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Abstract: We review the formulation of multiscale-stabilized conforming

(CG) and discontinuous Galerkin (DG) finite element methods for scalar

hyperbolic partial differential equations (PDEs) in the PyADH framework.

In addition, we consider simple extensions of a recently introduced DG

scheme for Hamilton-Jacobi equations (Cheng and Shu, 2007) to simpli-

cial meshes. We investigate these methods’ performance for several linear

and nonlinear problems with the goal of identifying efficient techniques

for resolving sharp interfaces on unstructured meshes. We pay particu-

lar attention to the level set equation in order to evaluate the suitability

of these techniques for extending finite element-based incompressible

Navier-Stokes codes like ADH to full two-phase flow via level set formu-

lations.

Disclaimer: The contents of this report are not to be used for advertising, publication, or promotional purposes. Citation
of trade names does not constitute an official endorsement or approval of the use of such commercial products. All product
names and trademarks cited are the property of their respective owners. The findings of this report are not to be construed as
an official Department of the Army position unless so designated by other authorized documents.

DESTROY THIS REPORTWHEN NO LONGER NEEDED. DO NOT RETURN IT TO THE ORIGINATOR.



ERDC/CHL TR-09-11 iii

Table of Contents

Figures and Tables ................................................................................................. iv

Preface.................................................................................................................. v

1 Introduction .................................................................................................... 1

2 Formulation .................................................................................................... 4

2.1 CG formulation ........................................................................................... 4

2.2 DG formulation ........................................................................................... 7

2.3 Time integration ......................................................................................... 9

3 Numerical Experiments................................................................................... 11

3.1 One-dimensional examples......................................................................... 11

3.2 Results for one-dimensional examples ......................................................... 12

3.3 Two-dimensional examples ......................................................................... 16

3.4 Results for two-dimensional examples.......................................................... 16

3.5 Nonlinear Hamilton-Jacobi examples............................................................ 18

3.6 Nonlinear Hamilton-Jacobi results ............................................................... 21

4 Conclusions .................................................................................................. 23

References.......................................................................................................... 24

Appendix A: Hamilton-Jacobi Variational Multiscale Formulation ................................ 28



ERDC/CHL TR-09-11 iv

Figures and Tables

Figures

Figure 1. Level sets u=0,-0.1,-0.2 at t=0.8 colored by value (left) and local processor num-

ber (right), three-dimensional version of the single vortex problem from (Rider and Kothe,

1998). .................................................................................................................... 2

Figure 2. Solution Problem A, T=0.5. .......................................................................... 13

Figure 3. Solution Problem B T=10. ........................................................................... 14

Figure 4. Solution Problem C, T=0.5. ......................................................................... 15

Figure 5. Contours for u=0.1 Problem D, T=2.0. ........................................................... 18

Figure 6. Solution (left) and u=0 contour for Run P.E.2, T=1.8. ........................................ 18

Figure 7. Contours for u=0, T=8.0, Problem E. ............................................................. 19

Figure 8. Solution for basic Cheng-Shu scheme and modified version, Solution Problem F,

T=1. ..................................................................................................................... 21

Figure 9. Solution without shock capturing (red) and modified scheme Problem G, T=1. ..... 22

Figure 10. DG P1 solution with viscous stabilization, Problem H, T=1. .............................. 22

Tables

Table 1. Time discretization summary. ........................................................................ 11

Table 2. Run summary Problem A............................................................................... 13

Table 3. Results for Problem A. .................................................................................. 13

Table 4. Run summary for Problem B. ......................................................................... 14

Table 5. Results for Problem B. .................................................................................. 14

Table 6. Run summary Problem C............................................................................... 15

Table 7. Results for Problem C. .................................................................................. 15

Table 8. Run summary Problem D. ............................................................................. 17

Table 9. Results for Problem D. .................................................................................. 17

Table 10. Run summary Problem E. ............................................................................ 19

Table 11. Results for Problem E. ................................................................................ 19

Table 12. Run summary Problems F–H. ...................................................................... 21



ERDC/CHL TR-09-11 v

Preface

This report is a product of the High Fidelity Vessel Effects Work Unit

of the Navigation Systems Research Program being conducted at the

U.S. Army Engineer Research and Development Center, Coastal and Hy-

draulics Laboratory.

The report was prepared by Drs. Matthew W. Farthing and Christopher

E. Kees under the supervision of Mr. Earl V. Edris, Jr., Chief, Hydro-

logic Systems Branch. General supervision was provided by Mr. Thomas

W. Richardson, Director, CHL; Dr. William D. Martin, Deputy Director,

CHL; and Mr. Bruce A. Ebersole, Chief Flood and Storm Protection Divi-

sion.

Technical advice needed to complete this work was provided by Dr. Stacy

E. Howington, Coastal and Hydraulics Laboratory and Professor Clint

N. Dawson, the University of Texas.

Mr. James E. Clausner, Navigation Systems Program Manager, was the

project manager for this effort. Mr. W. Jeff Lillycrop was the Technical

Director.

COL Gary E. Johnston was Commander and Executive Director of the

Engineer Research and Development Center. Dr. James E. Houston was

Director.

This report was typeset by the authors with the LATEX document prepa-

ration system. The report uses the erdc document class and mathgifg

fonts package developed by Dr. Boris Veytsman under the supervision of

Mr. Ryan E. North, Geotechnical and Structures Laboratory. The pack-

ages are available from http://ctan.tug.org.



ERDC/CHL TR-09-11 1

1 Introduction

Transport processes are at the heart of many problems that the Corps

must address (e.g., the migration and cleanup of contaminant plumes,

movement of sediments, and the evolution of fluid/fluid and fluid/solid

interfaces). As a result, efficient numerical methods for transport are

critical to the success of many of ERDC’s numerical models. While ac-

counting for processes like hydrodynamic dispersion or chemical reac-

tions present their own challenges, resolving advective fronts sharply,

but without oscillation, is often the primary challenge for transport dis-

cretizations.

Of specific interest to us is the modeling of air and water flow around

solid objects using level set formulations (Kees et al., 2008, 2009). With

this approach, a sharp interface approximation is used for phase bound-

aries and the Navier-Stokes equations are solved in the fluid domains

(Chang et al., 1996; Osher and Fedkiw, 2001). These approaches can

be quite powerful, but require good numerics to achieve sufficient accu-

racy and robustness. In particular, high quality solutions to the level set

transport equation are critical for stability and to maintain the validity of

sharp interface assumptions (Sussman et al., 1994; Sussman and Fatemi,

1999).

