!''-.'('''A''' _____ _ 

2290 
2300 
231C 
2320 
2330 
2"340"-' 
2350 
2360 

* .... I-UNCTION SUBPROGRAM: 

P..,Lf'NOMIAL APPROXI"'ATIONS FROM: 
I'iAl'4I.lBOOI( OF fWATHEi"ATICAL fUNCTIONS" 
v." ",ePARTMENT OF COMMERCE" 1964 
('1_.:..1" 9.4.3) -"--

SYMBOL TA8LE .******* ... * 

- 1 

2370 
2380 
2390 

JO --JO(X) Z-EROTH-ORDER BESSEL FUNCTION 

2400 ----~::,3.------~~~~~;~~-;A·~·~) N~~ ~~~K ~OOK-----' 
2410 X __ ._ ARGUME~! 



2420 
2430 

~2440 

2450 
2460 
2470 

XI3. OR 3./X 
•• ******************.*********.~*~*~*~-----

IF X >& 0 THEN 2510 
PtilNT "FUNCTION JO(x): ARGUMENT MUST BE >= 0" 

2480 PrilNT "x=";x 
2490 _.TvP_~~~ __ . -----zsoo-
2510 
2520 
2530 
2540 
2550 
2560 
2570 
2580 
2590 
2600 

__ .~10 
2620 
2630 
2640 
2650 
2660 
2670 
2680 
2690 
2700 
2710 
2720 

IF X>j THEN 2590 

, POLY"uMIAL APPROX, 0<=X<=3. 
LU y=x/3. 
LET JO = 1 - 2.....142.?-'L 9L*.Y.!2_!_J~2Q..Ll&~Y_t_4 
LoT Ju = JO - .31638 66*Yt6 + .04444 79*Yt8 
"vTu l7S0 

, POLy"UMIAL APPROX, X>3. 
LU Y=3./X 

LoT 
F = f 11L]',I!li. EOQK 

.79788 456 .00000 377*Y 
LU 
LET 

• T..s .: 
LOT T, 
Ld T') 
Ld T 3 
LOT T') 
L t. T J U 

F .00552 
F + .00137 

740*vt2 - ,00009 512*Yt3 
237*Yt4 - .00072 805*Yt5 

F + .00014 476*Yt6 
THETA IN ~BS BOOK 

X - .78539 816 - .04166 B7*Y 
T3-~-.(joooT 9 54*H2 +.0'0262 573* Yt 3 
T3 - .OC054 125*Yt4 - .00029 333*Yt5 
T3 + .OC013 558*vt6 
(l./SQR(x» *F*COS( 13) 

2730 LOT F NI .~!L 
2740 FNE,'11 
2750 
2760 DEF FNJ (xl 
2770 
2780 
2790 
2800 
2810 
2820 
2830 
2840 
2850 
2860 
2870 
2880 
2890 
2906' 

2910 
2920 
2930 
2940 

***FUNCTION SU~PROGRAM: Jl<X)*** 

PULYNOMIAL AFPROXIMATIONS FROM: 
HAN~BOOK OF ~ATHEMATICAL FU~CTIONS, 

u> uEPARTMENT OF COMMERCE, 1964 
( .. ,.4.4,9.4.6) 

********** SYMBOL TABLE ******* ••• 
J 1 Jl (Xl FIRST-ORDER BESSEL FUNCTION 
i1 'Fl (X) IN NBS SOOK .. 

.. r.c '-~ErA.1(xJ IN NBS. BOOK 
A R G UME N T 
X/3. OR 3./X 

*** •• **********************.****** 

29~0 If X >& ... Q_'-IiUi ~!;91l 
2960 "HINT "fUNCTION J1<X): ARGUMENT MUST BE >= 0" 

.~_liLL . ....!P:JR!U.l!!N.!T.....:.":...X~·=-':..'L'.l>X _______ _ 
2980 , HIP 
2990 

3000 
3010 
:5020- -

3030 
3040 
3050 
3060 
3070 
3080 
3090 
3100 
3110 
3120 
3130 
3140 
3150 
3160 
3170 
3180 
3190 
3200 
3210 
3220 
3230 

IF .>3 THEN 3090 

, PvLYNU~IAL APPROX, 
LET y=./3. 
LUJ1.5-
.. UJ1=J1-
LU J1 = X*J1 

.- -~ ---~~~~~~~~~~-
.56249 985*Yt2 + .21093 573*Yt4 
• 03954 289*Yt~_.+_~0443 319*yt8 

_~~IJ ,)cSO~ _______________________ _ 

, PvLYNU~IAL APPRQX, X>3~ 

LU Y=,./x 
• F1 = Fl IN NBS BuOK ~~_. _____ _ 
LET Fl .79788 456 + .OCOOO 156*Y 

J...! •. L.f1 Fl + .Q1659 667*Yt2 + .00017 105*vt3 
LeT t1 Fl - .OC249 511*Yt4 + .00113 653*yt5 
Lt 1 F 1 Fl - ,C0020 033*Yt6 

