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NOMENCLATURE  

a function defined by eq 11a  
function defined by eq 27f  ae 

ai constant where i = 0, 1, ... 3  
ai function defined by eq 25d and 25e, where i = 0, 1   
A constant  
b function defined by eq 11b  

constant where i = 1,2.  bi 

!i ith constituent of the mixture. Subscripts i = 1, 2, and 3 are used to denote unfrozen water, ice  
and soil minerals, respectively  

ci heat capacity of the ith constituent  
d unit of time (day)  
di density of the ith constituent  
e void ratio  

fi mass flux of the ith constituent relative to that of soil minerals where i = 1, 2  
mass flux of water in the unfrozen part of the soil  fio 

I function defined by eq 16b  
k thermal conductivity of a frozen fringe defined by eq 9a  

thermal conductivity of the unfrozen part of the soil  
thermal conductivity of an ice layer  

k0 
k1 
k01 limiting value of k defined by eq 9c  
Κo hydraulic conductivity in the unfrozen part of the soil  

empirical function defined by eq 4a where i = 1, 2  Ki 

Κi1 limiting value of I1 as x approaches n 1  while x is in R 1, i = 1,2  

Κ10 limiting value of Ki  as x approaches n0  while x is in R 1, i = 1,2  
L latent heat of fusion of water, 3341 g -1  

location of the free end of the column  
name of a model where i = 1, 2, 3  

m 
Mi 

n boundary in R'3  
ni boundary with i = 0, 1 where n 0  denotes the boundary where T = 0°C and n 1  the interface  

between an ice layer and a frozen fringe  
n10 boundary between R 10  and R11  

gravity term, 0.098 [kFa/cm]  ρo 
Pi  pressure of the ith constituent where i = 1, 2  
Ρ10 value of Ρ1  at n0  
Ρln value of Ρ1  at n  
Ρ21 value of P2 at n1  

iv  



r rate of heave 

R0 unfrozen part of the soil 

R1 frozen fringe 

R10  part of the soil bounded by n 0  and n10 

R11  essential frozen fringe 

R2 ice layer 

Rm  region in the diagram of temperature gradients where an ice layer melts 

RS  region in the diagram of temperature gradients where the steady growth of an ice layer occurs 

Rs boundary between RS  and Ru  

Rs * boundary between R and RS  m 

Ru region in the diagram of temperature gradients where the steady growth of an ice layer does 
not occur 

S property of a given soil 

SΡ0  segregation potential defined by eq 2a 

t time 

Τ temperature 

Τ1  temperature at n 1  

Τ10 defined by eq 41 

Τ11 calculated value of Τ1  from the measured temperature profile in R2  

Τι empirically determined value of  Τ  

Τ * temperature at n 1  when eq 1 holds true 

Τ0 constant  

(T')a  average temperature gradient in R 1  

∆Τ defined by eq 3c 

x spatial coordinate 

variable defined by eq 17c 

variable defined by eq 38b 

ya variable defined by eq 3a 

α( t) trajectory [αi(t), αo(t)] in the diagram of temperature gradients 

ob absolute value of the temperature gradient at n 0  

α1 absolute value of the limiting temperature gradient as x approaches n 1  while xis in R2, defined 
by eq 6  

α  f absolute value of the temperature gradient near n 1  in R2 

 absolute value of the temperature gradient near n0  in RO 

 defined by eq 11c  

constant, 1.12 MPa °C-1  

αu 

β0 
r 
Υι defined by eq 24b  

δ thickness of a frozen fringe  

δ** defined by eq 27b  

δe thickness of an essential frozen fringe defined by eq 27a  

defined by eq 13c  δ0 
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n defined by eq 9b  

ρ composition of the soil  
ρ bulk density of the ith constituent  

effective pressure defined by eq 1 and 16c  

empirical function of Τ defined by eq 14a  
σ 
φ0 

Φοι value of 00  at Τ = Τ1  
0, empirical function of Τ defined by eq 14b  

value of φ1  at Τ = Τ1  
variable defined by eq 21b  

φ11 
φο 
φ ι variable defined by eq 25f  
ώ ; dimensionless quantity defined by eq.18a through 18d where i = 0, 1, ..., 3  

subscript denotes the ith constituent of the mixture consisting of unfrozen water (i =  1), ice (i  i 

= 2) and soil minerals (i = 3)  
* superscript used to indicate the value of any variable evaluated when a point ( α1, α0) in the  

diagram of temperature gradients is on Rs  
superscript used to indicate the value of any variable evaluated when a point ( α1, α0) in the  
diagram of temperature gradients is on Rs *  

vi  



Growth Condition of an Ice Layer in  
Freezing Soils Under Applied Loads  

2. Analysis  

YOSHISUKE NAKANO AND KAZUO TAKEDA  

INTRODUCTION  

In this report we will consider the one-directional steady growth of an ice layer. Let the freezing  

process advance from the top down and the coordinate x be positive upwards, with its origin fixed  

at some point in the unfrozen part of the soil. A freezing soil in this problem may be considered to  
consist of three parts: the unfrozen part R 0, the f rοzen f ringe R 1  and the ice layer R2, as shown in Figure  
1. The physical properties of parts R0  and R2 are well understood but our knowledge on the physical  

properties and the dynamic behavior of part R 1  does not appear sufficient for engineering applica- 
tions.  

