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SUMMARY 

The stability of large ice caps is investigated using the pr·e~ent
day theory of the flow of ice in glaciers and ice sheets .. The type of 
instability considered is that first mentioned by Bodvarsson. It is 
concluded that a small arctic ice ca·p can become unstable an·d ex
pand into a large ice-age ice sheet as a result of moderate changes 
in the regime of the ice cap. A large. continental ice cap also can 

. become unstable and shrink to nothing_ if the snow accumulation is 
reduced or the ablation rate increased. The results obtained fit 
well into the Ewing-Donn theory of ice ages. There is the possibility 
that the inherent inst9-bility of ice-age ice caps is in itself sufficient 
to explain both the formation and disappearance of these ice caps. 



STABILITY OF ICE-AGE ICE CAPS 
,,.. 

by 

J. Weeroknan):c 

Introduction 

In this paper, we consider a problem imp.ortant to any th~ory of the ice ages: the 
stability of continental ice sheets. We wish to show from the mechanics of ice flow 
that a small ice cap sit'uated in high latitudes on a continental landmass may be unstable 
in the sense that, if its width exceeds a critical size, the ice cap will grow unchecked 
until it reaches lower latitudes and is of continental dimensions. Further, it can be 
shown that once an ice cap reaches this size, another instability may set in if the rate 
of accumulation decreases or the rate of ablation increases. The ice cap may then 
shrink to a small size or disappear. 

As has been noted many times, an ice cap will grow when the snowfall on it increases 
or the melting at its edge decreases and will shrink when the snowfall decreases or the 
melting increases. The new aspect introduced here is the use of the recently developed 
theory of the mechanics of glaciers and ice caps to calculate the sensitivity of an ice 
cap to changes in rates of accumulation and ablation. 

The type of instability with which we are concerned has. been pointed out by 
Bodvarsson (1955), who caine across this behavior while investigating ice sheet and 
glacier profiles. His work was based on boundary conditions rather different from 
those which would be used now. t 

The instability discus s~d here is different in nature from that recently analyzed by 
Nye (1960). Nye considered the problem of the manner in which a glac'ier or ice sheet 
approaches a stable steady- state profile. He showed that,· in ablation regions, unstable 
behavior may occur before an equilibrium profile finally is reached. It is implicit in · 
Nye's treatment that there are always stable steady-state profiles which a glacier or 
ice sheet will approach. In other words, if the accumulation or ablation conditions 
change slightly, a glacier or ice cap will assume a new steady-state shape with a 
slightly different thickness and width. Nye was not primarily concerned with the prob
lem that a steady-state profile may be in unstable equilibrium. 

Qualitative reason for instability in an ice cap 

Figure l shows half of_Jhe profile of an ice cap. An accumulation region exists in 
the higher elevations of thiS: profile and an ablation region in the lower elevations. The 
border separating thes,~e two regions is often called the firn line or the snowline. If an 
'ice cap is in equilibriqm, this border must divide the areas in such a manner that the 
total accumulation is exactly equal to the total ablation. If such is not the case, the 
ice cap must either grow or shrink. In this paper, the elevation above sea level at 
which the firn line must lie if the ice cap is to be in equilibrium is called _J;p:e equilibrium 
firn line and is designated.!:.£· The elevation of the actual firn or snowline- (called here
after the snowline) is designated .!::s. 

If the average accumulation and ablation rates are held constant, the larger an ice 
cap, the higher is the elevation of the equilibrium firn line. Figure 2 shows a s·chematic 
plot of this elevation hf versus the distance R from the center of an 'ice cap to the 
equilibrium firn line:- In generaL the elevation of the snowline ~s will follow a different 
curve than ~·· In Figure 2, it is shown rising with distance, as would be the case for an 
ice cap growing from high into low latitudes.. An equilibrium ice cap can exist only where 
these two curves rrieet. The equation for equilibrium is therefore 

(equilibrium condition). 

* Materials Science Department, TechnologiGal Institute, Northwestern University, 
Evanston, Illinois. 