On structured and logically rectangular grids, there are any number of

established high-resolution finite difference schemes for hyperbolic PDEs

(LeVeque, 1992, 2002). This is also the case for the level set equation

(Sussman et al., 1994; Sethian, 1999), and there have been many finite

element (Hu and Shu, 1999; Ern and Guermond, 2004; Nagrath et al.,

2005; Marchandise et al., 2006) and finite volume (Barth and Sethian,

1998; Sethian and Vladimirsky, 2000; Barth and Ohlberger, 2004) ex-

tensions to fully unstructured meshes. However, unstructured meth-

ods for level set problems in particular remain less mature than their

structured-grid counterparts. Here, we consider techniques from two

modern classes of finite element methods: stabilized CG approxima-

tions (Hughes et al., 1989; Hughes, 1995; Donea and Huerta, 2003) and

Runge-Kutta DG (RKDG) schemes (Cockburn et al., 1990; Cockburn and

Shu, 2001).
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A thorough review and comparison of stabilized CG and RKDG meth-

ods is well beyond the scope of this technical note. To be practical, we

choose a small subset of the available schemes and focus on their imple-

mentation in PyADH, which is a python-based finite element framework

developed at CHL (Kees et al., 2008,?). Implementing even a handful

of these methods requires some effort, so we would like to identify the

most promising approaches before moving to a full production code.

PyADH is designed around the abstract notion of finite elements as a

triplet consisting of a geometric element, function space, and a set of

unisolvent degrees of freedom (Ern and Guermond, 2004). This design

allows the implementation of both CG and DG schemes within the same

framework and facilitates rapid prototyping of numerical methods. At

the same time, target applications often require large meshes and high-

performance computing, and prototype implementations should closely

reflect these performance requirements. For this reason, PyADH im-

plements computationally intensive routines in languages like C++,C,

or Fortran and is built upon the PETSc toolkit (Balay et al., 1997) for

parallel simulation (see Figure 1 for an example solution of the level set

equation with PyADH on a 384000 tetrahedra mesh using eight proces-

sors).

Figure 1. Level sets u=0,-0.1,-0.2 at t=0.8 colored by

value (left) and local processor number (right),

three-dimensional version of the single vortex problem

from (Rider and Kothe, 1998).

There are, in fact, many essential components for building accurate, reli-

able two-phase flow simulators. A numerical method for capturing evolv-

ing interfaces is just one of these. Others include efficient linear and

nonlinear solver technology, the ability to specify an array of practical

auxiliary (boundary and initial) conditions, as well as the numerical ap-

proximations for the governing equations themselves. We have then cho-
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sen to address critical aspects of full two-phase NS solution techniques

in PyADH as separate technical notes in order to limit the length and

complexity of each investigation. For instance, in this note we focus on

evaluating methods for the interface representation itself, while the focus

of (Kees et al., 2009) is on verification and benchmarking of numerical

methods for variable coefficient Navier-Stokes problems.

In the following, we briefly review the formulation of established RKDG

and stabilized CG approximations for scalar, hyperbolic PDEs in PyADH.

We then present extensions of the Cheng and Shu (2007) DG scheme

to simplicial meshes using viscous stabilization. Although our primary

concern is the level set equation, we include a wider class of problems in

our comparisons, since transport approximations are of such broad im-

portance to the Corps. Finally, we evaluate the performance of CG and

RKDG schemes for several linear and nonlinear problems with the goal

of identifying promising techniques for extending interface representa-

tion capabilities in ERDC finite element codes.
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2 Formulation

The prototypical linear advection equation can be written in conservative

∂u

∂t
+∇ · (vu) = 0 (1)

or non-conservative
∂u

∂t
+ v ·∇u = 0 (2)

form. In level set formulations for two-phase flow, the fluid/fluid inter-

face is defined implicitly by contours of u(x, t) = 0 (Chang et al., 1996).

Equation 2 with the fluid velocity for v can then be used to describe the

fluid/fluid boundary evolution and is refered to as the level set equation.

Equation 1 and Equation 2 are equivalent if and only if the transport ve-

locity, v, is divergence free

∇ · v = 0 (3)

which is the case for two-phase, incompressible flow.

For simplicity in presentation, we rewrite Equation 1 as a generic, scalar

hyperbolic PDE
∂u

∂t
+∇ · f = 0 (4)

and Equation 2 as a Hamilton-Jacobi (HJ) equation (Sethian, 2001)

∂u

∂t
+ G(∇u, u) = 0 (5)

In the problems below, we will allow f to be nonlinear, but restrict G to

be homogeneous of order p (Barth and Sethian, 1998). That is,

G(∇u, u) = p−1∇G ·∇u (6)

where ∇G represents the derivative of G with respect to its gradient ar-

gument. Note that G may be a nonlinear function of ∇u in general (e.g.,

the Eikonal equation (Barth and Sethian, 1998; Sethian, 1999)).

2.1 CG formulation

Our goal is to obtain CG approximations for Equation 4 or Equation 5

that accurately resolve steep fronts. Here, we consider stabilized ap-

proaches (Donea and Huerta, 2003) which we motivate using the vari-

ational multiscale approach from (Hughes, 1995; Hughes et al., 1998).
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Multiplying by suitable test functions and integrating over a spatial do-

main Ω gives the abstract weak statements, find u ∈ V ⊂ H1(Ω) such

that
∫

Ω

∂u

∂t
wdx −

∫

Ω

f ·∇wdx +

∫

Γ−

f bwds +

∫

Γ+

f · nwds = 0, ∀w ∈W (7)

and
∫

Ω

[

∂u

∂t
+ G(∇u, u)

]

wdx = 0, ∀w ∈W (8)

for Equation 4 and Equation 5, respectively. Here, H1(Ω) is the Sobolev

space of functions that are square integrable over Ω with square inte-

grable first-order derivatives over Ω. The test space W ⊂ H1(Ω) as well,

and Γ− and Γ+ represent “inflow” and “outflow” portions of the domain

boundary, ∂Ω. f b is the inflow flux. Dirichlet conditions on Γ− can also

be enforced strongly (i.e., included in the trial space V ). More discussion

of appropriate boundary conditions can be found in the numerical exam-

ples section.

For simplicity, we approximate the time derivative ∂u/∂t at time level

tn+1 using a fixed leading coefficient backwards difference formula

(FLCBDF) approximation ûn+1t = αn+1un+1 + βn (Brenan et al., 1996)

∫

Ω

ûn+1t wdx −

∫

Ω

fm ·∇wdx +

∫

Γ−

f b,mwds +

∫

Γ+

fm · nwds = 0, ∀w ∈W (9)

and
∫

Ω

[

ûn+1t + Gm(∇u, u)
]

wdx = 0, ∀w ∈W (10)

Here m denotes evaluation at either tn+1 or tn.