Tt = IHETAl IN N~S SOOK 
LtT Tc X - '2,35619 449 + ,12499 &12*~ 
LtT Tt T2 + .0[005 650*Yt2 - .00637 879*Yt3 
LtL TL 12 t.. . ......QJ;Q7~.-l.~t.~_~....Jl.ll.ll.79 824*Y~_. 
L<T Tl T2 - .OC029 166*Yt6 
LeT J1 (1./S~R(Xl)*Fl*COS(T2) 

LtT F"J = J1 
3240 FNE,," 
3250 END 
3260-
3270 SUB ";)!j'IP":X1,x2,FNF,A4,A,E,R,T,T1 
3280 '*** ouBPROGRAM: SIMPSON'S RULE INTEGRATION *** 
3290 
3300 
3310 
3320 
3330 
334C 
3350 

, oIMPS~N'S RULE FOR~ULA FROM: 
, .'hiM!:." H.AL.£.AL CU"-l,J.$ 
• ~lLLIA~ MILNE, 1949 

********** SYMBOL 
A3 

TAB LE ********** 

3360 A4 
SIMPSON APPROX~MATION FOR PREVIOUS TRIAL 
SIMPSON APPROXIMATION FOR CURRENT TRIAL 
FUNC TlON SUBPROGRAM FOR IIU.fJi!!..A1i.Q.. 
INTERVAL WIDTH 

_l.HJL._~._~~_~_. __ .. _. 
3380 H 
3390 I C DUN TER 
3400 
3410 
34 20 
3430 
3440 
3450 
3460 
3470 
3480 
3490 
3500 
3510 
3520 
~530 
3540 
3550 
3560 

...ll1JL.. _ 

N 
S 1 
S2 
X 
X2 
xl 

2*N = NUMBER OF INTERVALS 
PARTIAl, HLM OF THE QQD TERMS 
PART IAL SUM OF THE EVEN TERMS 
VARIABLE OF INTEGRATION . _____ _ 
UPPE R BOUND OF INTEGRATION 
LOIt.~ R <tQlLtiD DE llHEG.RA nON 

*****************.**************** 

If Xc>.l THEN 3530 
PRINT ".UBPROGRA~ SIMP: XMAXIMUM MUST BE > XMIN" 
i"'tclNT "1..r-:IN=";x1,"XMAX=Jt;X2 
;'JOP 

. '_ . .1tti..U.A.l .. l.H ___ J1.~~. M eJlJUU11A T.l.Qli ______ _ . __ _ 
LU A,=u 

INTIALIZE TO lOO INTERVALS 
L to T N = 50 

_ '_--'--~TE INTERVAL WIDTH 



- ---------------
358{) 

_~UL_._ 

3600 

LtT H:(XZ-xl)f(Z*N) 4160 
4170. 

IF E,*E4 > 0 THEN 4190 'CURVES DON'T CROSS => TRAP 
I INITIALIZE PARTIAL.....5...U...M.~ 

LtT ~lz.;)2=O 

LET 52 = S2 + S*(T4 - T2)*(E2t4 + E4t4)/(E2t2 + E4t2) 
(;0 TO 4200 

.3610 
3620 
3630 
3640 

, CALLULATE PARTIAL SUMS 
LeT x:xl 

4180 
_______________ . .H 90. _...u..L~2.: __ U_ + _ .5* (14 - T2) * LE~t2_!....El.t2L 'J~C1l.EME"I. TRAP~~R.EAJ.lI1L 

4200 
___ ."~1j) 

4220 

LET e2 : E4 'NEW BECOMES OLD 
fUR 1:0 TO t~ J.. U. n -=--14__ '_N.E.lLlil_t_QJ1U 9L 0 

LtT ,Z=S2+FNF(A,E,R,T,Tl,X) NtXT I 
. ....Lf.L A~M2.!lL __ _ 4230 LEI to 

NEXT I 4240 Ltl Eo 
__ 3A.S..O.... 

3660 
3670 
3680 
3690 
3700 
:utC. 
3720 
3730 
3740 
3750 
3760 

LET X=Xl+H 
FO~ 1:1 TO N 

________ 42~Q .SUBtj~D 

--_...ll1.Q 
'3780 
3790 
3800 
3810 
3820 

---.ll,30 
3840 

LeT ,1=SltFNF(A,E,R,T,Tl,X) 
LET X=X+2*H 

~----
, CALlUL~TE NEW APPROXIMATION 
LEI A 4 = ii *(.4 * S 1 + 2 * S 2 - F N F (A, E,R , T, 11,! 1) - F Nf..iA.L.E.LR ,r, T 1 , X 2) ) /3 

IF Aij~(A3-A4)<=1.E-6 THEN 3850 

, t'~ E P t'_!tLUL_IB.LA.GAllL __ . _______ . _______________________ _ 

,-01 AJ=84 
LET ~l=:.l+SZ 

"EL51.=0 
Lt::T N~2*N 
U; T H =( X Z-X1.l.L..U.!.'!.l. ____ _ 
buTO So70 

3850 SUB."O 
3860 
3870 SUB .. tRH UH": N, N 1,N 2, FNU, F NV, FNW, A, E,R,r 1, N7 ,R~_b9,P,,,,E6'll.,'!.#-,-1 ________ _ 
3880 RE.E T.l 