(1} 

t As the sliding velocity of an ice cap qr glacier over its bed, he used a quantity which is 
proportional to the stress acting at the bed and inversely proportional to the thickness of 
ice over the bed. In other words, he assumed· Ucx:: (dh/ dx), whereas we shall use 
Ucx::h.Z (dh/ dx)Z. 
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Figure 2. Schematic plot of the elevation 
of th,e snowline. ~s and. the equilibrium 
firn line ,h f of an. equilibrium ice .cap vs 
distance R from the center of an ice cap 
to the boundary between the acc.umulation 

· and ablation areas. 

Whether this equilibrium is stable or unstable can be ·determined by considering an ice 
cap slightiy larger or slightly smaller than the equilibrium ice cap. In order to be 
stable, an ice cap which is slightly larger than the profile for which eq 1 is valid must 
tend to shrink, and one slightly smaller must tend to grow. If hs is less than hf, an 
ice cap will grow and if ~s is greater thCl;n ~f the cap will shrink. Hence, a stable · 
ice cap fulfills. the condition that, when hs == hf, 

(stable equilibrium). (2) 

In Figure 2, the right:-hand intersection point represents a stable ice cap. 

An ice cap is in unstable equilibrium if a slightly smaller ice cap would shrink and 
a slightly larger one would grow. Hence, in this situation, we find the condition that,· 
when hs ·== hf, 

(unstable e-quilibrium). (3) 

The left-hand intersection point of Figure 2 represents an ice cap in unstable equilibrium. 

If the size of an ice cap influences the average rate of accumulat,ion and ablation, .!!£ 
will depart from the curve calculated on the basis of these quantities remaining constant. 
Equilibrium ice cap,s can occur where this new curve meets the curve for _!!s. (It should 
be noted that ~s itself may be influenced by the size of the ice cap.) 

Review of the calculation of an ice cap profile 

In order to. determine whether or not an ice cap is in a state of e.quilibrium, .and, if 
it is, whether this state is stable or unstable, it is necessary to know the height hf of 
the equilibrium firn line as a function of the size of the ice cap. This height can be 
found from a calculation of the profile of an equilibrium ice ·cap. The solution of this 
problem was worked out by Nye ( 1959), using the principle of conservation of mass. It 
is possible to calculate the profiles of circular ice caps and of two-dimensional ice caps 
(i.e., ice ·caps with one axis very much longer than the other and, therefore, with profiles 
that are essentially independent of distance measured along the long axis). Since the pro
file of the two cases is approximately the same (under the same accumulation conditions, 
the circular ice cap has a thickness about 10·% less than the two-dimensional ice cap, Nye, 
1959), we shall discuss only the two-dimensional ice cap throughout this paper. The 
two-dimensional solution is probably just as good an approxim.ation to the ice-age ice 
sheets as is that of the circular ice cap.. · 

In Figure 1, let U represent the average velocity of ice passing th.rough a cross 
section at distance xfrom the center·. The total volume of ice passing through this cross 
se.ction (for a: unit length of the ice cap) is Uh, where ._!! is the height of the profile above 
the bed, which we assume to be ·a flat surface .. If the ice cap is in .a steady-state, the 
principle of conservation of mass requ,ires that this volume of ice equal the total 
accumulation of ice between the center of the ice cap and the point x. Let A represent 
the accumulation or ablation (A is negative when there is ablation) at any point on the 



STABILITY OF ICE-AGE ICE CAPS 

upper surface. Then, 

Uh=jAdx. (4) 

Nye assumes that the average velocity U is given by the equation 

·(5) 

where B is a constant, m is a constant whose value is of the order of 2 to 2. 5, and 
T is the shear stress* acting at the· bed of an ice cap. The value of T is given by 

T = - p gh ( dh/ dx) (6) 

3 

where p is the density of ic~, _g_ the gravitational acceleration, and ~h/ dx is the .sl~pe 
of the upper ice surface. It is reasonable to use the velocity given by eq 5, since a velo~ 
city of this form is to be expected both from an analysis of the differentialflow of ice 
within an ice mass (Nye, 1959) and from a theoretical study of the slidl.ng of ice over a 
glacier or ice-cap bed (Weertman, 1957). Since the value of m in eq 5 is approxi~ately 
2,. we shall a~ sign this value to it now in orde'r to avoi'd some cumbersome expressions 
in later sections of this paper. When eq 5 and 6 are substituted into eq 4 and m is set 
equal to 2, . 