We now insert some additional notation. Let Mh be a simplicial trian-

gulation of Ω in R
nd , nd = 1,2,3, containing Ne elements, {Ωe}, e =

1, . . . , Ne, Nf faces, {γf }, f = 1, . . . , Nf , and Nn nodes, {xn}, n = 1, . . . , Nn.

The collection of faces in the domain interior is denoted ΓI . We also as-

sume that the intersection of elements Ωe,Ωe′ ∈ Mh is either empty, a

unique γf ∈ ΓI , an edge (for R
3), or a point. The diameter of Ωe is he and

its unit outer normal is written ne.

Variational multiscale approaches rely on direct sum decompositions of

V = Vh ⊕ δV and W = Wh ⊕ δW into a resolved or grid scale component

and an unresolved or subgrid scale portion (Hughes et al., 1998). In our

case, the grid scale trial space is

Vh =
{

v ∈ V : v|Ωe ∈ P
k(Ωe), ∀Ωe ∈M

h
}

(11)
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where Pk(Ωe) is the space of polynomials of order k on Ωe. Wh is defined

similarly.

By adopting a variational multiscale paradigm, our goal is to obtain a

modified grid-scale residual

Fh −
∑

e

∫

Ωe

L∗s,hwhτRh dx (12)

where Fh is the standard CG residual for Equation 9 or Equation 10,

Rh is an approximation to the corresponding strong residual, and L
∗
s,h

is the formal adjoint of a linearized spatial operator. Ideally, the stabi-

lized residual in Equation 12 avoids nonphysical oscillations but recovers

expected accuracy with sufficient mesh resolution.

Details of the derivation for the HJ formulation, Equation 10, are given

in Appendix A. The approach for Equation 9 is analogous and can be

found in (Codina, 1998; Hughes and Wells, 2005) among other places.

In short, the conservative formulation is approximated using the defini-

tions

Fh =

∫

Ω

ûn+1h,t wh dx −

∫

Ω

fm ·∇wh dx +

∫

Γ−

f b,mwh ds

+

∫

Γ+

fm · nwh ds (13)

Rh = û
n+1
h,t + f

′,m ·∇uh (14)

L∗s,hwh = −f
′,m ·∇wh (15)

where ′ represents differentiation with respect to u. For the HJ formula-

tion, we have

Fh =

∫

Ω

[

ûn+1h,t + G
m(∇uh, uh)

]

wh dx (16)

Rh = û
n+1
h,t + p

−1∇Gm ·∇umh (17)

L∗s,hwh = −p
−1∇Gm ·∇wh (18)

Note that in Equation 17 we have taken advantage of the assumption in

Equation 6 in the definition of G. For simplicity, the chain rule has also

been applied in equations 14 and 18.

The stabilization parameter τ is defined by analogy with classical ap-

proaches for linear advection problems (Codina, 1998; Barth and Sethian,
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1998)

τ =

[

(

2
‖∇G‖2
he

)2

+
(

û′h,t
)2

]− 12

(19)

and

τ =

[

(

2
‖f′‖2
he

)2

+
(

û′h,t
)2

]− 12

(20)

In some cases, the multiscale stabilization defined above may not be suf-

ficient to avoid numerical oscillations. In those cases, we include isotropic

shock capturing terms (Hughes et al., 1986) so that the final residual be-

comes

F̃h = Fh −
∑

e

∫

Ωe

L∗s,hwhτRh dx +
∑

e

∫

Ωe

ν∇uh ·∇wh dx (21)

where ν is given by

ν = νc
he
2

|Rh|

‖∇uh‖2
(22)

and νc is a problem dependent parameter.

2.2 DG formulation

We next consider DG formulations for Equation 4 and Equation 5 in a

method of lines context. For the conservative problem, we follow the

standard RKDG approach from (Cockburn et al., 1990; Cockburn and

Shu, 2001), while a variation of the Hamilton-Jacobi DG scheme from

(Cheng and Shu, 2007) is used for Equation 5.

Given a triangulation, Mh, of Ω in R
nd , nd = 1,2,3 and an element Ωe ∈

Mh, the DG schemes seek an approximate solution in the space

VDGh = {vh ∈ L
∞(Ω) : vh|Ωe ∈ Vh(Ωe), ∀Ωe ∈M

h} (23)

Here, the local discrete test and trial space is written Vh(Ωe) but will just

be Pk(Ωe) in the examples below.

For Equation 4, we multiply by a test function, wh integrate by parts

over an element Ωe, and insert a trial solution uh ∈ Vh(Ωe) to obtain

∫

Ωe

wh
∂uh
∂t
dx =

∫

Ωe

f ·∇wh dx −

∫

∂Ωe

whf · ne ds, ∀wh ∈ Vh(Ωe) (24)
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where ne is the unit outer normal on ∂Ωe. Since the underlying spaces

are discontinuous, the flux on internal element boundaries is multiply

defined. We then replace the outer flux in the last term of the right-hand

side of Equation 24 with a numerical flux, f̂h

∫

Ωe

wh
∂uh
∂t
dx =

∫

Ωe

f ·∇wh dx −
∑

γf∈F(e)

∫

γf

whf̂h,e,f ds, ∀wh ∈ Vh(Ωe) (25)

where F(e) is the set of faces contained in ∂Ωe. We assume that the nu-

merical flux f̂h = f̂h(u
−, u+) is a consistent, two-point monotone Lipschitz

flux (Cockburn and Shu, 1998b) and that f̂h,e,f is consistent with f · ne,f for

γf ⊂ ∂Ωe. Here,

u− = lim
ǫ→0−
u(x + ǫne, t)

u+ = lim
ǫ→0+
u(x + ǫne, t) (26)

and f̂h is simple upwinding in the case of the linear advection equation.

When f is nonlinear we will use a simple Rusanov or local Lax-Friedrichs

flux (Cockburn and Shu, 1998b)

f̂h,e,f (u
−, u+) =

1

2

[

f(u−) + f(u+)
]

· ne,f −
C

2

(

u+ − u−
)

(27)

where C is a local bound on the maximum characteristic speed

C ≥ max
min(u−,u+)≤u≤max(u−,u+)

|f′ · ne,f | (28)

To approximate Equation 5, we follow an approach based on (Cheng and

Shu, 2007) and extend it to simplexes following (Cheng, 2008; Dawson

and Wheeler, 2008). The test and trial spaces remain the same, and we

again multiply Equation 5 by a test function wh, integrate over Ωe, and

introduce a penalty term

∫

Ωe

[

∂uh
∂t
+ G(∇uh, uh)

]

wh dx

−

∫

∂Ωe

1

2
(min(∇G · ne) − |∇G · ne|)

(

u−h − u
+
h

)

w−h dx = 0 (29)

For the level set equation, p = 1 and ∇G = v so that Equation 29 can be

written

∫

Ωe

[

∂uh
∂t
+ v ·∇u

]

wh dx +

∫

Γe,I

|v · ne|
(

u−h − u
+
h

)

w−h dx = 0 (30)
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where Γe,I is the local inflow portion of ∂Ωe. That is Γe,I is the subset of

∂Ωe for which

v · ne < 0 (31)

u+ is set to the corresponding Dirichlet boundary value when Γe,I ⊂ Γ−.

