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PREFACE 

This report was prepared by D.E. Nevel , Research Civil Engineer, and F .D. Haynes, 
Materials Research Engineer, of the Applied Research Branch, Experimental Engineer· 
ing Division, U.S. Army Cold Regions Research and Engineering Laboratory (USA 
CRREL). The report was funded under Civil Works Program CWIS 31358, Develop
ment of Design Criteria for Horizontal Forces on Structures. Technical reviewers 
of this report were Dr. Malcolm Mellor and Dr. Shunsuke Takagi of USA CRREL. 

The contents of this report are not to be used for advertising, publication, or pro· 
motional purposes. Citation of trade names does not constitute an official endorse
ment or approval of the use of such commercial products. 



SUMMARY 

The tensile strength of polycrystalline snow·ice under a triaxial stress state was 
previously investigated by Haynes. Dumbbell·shaped specimens were placed in axial 
tension with equal radial and hoop compression. The test results showed that the 
tensile strength decreased as the ratio of the compressive to tensile stress increased. 
At a compressive to tensile stress ratio of 3 to I the average tensile strength was about 
one·third the uniaxial tensile strength . 

In search for an explanation of these results, the brittle fracture theory of Griffith 
was considered. Griffith considered a two-dimensional state of stress around an 
elliptical hole in a material . The maximum internal stress for the uniaxial tension 
state was equated to the maximum internal stress of a biaxial stress state. Griffith 
shrank the ellipse to a flat crack to obtain his fracture criterion. Babel generalized 
Griffith's results by considering cavity shapes going from a circle, through all the 
ellipses, to a flat crack, from which he developed fracture criteria for the tension· 
tension and tension-compression quadrants. 

In this report Babel's theory is extended to the compression-rompression quadrant. 
The position where the maximum stress occurs on the surface of the elliptical cavity 
is determined. At this position the angle of fracture is calculated. The results show 
that the angle of fracture for uniaxial compression is between 0° and 30° with 
respect to the loading axis. 

The above fracture criterion is relatively easy to develop for biaxial stress around 
an elliptical cavity. A fracture criterion for triaxial stress around an ellipsoidal 
cavity is much more difficult to develop. In addition , cavities in real materials may 
not be elliptical or ellipsoidal . Therefore, the general three·dimensional problem 
was not considered in this paper. However. the two-dimensional theory was con· 
ceptually extended to three dimensions and the experimental data were used to 
detennine the fracture surface for the tension-compression quadrant in the appropri
ate plane of the three-dimensional principal stress space. 
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INTERPRETATION OF THE TENSILE STRENGTH OF 
ICE UNDER TRIAXIAL STRESSES 

by 

D.E. Nevel and F.D. Haynes 

The tensile strength of ice in a triaxial state of stress was investigated by Haynes7 Although 
multiaxial stress states exist in many strength studies of ice, the primary motivation for his investi
gation was to compare his results to the tensile strength determined by previous Brazil tests. Mellor 
and Hawkes' and Butkovich' found that Brazil tests produced tensile strengths much lower than 
uniaxial tensile tests. 

In the Brazil test the disk of ice fails in tension along the loaded diameter. The maximum tensile 
stress occurs at the center where, according to elastic theory, the ratio of compression to tension is 
3 to 1. This ratio increases as the distance from the center increases. Haynes' conducted tests with 
ratios up to 10 to 1. 

The ice tested by Haynes was isotropic poly crystalline ice, similar to the porous ice found in 
glaciers. A cylindrical dumbbell shape with a diameter of 2.54 cm was chosen for the test specimens. 

The general method of preparing the ice specimens was to pour snow grains into a vibrating mold, 
saturate them with water from one end, and freeze them from one end. The average grain size was 
about 0.7 mm and thin sections examined under polarized light showed randomly oriented grains. 
The ice was bubbly with an average bubble size of about 0.2 mm. 