X 

B (pg)Z h3 (dh/ dx)Z = j A dX. (7) 
0 

The solution of this equation is the profile of an equilibrium ice cap. 

As an example of a profile obtained from eq· 7, consider the case of an ice sheet 
which entirely covers the landmass on which it is resting, as in the .Antarctic today, 
and which has a constant rate of accumulation. We shall use this reSult later in the 
paper. At the edge of the ice cap, there is an infinite rate of ablation since the ice flows 
into the sea. In this situation, eq 7 reduces to 

3 (A \1
/z 

h /z (dh/ dx) = .; ) pg. (8) 

The boundary condition is that the ice thickness must equal zero at the edge of the ice 
cap; The equation satisfying this condition is 

hs/z = H 5fz - (cIA) (Ax)3fz (9} 

where H is the ice thickness at the center of the ice cap and is given by the equation 

(10) 

L is the distance from the center to the edge, and constant c in these equations· is 
given by 

lf . 
1/c = 3B 2 p(g/5). : ( 11) 

The profile of the ice cap given by these last equations is one qf stable equilibrium 
because the value of L is fixed and ablation occurs only at the position L. Moreover, 
the height H increases with increasing accumulation rate and decreases when A is. 
decreased.-Hence, a new equilibrium profile can always be approached if the accumu
lation rate ·is cha·nged. In the next section, we consider equilibrium ice cap profiles 
which are unstable. 

Snowline of fixed elevation 

The profile calculated in the last section applies to an unusual situat_ion in which 
all the ablation occurs at the very edge of the ice cap.. Now consid,er the case where 
there is an appreciable ablati<:>n area existing on art ice cap whose edge does not r~ach 

* Nye rs analysis assumes that the shear. stress is the dominant stress and that longi;..: 
tudinal stresses are unimportant.· ·rt is possible (Weertman, 196la) to calculate ice ·cap 
profiles when longitudinal stresses also are large. Since the profiles so obtained 
(Weertinan, 196la) are almost'the same as those found by Nye, there is no:need to use 
this mor~ complicated theory in the above analysis. 
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the sea. Eq 7 determines the profile once the accumulation arrd. ablation are known as a 
function of distance. An approximation to this profile can be obtained by using an average 
accumulation rate a and an· average ablation rate a which are defined by 

- R 
a= R-1 j Adx· (12) 

0 

L 
a - - ( L - R)- i J A dx 

R 

where, as before, R is the distance :at which both accumulation and ablation are zero. 
The term a is defined so that ·it is a positive quantity. The profile obtained by using 
these average rates should be a good approximation to the profile derived from the 
actual values of A, since Nye's theory is valid only under conditions where the variables 
h, dh/ dx, and A are slowly varying functions of the distance x. If A varies only slowly* 
with X ·(and in the field this is usually the case), average values oCaccumulation and 
ablat:lOn must be of the same order of magnitude as actual values over most of the ice 
cap. 

If eq 12 is substituted into eq 7 and if the requirement for an ice cap to be in 
eq uilibriurn 

aR - a ( L - R) = 0 ( 13) 

is. satisfied, the following equations are obtained for the equilibrium profile (assuming 
that the snowline elevation ~s does not depend on distance ~). 

Region for which h > hs and 0 ::_ x < R 

h
5
/ 2 = H 

512 
- (cIa) (axt( ( 14a) . 

At h = hs and x = R 

h = hf = hs · 

Region for which h < hs and R < x .::;_ L 

+ (c /"a) [ aR - a(x- R)] z - [ aR] 2 
{

r 3j 3j } 

The distance R is given.by 
u s; 

R = a -I \a I c) ' 3 h 3 
s 

the thickness H at the center by 

. z~ 
H = ( 1 + a/ a) 5 hs 

and the distance. L from center to edge by 

L = (1 + a/a)l/3 P:i:'cz)_l/3 Hs/3 = 

= (1 + a/a)R. 