This is equivalent to the standard DG approach for linear advection in

nonconservative form (Ern and Guermond, 2004). In general, the nota-

tion min(∇G ·ne) represents a minimum of ∇G (which may be nonlinear)

taken over a reconstructed approximation for ∇u

min(∇G · ne) = min(∇G · ne)(∇u · t,∇u · ne, x, y) (32)

Here, t is the unit tangent vector along ∂Ωe and ∇u · t is a reconstructed

average gradient along the tangential direction (Cheng and Shu, 2007;

Dawson and Wheeler, 2008). The minimum is taken over the normal

gradient (second argument) defined over a subset of the neighboring ele-

ments that includes the current element boundary face.

For nonlinear G(∇u, u) this scheme may produce entropy-violating solu-

tions. In this case, (Cheng and Shu, 2007) use a version of the scheme

from (Hu and Shu, 1999) around entropy-violating elements. While the

Hu and Shu scheme is only required locally, it is significantly more com-

plicated, since it relies on approximating a system of conservation laws

for the spatial derivatives of u.

In the numerical experiments below, we consider a simple alternative

based on using shock-capturing diffusion (see Equation 21) or viscous

stabilization (Calle et al., 2005; Xin and Flaherty, 2006) as a way to

avoid entropy-violating solutions rather than resorting to the DG scheme

from (Hu and Shu, 1999). To be specific, we define a shock capturing

term as in Equation 21 and define ν using either Equation 22 or the ba-

sic scaling (Xin and Flaherty, 2006)

ν = νch
2−βc
e |Rh| (33)

with βc = 0.1.

2.3 Time integration

The CG schemes above were formulated using multistep FLCBDF tempo-

ral approximations. These methods can be readily combined with variable-

order, variable step-size integration strategies like those used in (Kees

and Miller, 1999) and can serve as the basis for implicit-explicit (IMEX)
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schemes when combined with time-lagged evaluation of advective terms

(Hundsdorfer and Jaffré, 2003; Hundsdorfer and Verwer, 2003). In the

experiments below, the adaption strategy from (Kees and Miller, 1999)

will be used to enforce

‖et‖2 ≤ ǫr,t‖u‖2 + ǫa,t (34)

where ǫa and ǫr are user-specified absolute and relative tolerances and

‖et‖2 is an estimate of the local truncation error in an approximate L2
norm.

As their name suggests, RKDG methods are typically combined with ex-

plicit RK time integration (Gottlieb et al., 2001). To avoid oscillations,

various solution-limiting strategies can be applied at each RK stage (Cock-

burn and Shu, 1998a). Limiting is essential for nonlinear problems with

higher order approximations in traditional RKDG schemes, but can be

avoided for purely linear problems (Cockburn and Shu, 2001; Marchan-

dise et al., 2006). In the nonlinear examples below, we will use the lim-

iting strategy from (Cockburn and Shu, 1998a) with the conservative for-

mulation, Equation 25, but will omit limiting for linear problems and

when using the Cheng and Shu (2007) scheme for Equation 29. Like

FLCBDF approximations, RK time discretizations readily incorporate

adaption in order or step size to control accuracy. Since they are explicit,

RKDG schemes traditionally control step size primarily to enforce stabil-

ity. To be specific, we will enforce the following CFL condition

∆t <
he

c(2k + 1)
, ∀Ωe (35)

for an RKDG approximation of order k. Here c is a bound on the charac-

teristic speed for all Ωe ∈ M
h and he is the element diameter (Cockburn

and Shu, 2001). Unless noted otherwise, we will use the k + 1th TVD RK

scheme (Shu and Osher, 1989) below along with Equation 35 when the

spatial approximation is based on Pk elements.
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3 Numerical Experiments

To evaluate the CG and RKDG approaches, we consider several clas-

sical test problems for propagating interfaces with a specified velocity

(Rider and Kothe, 1995; Olsson and Kreiss, 2005; Marchandise et al.,

2006; Cheng and Shu, 2007) as well as a traditional problem for nonlin-

ear hyperbolic PDEs. For simplicity, accuracy will be reported in terms

of ε1,2,∞ which denote L1, L2, and L∞ errors, respectively. Computational

expense will be measured using the number of degrees of freedom and

total time steps taken. For the fifth test problem, which is a level set

example, the change in volume associated with a given fluid, ∆H(u) =

H(u(x, T)) − H(u(x,0)), will also be reported. Here, H(u) denotes the

Heaviside function applied to the solution u, and [0, T] is the time do-

main of interest.

For each problem, a regular triangulation of Ω was formed with Ne ele-

ments. Simulations were performed with varying orders of approxima-

tion from k = 1, . . . ,3. For the adaptive FLCBDF time discretizations

a single tolerance ǫt = ǫa = ǫr was chosen. A target Courant number,

Cr, was chosen close to the maximum allowed for each k as given by

Equation 35 for the DG schemes. We also performed simulations with a

backward Euler (BE) time discretization and adaption based on a target

Courant number. The time discretization schemes are summarized in Ta-

ble 1. Unless noted otherwise, the CG schemes lagged the evaluation of

τ (Equation 19 or Equation 20) and νc one time step. The methods were

implemented in the PyADH toolkit (Kees et al., 2008) and the simula-

tions were run on a 3 Ghz quad core Intel Mac with 16 GB of memory.

Table 1. Time discretization summary.

Abbr. Method

FLC FLCBDF (Kees and Miller, 1999), ǫt = ǫa = ǫr

RKk TVD RK scheme, order k (Shu and Osher, 1989), Equation 35

BE backward Euler, Cr time step selection

3.1 One-dimensional examples

We begin with three well-known one-dimensional test problems. Al-

though these problems are simplified in a number of respects, they are

useful because they highlight schemes’ performance in specific areas like
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peak resolution, monotonicity, and long-time behavior that are critical

for success in more complex problems. Moreover, methods that perform

poorly for these problems are not likely to be useful in more challenging

conditions.