S21J6 
SQR(E6) 

_~3~8~9~0~ __ ~luNllP~U~T~RLLli:~N~3 '~~C~A~R~P~F~I~RwS~T~L_I~N~E,~ _________ ~ _________ . ___ _ 
3900 INPIJU1: N3 'DISCARD SECOND LINE 
3910 INPUH1: N3 'NUMBER OF _DATA f'JUNIS 
3920 l~puTul: T2,WZ 'TIME, DEFORMATION 
3930 LiT 1< TZ*60 'TIME IN SE(QJ'i.D~ 
3940 LeT wt : wZ*.304~ 'DEFORMATION IN METERS 
3950 LiT TS = T2/N7 _ 'NON~D~I~M~E~N~S~I~O~N~A~L~I~Z~E~T~I~M~E~ _________ ~ ____________ _ 
3960 CALL "~lMP": O,N,FNU,Ul,A,E,R,T3,Tl 
3970 CALL "~lMP": O,Nl,FNv,U2,A,E,R,T3,Tl 
3980 CALL "~lMP": O,N2,FNW,U3,A,E,R,T3,Tl 
3990 LeT w~ Ul - UZ + U3 'COMPUTE NONDIMENSIONAL DEFORMATION 
4000 LeT _5 W3/(3.141S9*A*R8*L9t2/P) 'DIMENSIONALIZE IT 
4010 Li:T U (w3 - WZ.L '_'-Im_PUlE ERROR 
4020 LET To 0 'INITIALIZE TIME SUM FOR NORMALIZATION 
4030 l. U $< 0 'INjTI.Aq ZE TRA!,.~Z'<H.DAL AREA SUM 
4040 FOR I : 1 TO N3 -
4050 !NPuT#l :T4,_4 
4060 LET T4 T4*6r 

'NORMAL! ZE SUM 

-----._------

----------- -- . __ ... _--------

4070. 
4080 
1,090 
4100 
4110 
4120 
4130 

LET .4 = W4*.Nt,8 
Ld Ts : T4/N7 

-------_._- - ------------------------_._.----_.-

4140 
4150 

CALL "SIMP": C,N,FNU,Ul,A,E,R,TSLT1 
CALL "SIMP": O,Nl,FNV,U2,A,E,R,T5,Tl 
tALL "SIMP": C,NZ,FN~,U3,A,E,R,T5,Tl 
LEI ,,5 = Ul - U2 + U3 
~ = ~ 51 (3

A 
14.159 *A 'Rl!!L'Lt2.LEl. _. __ . __________________________________ _ 

Le T t4 (ws-.4) 'NEXT ERROR 
LeT T6 = T4 - TZ + T6 'INCREMENT TIME _Slll'1 __ 

---- - - -------------



Steady Time Profiles 

100 
110 
120 
130 
140 
150 

, NU~~"ICAC STUDY OF THE VISCOELASTIC DEFORMATION 
, OF Trit Ie. PLATE UNDER A CIRCULAR L"-O"-A-"D'-___ ~ _________ _ 
, S. TA~A~I, 1976 c"J-. BAGGER) 
, [RAMP fv"MULATION -- STEADY STATE SOLUTION] 

160 I .**** •• ****.******.**************** 
170 '_~~P....b....VBli"G OF _;~P~RJ.-!~_~NTA~ D_AI~~~ __ 
, 80' *** ****** ..... **.* * ***** * * *. **** .. *** 
190 
200 ' THIS :iEtTION Of THE PROGRAM PLOIS THE fIELD DATA 
210 ' GUEMlrlEK FRANKENSTEIN'S TESTS ON LAKE ICE SHEETS. THE 
220 ' DEfJk~.TluN OF THE ICE fROM A CIRCULAR LOAD WAS ~EASURED 
230 ' UN"t" ".KIOUS CO~DITIONS. _.THILDATA .12 _C_QMl'_AJl~.o B_E6Q~ 
240 -'w-iT~---;rEADY-STATE-FORMULATlCN OF THE VISCOELASTIC 
250 ' THtvHY fu" DEFORMATION. 
260 
270 
280 •• * ••• ** ••• SYM80L TABLE •••••••••• 
29Q _~ ____ !<__ DEFHlED RELO~ IN MAIN PROGRA,~ SYMBOL JA~LE 
300 ' A-J 
310 ' •• 
320 ' 
330 ' 
340 ' H, 
350_' _________ ~ __ _ 
360 ' L" 
3 70 • ,>4 I 
380 • NO 

390 ' f' 

400 ' p" 
410 ' 
420 ' 
430 ' 
4 40 ' 
4 50 ' 
460 ' 
470 ' 
480 ' 
490 ' 
500 ' 

Tu 
11 

PHYSICAL LOAD RADIUS 
DATA FILE NA~E 

DEfINED BELO~ IN M~IN PROGRA~ SYMBOL TABLE 
EO -- EQUATIO~ 1.8 
PHYSICAL ICE THICKNESS 
COUNTER 
CHARACTERISTIC LENGTH 
N 1/ E 0 