(14b) 

( 14c) 

(15a) 

(15b) 

(16). 

* The example of the last section violates this condition. No real difficulty is." caused by 
the existence of an infinite ablation rate at the edge of the ice cap. The very edge of an 
ice cap must be excluded from Nye 's analysis at any rate because in thi~ region the rate 
of change of ice thickness is no longer a slowly varying function. An objection may be 
raised to the use of the average accumulation and ablation rates given by eq 12 in the 
region of the firn line since there is a discontinuity at R. This discontinuity, which results 
in a discontinuous change in the slope of the upper surface at R, would not occur in nature. 
This difficulty in the profile is confined, however, to a regionofthe order of the thickness of 
the ice cap on either side of the firn line and, hence, is of only minor extent. 
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The equilibrium profile defined by 
eq 13 to 16 obviously is in unstable equi
librium. Let us consider an ice cap whose 
profile is given by this equation, with 
arbitrary values of a, a, and hs. Now 
suppose that the snowline is lowered 
slightly. From eq 13 through 16 it can be 
seen that the new equilibrium profile has 

z 
0 
i= 
Cl 
...J 
:::> 1.01-1----~-----+-----+-----1 
:IE 
:::> 
0 
0 
Cl 

5 

a smaller half width L and thickness H. 
However, the snowline elevation now is 
lower than the elevation of the equilibrium 
firn line and, hence, the ice cap will grow, 
since total accumulation exceeds total 
ablation. The equilih:rium profile cannot 
be approached and the ice cap will grow 

1.0 2.0 

ABLATION (M/YR) 

3.0 4.0 

if. the average accumulation and ablation 
remained unchanged. On the other hand, 
if hs is increased slightly, the ice cap 
will shrink until it disappear.s. 

Figure 3. Curves of accumulation vs 
ablation for an unstable equilibrium 
ice cap 100 km wide 'for three differ-

ent snowline elevations. 
Eq 13 to 16 predict that tl).e lower 

the elevation of the snowline, the smaller 
the width (width = 2L) of the equilibrium ice cap. Since this ice cap is unstable, one 
would expect that the lower the snowline, the easier it would be for a small iCe cap 
existing in the Arctic to become "critical" and start growing to continental size. The 
width of the unstable equilibrium ice cap given by eq 13 to 16 also depends sensitively 
on the average accumulation and ablation rates. Figures 3 and 4 show plots of the values 
of a vs a which satisfy these equations for various elevations of the snpwline when the 
width (2L) is l 00 km and when it is 3000 km. A value of c = 2 (m-yr)12 was used in mak
ing the calculations. This value of c is obtained from a comparison of theoretical ice 
cap profiles with measured profiles lWeertman, 1961 a). Vah.les of a and a which lie 
above a given curve would lead to the ice cap growing indefinitely in-size. If~ and a 
are below the curve, then the ice cap will shrink away to nothing. From Figure 3, it 
can be see.P. that very small rates of accumulation would lead to the unstable growth of · 
an ice cap l 00 km wide, if the snowline is as low as l 00 m. On the other hand, if the· 
snowline is at 600 m, a very high rate of accumulation·. ( "'2 m/yr )-would be required 
to maintain the ice cap or cause it to grow.. (At present, the snowline at high latitudes 
in the Arctic appears to be around l 00 to 400 m elevation, Matthes, 1942.) 

Profile of an ice cap with constant accumulation 
and ablation rates and a variable snowline 

In this section, we calculate the profile of an ice cap which has a uniform ~ate of 
accumulation and ablation, but whose snowline is a function of latitude. One knows, of 
course, that the snowline lies at low elevations in the Arctic and that it rises to elevations 
of the order of 3 to 4 km in temperate latitudes (Matthes, 1942). For mathematical · 
convenience, let us assume that this rise proceeds linearly,, so that we can write 

(·1 7) 

where s is a constant of the order of 10--3 and h is the value' of h in the far North 
which seems to lie in the range from 100 to 400 m above sea leveT(Matthes, 1942). 'We 
shall assume in this section that the center of an ice cap does not change its position as 
the ice cap changes in size. The next section will consider the more realistic case 
where the center moves..--as the ice cap grows or shrinks. 