For the first problem (Problem A), we solve the linear advection equation

on the domain Ω = [0,1], for T = 0.5. The exact solution is

uex(x, t) = exp

[

(x − xc − vt)
2

2σ2

]

(36)

where σ = 1/16, xc = 1/5, and the velocity is v = 1. The initial condition

is given by Equation 36 evaluated at t = 0.

For the second problem (Problem B), we again model linear transport

on Ω = [0,1], for T = 10 and periodic boundary conditions. The exact

solution is given by

uex(x, t) = r − |x − (xc + vt) mod 1| (37)

with xc = 1/2, r = 1/4, and velocity v = 1.

The third test problem (Problem C) is a nonlinear hyperbolic PDE with

a nonconvex flux function. We solve the Buckley-Leverett equation (LeV-

eque, 1992; Liu, 1993) with flux f = u2/[u2 + 0.5(1 − u)2] on Ω = [0,1]

with T = 0.5. The initial condition is set to u = 0 and u(0, t) = 1.

3.2 Results for one-dimensional examples

Table 2 summarizes the computations performed for Problem A. In Ta-

ble 3, Nd is the total number of degrees of freedom on each mesh, and

the numerical methods are denoted using a combination X-Y for the spa-

tial method (CG or DG) and temporal approximation (see Table 1). For

Problem A, results from the conservative and HJ formulations were in-

distinguishable, so only the conservative formulation results are shown.

Table 3 contains the corresponding errors, and time step information

for the simulations of Problem A. Figure 2 compares various solutions at

T = 0.5.

A few trends are clear from the results in Figure 2 and Table 3. The

quadratic CG and DG approximations were significantly more accurate

than their linear counterparts. BE timestepping with moderately sized Cr
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Table 2. Run summary Problem A.

Run Method Pk Ne Nd Cr/ǫt

PA.1 CG-FLC 1 50 51 0.0001

PA.2 CG-BE 1 50 51 0.3

PA.3 CG-FLC 2 25 51 0.0001

PA.4 DG-RK2 1 25 50 0.3

PA.5 DG-RK3 2 16 48 0.185

Table 3. Results for Problem A.

Run N †t ∆t ε1 ε2 ε∞

PA.1 65 7.69×10−3 3.35×10−3 6.78×10−3 2.79×10−2

PA.2 83 6.00×10−3 4.38×10−2 7.81×10−2 2.56×10−1

PA.3 82 6.10×10−3 6.41×10−4 1.28×10−3 4.34×10−3

PA.4 42(84) 1.20×10−2 1.65×10−2 3.13×10−2 1.06×10−1

PA.5 44(132) 1.16×10−2 2.91×10−3 5.58×10−3 2.12×10−2

† Total number of stages in ()
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Figure 2. Solution Problem A, T=0.5.

was diffusive and inaccurate. The higher order, adaptive FLCBDF inte-

gration in Run PA.1 took fewer steps (at higher order) but was an order

of magnitude more accurate than Run PA.2. The most accurate combi-

nation was the stabilized CG scheme with FLCBDF time integration and

quadratic polynomials in run PA.3. The simulation parameters were cho-

sen so that the total number of degrees of freedom was similar for the

different approximations. However, the expense per time step is not di-

rectly comparable for the CG and DG schemes since the RK scheme is

explicit, and the extra burden for the linear CG system solve depends

somewhat on the implementation and solver used.
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The second example was also linear advection, but the solution profile

was not smooth and the temporal domain was much longer. As a result,

the schemes’ ability to resolve peaks and minimize numerical diffusion

was tested more strenuously. Table 4 summarizes the runs performed

while Table 5 and Figure 3 illustrate the results.

Table 4. Run summary for Problem B.

Run Method Pk Ne Nd Cr/ǫt

PB.1 CG-FLC 1 50 51 0.0001

PB.2 CG-BE 1 50 51 0.3

PB.3 CG-FLC 2 25 51 0.0001

PB.4 DG-RK2 1 25 50 0.3

PB.5 DG-RK3 2 16 48 0.185

Table 5. Results for Problem B.

Run N †t ∆t ε1 ε2 ε∞

PB.1 972 1.03×10−2 4.19×10−3 6.67×10−3 2.62×10−2

PB.2 1667 6.00×10−3 8.56×10−2 1.01×10−1 1.87×10−1

PB.3 1192 8.39×10−3 2.98×10−3 4.29×10−3 1.62×10−2

PB.4 834(1668) 1.20×10−2 1.74× 10−2 2.19×10−2 5.42×10−2

PB.5 865(1730) 1.16×10−2 4.34×10−3 6.48×10−3 2.02×10−2

† Total number of stages in ()
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Figure 3. Solution Problem B T=10.

As before, the quadratic approximations were more accurate than their

linear counterparts. The effects of accumulated numerical diffusion were

particularly obvious for Run PB.2 which used first-order implicit time

integration. The DG P1 approximation was less efficient per degree of

freedom and total time step than the DG P2 solution, while the P2 CG

approximation did the best job resolving the solution peak and was the

most accurate in terms of ε1,2,∞.
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Problem C differed significantly from Problems A and B, since it was

nonlinear, and the exact solution consisted of a shock-rarefaction wave

combination rather than a contact discontinuity (LeVeque, 1992). For

this problem, only the conservative CG and DG formulations were used.

The simulations performed are summarized in Table 6 and the results

are summarized in Table 7. Figure 4 compares some of the solution pro-

files at T = 0.5.

Table 6. Run summary Problem C.

Run Method Pk νc Ne Nd Cr/ǫt

PC.1 CG-FLC 1 0.5 100 101 0.0001

PC.2 CG-BE 1 0.5 100 101 0.3

PC.3 CG-FLC 2 0.25 50 101 0.0001

PC.4 CG-FLC 1 0.25 100 101 0.0001

PC.5 DG-RK2 1 − 25 50 0.3

PC.6 DG-RK3 2 − 16 48 0.185

Table 7. Results for Problem C.

Run N †t ∆t ε1

PC.1 1301 3.84×10−4 9.05×10−3

PC.2 172 2.91×10−3 1.62×10−2

PC.3 10202 4.90×10−5 2.14×10−2

PC.4 1561 3.20×10−4 2.40×10−2

PC.5 84 (168) 5.95×10−3 1.64×10−2

PC.6 88 (264) 5.68×10−3 1.89×10−2

† Total number of stages in ()
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Figure 4. Solution Problem C, T=0.5.