NU -- E~UATION 1.S 
NO~-DIMENSIONALIZED P-DOT -- EQUATION 4.3 
PHYSICAL P-DOT 
DEFINED BE60W IN MAIN PROGRAM SYMBOL TABLE_ 
RHO -- EQUATION 1.3 
PHYSICAL RADIUS OF OBSERVATION 
DEFINED RELO~ IN ~AI~ PROGRA~ SYMdOL TABLE 
TIME OF CONSTANT LOAD 
DEFINED ~ELOW IN MAIN PROGRAM SYMBOL TABLE 
M_AXI MU,M fi()N-DJ1~J~l1J~NAbH~D_ T 
DEfiNED BELOW IN MAIN PROGRA~ SYMBOL TABLE 
MAXIMUM X-PLOT 
MAXIMUM Y-PLOT 

510 • *******.************.*********** 
520 
530 
540 ' SEI uP PLvTTER DETAILS 
550 
560 
S70 
580 
590 
600 
610 
620 
630 
640 

LIHRAkY "PMYSLIB***:FLA8EL" 
LIBRAriY "1JL.vTLIB***: TEK10" 
DIM C (bUu) 
DIM C ti2J.!\!.L _________ _ 
PRINT "l~PlJr FILE"; 
INPUT A. 
F I L E 111 : A ~ 
FRI~JT "Xi .. AX "; 
INPUI x) 

~50 PRHH ~'YMAX:"~L; __________________ _ 
660 INPUT Y) 
670 

680 ' INPuT TEST SITE DATA 

INPUT Nl: P-I,H9,R9, TO 
'P9 P-uuT 
'H9 !C. THICKNESS 

_¢9_0 
700 
710 
720 
730 
740 
750 

'R9 kAuluS ______ _ 
'TO TI'~t WHEN LOAD BECOMES CONSTANT 

760 INPUI.1: Ay 
770 ' A9 = PMY,ICAL LOAD RADIUS 
780 
790 ' P A II A /,,10 I til 0 (V A R Y TO FiT) 
800 
810 LET 11 = lu 
820 LET t = .ul 
830 
840 
850 
860 
87Q 
880 
890 

LET NT = 1.l:+5 
LEI Eo = <.t+8 
• T 1 .:: T A J 

• E = t 
• t-J]_--= .Ij 1/ t\.L_ 
, E8 = .U 

900 ' COM.IAMI. (STANDARD) 
910 
920 LET 116 
930 LET ,~o 

940 

lcuO . :, , RHO 
~u 

950 ' COMJt.1 lu NONDIMENSIQNALIZED FORM 
960 
970 LET L1 = (to*H9f3>1 (12*R8*(1-N8» 
980 LET L) = L",(1/4) 
990 LET II = IltL1.9_ 
1000 LET" = ",,/L9 
1010 LET P = ~.*N7 

1020 

'CHAR. 

1030 ' PLuT UI~tNSIONALIZED EXPERIMENTAL DATA 
1040 

LENGTH 

1050 tAL l._.""'~': C ( ), TC,)(.2c_o_,y 5L' T I ME (S EC)"," W U!I TER~l~ 1 
1060 CALL "Cu,~,~tCT":C(),TO,O,X5,O 

1070 
1 0 8 0 IN P J T 111 , ,~1 
1090 FOR I = 1 leN 1 
1100 
1110 
1120 
1130 
1140 
1150 
1160 
1170 
1180 
1190 

1.~tJlJTH1: T,W 
,,-~r __ L = T*60 . __ _ 
LtT " = w*.3048 
CALL "MUVE":C(),T,W 
l.ALL "LABEL":C(),C$(),"+"',.1,Q,O 

NEX T I 
CALL "LlFT":C() 
LEI !2..-=-_I ______ ~ ________ ~ MA XI M~M 

1200 I *.*PluTfING OF THEORETICAL CURVE ••• 
1210 I * .... **.********.* ••••• *-.*.*_.* ••.• *._~* 
1220 
lnjL~ aCTION OF THE PROGRAM PLOTS THE THEORETICAL 
1240 ' CUll". 'UK COMPARISO~ wiTH THE EXPERIMENTAL DATA. 
1250 ___________________ _ 



w 
o 

1260 
1 ZID 
1280 
1290 
1300 
1310 
1320 
1330 
1340 • 
1350 
1360 
1370 
13RO 
1190 
1400 
1410 
1420 
1430 
144(1 
H50 
1460 
1470 
1480 
1490 
1500 

*~-.!_~~_~...sJ'11JiO-'------_TAaLf.~_*~*!_*---.!~ ~ __ ._~~~ ______ ~ 
A EiJUATlON 2.7 
A1 ALPHA1 -- EG.lIATlON 2.11 
A2 ALPHA2 -- EQUATION 2.11 
E EQUATION 1015 
FNA ALPHA1 (BETA) 
fljjj ALe~A.2..LliHAl 
FNI JO(O 
FNJ J 1( X) 
fNS SQR(DES() EQUATION 2.12 
FNU INTEGRAND OF 11 
F~JV INTEGRAND Of 12 

£til/_ INTH . .RA1i.D Jl.I.-13.-_ _ ._~ ___ . _~. ____ _ 
1 TI"'IE COUNTER 
N UPPER BOUND Of INJEGRATlON 
Nl UPPER BOUND Of INTEGRATION 
,..2 UPPER BOUND Of INrEGRATlON 