It has been shown empirically (Radd and Oertle 1973, Takashi et al. 1981) that there is a unique  

temperature Τl * at n 1  for a given pressure of ice Ρ21 at n 1  and a given pressure of water P 1  in R0  when  
na existing ice layer neither grows nor melts and the mass flux of waterf  1  in R1  vnaishes. This temper-
ature Ti * at the phase equilibrium of water is given as  

σ= Ρ21 — Ρ1= — γΤl * , if fi =0 ( 1)  

where yis a constant with the value of 1.12 MPa °C -1, and  
σ and Ρ21 are often referred to as the effective pressure 
and the overburden pressure, respectively. Equation 1 is  

often called the generalized Clausius-Clapeyron equa- 

m  

tion, which is attributed to Edlefsen and Anderson (1943). R 2 
 

Konrad and Morgenstern (1980, 1981, 1982) empiri- 
cally found that the rate of water intakef10  at the forma-
tion of the final ice lens is proportional to the average  

temperature gradient (T') a  in the frozen fringe. This may  

be written as 

n  1 τ _ τ,  

x  

fflo = - SΡ0(Τ)a (2a) no T= Τo  = 0°C 

where a prime denotes differentiation with respect to x.  
The positive proportionality factor SΡ0  is termed the seg-
regation potential, which is a property of a given soil  
Konrad and Morgenstern also found empirically that  
SΡ0  is a decreasing function of both the applied pressure  

σ and the suction of water (—Ρ10) at n0. We will write this 
dependence as 

o R 0  

n  

Figure 1. Schematic of a steadily growing  
ice layer in a freezing soil.  



SΡ0  = SP0  (Ρ10. σ) (2b)  

aSPO > 0, aSΠO  < 0. (2c)  
aσ 

We will introduce a new variable y a  defined as  

Ya f10 / (-T')a. (3a)  

Itis clear that eq 3a is reduced to eq 2a if ya  is evaluated at the 
formation of the final ice lens. Investigating empirically eq  
3a during the grοωth period of the final ice lens, Ishizaki and  
Nishio (1985) found that the value ofy a  is constant strictly at 
the instant when the final ice lens emerges, but except for  

this instant, the value of y a  varies widely, and evenfi0  de-
creases with the increasing (_T') a . This empirical finding by  
Ishizaki and Nishio (1985) confirms the validity of eq 2a but 
raises an important question about how to explain the ob-
served behavior of ya  during the growth period of the fin αl 

m  

R 2  

n 1 τ = τ,  

Α ' ΙΟ τ = Τ,••  

ice lens. n o _ 
 

It has been shown empirically (Ishizaki and Nishio 1985) 
that the temperature Τ1  at n 1  is less than Tl * when the stable  
grοωth of an ice layer is taking place. When σ > 0, we may 
divide R1  into two parts for a given σ as shown in Figure 2.  
We will refer to R11  as the essential frozen fringe. Ishizaki  
and Nishio (1985) empirically found that the mass flux of  

water f10  in R0  is a linear function of the temperature differ-
ence, ∆Τ = Ti * — Ti  during the growth period of the fin αl ice 
layer, namely  

o R 0  

Figure 2. Schematic of an essentialfro-
zen fringe, Rif.  

∆Ρ = a0  + aifio (3b)  

∆Τ=Ρί *- Ρ1 (3c)  

where a0  and a1  are constant and the values of ao /Tl * I are less than 0.2. Nakano and Takeda (1991)  

confirmed empirically the validity of eq 3b when σ is negligible.  
The results of our mathematical and experimental study on the steady growth condition of an ice  

layer under negligible overburden pressure were presented in three earlier papers (Nakano 1990;  

Takeda and Nakano 1990; Nakano and Takeda 1991). We introduced the model Mi  of a frozen fringe  
where ice may exist but does not grow, and the mass flux of water fi (=f10) is given as  

fi —Κl — Κ2 
2 

for x in Ri (4a) 
a ax  

Κ2/Κi -> y as fi  - 0 (4b)  

lim P (x) = P2 (n i) = Ρ21 (4c)  
Χ  -4 ril  
xinRi  

where P1  is the pressure of unfrozen water, and Κ1  and Κ2 are the properties of a given soil that gen- 
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erally depend on the temperature T and the composition of the soil. We will describe such functional 
dependence of K;  (i =  1,2) as 

Κ1 = Κ1 (T, ρ) (4d)  

Κ2 = Κ2(T, ρ) (4e)  

where ρ  symbolically denotes the composition of the soil that is uniquely determined by the bulk  

densities of unfrozen water P1,  ice  ρ2  and soil minerals  ρ. 
 

Nakano (1990) obtained the exact mathematical solution to the problem of a steadily growing ice 
layer based on the model Μ1 . Analyzing the behavior of this solution, we showed that Μ1  is 
consistent with eq 1 (Nakano 1990) and eq 3b (Nakano and Takeda 1991). We also showed (Nakano 
and Takeda 1991) that Μ 1  can accurately describe the steady growth condition of an ice layer under 
negligible applied pressures. 

The steady growth condition of an ice layer with 
or without applied pressure is the region R S  bound-
ed by a curve Rs and a straight line Rs * in the dia-
gram of temperature gradients as shown in Figure 
3. The region RS  is defined as 

R m S 

(k1 /ko)α1  > αo  > ki  (ko  + LbΚii)-1  α1 (5) αο  
R S Rs  

where ki  and ko  are the thermal conductivities of R2  
and R0, respectively, αo  is the absolute value of the  
temperature gradient at n o  and α1  is the limiting 
value of the temperature gradient at n 1  in R2 de-
fined as  

αι= -lim T'(x) . (6)  1  Χ-)n  ι  
x in R2 Figure 3. Temperature gradients α 1  and α0.  

In eq 5, L is the latent heat of fusion of water, b is a 
function of the thickness δ of R 1  defined by eq 73c and 73e in Nakano (1990), and Κ21 is the limiting 
value of Κ2 as x approaches n 1  when xis in R1  and an asterisk denotes that Κ21 is the value of Κ21  when  
a point (α1,αo) is on Rs in the diagram of temperature gradients. 