The analysis of the previous section is valid with the exception of eq l5a, which, 
in order to take eq 17 into account, should be replaced by 

( 18) 
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Figure 4. Curves of accumulation vs ablation for an unstable equi
librium- ice cap 3000 km wide/for four different snowline elevations. 

There may be one, two, or no values of R which satisfy eq 18. These values of R 
represent the points .of i~tersection of the curves of hf and hs vs R shown in Figure 2. 
If the two curves in this figure riever meet (thi's occurs when a is very small, or a or s 
is very large) there is rio possible equilibrium: ice cap and· ariyice cap already in 
existence will shrink and disappear. If s is equal to zero, only one intersection point 
exists. This is the case of the last sectwn, and ,there w~ found that the ice cap is·. not 
stable. If s is increased from zero to so·me finite value;, two intersections will occur. 
The intersection with the smaller value of R gives a profile that approximates the case 
where s is equal to zero and clearly corresponds to an unstable ice cap. Consider the 
intersection at the larger value of R. ·Let us take the case where R is so large that 
sR >''h. In this situation, R is app_roxirnately equal to 

( 19) 

and Es, H, and L in eq 10 become 

hs ~cfJ\~) a''• (20) . 

H "' (!:.. \.lfz (1 ~ ~)z/s c (a \Is a lfz,. 
· s) · · · a a)· (21) 

L ·~ ( ~ )'• (1 + ; x~) a 
3
/2 

(22) 
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The magnitudes of H and L in these equation~ increase with increasing a and 
decreasing a and decrease with decreasing a and increasing a. Hence, the profile 
obtained is a stable equilibrium one. If the rates of accumulation and ablation are 
changed, the ice cap will be able to approach a new equilibrium profile. 

Effect of change in position of center of ice cap 

The center of an ice cap located on a continent in the Northern Hemisphere will 
shift southward as the ice cap grows. The northern edge of the ice cap will terminate 
at the Arctic Ocean. The northern half of the ice cap will have essentially no ablation 
area. Equations 9 and 10, therefore, describe the northern half of the profile. If 

7 

eq 10 is compared with eq 16, it will be seen that the width of the southern half of the · 
cap is essentially the same as that of the northern half if average ablation is larger than 
average accumulation in the southern half, an assumption which appears to be reasonable. 
Hence, the center of the ice cap will be approximately midway between the Arctic Ocean 
and the southern edge. 

Because the center of an ice cap migrates southward, the analysis of the previous 
section has to be modified slightly. The ,height of the equilibrium firn line still is 

. 31 Zf 31 
hf = a'5 (c/a) 5 R~5 

where R is measured from the center, but the ·snowline at R now is given by 

hs :: 11 + s (L' + R) 

where L' is the width _9f the northern half of the ice cap. Since R, L, and L' all have 
about the same value if a is less than a, we can use 

_ - 3/s - Zfs 3/s _ 
h s = h + 2-s R = a ( c I a ) . R = hf (23) 

to replace eq 18 and thus to obtain the ice cap profile. When eq 23 is used for .!:.s and 
.!:.£, eq 19 to 22 become (for h < < 2sR) 

R = (l/2st/z (c/ a) ~3/z (24) 

3j 3j 
hs = (l/2s) z (c/ a) a z 

H = (l/2s)
3
/z (1 + a/"'a{/s ~ (a/at/s a

1
/z 

L = (l/2st
1
z (1 + a/a) (c/a) a

31
z. 