During a test the cylindrical surface of the specimen was pressurized by hydraulic fluid while 
the ends remained unpressurized. The hydraulic pressure produced axial tension and equal radial 
and hoop compression in the necked·down part of the dumbbell·shaped specimen. The cross-sec
tional area of the end cap and the necked-down section determined the ratio of compresssion to 
tension. This produced a constant compression to tension ratio as the hydraulic pressure was in
creased. A thin ru~ber membrane was placed over each specimen to prevent the hydraulic fluid 
from penetrating into the ice . Additional information regarding the test equipment , test procedures, 
stress calculations, and eccentricity of loading may be found in the report by Haynes.7 

The test results are shown in Figure 1. This graph shows the tensile strength of ice as a function 
of the compression to tension stress ratio. The one test run at the ratio of 10.14 to I is not shown 
in Figure 1. The tensile strength for this test was 1.7 1 kg/cm' . The uniaxial tension results in Fig
ure I are the minimum, average, and maximum values from 63 tests performed by Hawkes and 
Mellor· on similar ice . The average strength found under triaxial stress at a ratio of 3 to ) is about 
one-third the average uniaxial tensile strength. This indicates that the compressive stress present in 
the Brazil test produces the low values obtained for the tensile strength. 

In the previous paper by Haynes,' the triaxial data for snow-ice were compared to the brittle 
fracture theory of Griffith' and Babe!.' 1 Griffith considered the two-dimensional state of stress 
around an elliptical hole. The ellipse was shrunk to a flat crack. The failure theory was determined 
by equating the internal stress for the uniaxial tension state to the internal stress of a biaxial stress 
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Figure 1" Tensile strength under trillxiDl stress. 

state. Babel followed the same procedure as Griffith except that he considered the range of shapes 
going from a circle, through ellipses, to a nat crack. Strictly speaking, the three-dimensional data 
should not be compared to a two-dimensional theory. Since the general three-dimensional theory 
is complicated, we will review and extend the two-dimensional theory in order to gain an insight 
into the nature of the problem. Then we will compare the test data to a special case of the three· 
dimensional theory. 

Griffith' considered the two-dimensional state of stress around an elliptical hole as shown in 
Figure 2. His solution was based on the work of Inglis' The stressR which is tangent to the ellip
tical surface was given by 

R = (p+ 0) sinh 2,,+ (P - Q)[e1Q cos 2(8 - B) - cos28) 
cosh 2" cos 2{3 

where P and Q = the applied stresses 
a = one·half the major axis of the ellipse 
b = one·half the minor' axis of the ellipse 
8 = the angle between the Q axis and the major axis of the ellipse 
/l = the coordinate describing the position on the ellipse 

'" = the angle between the normal to the ellipse at /land the major axis 
and" is defined by e- 1Q = (a-b)/(a+b). 
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(1) 
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For convenience let us replace the P and Q coordinates 

with x = (P - Q)/V'i and y = (P + Q)/V'i . The x co
ordinate represents y'f times the octahedral shear 
stress, and the y coordinate represents,fi times the 
hydrostatic stress. 

Q-
~-8 

-Q 
In order to dete rmine which 8 and {3 will give the 

maximum stress, we set aR/ a8 = ° and aR/ a{3 = 0 . 
From these two equations, we find five sets of 8 and 

I I I I I 
p 

Figure 2. Elliptical cavity . 

{3. Although all of these results will not produce a max
imum, the maximum stress will be among them. The 
five se ts and the stress associated with each case are 

8 = 0, (3 = 0, 

8=0, {3 =rr/2, 

8=rr/2, {3=0, 

8 = rr/2, {3 = rr/2, 

1 

cos 2{3 = cosh 201 - (;) 

as follows : 

R=4x + 2y(1 +e - la ) 

y'f (I _ e-'a) 

R = --4x + 2y (1 - e- l a ) 

,fi (I + e-la) 

R = - 4x + 2y (1 + e-la) 

,fi (I - e-la) 

R = 4x + 2y (1 - e-la) 

,fi (1 + e-la) 

2 sinh' 201 

v X e1Q 
cos28 = <.. sinh 201 - - - R = _ x' ,fi 

X Y 2 ' Y (I - e-"") 

(2) 

(3) 

(4) 

(5) 

(6) 

In the last case we require - I ~ cos 28 ~ I which yields 

- 1 ~ L ~ - I (70) 
1 - e- 2a x I +e- 2a 

and 

---''--_ ~ .t ~ (7b) 
1 + e-2a x 1 _ e-1a 

The requirement -1 <: cos2{3 <: I gives the same results as eq 7 . 