In Figure 3 we will refer to the region as R m  where αo  > (k1  / k0)αi •fio  <0 and an ice layer is melting. 
The boundary Rs * is given as 

αo = (k ι /ko) a 1 on Rs * . (7a) 

An existing ice layer neither grows no melts, f10  vanishes and eq 1 holds true on Rs * . The boundary 
Rs is given as 

αο = k1(k0  Lb Κ21ri + α i on Rs . (7b) 

It is easy to see from eq 5 that the steady growth condition of a given soil is uniquely determined by 
α1  and αo . Nakano (1990) showed that all physical variables such as f 10, T1, δ, etc., are also uniquely 
determined by α1  and αo  for given hydraulic conditions, and applied pressure σ. The hydraulic con-
dition in our tests is specified by the distance δ0  between no  and n where the pressure Ρin  of water 
is kept at the atmospheric pressure. Therefore, any point in R S  is uniquely specified by a1  and ab  for 
given δ0, Ρin  and σ. We will write this as 

3  



RS  = Rs(α1, αo; δ0, Ριn , σ). (8a)  

Since α1  and αo  are related by eq 7b on Rs , any point on Rs is uniquely specified by either α1  or αo  
for given δ0, ΡιΡn  and σ as  

RS = Rs ( αο; δο, Ριn  , σ). (8b)  

The main objective of this work is to show that Μ1  is consistent with the data under various applied  

pressures that were presented in Part I. We will also show that  Μ1  is consistent with the reported  

empirical equations such as eq 2a-c and 3b-c. Furthermore, we will evaluate the concept of seg-
regation potential introduced by Konrad and Morgenstern (1980, 1981, 1982) based on  Μ1  and  
experimental data.  

PROPERTIES OF Μ1  

Treating a given soil as a mixture of water in liquid phase B 1, ice Β2 and soil minerals Β3, Nakano  
(1990) obtained the exact mathematical solution to the problem of a steadily growing ice layer based  

on the model  Μ1  under the following assumptions. The density of each constituent remains constant,  

the dry density of R 0  remains constant, the part R 0  is kept saturated with water at all times and the  
pressure of water Ριn  at some boundary n fixed in R ο  remains constant. The thermal conductivity k(x)  
in R 1  is assumed to be a nondecreasing linear function of x given as  

k(x) = k'3 [1 + 11(x - n0)], n1  > x ? n0 (9a)  

ηΡ = (k01 - kο)/(δkο) (9b)  

lim k = k01 _<ki (9c)  
Χ-m ι  
xinRi  

δ= n1 -n0. (9d)  

The temperature Τ in Ri  satisfies the equation given as (Nakano, 1990)  

k(x) Τ ' - c1f10  Τ = - kοα0 . (10a)  

The solution of eq 10a is approximately given as  

T(x) = -αο[(χ -no)+ (10b)  

Ti  = - αoa(δ) (10c)  

T'(n) = - α0 b(δ) (10d)  

where T °(n  i  ) is the limiting value of T'(x) as x approaches ni  while x is in R1, and a, b and β0  are defined  
as  

a(δ) = δ + (1/2) (β0 —11)82 + ... (11a)  

b(δ) = (1 + ηδ)-Ι [1 + βοδ + ... ] (11b)  

4  



αΡ0 = cι.fιο/k0 • (11c)  

We derived the following equation of heat balance in R 1  given as  

k1α1= k0α0  + (L — c2Τι)fιo (12)  

The mass flux of waterf10  satisfies the equations (Nakano 1990) given as  

Ριο = din — [(f1  o/Κo) + ρo]δο (13a)  

Ρ21 =P10 —fio Κ 1  dx — 
. n

n

n  

i 

Κ 1  Κ2 dx (13b) 

where Ρ10 = Ρ1(n0),  Ρ1 = Ρ1(n)  
n = some point in R0  

Κ0 = the hydraulic conductivity in R0  

ρο = gravity term, density d 1  x gravitational acceleration  

δ0 = n0 —n >-0. (13c)  

In order to reduce eq 13b to a simpler form, we introduced (Nakano and Takeda 1991) the following  
two dimensionless quantities:  

φι(η) T-t (Κiο /ΚΙ) (Κ2 /Κ20) dΤ (14a)  
0  

φ i(Τ) Τ-1 (Kio /Κι) (k/k0 ) dT (14b) 
0  

where Κ10  and Κ20  are the limiting values of Κ1  and Κ2, respectively, as x approaches n 0  while x is in  
R1 . We obtained (Nakano and Takeda 1991) the following equations given as  

Κ0  = Κ10 (15a)  

Y = Κ2o/Κ0 (15b)  

Φoι = 1, i fio =0 (15c)  

—τι  = (σ  δοΚō lfιο) / I + (16a)  

Ι 7001 — Κo 1  yφιι (16b)  

σ = Ρ21 — Ρl„ (16c)  

where φ01,  φ11 and y  are defined as  

Φοι = Q00 (17a)  
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Φιι = 4)1( 7') (17b)  

Y =.fio/IXo. (17c)  

Equation 15a holds true because the composition of the freezing soil is continuous at n o, and eq 15b  
and c follow from eq 4b.  

For the sake of convenience we will reduce eq 16a to a form similar to eq 3b. First, we will introduce  
the following four dimensionless quantities:  

Ti * = 0  
ωo  = (18a) ( _ *)-1 

[1 — K2 (γK1 1] dT, Ί  *< 0  

ο  

11 = 11 

= 4 Τ) -1 [(κο 1(2)  (Κ1  1(20 )_1]  dT, Tl  < Τi *  
(18b)  

Ti * = 0  
(02 = (18c) 

(— Tl *
)) 

[ι — kΚdko  κ1) 1] dT, Ί  * < 0  

11= 1 1 

ω3 
∆ Τ kKo (ko Kl)  dT, 4 T1 < 

( 1   ) 

Using eq 18a—d, we will write φ01  and 4 11  as  

Τ1Φ o1 Ί i*(1+ ωο)— ω 1 ∆Τ (19a)  

Τ1φ11 Τ *(1 + ώ 2) — ω3 ∆ T. (19b)  

According to Μ1  the mass flux of waterfi0  in a neighborhood of n1  in R1  is given as (Nakano and  
Takeda 1991)  

fio = — Κ11  Ρ(n) + bΚ21  αο (20)  

where Κ11  and P1(ni) are the limiting values of Κ1  and Pl , respectively, as x approaches n 1  while x  
is in R1 . We will rewrite eq 20 as  

y = Κ21φo (21a)  