_tHQ 
1520 
1530 

R EQUATION 1.18 
__ J EQUATION 1.--12 

Tl 
11 
12 
13 

TAU -- EQUATION 
E:.~UATlON ~.12 
EQUATION 4.13 
EQUATION 4.1~ 
OEfORMA TlON 

****************,*************** 
-~---~~- _ .. 

1540 LET Pl "" .s.1l.1593 
1550 
1560 ' CVI'lt>UTt: uPPER ~OUfl.OS OF INTEGRATION 

1. 13 

EQUATION ~ .. 15 
EQUATION 4.16 
EQUATION 4.17 

_ t5~ __ ~~ __ 
1580 LET Tu=T0/1~7 
1590 LET T:>=I)/I~7 

1600 

tNONDI:"IENSIor~ALIZE MIN TI"'E 
'NONDIr1ENSIONALIZE MAXIMUM TIME 

1610 LET N=(11:)/(2*P1*SQR(A*R»)t(1/4) 
1620 If fl~A(A,t.,R,T,TQ,fl,N)<.005/TO THEN 1650 

ui6....1O....- LET .i=,,'+ 1 
1640 GOT.; l()c'v 
1650 LET ;..1=(1t.)*T5/<2*Pl*SQR(A*k»)t(1/4) 
1660 If fl~A(A,t,R,T,TO,fl,Nl)(.nU5/TO THEN lb90 
1670 LET N1=1'II1+1 
1680 GOTu 1 ()bu 
---U!~_~-li.L=~2...!l...E._~_EJIJ_*-rQ) -1) ~.i 1-E) /_(1.1 *1_0 *_2 *P.1 * SQJ.UA~ Rl2) ti1..l41 
1700 
1710 CALL "~I'·It>": O,N,fNL,Il,A,E,R,T,TO,T1 
1720 
1730 fOR 1= Tu TO T5 SfEP (T5-TO)/20 
1740 

L~ __ _ 

'NONDIMENSIONAL TIME LOOP 

1?~U_ 
1760 
1770 
1780 
1790 
1800 
IJLtU_ 
1820 
1830 

CALL "SIMP": 
(AI-L "~IMP": 

[), i~ 1, F N V, I 2, A, E, R , T , TO, T1 
0, t.2,fNW, I 3,A,b R, T ,TO, T1 

I.tT II ~ 11 + 12 + 13 
L t T T =-T *N7 
.J.....t..T ",,,,,./(3 1.~~..R..B..!...L9t21Pl.. 
CALL "LINE":C(),T,w 

'CONVERT TIME TO SECONDS 
_'.cJl.ti1LE..B.L pEEl FeTION TO--'U.I~ 
'DRAW THEORETICAL CURVE 

1840 NEXT j 

18S0 
1860 • P~lNT TITLE BLOCK 
1870 

CALL "flNl:>H":C() 
PRINT ""," SlTE ";SEG$(A,,1,1);" 
PR IN J 

TEST ";SEGS(AS,c,2);" 
1880 
1890 
1900 
191] 
1920 
1930 
1940 
1950 
1960 

f6L''lJ_~~_~.L.L!...L·NI.L.fJU ~lNL_~~~ _____ . __ 
PRINT .... , "E: ";E,"EO: ";E8 
CALL "EWI(Uk": N,N1,N2,11,fNV,fNW,A,E,R,TQ,T1,N7,R8,L9,P,E6,N1 
PRINT "","NORMALIZEC TRAPElOIDAL ERROR ";E6 
PR I j~ T .. 

1910_'_ f" .'J..li.\liL .. Dil-1.1'UUQhS AHD 
1980 
1990 
2000 
2010 
2020 
2030 
2040 

DEf f,'-lA(A,t,R,f,TO,J1,X) 
I AL"'HA 1 
Lt.] fNA (f1*X1~) + 1 + T1 - FNS(A,E,R,T,TO,T1,O 
Ltf fl~A : FNA/(2"(Xt4 + E» 

IN E ... u 

2050 DEf f~tI'I\,t,R,T,TO,T1,X) 
206('1 'AI-"'I1A t. 
2070 
2080 
2090 
2100 
211 C 
2120 
2130 
2140 
2150 
2160 

I-t.T fl~1l (Tl.X14) + 1 + T1 + fNS(A,E,R,T,TO,T1,x) 
LI:.T ~.~'" = FN~/(2*()(t4 + ~» 

F N E,~ .; 

OEf t,,:;dA .. t.,f.I,T,TIl,T1,X) 
• .,(j,,-IlvESC) 

Lt.T ~ .. ~ «Tl·x'4) + 1 + 11)t2 - 4*T1*(Xt4 + E) 
LtT ~,\jj = SGlR(fN~) 

fNE,~ iJ 

217C DEF Fi~U(i'\,t,R,T,Tn,T1,)() 

2180 
2190 
2200 
2Z10 
2220 
22 '0 
2240 
2250 
226G 

Lt.T Al ~ FNA(A,E,R .. T,Tll,T1,X) 
Lt.r f,~v = Xt4*(T1 - A1)/f~S(A,E,R,T,TO,T1,x) 