In order to determine which case gives the maximum stress, R /(x,fi) vs y/x is shown in Figure 
3 for b/a = II.. Other b/a values will give similarly shaped curves. The results of eq 6 which are not 
included within the regions of eq 7 are shown as dashed. The limits in eq 7 occur when eq 6 is 
equal to each of the other four ca .. s. For example, letting equation 2 .equal ~quation 6 gives 

lY/x + 1/(1 + e-la)] 1 = 0. The double root shows that these two curves are equal and tangent at 
y/x = - 1/(1 + e-la) which is the upper limit o f eq 7a. This point is labeled A in Figure 3. Point 
C in Figure 3 is defmed when R = 0 for 0 = rr/2 and (3 = rr/2. This occurs when y/x = -2/(1 _ e-la) . 

3 
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Figure 3. Maximum stress around an elliptical cavity. 

We now choose the maximum stress R for the biaxial state of stress and set it equal to the maxi· 
mum stress R for a uniaxial tension state. For uniaxial tension, P = a,: Q:, 0, and y /x = I . Hence 
the 8 = 0 and ~ = 0 condition should be used and the stress is R = a,(3 + e- 1Q)/(.J - e-1Q). For 
biaxial stresses the maximum stress R depends upon the value of y/x. Wheny/x is greater than the 
y/x value of point A, the 8 = 0 ahd ~ = 0 condition determines the maximum stress. Hence 

a (3 + e- 1Q) = 4x + 2y (I f . e-1Q) , . 
(I - e-1Q) -J2 ( I - e- 1Q) 

Within this range of y/x the angle (l/J - 8) of the fracture with respect to the Q axis equals zero. 

Wheny/x is between they/x values of points A and B, eq 6 should be used to determine the 
maximum stress. Hence 

Within this region the angle (l/J - 8) of the fracture varies between 0° and 45°. The equation to 
determine this angle is 

(8) 

(9) 

(10) 

When y/x is between the y/x values of Band C, the 8 = ,,/2 and P = ,,/2 condition determines 
the maximum stress. Hence 
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4x + 2y (i - e-2~) 

v'2 (1 + e -2~) 

Within this region the angle (l/J - 0) of the fracture is 0·· 

(11) 

When y/x is less than the y/x value of point C, only compression eltists and there can be no ten

sile fracture . 

The results of eq 8, 9 and I I are shown in Figure 4 . This graph showsy/at plotted against x/at 
for constant b/a ratios. The two limiting conditions associated with points A and B are also shown. 
From x = 0 to condition A, the constant b/a lines are straight. Between the limiting conditions, the 
constant b/a lines are part of parabolas that go through the origin. Beyond condition B, the constant 

b/a lines are straight with a slope of -2/(1 - e-2"). Since point C is defmed when y/x = - 2/(1 -
e-2~), the above straight lines are parallel to the equation that defines point C. Hence, point C lies 

on these straight lines at infInity. In Figure 4 only the beginnings of these straight lines are shown, 

because if they were extended they would overlap other lines of constant b/a. 

The angle of the fracture (l/J - 0) with the Q axis is zero everywhere except between the two 

limiting conditions associated with points A and B. Eliminating a from eq 10 by using eq 9 , lines 

of constant (l/J - 0) can be calculated. These are shown in Figure 5. Note that for uniaxial compres

sion the fracture angle is between O· and 30·. For a nat crack, {j = l/J = 0 and the fracture angle is 

just 0, the angle of the major axis. Paul" discusses the fracture angle (l/J - 0) for a nat crack. He 

assumes a given 0 rather than choosing the 0 that produces the maximum stress. 

Figure 4 shows biaxial states of stress which produce the same internal tensile stress around a 

naw as does the simple tension test. For a circle, b/a = I and the failure criterion ·is a straight line. 

Babel states that this agrees with the Coulomb-Mohr failure criterion. It should be pointed out that 
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the Coulomb-Mohr criterion uses a limiting shear stress while the Griffith-Babel theory uses a limit
ing tensile stress. Although Babel's results are correct, his m~thod for choosing the boundary A be
tween the two regions is not explained . In addition the defmition of the angle 8 is the negative of 
the correct value. 