Φο = b — Κ11  P(nt) (a0 1(21) 1 (21b)  

6  



We found (Nakano and Takeda 1991) that Pi (ni) is positive in R s  and vanishes on Rs ; namely  

131(ni ) > 0 in R s (22a)  

Πjr ι ) = 0 on Rs (22b)  

From eq 22a, 22b and 21b we obtain  

φο = b on Rs (23a)  

b > φο > 0 in R s (23b)  

φο= 0 on Rs*. (23c)  

Using eq 21a, we will reduce eq 16b to  

1 = Y(Φοι — ΥιΦο Φιι) (24a)  

where Υι is defined as  

γ ι = Κ21 Κ2ó . (24b)  

Substituting Φοι  and  n  in eq 24a by eq 19a and b and using eq 1, we will reduce eq 24a to  

— T1 1 σ[1 + ωο — γιφο(1 + ω2)] + γ[ωι —  γιφοω3] ∆Τ. (25a)  

Combining eq 25a with 16a, we obtain  

δο KοΑfιο +[y190( 1  + ω 2 ) — ω 0 ] σ= )1 [0) 1 — (25b)  

Now we will reduce eq 25b to a form similar to eq 3b as  

∆T= aο+ a ι fιο (25c)  

where á ο and á ι are defined as  

a0 = [γ ι φο  ιΩ1 + (02) —  ώ ο] σ(υφΡ 1 )1 (25d)  

á 1 = 80(γΚ0φ1)-1  ' (25e)  

Φι = 0)ι — 1ιΦοω3• (25f)  

We will examine eq 25c for a special case wheref10  is very small. It follows from eq 21a that Φο  
vanishes as  f10  vanishes. We find from eq 18a that ώ '3  vanishes because of eq 4b as  f10  vanishes. It  
follows from eq 1 that Τ1  approaches Τι ; hence, ώ i  approaches one asf10  approaches zero. Hence,  
áο approaches zero and á1 approaches δ0(γΚ0)-1  as f10  approaches zero. Therefore, whenf10  is very  
small, eq 25c may be approximately given as  

∆ Τ = á ιfιο . (26)  
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Since fio  is the growth rate of the ice layer, eq 26 states that the growth rate of the ice layer is  

proportional to the degree of supercooling and that the rate coefficient (ái)  depends on the  1 

hydraulic properties of R 0  and R1, namely the availability of unfrozen water. Equation 26 is consistent  

with the theory of crystal growth in supercooled liquid (Chalmers 1964).  
We will define the thicknesses 8 e  of R11  and δ** of R10  (Fig. 2) as  

δe  = fl i  — fli0 (27a)  

δ**  = η 10  — n0 . (27b)  

Then the thickness δ of R1  is obviously given as  

δ = δ**+ 8e (27c)  

Using eq 10c, we obtain   

Ti * = — αο a (δ* *). (27d)  

Using eq 10c and 11a, we obtain  

∆T = aoae (27e)  

where ae  is defined as  

ae  = a(δ) — a(δ**) (27f)  

_ 8e+2(
βο — η)(δe +2δ**) δe + ... (27g)  

Using eq 27e, we will reduce eq 26 to  

a e  = ai y (28a)  

where á 1 may be written as  

á1= δο(γ Κο)_i (ω i - Κ  ω3y) 1 (28b)  

Whenf10 is small, y  and 8e  are also small and eq 28a and b are reduced to  

δe  =á 1y (29a)  

a1 =  δο (7 Κοω 1))4̂i (29b)  

From eq 29a and b we find that the thickness of the essential frozen fringe is proportional to y  and  
that the essential frozen fringe vanishes asf  10  vanishes. In other words, whenf  10  is very small, we may  
state that the appearance of an essential frozen fringe is induced by the flow of unfrozen water  

regardless of σ. This implies that an essential frozen fringe appears only under a dynamic condition.  

MODEL Μ1  AND SEGREGATION POTENTIAL  

We will show below that Μ1  is consistent with eq 2a, which was found empirically by Konrad and  

Morgenstern (1980,1981) and was confirmed by Ishizaki and Nishio (1985). In a typical experiment  

8  



ao  

Figure 4. Schematic of trajectories α(t) that 
approximately describe the condition off  reez-
ing at the formation of the final ice lens. 

0  α 1  

by Konrad and Morgenstern (1981), the temperature field in the system changes rapidly at the start  

of the experiment. However, as time elapses, the rate of the change slows down so that the transient  

freezing maybe accurately approximated by a series of successive steady states. Hence, the later part  

of the experiment can be approximately represented by trajectory 1 in Figure 4, consisting of points  

a(t) = {a i(t), α' (t)} for t2  >_ t >_ to .  
A point α(to) is in R u  where frozen soil without any visible ice layer grows. As a 1  decreases and 

αo  increases, the trajectory approaches the vicinity of a point a(t i) in Ru. As we described previously 
(Takeda and Nakano 1990) the pattern of ice-rich frozen soil grown in this vicinity evidently depends 
on the soil type and the magnitude of  α1  (οr αo). The results of tests on Kanto loam, for instance, clearly 
indicate that the pattern of rhythmic ice banding is formed at the small values of α1  while soil particles 
or small aggregates of soil particles are evenly dispersed at the greater values of a 1 . 