(25) 

(26) 

(2 7} 

To show how sensHive the width of a stable equilibrium ice cap is to accumulation 
and ablation conditions, we have plotted curves of accumulation versus ablation for ice 
caps of specific widths (Fig. 5, 6). We have set s = l0-3 and chosen values for h of 
100 and 400 m. The w_idth in these figures is assumed .to equal twice R, and R is 
determined from eq 23. For. a fixed value of h, there is a minimum width below which 
it is impossible for an ice cap to exist in either a stable or unstable equilibrium. (This 
minimum width occurs when the two curves of Figure 2 are exactly tangent to one 
another.) The region in the accumulation versus ablation diagram where equilibrium 
ice sheets cannot exist is labeled the forbidden region. Regardless of its initial size, a 
non-equilibrium ice cap whose accumulation and ablation. rates lie in this region will 
disappear in time. It should be noted that small changes in the rate of accumulation can 
change the width of a stable equilibrium ice cap by relatively la:rge amounts and can even 
make it impossible for an equilibrium ice cap to exist. 

The width of a stable ice cap is particularly sensitive t~ the rat~ of change,_ s, of 
the elevation of the. snowline. To illustrate this sensitivity,, we ha.ve plotted curves of 
accumulation vs width of equilibrium ice caps (both stable and unstable), for a fixed 
value of ablation (Fig. 7). Two different values of s were used to calculate these curves 
from eq 23. On each curve, points to the right of the minimum represent stable equi
librium widtl{s and points to the left unstable widths. The curve corresponding to the 
smalle·r value of s (the lower rate of change of snowline elevation with distance) has a 

- • • .- • • .• •• J : • 
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smaller slope in the stable region. Hence, changing the rate of accumulation results in 
a larger effect on the width of the equilibrium ice cap for the curve with the smaller 
value of s. This situation will be true in general. The smaller s is, the more sensitive 
the width of a stable equilibrium ice cap is to changes in accumufation (and al~o ablation). 
The larger s is, the more insensitive the ice cap is to changes in these variables. In 
an extreme case, s might be infinite (and h equal to minus infinity)' which represents the 
case of accumulatfOn out to a fixed distance from the center of an ice cap and ablation at 
greater distance. The width of a stable equilibrium ice cap now is twice the product of 
this fixed distance and (1 +a/a); when a is greater than a, the width is essentially 
constant. An example of this situation is the Antarctic (and-; to a lesser extent,· Green
land). Here the bouhdary between land and ocean fixes the position of the border between 
the accumulation and ablation areas (the ocean causes a= oo) ahd permits the existence 
of a stable equilibrium ice cap who.se width is insensitive to changes in rates of accumu-
lation. · 

In contrast to the Antarctic i_ce sheet, ice-age ice sheets would be expected to have 
a snowline with a small value or s. It seems reasonable to believe that, as an ice..;age 
ice sheet advances, the snowline will be lowered below p"resent-day ·values. When an 
ice-age ice cap reaches a large size, the equation for ~s possibly could be approximated 
by a linear relationship similar to the one we have ·used, but with a smaller value of s 
than exists today.* Hence, the stable equilibrium width of an ice-age ice sheet should 
depend very strongly on the rates of accumulation and ablation. Even if th.e rate of change of 

* The value of h would have to be increased in order to insure that hs be a function 
that increases continuou·sly with distance, but·with a decreasing slope. 
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hs is of the order of present-day values (those used in calculating the curves of Fig. 7), 
the width of stable equilibrium is quite sensitive to accumulation and ablation conditions. 
For example, in the case of the curve in Figure 7 with s = 5 x l0- 4 , a change in the 
accumulation rate from about 22 em ice/ yr to 17 em ice/ yr would decrease the width 
from 4000 km to 1200 km. Any accumulation rate lower than 17 cm/yr would lead to 
the complete disappearance of the ice cap. 

Application to glaciers · 

The analysis of the ·stability of an ice sheet resting. on a flat base also can be applied 
to a glacier descending a mountain or to a small ice cap which has formed in an elevated 
region. and whose edge must descend into a lower elevation as it expands. · 

A glacier normally rests on a sloping bed. If the slope of the bed is f3, . the equation 
which describes the profile of the glacier is 

X 

B (pg)Z h3 (f3 t dh/ dx)Z = f A dx (28) 
·a 

rather than eq 7, which applies to an ice cap on a flat base. In eq 28, x is measured 
parallel to the bed. A profile similar tocthat of an ice cap will be obtained from this 
equation. 