In the above presentation it has been assumed that there is just one shape of naw in the material. 
In fact there could be many flaw shapes. Let us suppose that the shape factor a ranges from a o to 
a, as b/a ranges from near b/a = 0 to near b/a = 1. For the uniaxilll tension test the nattest crack, 
designated by ao ' will produce the highest stress. For the region when 8 = 0 and 13 = 0 the highest 
stress is also produced by the nattest crack. Hence the a in both sides of eq 8 should be replaced 
with ao' A similar argument holds for eq 9. When 8 = ,,/2 and /l = ,,/2 the highest stress is produced 
by the roundest crack, which is designated by a,. Hence eq II should become 

= 4x + 2y (I - e- 2<1",) 

Y2 (I + e 20,) 
(12) 

If this equation were to be plotted on Figure 4, the results would be a straight line to the right of 
and parallel to the corresponding lines of eq II. TItis would produce a discontinuity in the failure 
criterion at the boundary labeled B. 

We may conclude for the two-dimensional theory that it is possible to develop a biaxial stress 
failure criterion based upon the concept of maximum tensile stress around an elliptical cavity. In 
real materials' the shape may be arbitrary rather than elliptical. Furthermore the stress state is 
usually three-dimehsional and the material has three-dimensional voids. If we consider an ellipsoidal 
cavity in three dimensions, there are two ratios between the ellipsoidal axis to defme the shape. 
There are three angles to define the position of this ellipsoid relative to the applied stress and there 
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are two coordinates to define the position on the cavity. At this position on the surface of the 
cavity, the maximum principal stress must be determined . Hence, there are five Qerivatives of this 
maximum principal stress which must be set equal to zero, and we end up with a two-parameter 
family of curves rather than the bla curves for the two-dimensional case. Although there has been 
some effort made in this direction,'· the added effort hardly seems worth it , in view of the fact that 
the voids may not be of an ellipsoidal form. 

However, for the snow-ice that has been tested by Ha}'Iles,7 it is believed that the voids may be 
close to spherical in shape. For a spherical void, with principal stresses aI ' a2, and a2, the max
imum tensile stress state is known":!: Equating the internal stress for uniaxial tension with that for 
the above triaxial stress state, we obtain 

(13) 

where J.l. is Poisso.n's ratio. 

In order to interpret the data, a failure surface is assumed to exist in the principal stress space, 
as shown in Figure 6. Since the ice tested was isotropic, the failure surface should be rotationally 
symmetrical about the hydrostatic line. The observed data should represent the intersection of the 
failure surface with the loading plane 0l = 0l' Figure 7 shows the loading plane with the observed 
data. The three data points for each a2 /a 1 ratio represent the maximum, mitrimum, and average. 
The other axes represent..j3 times the hydrostatic stress and..j3 times the octahedral shear stress. 

Hawkes and Mellor' have reported uniaxial tests on dumbbell specimens for similar snow.ice. 
The compression test results were significantly-dependent on strain rate while their tension test 
results were relatively independent of strain rate. Their results are shown in Figure 7 for strain rates 
between 10-6 and 10-4 S-I which are comparable to the rates for the triaxial tests. The line labeled 
Hawkes and Mellor connects their average tensile strength to their average compressive strength. 

The lines labeled p. = 0 and p. = 0.5 are the results of eq 13 which represent the failure criterion 
for a spherical inclusion. Hawkes and Mellor's average tensile strength value of 19.5 kg/em' was 
used for a, in eq 13. 

Since the uniaxial compressive strength depends on strain rate, there may be a family of failure 
surfaces as shown in Figure 6. These surfaces should converge in the ricinity of uniaxial tension. 
Other parameters such as temperature, grain size, and structure could influence these surfaces. 
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Figure 7. Triflxifll fracture results. 

Columnar-grained freshwater ice, such as appears on a lake, is more transversely isotropic than 
isotropic. Tests by Frederking4 indicate that the stress in the direction of the columns has very 
little influence on the failure surface. If the columns were oriented along the a3 principal stress 
direction, the failure surface would be perpendicular to the plane of the principal stresses a, and 

a2 . Hence for this type of ice, experimental data should be plotted in the plane of a, and a2 . 

In conclusion, Babel's two-dimensional work has been extended to the compression-compres
sion region and the angle of fracture determined for all biaxial stress states. The experimental data 

have been viewed in the three-dimensional principal stress space. The tensile strength is lower than 
that predicted by a spherical void . An explanation of this discrepancy could be that the rea! voids 
are not spherical but of a more complex shape. The two-dimensional theory is useful because it 
allows the concept of tensile fracture around a void to be developed easily. 
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