U ",1·10 ) .0r15 THEN 2230 
L..t. • .L.r.lilJ • j,'LU*t1 + A1*TO/2) 
\JuTu i~4C 

.. t. T ~ .>tv 
L t. T f I~U 
I- t. r f f~ IJ = 

FN EI~ j) 

f r~ u * ( E x P ( A 1 * T U) -1 ) 1 ( A 1 * TO) 

TO* (' - F NU) 
f .~ U "f N J ( X * A ) * f r.. I ( )( * R ) 

Z2.1Jl _____ .~~ __ ~_ 
228n DEF ~NJ(~,t,R,T,TO,T1,X) 

2290 I.U Al ; fNA(A,E,R,T,TD,Tl,x) 
2300 Lt.l FI~I/ )(14.(T1 - A1)/fNSCA,E,R,T,Tn,Tl,X) 
2310 Lt.l fll'J f,'ljv*<l - EXP(-Al*T)/A1 
2320 ... tT ENII FNV*(EXP(A1 *TO) - 1) 

-"Z~3~3,,0_--".J'.JI--,-F-"I~JL'-"J.f NCi:V'Lo'-f-F ti.J.iX.·...A) *JNl U· R) _~._ 
23~0 fNE;~L.I 

2350 
2360 DEf ti .. dA,t,R,T,TO,11,X) 
Z 370 
2380 
LlilL... 
2400 
2410 

I.I;.T A, .: fNB(A,E,R,f,TO,T1,X) 
LtT ~J~'" Xt4*(rl - A2)!FNS(A,E,R,r,T-O,r1 .. 0 
l ,"1 fl,. FNW*E.'(P(-A2*~ __ _ 
LtT ~I''''' • F"'lW*(ExP(A2*TO) - 1) 
L, , 

POSITION "; SEGS(AS,3,LEN(Al)-1) 



2420 FNEN" 
_ .. ZJt3.~ 

2440 DEF FNI(XI 
2450 
2460 
2470 

---FUNCTION SUBPROGRAM: J O(X)---

2480 POLrNOMIAL APPROXIMATIONS FROM: 
H 9.1L ____ ~ __ ~.aO-'ljC_~1\Alli",E.J:Mu:AululuC--,A,-,l_--,FuUwN",C ... T~! OILfLN ... SL' __________ _ 
2500 us uEPARTMENT OF COMMERCE, 1964 
2510 ('.4.1, 9.4.3) 
2520 
2530 
2540 *** ••••••• SYMBOL TABLE •••••• **** 
255Q ___________ -"-J ... 0__ _ __ }_O.1.P ZEROTH-ORDER BESSEL FUNCTION. 
2560 F F(X) IN NBS BOOK 
2570 T5 THETAO) IN NBS BOO.~ 
2580 ARGUMENT 
2590 x/3. OR 3./x 
2600 *** •••• **.*******.******.* ••• **.*. 
26HL ________ _ 
2620 
2630 IF X >= 0 THEN 2f80 
2640 P.INI '"FUNCTION JO(O: ARGUMENT MUST BE >= 0" 
2650 PRI~T ".=";X 
2660 :iTUP 

_~LO..... ___________ _ 
2680 ! F X>~ THEN 2770 
2690 

APPROX, 0<=x<=3. 2700 
2710 
2720 
21'30 
2740 
2750 
2760 
2770 
2780 
2790 

I POI..YI'4uf'IAL 
Ltl r=x/3. 
Ld JU 1-
LETJIJ=JO 
LtlJJ=JO 
uOTU 2~1 0 

2.24999 97-rt2 + 1.26562 08-rt4 

2800 
28 1 0 
2820 
2830 
2840 
2850 
2860 
2jl70 
2880 
2B90 
2900 

- __ Jj~.lL~6--,,!..6 't.~Q~444~r.!L ____ _ 
- .OC394 44-Ytl0 + .00021 00-0 

, POLrNUMIAL APPROX, x>;. 
LoT r=,./x 

F = F IN NBS BOOK 
LtT F .79788 456 - .00000 077-Y 

._------_._-

_LtIF F - ~0055_2 740-Yt2 .0000_9_ 511.*r_t2 
LET F F + .00137 237-Yt4 - .00072 805.rt5 
L_tI F F + ... 0.0014 476.Yt6 
, I; = THETA IN NBS SOOK -
LtT T; = X - .78539 816 ~-~.~Q~4ul~6H6~3~9~7~-~Y~~=~ _______ _ 
LtT T; = T3 - .0[003 954-rt2 + .00262 573.Yt3 

_ l,..U _ . .LL=.._ IL-...QJl.Q.$4_US·Yt4 _oo_ ~0002.2_.llJ_*Lt.2._._. 
LeT I; = T3 + .OCOI3 558.Yt6 
.uJ.....LJ.l_= il..LS_Il.IU~U·F·il_S.D:l..L. ________________________ _ 

2910 LET FNI = JO 
2920 FNE"" 

...2.930. __ _ 
2940 DEF FNJ(X) 