Since the coordinate system for the glacier is tilted at a slope ~ compared to a 
system. whose horizontal distance is parallel to the earth's surface, the snowline eleva
tion will be given by the equation 

h = h - f3x s (29) 

where s has been set equal to -f3 (f3 is less than 0). (We assume in eq 29 that the 
elevation of the snowline in the mountains remains at a constant elevation above sea 

· level.) The value of h in eq 29 depends on the location of the origin of x. Typical 
values of f3 range .around lo-z , an order of magnitude larger than the estimates we 
have used for s. Frorn eq 22, which should be qualitatively correct when applied to 
glaciers' it can be seen that the length of a stable equilibrium profile depends inversely . 
on s to the 5/2 power, if sR >h. Stable equilibrium profiles for glaciers should occur 
at lengths which are. 100 to 10.00 times smaller than those of continental ice_ caps.· This 
situation results from the fact that f3 is at least 10 times larger than the values of s 
appropriate to large ice c.aps • Since continental ice sheets. had dimensions of the order 
of 20.00 km, stable equilibrium glaciers could be expected to, and do, exist for lengths of 
1 to 10 km. 

Discussion· 

The anc:Llysi~ presented in this paper .suggests that a .small ice cap can become unstable 
and grow to a large size if the i~e cap exceeds a critical width. The critical nucleation 
size can be. of the order of the dimensions of_ existing ice caps .in the Arctic ( "'· 30 km) 
when the snowline elevation is, 100 to 48_0· m above sea level and the p:~;"oduct ('~i)213 I a is 
less than, or equal to, 1 to 10 (m/yr)- 3 (for example, an ablation rate of 1 m/yr and an 
accumulation rate of 1 m/yr). If an ice cap is less than this critical size, it should 
disappear completely; The fact that existing ice caps persist can be explained by the 
reason mentioned in the previous section or by local weather pecularitie,s. 

Theories of the ice ages* usually assume that an ice age starts as a· result of inc
creased ·accumulation or dec,reased ablation, just those conditions which would be re
quired to make a small ice cap ''go c:i;itic~L" _Ewing .and Donn (1956), for example, 
propose that an ice age begins when the ~rctic Ocea,n becomes ice""'fr.ee leading to ill.creased 
snowfall on the surrounding lands .. It may,not;be .nece~sary, however, to invoke. some 
special event to make a small ~ce_ cap- go. critic.al.. ·Normal weather fluctuations may 
produce a century of greater than normal accumulation and less than normal ablation. 
These condition~ then may induce a small ice cap to start growing to a large size. 

* Flint ( 194 7) ha·s reviewed .the more impo'r.tant work -i~ thisJ~_eld. 
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If a small ice cap did grow into a large ice-age ice sheet, is 'it possible for the 
sheet ever to shrink again without a significant change in the world's weather conditions 
(other than that change produced by the ice sheet itself)? The accumulation on the ice 
sheet its-elf would be expected to decrease as it becomes ·bigger, both because the 
accumulation area will .be at a high elevation and because the cooling of the earth by the 
presence of the sheet may lead to reduced precipitat:lon. The Antarctic ice sheet has 
lo·w rates of accumulation {"" 10 to 20 ern of ice/yr), as does the smaller Greenland Ice 
Cap ("" 10 to 40 ern of ic_e/yr), and a large ice~age ice. sheet also might be expected to 
have such low values. An inspection of Figures 3 to 7 will show that when accumulation 
rates fall to these values, an ice cap easily could become unstable and shrink to nothing. 
If low accumulation rates once set in, and if they persist, there would be no serious 
problem. in explaining the shrinkage of ice-age ice sheets. However, one might expect 
that as a large ice cap began shrinking, the accumulation rate would increase again . 
(and the ablation rate dec:rease as the edge shifts northward). Ewing and Donn circumvent 
this difficulty by their proposal that the Arctic Ocean, which was ice-free at the beginning 
of the ice age, freezes over again and the ice cover persists until after the complete 
disappearance of the continental ice caps. According to their theory, the snow precipita
tion rates are controlled by the Arctic Ocean and low rates occur so long as the Arctic 
Ocean is GOvered with ice. If their theory is correct, there is no difficulty in under
standing why an ice-age ice cap suddenly becomes unstable and. shrinks to nothing. As 
the ice cap grows and the Arctic Ocean freezes over, the accumulation rates decrease 
until the instability discussed in this paper overtakes the ice sheet, which then shrinks 
until it disappears. 