When a(t) reaches the point α(ti) on Rs , the final ice layer emerges. While a(t) moves toward the  

point α(t2) on Rs *, the growth of the final ice layer continues with the decreasing growth rate until  

a(t) reaches the point α( t2) on Rs * where the ice layer stops growing. It should be noted that a line 
of cοnstantfi0  is nearly parallel to Rs * because of eq 12. From eq 20 and 22b we obtain on RS  

fio = y * αο  = Κ21 bαο οn Rs (30) 

It follows from eq 30 that the water intake flux, flo, at the formation of the final ice layer is proportional 
to the temperature gradient, b αo, at ft.  Comparing eq 30 with 2a, we find that SPS  and (r) a  in eq 2a  
correspond to K21  and— bαa  in eq 30, respectively. Since the temperature gradient in R 1  does not vary 
significantly, the segregation potential 5Ρ0  is nothing but Κ21  (the limiting value of the transport 
function K2 as x approaches n 1  while x is in R1  at the formation of the final ice layer), when a point 
a(t) is on Rs in the diagram of temperature gradients, namely 

SPo = K21 = y*b -i . (31)  

We have shown that Μ1  is consistent with eq 2a. It is clear from eq 20 that eq 30 holds true on Rs but  
does not hold in RS  because of eq 22a. In other words, the value of y  defined by eq 17c is equal to b K2i  
on Rs . However, the value of y  in RS  depends on a specific trajectory a(t). For instance, on trajectory  

1 in Figure 4 the value of y  decreases from b Κ21  as a(t) moves toward the point a(t 2) from the point 
α(ti) and vanishes at the point α(t2). On this trajectoryf  10  decreases with the increasing α0. However, 
it is easy to see that f10  decreases with the decreasing a Q  on trajectory 2 for t 2  > t> t1 . Therefore, Μ1 

 is also consistent with the empirical finding by Ishizaki and Nishio (1985) that the value of ya  varies 
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widely and that fro  may either increase or decrease with the increasing α0  depending on a given  
specific trajectory. This finding by Ishizaki and Nishio (1985) was empirically confirmed (Nakano  
and Takeda 1991) when σ = 0.  

According to our definition Κ21  is the value of Κ21 evaluated on Rs . Since any point on Rs is  
uniquely specified by eq 8b, we may write Κ21  as  

K2ιΡ = Κ2̂ (αο; δ0, Ρ1 , σ). (32)  

We studied (Nakano and Takeda 1991) the dependence of Κ21  on α0  for a special case where δ0  = 2.0  
cm, Ρ1n = 0.1 MPa and σ = 0 for three types of soils. It was found that Κ21  is nearly constant for a given  

soil if a0  is greater than 2.0 (°C cm -1). However, Κ21  tends to increase with decreasing a 0  in the range  
of α0  with 2.0 (°C cm-i)  > αo  > 0 for the two types of soils, Tomakomai silt and Fujinomori clay.  

Unfortunately, we were unable to confirm behavior similar to this of Κ21  for Kanto loam because of  
a lack of data. Using the additional data newly obtained, we will show such behavior for Kanto loam  

below.  
Konrad and Morgenstern (1980, 1981, 1982) empirically found eq 2b that is equivalent to the  

following equation given as  

κ2;(P1 σ) ο, (33)  

where an asterisk for P10  is used to emphasize that the value of P10 is evaluated when a point a(t) is  
on Rs . Since their hydraulic conditions were not specified in the same manner as in our experiments,  

we will reduce eq 33 to the form appropriate to our system. In our system Ρ10 is given by eq 13a.  
Hence, we obtain  

^10 = Pin - ^(fi   /Κο) + pο ] Οο ο (34)  

where f  is the value off  10  on Rs and is uniquely determined by a0  (eq 8b) if δ0, Pin  and σ are given.  
Therefore, Ρ  in eq 33 can be replaced by α0, 80  and Pin so that eq 33 is reduced to eq 32. We have  
shown that Μ1  is consistent with eq 2b, which was found empirically by Konrad and Morgenstern  
(1980, 1981, 1982).  

Konrad and Morgenstern (1981) empirically 
found that SΡ0  is a monotonically decreasing  
function of - Ρio  when σ = 0. Since Ρ  repre-
sents the combined effects of α0, 80  and Pin, in 
order to find the effect of the temperature gra-
dient, we plotted the data of SP0  vs. (T')a  
obtained by Konrad and Morgenstern (1981) in 
Figure 5, where the number assigned to each  

data point corresponds to the test number of 
their E series experiments. The data points E4 
through 7 were obtained for a single layer of 
Devon silt under various temperature condi-
tions. These data points clearly indicate that SP0  
tends to increase with the decreasing tempera-
ture gradient. This tendency is consistent with 
our empirical findings. Tests E8 and E9 were 
both two-layer systems in which the hydraulic 
conductivities Κ0 of the unfrozen bottom layers 
were, respectively, higher and lower than that 

1.5  

s 
5 •  

SPo 8 •  

•  

0.5 4 L 
 

9  •  

0 0.5 h  .ο 
(-T") a  

Figure 5. Values of SFo  (g(em °C d)-11 vs.  the values  
of the average temperature gradient (-T')a  (`C cm-1)  
obtained by Konrad and Morgenstern (1981).  
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of the unfrozen Devon silt. Since the temperature gradients in these two tests were not equal, the  

effects of hydraulic conditions alone on SPo  are difficult to assess.  

r 
RESULTS OF DATA ANALYSIS  

Steady growth condition  
We will examine the validity of the model  Μ1  under the applied pressure by using the experimen- 

tal data presented in Part I (Takeda and Nakano 1993). We found empirically that the steady growth  
region Rs(σ) under a given applied pressure σ is approximately described as  

0u  = A α f, kι kō 1  > A> 5(σ) (35)  

where au  = absolute value of the temperature gradient near n 0  in R0  
of  = absolute value of the temperature gradient near n 1  in R2  
S = property of a given soil that depends on the applied pressure σ.  

The temperature profiles in the frozen and the unfrozen parts are not exactly linear when the  

steady growth of an ice layer is taking place because of the convective heat transport. However, the  

amount of heat transported by convection is much less than that transported by conduction. The  

difference between αu  (or αf) and αo  (or α1) is negligibly small as shown empirically and theoretically  

in Nakano and Takeda (1991). Therefore, eq 35 is nearly equivalent to  

ασ = Aαι, - kι k^1  > A> S(σ) . (36)  

We will no longer discriminate αu (or αf) from αo  (or α1 ) in the following discussion.  