..2'lS{L . 
2960 
2970 

"-FUNCTION SUBPROGRAM: Jl(X)'" 

2980 POLrNOMIAL APPROXIMATIONS FROM: 
__ '-9.2JL ____ ._-.lj_ANDBOOK OF ~ATHEMATICAL FUNCTIONS, 

3000 
3010 
3020 
3030 

US uEPARTMENT OF COMMERCE, 1964 
(Y 4.4, 9 4.6) 

3040 ********** SYMBOL TABLE ***.*.**** 
3050 J 1 Jl (X) FIRST-ORDER BESSEL FUNCTION 
3060 Fl Fl(x) IN NBS BOOK 
1~ __ ~_~T~<~ __ ~T~H~E~T~A~I~(~X~)~I~N~N~B~S~B~Q~Q~K~ ______________________ __ 
3080 ARGUMENT 
3090 x/.L.._Jl.1LLLL _____________________ _ 
3100 .*.******.* •••• ****** •• *.********* 
3110 
3120 

:tu Q _ __ iLL >--=::-,O,,:::-T:-::-H ~E 7N~3..!1~8';0=-___:c_:c=====_=__::_::__:-_::c::__---- _______ _ 
3140 P.!NI "FUNCTION J1(X): ARGUMENT MUST BE >- 0" 
31S0 P~INT ~~=",X 
3160 .IvP 
3170 
3180 
3190 
3200 
3210 
3220 
323C 
3240 
3250 
3260 
3270 
3280 
3290 
3300 
3310 
3320 
3330 
3340 
3350 
3360 

.3370 
3380 
3390 
3400 
3410 
3420 

IF x>; THEN 3280 

• P~LYNU~IAL APPROX, 
Ltl Y=./3. 
LU Jl .5 - .5f249 
LeI J 1 = Jl - .03954 
Ltl Jl = Jl - .OC031 

O<=~<:3. 

985.Yt2 + .21093 573.Yt4 
289.Yt6 + .00443 3f9-Yt8 
761.Ytl0 + .00001 109~O-

, PULY~v~IAL APP~OX, x>3. 
Ltl Y:;./X 
, F 1 = F 1 INN B S BO 0 K 
~~F~I~~.~7~9~7~8~8~4~5~6~~+~.~0~0~0~0~0~1~5~6~'~Y~~~77~~~ _______________ _ 
Ltl Fl Fl + .01659 667.Yt2 + .00017 105.Yt3 
LtT ~1 = Fl - .0[249 511*'t4 + .00113 6.5_~*-"_t5_ 

= Fl - .C0020 033-rt6 -- -.. LtT Fl 
• T ~ :: 
LCT T l 
L tI T ~ 

Ld T< 
LEI J 1 

THETAI IN N3S BOOK _____ . __ . ___ _ 
X - 2.35619449 + .12499 612.Y 

= T2 + .0[005 650-Yt2 - .00637 879'YO 
= T2 + .0[074 348.Yt4 + .00079 824.Yt5 

T2 - .OC029 166-Yt6 
( 1 • 1 SQ R (X) ) • Ff - CO S (T 2 )-

LET Fr~J : Jl 
3430 FNEND 
3440 END 
3450 
3460 SUB "-STI~oiii-: xl, x;r~FNT,A4, A~ E;iI ,T~TO~-i,---------··- -
3470 .~ _!._-_~UBP_'~_~.!I_A~.L .SIMPSON'S RULE INTEGRATION .--
3480-
3490 
3500 
3510 

-:fS20 
3530 
3540 
3550 
3560 
3570 

, )!~~'UN'S RULE FORMULA FROM: 
, NUMERICAL CALCULUS 
, wILLIAM MILNE, 1949 

_--;·,----:.::.:.'--·=-.~_=_-::. • .::·.:: • .:: • .::.-=-"S'-'Y-'M'-'B'-'O"'L'_'T'_'A"'B"_L"'E=__.:: • .::.::.-.:: • ...: • ...: • ...: • ...: • ...: • ...:.~,--.,...,...-,--:-~=---::=-::--=c .. ------
A3 SIMPSON APPROXIMATION FOR PREVIOUS TRIAL 

SIMPSON APPROXIMATIQN fQR CURRENT TRIAL 
fNF 
H 

fUNCTION SUBPROGRAM fOR INTEGRAND 
INTERVAL WIDTH 



3580 
_~ 590 
3600 
3610 
36 20 
3630 
3640 
3650 
3660 
3670 
36BC 
3690 
3700 
3710 
37 2~ 
3730 
3740 
375~ 

3760 
3770 
3780 
379C 
3800 
3810 
3820 
3830 
3840 
3850 
3860 
3870 
3BBO 
3890 
3900 
3910 
3920 
3930 
3940 
3950 
3960 
3970 
3980 
3990 
4000 
4010 
4020·· 
4030 
4040 
4050 
4060 
4070 

- -408-6 
4090 
4100 
4110 
4120 
4130 
4140 
4150 

S 1 
52 
x 
X2 
x 1 

COUN TER 
2'N = NUMBER OF INTENV~A~LS~ __________ __ 
PARTIAL SUM OF THE ODD TERMS 
PARTIAL S_UM QF JIHEJ/_HI TeRMS 
VARIABLE OF INTEGRATION 
UPPER BOUND OF INTEG.RATION 
LOWER BOUND OF INTEGRATION 