The schemes’ relative performance for Problem C differed somewhat

from the first two test problems. The quadratic CG approximation did
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not perform as well for Problem C as it did in Problems A and B. While

the results for Run PC.3 were accurate, the FLCBDF integration required

small, low-order time steps to maintain monotonicity. The linear CG

scheme with a shock-capturing factor of νc = 0.25 was very inaccurate,

and increasing νc to 0.5 improved solution quality significantly. As with

Problem A and Problem B, the quadratic DG solution was well resolved

on a very coarse grid (Ne = 16), but the effects of limiting can be seen in

the ε1 results which are comparable to the DG P
1 approximation.

The BE time integration was more competitive in this problem, since the

fronts were self-sharpening and the FLCBDF integration took mostly

low-order time steps. The small time steps taken by the FLCBDF inte-

grator to achieve convergence for the CG P2 solution can actually exac-

erbate a problem with standard stabilization approaches like Equation

20, which are know to perform poorly for very small time steps (Harari,

2004). For general nonlinear two-phase problems, it appears that strate-

gies like tracking subscales explicitly (Codina et al., 2007) may well be

necessary.

3.3 Two-dimensional examples

The fourth example (Problem D) is a linear advection problem on Ω =

[0,1] × [0,1] with T = 2 and periodic boundary conditions. The velocity

field is v = [1,1], and the initial condition is a Gaussian hill

φ0(x, y, t) = e−
‖x̄‖2

2σ2 (38)

where x̄ = x − xc, ȳ = y − yc, and σ = 1/16.

The fifth problem (Problem E) is set on Ω = [0,1] × [0,1] with a velocity

field given by

vx = cos(πt/8) sin(2πy) sin2(πx)

vy = − cos(πt/8) sin(2πx) sin2(πy) (39)

The initial condition is a disk of radius 0.15 centered at (0.5,0.75), with

an initial signed distance function d0 = (x − 0.5)
2 + (y − 0.75)2 − 0.152.

The solution should return to the initial condition at T = 8.

3.4 Results for two-dimensional examples

The runs for Problem D are listed in Table 8. The second column distin-

guishes the basic formulation (Equation 4 or Equation 5) used, and the
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cubic DG approximations used the linear strong-stability preserving RK

scheme from (Gottlieb et al., 2001). Given the results from the previous

examples, we do not consider BE timestepping for the two-dimensional

examples, since they were both linear.

Figure 5 compares solutions from the various runs in Problem D and the

error values are reported in Table 9. The quadratic CG approximation

was roughly twice as accurate as the linear approximation for the same

number of degrees of freedom and required roughly 23% more time

steps (which incur roughly the same computational expense). The ben-

efit of going to still higher order can be seen in Run PD.6. The cubic DG

approximation was over an order of magnitude more accurate than the

P2 DG approximation, while requiring only twice as many total stages

with twice as many unknowns. As one would expect, the nonconservative

and conservative formulations were indeed identical, since v = [1,1].

Table 8. Run summary Problem D.

Run Form. Method Pk νc Ne Nd Cr/ǫt

PD.1 C CG-FLC 1 0.0 40 × 40 × 2 1681 0.0001

PD.2 C CG-FLC 1 0.0 80 × 80 × 2 6561 0.0001

PD.3 C CG-FLC 2 0.0 40 × 40 × 2 6561 0.0001

PD.4 C DG-RK2 1 − 40 × 40 × 2 9600 0.3

PD.5 C DG-RK3 2 − 20 × 20 × 2 4800 0.185

PD.6 C DG-RK4† 3 − 20 × 20 × 2 8000 0.125

PD.7 HJ DG-RK3 2 − 20 × 20 × 2 4800 0.185

† Strong-stability preserving RK4 scheme from (Gottlieb et al., 2001)

Table 9. Results for Problem D.

Run N †t ∆t ε1 ε2 ε∞

PD.1 213 9.40×10−3 2.80×10−3 1.14×10−2 1.27×10−1

PD.2 370 5.41×10−3 4.40×10−4 2.02×10−3 2.62×10−2

PD.3 454 4.41×10−3 2.66×10−4 1.04×10−3 1.69×10−2

PD.4 644 (1287) 3.11×10−3 3.08×10−3 1.14×10−2 1.19×10−1

PD.5 522 (1566) 3.83×10−3 9.74× 10−4 3.64×10−3 3.65×10−2

PD.6 773 (3092) 2.59×10−3 5.07×10−5 1.93×10−4 2.60×10−3

PD.7 522 (1566) 3.83×10−3 9.74× 10−4 3.64×10−3 3.65×10−2

† Total number of stages in ()

The velocity field for Problem E was much more complex than in Prob-

lem D and the solution underwent significant deformation as can be seen

in Figure 6. Table 8 lists the simulations performed, and the error re-

sults are given in Table 9. The implicit FLCBDF approximations required

many fewer time steps than the explicit schemes, and the adaptive error
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Figure 5. Contours for u=0.1 Problem D, T=2.0.

control was able to match temporal variations in the velocity field well.

Here we report ∆H(u) which is particularly important for two-phase

flow, since it represents the amount of fluid mass lost due to error in the

level set approximation. The quadratic CG and DG schemes along with

the P3 DG approximation were again the most accurate, but the cubic

approximation’s relative advantage was less than in Problem D. Figure

7 shows the u = 0 contour for Runs PE.1–6 at T = 8. The P2 and P3

approximations are comparable, while the linear solutions are highly dis-

torted and lose significant area within the u = 0 contour.

Figure 6. Solution (left) and u=0 contour for Run P.E.2, T=1.8.

3.5 Nonlinear Hamilton-Jacobi examples

In the final set of numerical experiments, we consider the Cheng and

Shu (2007) scheme with viscous stabilization to avoid entropy-violating
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Table 10. Run summary Problem E.

Run Form. Method Pk νc Ne Nd Cr/ǫt

PE.1 HJ CG-FLC 1 0.0 80 × 80 × 2 6561 0.0001

PE.2 HJ CG-FLC 2 0.0 40 × 40 × 2 6561 0.0001

PE.3 HJ DG-RK2 1 − 40 × 40 × 2 9600 0.3

PE.4 HJ DG-RK3 2 − 40 × 40 × 2 19200 0.185

PE.5 C DG-RK4† 3 − 20 × 20 × 2 8000 0.125

PE.6 C DG-RK2 1 − 40 × 40 × 2 9600 0.3

Table 11. Results for Problem E.