.According to Μ1  the steady growth region Rs(σ) under a given applied pressure σ is given by eq  
5. Using y* we will reduce eq 5 to a form similar to eq 36 as  

ασ = Aαι, kι kōl  > A> kι (kο  Ly  *) + (37)  

Comparing eq 37 with 36, we find that Μ1  is consistent with the experimental data if the following  

relation holds:  

S( σ) >_ k ι [ko  Ly * ( σ)j . + (38a)  

We will define y * as  

S(σ) = ki [ko  Ly*(σ)]-1 . + (38b)  

Then, it is easy to see that eq 38a is equivalent to the following relation:  

_ (38c)  y*(σ) > y*(σ). 

We will examine the validity of eq 38c below.  

For a given σ the value of y*(σ) can be calculated by using the calculated value off  io  based on either  
the measured rate of heave r or the measured rate of water intake, and the measured value of αo  at  
each data point ( α1, αo) on Rs . The calculated values of y*(σ) are plotted vs. a0  with σ being a  
parameter in Figure 6. The mass flux of waterf10  decreases by the order of 10-2  as σ increases from  
zero to 195 kPa. As the result the accuracy of measuringf10  tends to decrease with increasing σ and  
the variability of data points becomes more pronounced with increasing σ, as shown in Figure 6.  

11  



10^  

6  o 
0 

O  ∆ 8.12  
• ∆PcΡ 

8 °  O 
ο 0 • 16.2 

•  ο o 48.7  

^* 
•_ ∆ ∆ 

∆ 
∆ 

V 195  
Α 97.5  

•  
10 A 

-- 
. 

° ν 
VA 

Α  
 V 

‚ Α v Α Λ A 

α0 12  
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* [g(cm °C d)-1] vs. 01 under various applied 

Because of such variability and the limited numbers of data under σ = 390 kPa, we decided not to use  
the data taken under σ = 390 kPa in our analysis. From Figure 6 we find the general trend that y*  
decreases with increasing σ and that y* increases with the decreasing 0(0  in the range of α0  <2.0°C   
cm-1 . The latter trend was also observed (Nakano and Takeda 1991) in the experiments with  

Tomakomai silt and Fujinomari clay under null applied pressure.  

We calculated the values of y * (σ) from the values of S(σ) that were presented in Table 2 of Part  

I (Takeda and Nakano 1993). We also calculated the average of y*(σ) over all the data points obtained  

for each σ. The values of y * ( σ) and the average values y a  * (σ) of  y*(σ)  for each σ are presented in Table  
1. It is clear from Table 1 that eq 38c does not hold for every σ, particularly for greater values of σ.  
However, the average values ya  * (σ) do not differ significantly from those of y*(σ). We may conclude  
that the model Μ1  is consistent with the experimental data regardless οf σ and that the steady growth  
region of an ice layer under various applied pressures can be described by eq 37.  

In order to find the dependence of y a *on σ, we plotted ya *in the logarithmic scale against σ in  
Figure 7. It is clear from the figure that y a *is a decreasing function of σ. Assuming that b is nearly  
equal to one, we may conclude that Κ21  (or SΡ0) is a decreasing function of σ, which was found  

5.0  

0  
0  

Table 1. Calculated values y  [g (cm 
and the average measured values yá under 

°C d)-1] 1.0 ° 
Υ:  

various applied pressures σ (kPa). 0.5  

Applied  pressures (σ)  
0.0 8.12 16.2 48.7 	97.8 195  

y * 2.34 2.12 1.14 1.12 0.72 0.56  

ya 2.86 1.98 1.61 0.97 0.45 0.35  0.1 0 100 
σ  

Figure 7. Average values yá fg(cm °C d) -1] vs. σ 
 (kPa) wherea solid line is theempiricallydetermined 

relationship for Devon silt obtained by Konrad and 
Morgenstern (1982). 
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empirically by Konrad and Morgenstern (1982). Their data with Devon silt were presented in the  

functional form given as  

SΡ0  = a2  exp(- a 3σ). (39)  

When we use the same units of SΡo  and σ as those of ya  *and σ in Figure 7, the values of the constants  

a2  and a3  are 1.04 and 8.95 x 10-3, respectively, and eq 39 is presented by the straight line in Figure  

7. Because of the limited number of data points it is not certain that our data can be presented in the  

same functional form as eq 39. However, the important point is that Κ21  is a decreasing function of  
σ. The reason for such dependence will be discussed below.  

Dependence of y* on  Ti 
Combining eq 30 with eq 32, we obtain  

y* bΚ21(α0; 80, Ρι , σ) . (40a)  

For a special case such as our experiments where δ0  and Ρ in  are specified, we may reduce eq 40a to:  

y * b Κ21 (αa σ). (40b)  

On the other hand Κ21  is the value of Κ21 when a point ( α1, α0) is on Rs . From eq 4e we obtain  

Κ2i Κ21(ΤΙ , ρ) (40c)  

where Ti is the temperature at n 1  when a point (α1 , α0) is on Rs . It is clear from eq 40b and c that  Ti 
and the composition ρ  generally depend on α0  and σ. We will study empirically the relationship  

* and Ti below.  between y 
Using the set of data obtained under the applied pressure of 48.7 kPa as an example, we will  

describe how we obtained the empirically determined value of Ti from the data. The results of our  
data analysis are presented in Table 2, where n 1  is the observed location of the interface between R 1  
and R2, while n0  is the location of the 0°C isotherm calculated by using the measured temperature  
profile in R0. The values of δ in the table are calculated simply from eq 9d and vary between 0.91 and  
1.5 mm. We have found that the value of δ increases with the increasing σ and that the maximum  
value of δ in the range of σ _<195 kPa is 4.8 mm under the condition of α0  = 0.80 and σ = 195 kPa. 