• **********.************ •••• ** •• *.* -- -- _. -~- -- - --------- -'--

If Xl>x1 THEN 37Z0 
PNINT ".U8PROGRA~ SIMP: XMAXIMUM MUST BE > XMIN" 
PKINT "x'IN=";xl,"XMAX=";X2 
~rvp 

INIIIALIH OLD APPROXIMATION 
LcT J..I.$;;.u 

I,n IALIZE TO 1C~ I NTERVAL5 
L c. T ,~ = 50 

CALLULATE INTERVAL "10TH 
Ld H=-'-~Z-X1)/(Z'N) 

INIIIALIZE PARTIAL SUMS 
LeT .1=.2=0 

C.LLuLATE PARIIAL SU~S 

L C. r )( =,A, 1 
fuR !~u TO :~ 

LI:.J. ~~=S2+F.:'oJF (A,E, R,l, T('),T 1 ,X) 
Lt: r ,.(=X+2*H 

Nt: X T 1 
L t: r .( =,( 1 +H 
FUM 1=1 TO ~ 

LtT ,)l=Sl+F"lF(A,E,R,T,TQ,Tl,x) 
t-~r x=x+2*H 

1'4 tAT J. 

CALCuLATE NE~ ~PPROXIMATION 

LcT A4:::n*(4*Sl.2*S2-FNF(A,E,R,T,TO,Tl,Xl)-F'l.JF(A,E,R,T,TO,T 1,)(2»/3 

If Ad.(.3-A4)<=1.E-6 THE~ 4050 
- --- ----_._-
, PHE~AHE TO TRY AGAIN 

LtT A~=A4 

Lt T S<=,1+S2 
LI:T ,1=U 
LeT ",.,;t*N 
LI:T H=(X2-X-1-i7CT;N)------~ 

"oru ;000 

SUBE,ID 

SUB "ERR0ri":N,Nl,~2,Il,FNV,FNW,A,E,R,TO,Tl,N7,R8,L9,P,E6 ,#1 

REStTII1 
INPUTR1: N3 
i NP"; To ,--, N3 

INPUTR1: N3 
I~.PU i R '-:-·TI~ 112-
L<T rz TZ*60 
LET wl W2*.3048 
LU T j TZ/N7 

'DISCARD FIRST LINE 
-'DiSi:ARD~ SEC 0 N D l:INe-
'NU~BER OF DATA POINTS 
'TIME, DEFORMATION 
'TIME IN SECONPS 
'DEFORMATION IN METERS 
'NONDIMENSIONALIZE TIME 

-4160 
4170 
4180 
4190 
4200 
4210 
4220 
4Z30 
4240 
4Z50 
4260 
4270 
4280 
4290 
4300-- -
431 C 
43Z0 
4330 
4340 
4350 
4360 
4370 
4380 
4390 
4400 
4410 

-,'A-L-L-":;;I M-P": 0, N W NV, I 2-~A-;e-, R, T 3, TO, T 1 
CALL "~IMP": 0,N2,FNW,13,A,E,R,T3,TO,Tl 
LET _J a 11 + 12 + 13 'COMPUTE NONDIMENSIONAL DEFORMATION 
LeT wJ W3/(3.14159'A.R8'L9t2/P) 'DIMENSIONALIZE IT 
c-ET U- (W-3-=----wZ)- - -~- 'COMPUTE ERROR 
LI:T To 0 'INITIALIZE TIME SUM FOR NORMALIZATION 
c,;r 52 a - --'-f~TiTAL I ZETRAPezOI DAi.- AR-EA SUM 
FUN I = 1 TO N3 - -.--------

INPuT#1 :T4,W4 
LE T 14 = T4'6C 

'NEXT TIME, DEFORMATION PAIR 

ctT .4 = W4'.304B 
Ld T5 = T4/N7 
CALL I·SIMP·': C,N1,FNV,12,A,E,R,is,To,i1 
CALL "SIMP": C,N2iFNW,13,A,E,R,TS,TO,T1 
LEI.511+IZ+13 
Lol.~ W5/(3.14159*A'RB'L9tZ/P) 
LET e4 (W5-'4) 'NEXT ERROR 
Ltl 16 T4 - TZ + T6 'INCREMENT TIME SUM 
IF t<*E4 > 0 THE:I 4370 'CURIIES DON'-T CROSS => TRAP 
Ltl ,2 = S2 + .5'(T4 - T2)*(EZt4 + E4t4)/CEZtZ + E4tZ) 
(,IJ T0 4380--- . - -- ---~----- -----~-

Lt I,Z SZ + .5*( 14 - TZ) * (E4tZ + EZt2) 'INCREMENT TRAP. AREA SUM 
Lt' eZ E4 'NEW BECO'~ES OLD 
LtT IZ T4 'NEW BECOMES OLD 

,l/tAT 1 
l t: T t: c 'NORMA LI ZE SUM . -_. ---- ._----

44Z0 LI:I tu 
4430 SUG<~u 

-----------------
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