Run N †t ∆t ε2 ∆H(u)

PE.1 392 2.04×10−2 1.43×10−2 1.82×10−2

PE.2 619 1.29×10−2 7.75×10−3 2.53×10−3

PE.3 1160 (2320) 6.90×10−3 2.31×10−2 3.91×10−2

PE.4 1879 (5637) 4.26×10−3 6.85×10−3 3.09×10−3

PE.5 1392 (5568) 5.75×10−3 8.95×10−3 2.78×10−3

PE.6 1160 (2320) 6.90×10−3 2.31×10−2 3.91×10−2

† Total number of stages in ()
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Figure 7. Contours for u=0, T=8.0, Problem E.

solutions. To evaluate this approach, we consider three problems taken

from Cheng and Shu (2007). The first (Problem F) is a one-dimensional

linear problem with nonsmooth coefficients on [0,2π] and periodic bound-

ary conditions.

G(∇u, u) = sign(cos(x))
∂u

∂x
(40)
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For t ∈ [0, π/2] the exact solution is

u(x, t) =



























sin(x − t) 0 ≤ x ≤ π/2

sin(x + t) π/2 < x ≤ 3π/2

−1 3π/2 − t < x ≤ 3π/2 + t

sin(x − t) 3π/2 + t < x ≤ 2π

(41)

The exact solution for t ∈ [π/2, π] is given by

u(x, t) =



























−1 0 ≤ x ≤ t − π/2

sin(x − t) t − π/2 < x ≤ π/2

sin(x + t) π/2 < x ≤ 3π/2 − t

−1 3π/2 − t < x ≤ 2π

(42)

For t ≥ π the exact solution is u(x, t) = −1.

The next test problem (Problem G) is the one-dimensional Burgers’ equa-

tion in Hamilton-Jacobi form

G(∇u, u) =
1

2

(

∂u

∂x

)2

(43)

on [0,2π] with periodic boundary conditions and the initial condition

u(x,0) =







π − x 0 ≤ x ≤ π

x − π otherwise
(44)

The entropy-satisfying solution smooths out the “point” at x = π. The ba-

sic Cheng-Shu scheme produces a shock (maintains the sharp point), and

an entropy correction is required to obtain the correct solution (Cheng

and Shu, 2007).

Finally, we solve a version of Burgers’ equation in two-dimensions (Prob-

lem H)

G(∇u, u) =
1

2

(

∂u

∂x
+
∂u

∂y
+ 1

)2

(45)

on Ω = [0,2π]2 with periodic boundary conditions and

u(x,0) = − cos(x + y) (46)

We solve up to T = 1 at which point the solution is no longer smooth

and contains two shocks (Cheng and Shu, 2007).
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3.6 Nonlinear Hamilton-Jacobi results

Table 12 holds details of the simulations performed with the Cheng-Shu

scheme, and Figures 8–10 illustrate the solution behavior.

Table 12. Run summary Problems F–H.

Run Problem Method Pk νc Ne Nd Cr/ǫt

PF.1 F DG-RK3 2 0.0 40 120 0.1

PF.2 F DG-RK3 2 0.05 40 120 0.1

PF.3 F DG-RK3 2 0.1 40 120 0.1

PG.1 G DG-RK3 2 0.0 40 120 0.1

PG.2 G DG-RK3 2 0.05 40 120 0.1

PG.3 G DG-RK3 2 0.1 40 120 0.1

PG.4 G DG-RK3 2 0.1 80 240 0.1

PH.1 H DG-RK3 1 0.1† 80 × 80 × 2 38400 0.1

† using Equation 33
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Figure 8. Solution for basic Cheng-Shu scheme and

modified version, Solution Problem F, T=1.

As expected, the base Cheng-Shu scheme (Run PF.1) produced an entropy-

violating solution for Problem F, which manifests as a second peak (shock)

in Figure 8. Two simulations with Equation 22 and different νc were also

performed. Each of the runs does a very good job resolving the solu-

tion peak (shock) around x = 1.5. Run PF.2 illustrates that a minimum

amount of subgrid viscosity/diffusion is necessary, since a slight “rise” in

the solution around the entropy-violating shock is apparent. Increasing

νc to 0.1 produces a solution that is visually indistinguishable from the

exact one.
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Figure 9. Solution without shock capturing (red) and

modified scheme Problem G, T=1.

The results for Problem G are similar to those from Problem F. The base

approximation from (Cheng and Shu, 2007) produces an entropy-violating

shock (corner), while the stabilized DG approximations do not. In this

case, however, the solution with νc = 0.1 on a forty element mesh (Run

PG.3) was less accurate than one with νc = 0.05. This sensitivity to νc
indicates that the stabilization approach in Equation 22 may not be the

best approach for this class of problems.

The final test problem (Problem H) was again the Hamilton-Jacobi ver-

sion of Burgers’ equation, but in R
2. Figure 10 shows the Cheng-Shu

scheme with viscous stabilization using Equation 33 at the final time.

Both shocks are well-resolved without limiting, and almost no inter-

element discontinuities can be seen in the DG solution.

Figure 10. DG P1 solution with viscous

stabilization, Problem H, T=1.
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4 Conclusions

Based on the work presented in this technical note, we draw the follow-

ing conclusions.

• Low-order implicit time integration with P1 stabilized CG approxima-

tions is not likely to be competitive for linear problems.

• Higher order approximations are superior in terms of accuracy per

degree of freedom in level set approximations.

• The stabilized P2 CG approximation with FLCBDF time integration

can be quite accurate for linear problems, but the stabilization ap-

proaches need to be revisited for nonlinear PDEs, particularly for

small time steps (Codina et al., 2007).

• For fully nonlinear hyperbolic PDEs, the current RKDG approxima-

tions in PyADH are preferable. The relative efficiency of the higher

order CG and DG approximations for linear problems depends on

how a given implementation handles explicit time integration and lin-

ear system solution in the implicit CG schemes.

• The scheme from (Cheng and Shu, 2007) is promising for handling

at least a class of nonlinear Hamilton-Jacobi problems. Using viscous

stabilization to avoid entropy violation holds promise as well.
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Appendix A: Hamilton-Jacobi Variational

Multiscale Formulation

Given a multiscale decomposition of V = Vh ⊕ δV and W =Wh ⊕ δW , we

split Equation 10 into potentially nonlinear grid scale

∫

Ω

[

ûn+1t + Gm(∇u, u)
]

wh dx = 0 = Fh, ∀wh ∈Wh (A1)

and subgrid scale

∫

Ω

[

ûn+1t + Gm(∇u, u)
]

δwdx = 0 = Fδ, ∀δw ∈ δW (A2)

equations. To simplify the presentation, we assume that all terms in

equations A1 and A2 are evaluated at tn+1 and drop the time level indica-

tors, n + 1 and m. To linearize equations A1 and A2, we label the Newton

increment v = vh + δv, seek an approximate solution u
+ = u−h + v, and lin-

earize around the coarse-scale quantity u−h at each iteration (Juanes and

Patzek, 2005).
∫

Ω

(

û′tv + p
−1∇G ·∇v

)

wh dx = −Fh, ∀wh ∈Wh (A3)

∫

Ω

(

û′tv + p
−1∇G ·∇v

)

δwdx = −Fδ, ∀δw ∈ δW (A4)

where ′ represents differentiation with respect to u and all terms are

evaluated at u−h unless noted otherwise. Note, we have incorporated Equa-

tion 6 in the definition of G.