The value of Τi can be calculated from either the measured temperature profile in R 0  or that in R2.  
As we discussed in Part I (Takeda and Nakano 1993), the temperature measurements in R 0  are more  
accurate than those in R2. Therefore, it is desirable to determine Ti from the profile in R 0. However,  
the thermal conductivity k(x) in R1  is unknownbecause the composition ofR i  is unknown. According  
to the model Μ1, Τ1  is given by eq 10c and 11a. Hence, when the variation of k in R1  is small, Ti is  
nearly equal to Τ10 defined as  

Table 2. Summary of data analysis with σ = 48.7 kPa.   

ao fiο y* n 1 n0 δ -Τ10 -Τιι -Τ1  
Exp. (°C cm) (g cm -2  d-1) (g (cm °C d)-1] (cm) (cm) (cm) (°C) (°C) (°C)  

1 0.642 0.968 1.51 0.67 0.55 0.12 0.076 0.174 0.125  
2 1.29 1.59 1.23 0.25 0.099 0.15 0.192 0.198 0.195  
3 1.62 1.60 0.988 0.28 0.13 0.15 0.239 0.211 0.225  
4 2.76 2.13 0.770 0.18 0.086 0.094 0.260 0.245 0.255  
5 3.29 2.65 0.804 0.20 0.080 0.12 0.378 0.320 0.349  
6 5.85 2.97 0.507 0.13 0.039 0.091 0.535 0.467 0.501  
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Τ10 = - a08. (41a)  

It is clear from eq 10c and 11a that Tl is accurately approximated also by Τ10 when δ is very small.  
The calculated values of Τ10 are listed in Table 2. When σ is negligible, Nakano and Takeda (1991)  
found that k(x) tends to increase with x in R 1 . Therefore, Τ10 would be a lower bound of  Τ,  namely  

Τ  > Τ10. _ (41b)  

We also calculated the value of  Τ  from the measured profile in R2. The calculated values, which are  
referred to as Τ11, are listed in Table 2. We find from Table 2 that Τ10 tends to be less than Τ11 . A ten-
dency similar to this was also found in all other cases of different applied pressures. Under these  
circumstances we decided to choose the average of Τ10  and Τ11  to be the empirically determined value  
Τι of  Τ  defined as  

Τi = 0.5 (Τι0 + Tι1). (42)  

The values of Ti are listed in Table 2.  
The values of y* are plotted against -Τι with the logarithmic scale under various applied pres- 

sures σ in Figure 8. Despite some scatter, it is clear that the relation between y* and  Τι  is nearly one  
to one. The solid line in Figure 8 is the best linear approximation to the data points given as  

y* 
Κ21 ?0 < Τ <- 0 (43a)  

(Τ0/Τ)^ Τ _< Τ0 (43b)  

where b is assumed to be one, Κ20 is the limiting value of Κ2 as x approaches n0  while x is in R1  and  
is equal to 1.98 x 103  g(cm d °C)-1  (Nakano and Takeda 1991), To = -1.5 x 10-4  °C and b2  = 1.039. As  
we showed (Nakano and Takeda 1991), Κ20 satisfies the equation given as  

Κ20 = γΚΟ (44)  

where Κ0 is the hydraulic conductivity in R0 . It is easy to see that y* becomes infinite as Τ approaches  
zero in eq 43b. Although eq 43b is the best approximation to the data points, eq 43a is needed to fit  

the data points in a neighborhood of Τ = 0°C.  

101  
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Figure 8. Values of y* fg(cm `C d) -1] vs. the temper-
ature -Ti (°C) under various applied pressures σ  
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According to eq 40c, y*, generally,depends on T1 and the composition p. However, we have found  
empirically that y* depends mainly on Ti . This implies that the cc'lp οsition in a neighborhood of  
n1  in R1  is not significantly affected by σ and α0 (or f10). Since Τι varies between 0 and —1.0°C in Figure  
8, we may conclude that the composition of the essential frozen, fringe R11  depends mainly on the  
temperature regardless of σ andf10.  There is another interpretation of Figure 8: that the transport  

function Κ2 does not depend on the composition. Recently Nakano and Tice (1990) found empirically  

that Κ2 in unsaturated frozen clay strongly depends on the composition, particularly the content of  

ice. Their empirical finding supports the former interpretation.  

Figure 8 shows that the range of Τι for a given σ shifts toward the lower temperature as σ increas-
es. The segregation potential K2ι  evidently depends primarily on the temperature Tl at n 1  and is an  
increasing function of Τi because the applied pressure in the range of σ <_ 195 kPa does not affect sig-
nificantly the composition of the essential frozen fringe R 11 . This is the reason why the segregation  
potential Κ21  is generally a decreasing function of σ.  

Dependence of Τ on f10  
The values of—Ti are plotted against f10 under various applied pressures σ in Figure 9. Figure 9  

shows that the relationship between Τι and f10  is approximately linear for a given σ, which is con-
sistent with the empirical relation (eq 3b and c) found by Ishizaki and Nishio (1985). It is clear from  

Figure 9 that the constants a0  and al  strongly depend on σ. An important question is whether we can  
describe the behavior of data points in Figure 9 by eq 25c derived based on Μ1 . We are not able to  
show that eq 25c is consistent with the data because we have no data on the transport function Κ1 .  
However, we will show below that eq 25c is consistent with the data if the function Κ1  is properly  
chosen.  

The model Μ 1  is defined as the frozen fringe where ice may exist but does not grow, and the mass  

flux of waterf1  is given by eq 4a with the condition of eq 4b and c. When σ > 0, the essential frozen  
fringe R11  vanishes asf1  vanishes but R 10  does not. From eq 4b we obtain:  

Κ2/Κ1  = y in R10  if f1  =0. (45)  

When the steady growth of an ice layer occurs,f 1  remains constant at f10  throughout R0, R10  and R11. 
 

An important question arises: whether or not eq 45 holds true when f 10  does not vanish. In other  
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ous applied pressures σ (kPa). 

Α 
Α  

∆  
0.2 

∆  
• •  O  

∆  O  
• O  

fi0 

15  



words, is the composition of R 10  significantly affected byf10?  As we described above, our data indi-
cate that neither σ nor f10  significantly affects the composition of the essential frozen fringe. There-
fore, it is probable that the effect of f 10  on the composition of R 10  is negligible. We will assume that  

eq 45 holds true regardless of flo, namely  

K2/K1 = γ in R10. (46)  

When eq 46 holds true, the dimensionless quantity ώ 0  defined by eq 18a vanishes. Hence, eq 25d is  
reduced to  

a0 = γ ι 90 (1 + ώ  2) σ (γ 90) -1 (47)  

Now we will calculate Ti as a function of f10  by eq 25c as follows. Since Τ is the value of Τ1  on Rs ,  
φο is equal to b by eq 23a. We will assume that b =  1, or equivalently k(x) = k 0  in R 1. We also assume  
that Κ2(Τ) is equal to K21(Τ) given by eq 43a and b. The value of Τι * is calculated by eq 1 for a given  
σ. Horiguchi and Miller (1983) found empirically that the transport functions K 1 (Τ) of various soils  
can accurately be represented in the same functional form as eq 43b. We will assume that K 1 (Τ) is  
given as  

Κι(^ 
To < T <_ 0 (48) 

= 
)/Τ)

bι 
T < Τo  

where Κ0 is the hydraulic conductivity in R 0  and is 1.77 x 103  g(cm d MPa)-i  (Nakano and Takeda  
1991). The value of To is the same as used in eq 43a and b. A constant b 1  is an unknown parameter  
to be determined.  

As we described in Part I (Takeda and Nakano 1993), the applied pressure σ affects the void ratio  
e of a specimen. Although the variation of e itself is negligibly small, the hydraulic conductivity Κ0  
maybe affected significantly. Therefore, we determined empirically the relationship between Κo and  
σ given as  

Ι0(σ) =1.77 x 103  σ -4108s (49)  

where the units of Κ0 and σ are g(cm d MPa) -1  and kPa, respectively. The value of Κ0 is reduced to  
about one-half according to eq 49 when σ is increased from zero to 195 kPa. The functional form of  

eq 49 is consistent with the data obtained by Fukushima and Ishii (1986). In our calculations of Ρ  
for σ >0 we used Κ0(σ) given by eq 49 instead of the value of Κ0 at σ = 0.  

Now we can calculate Ρ (fιο) with b 1  being a parameter. Calculating T1(fi0)  in the wide range of  
b1, we find that the calculated curves Tl (fio) fit the data well if b l  is about one-half of b 2. The calculated  
curves with b 1 = 0.52 are presented in Figure 10 together with the data. If b l  is decreased (or increased)  
from this value, then the gradients of these curves, d(— Tl )/df  io, increase (or decrease). We have  

shown that eq 25c is consistent with the data if the function Κ1  is given by eq 48 with b 1  = 0.52.  

DISCUSSION AND CONCLUSIONS  

Many models of frost heave have been proposed in the past (Nakano 1990). However, the model  

proposed by Konrad and Morgenstern (1982) is one of few that were built on an empirical base. Their  

segregation potential theory was easily adapted to solve engineering problems in the past. As our  

quantitative understanding on the subject is increased, their model can be improved or refined  

without sacrificing its easy adaptability to engineering problems.  

Konrad and Morgenstern (1981) proposed an equation similar to eq 4a where the mass flux of  

waterf1  is given as the sum of two terms, namely, a pressure-related term and a temperature related  
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term. However, curiously enough, they dropped the pressure term in their later publications. Since  

the pressure term in eq 4a is generally negative according to Μ1, the omission of this term leads to  

overestimating f1 . Therefore, their model certainly predicts an upper bound of frost heave as they  

claim (Konrad and Morgenstern 1982). However, some serious criticisms against their model cannot  

be refuted unless the pressure term is restored, as we will explain below.  

When the pressure term is neglected, it is clear from eq 4a thatf 1  is nonnegative. This is the reason  

why Konrad and Morgenstern (1982) could not provide a satisfactory explanation for the expulsion  

of water from freezing soils. Takashi et al. (1978) conducted a series of frost heave tests in which the  

temperature in the unfrozen part R0  was kept constant at 0.2-0.3°C higher than the freezing point of  

specimens. In other words, the positive temperature term of eq 4a was kept small in their tests.  

The absolute value of the negative pressure term of eq 4a is small when the applied pressure σ is  
small. Hence, f1  can be positive when σ is small. However, the pressure term decreases with the in-
creasing σ andf  1  vanishes at certain values of σbecause the two terms of eq 4a cancel out. As σ increas-
es beyond this value,  fi  becomes negative; that is, the expulsion of water from freezing soils takes  

place. Takashi et al. (1978) found empirically what we described above.  
Another serious criticism of the segregation potential theory was raised by Ishizaki and Nishio  

(1985) that the value of ya defined by eq 3a is constant strictly at the instant when the final ice lens  

emerges, but except for this instant, y a  varies widely during the growth period of the fin αl ice lens.  
As we explained earlier, the pressure term of eq 4a vanishes at the formation of the final ice lens, but  

the negative pressure term varies depending on a specific trajectory in the diagram of temperature  

gradients when the fin αl ice lens is growing. The empirical finding by Ishizaki and Nishio (1985) can  

be explained if the pressure term is restored. Assuming that the temperature Τ(σ) at the formation  
of the final ice lens depends mainly on the property of a given soil alone, Konrad and Morgenstern  

(1982) termed Τ(σ) as the "segregation freezing temperature." However, we have found empirical- 
ly (Fig. 9) that Τ1(σ) depends strongly on the mass flux fio. 

 

Using the data obtained in Part I (Takeda and Nakano 1993), we evaluated the accuracy of Μ1 . We  
found that the predicted steady growth condition of an ice layer under various applied pressures is  

in good agreement with that found empirically. We also found that Μ1  is consistent with the data  
obtained by Konrad and Morgenstern (1980, 1981,1982) that were used to support their segregation  

potential theory. Their method of frost heave prediction is a sound and useful tool for engineering  

problems that consistently provides an upper bound of frost heave. However, the accuracy of their  

method can be significantly improved and some of the serious criticisms against it can be refuted  

if the pressure term in the equation of water flow is restored as we discussed above.  
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