Several standard modeling assumptions are made to obtain a computa-

tionally tractable subgrid-scale approximation. First, we take a domain

decomposition approach to obtain local (element) problems for δv. This

is accomplished by assuming δw = δv = 0 on ∂Ωe for all e. On each Ωe,

Equation A4 can then be written

∫

Ωe

(

û′tδv + p
−1∇G ·∇δv

)

δwdx = −

∫

Ωe

(

û′tvh + p
−1∇G ·∇vh

)

δwdx − Fδ (A5)

Recalling the definition of Fδ, Equation A5 can be written

∫

Ωe

Lδv dx = −

∫

Ωe

(Lvh + Rh) δwdx (A6)
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where

Lv = û′tv + p
−1∇G ·∇v = û′tv + Lsv (A7)

If we adopt neglect temporal variation in the subgrid scales (static sub-

grid scale assumption) (Codina and Blasco, 2002) and use an algebraic

subgrid scale (ASGS) assumption we can then relate δv to a grid scale

forcing term

δv ≈ −Lsvh − Rh (A8)

Returning to the grid scale equation, we have

∫

Ω

(

û′tvh + p
−1∇G ·∇vh

)

wh dx +

∫

Ω

(

û′tδv + p
−1∇G ·∇δv

)

wh dx

= −Fh (A9)

Integrating by parts, neglecting temporal variation in the subscales and

taking advantage of the local support of δv gives

∫

Ω

(

û′tvh + p
−1∇G ·∇vh

)

wh dx −
∑

e

∫

Ωe

∇ ·
(

whp
−1∇G

)

δv dx = −Fh (A10)

which is just

∫

Ω

(

û′tvh + p
−1∇G ·∇vh

)

wh dx +
∑

e

∫

Ωe

L∗swhδv dx = −Fh (A11)

Introducing Equation A8 and rearranging, we recover

∫

Ω

(

û′tvh + p
−1∇G ·∇vh

)

wh dx −
∑

e

∫

Ωe

L∗swhτLsvh dx

= −Fh +
∑

e

∫

Ωe

L∗swhτRh dx (A12)



 

 

REPORT DOCUMENTATION PAGE 
Form Approved 

OMB No. 0704-0188 
Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and maintaining 
the data needed, and completing and reviewing this collection of information.  Send comments regarding this burden estimate or any other aspect of this collection of information, including suggestions for 
reducing this burden to Department of Defense, Washington Headquarters Services, Directorate for Information Operations and Reports (0704-0188), 1215 Jefferson Davis Highway, Suite 1204, Arlington, 
VA  22202-4302.  Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to any penalty for failing to comply with a collection of information if it does not 
display a currently valid OMB control number.  PLEASE DO NOT RETURN YOUR FORM TO THE ABOVE ADDRESS. 

1. REPORT DATE (DD-MM-YYYY) 
July 2009 

2. REPORT TYPE 
Final   

3. DATES COVERED (From - To) 
      

5a. CONTRACT NUMBER 
      

5b. GRANT NUMBER 
      

4. TITLE AND SUBTITLE 

Evaluating Finite Element Methods for the Level Set Equation 

5c. PROGRAM ELEMENT NUMBER 
      

5d. PROJECT NUMBER 
      

5e. TASK NUMBER 
      

6. AUTHOR(S) 

M.W. Farthing and C.E. Kees     

5f. WORK UNIT NUMBER 
KHBCGD 

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION REPORT 
    NUMBER 

U.S. Army Engineer Research and Development Center 
Coastal and Hydraulics Laboratory 
3909 Halls Ferry Road 
Vicksburg, MS 39180-6199      

ERDC/CHL TR-09-11   

9. SPONSORING / MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSOR/MONITOR’S ACRONYM(S) 

      

11. SPONSOR/MONITOR’S REPORT  
     NUMBER(S) 

      

      

12. DISTRIBUTION / AVAILABILITY STATEMENT 
Approved for distribution; distribution is unlimited. 

13. SUPPLEMENTARY NOTES 

      

14. ABSTRACT 

We review the formulation of multiscale-stabilized conforming (CG) and discontinuous Galerkin (DG) finite element methods for scalar 
hyperbolic partial differential equations (PDEs) in the PyADH framework. In addition, we consider simple extensions of a recently 
introduced DG scheme for Hamilton-Jacobi equations (Cheng and Shu, 2007) to simplicial meshes. We investigate these methods’ 
performance for several linear and nonlinear problems with the goal of identifying efficient techniques for resolving sharp interfaces on 
unstructured meshes. We pay particular attention to the level set equation in order to evaluate the suitability of these techniques for 
extending finite element-based incompressible Navier-Stokes codes like ADH to full two-phase flow via level set formulations. 
 

15. SUBJECT TERMS 

Level Set 
Hamilton-Jacobi 

Volume of fluid 
Finite element 
Variational multiscale 

Discontinuous Galerkin 
Two-phase 
Computational fluid dynamics 

16. SECURITY CLASSIFICATION OF: 17. LIMITATION  
OF ABSTRACT 

18. NUMBER 
OF PAGES 

19a. NAME OF RESPONSIBLE 
PERSON 

a. REPORT 

UNCLASSIFIED 

b. ABSTRACT 

UNCLASSIFIED 

c. THIS PAGE 

UNCLASSIFIED UNCLASSIFI
ED

38 
19b. TELEPHONE NUMBER (include 
area code) 
      

 Standard Form 298 (Rev. 8-98) 
Prescribed by ANSI Std. 239.18 


	Abstract
	Table of Contents
	Figures and Tables
	Preface
	1 Introduction
	2 Formulation
	2.1 CG formulation
	2.2 DG formulation
	2.3 Time integration

	3 Numerical Experiments
	3.1 One-dimensional examples
	3.2 Results for one-dimensional examples
	3.3 Two-dimensional examples
	3.4 Results for two-dimensional examples
	3.5 Nonlinear Hamilton-Jacobi examples
	3.6 Nonlinear Hamilton-Jacobi results

	4 Conclusions
	References
	Appendix A: Hamilton-Jacobi VariationalMultiscale Formulation
	REPORT DOCUMENTATION PAGE