There is another way in which an instability in an ice-age ice sheet might be brought 
about. A small ice cap starting to grow in the far North is likely. to be frozen .to its bed. 
If such is the case, the ice cap will not be able to slide over its bed and the effective 
value of B in ~q 5 will be reduced and the value of c in eq 11 increased. As. the ice 
sheet grows, it still may remain frozen to its bed until it reaches a large size.· Small 
thickness and large accumulation rates favor a cold ice cap being ·frozen to its ·bottom 
(Robin, 19 55; Weertrnan, 1961 b) and large thickness and small accumulation rates 
increase the probability that the bottom will be. at the melting point.. Now suppose- that, 
when the ice sheet reaches a large size, the temperature at the bottom of the cap rises 
until the ice there is at the melting point and thus the ice cap can slide over its bed. 
The value o"f c will be decreased. From studies made on temperate glaciers of the 
fraction of motion which is due to sliding and the fraction whi.ch is due to differential 
motion within the glaciers, one can estimate that c will be decreased by a factor of 
about one-half. An inspection of the equations developed in this paper will show that a 
decrease in~ by one-half is essentially equivalent to an increase. in the ablation rate by 
a factor of two. Such a shange could lead to the instability of an ic·e-age ice sheet and its 
subsequent shrinkage. The decreased value of c would persist a.s .the ice sheet decreases 
in size ·for the following reason. The bottom o{a cold ice cap c·an be at the rne'lting point 
because of the geothermal heat flowing up through the earth. In addition, if an ice cap 
is sliding on its bottom, the heat of sliding helps keep the bottom at the melting point. 
The heat of sliding is of the same order of magnitude as the geothermal heat (Weertrnan, 
1957, 196lb). Because of this extra heat from the sliding process itself (Weertrnan, 196lb), 
once an ice cap originally frozen to its bed starts to slide, it could continue to slide 
even though brought back to the conditions where formerly it had been frozen. 

Another factor which may be responsible for initiating instability in a continental ice 
cap is the isostatic sinking of the ice-cap bed as the ice sheet becomes large. The ice-cap 
profile can be found quite easily when this sinking occurs (Weertrnan, 196la). In such 
.a situation, eq 7 is replaced 

X 

B(pg)Z y3 h3 (dh/ dx)Z = J A dx (30) 
0 

where h now is the present height of the upper ice cap surface above the original position 
of the bed before sinking occurred and y = (1 .:.. p/ Pr)-1

, where Pr is the average density 
of rock below the ice cap (pr ~ 3p). Eq 30 can be considered to be the same as eq 7 but 
with a B which is y3 ~ 3. 4 larger. As before, this apparent increase in B can be con
sidered to be equivalent to an :..ncrease in the ablation rate by a factor of l.lr to 1. 9. 
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Such an increase possibly could set off an instability in an ice cap. If this mechanism 
is to be effective, however, the time for isostatic sinking to occur must be longer than 
the time required 'to build up a large ice sheet. That is, a large ice sheet must build 
up before any sinking occurs. Then the sinking, when it does take place, becomes 
equivalent to an increase in ablation rate, which allows the sheet to decrease in siz~. 
The decrease must take place slowly so that an isostatic rise can keep up with the 
decreased volume of ice. 

The ·difficulty in maintaining a low accumulation rate or high ablation rate while a 
large· ice cap shrinks actually may not be so troublesome as it appears. If the accumu
lation rate depends solely on the average height of an ice cap, there will be only a small 
variation in the rate once the cap becomes li:nge. From eq 21 or 26, it can be seen 
that the height at the center of a stable equilibrium ice cap actually can be independent 
of the width of the ice cap. Hence, there may be little ·change in the accumulation rate 
until the ice cap has decreased its width by a factor -of two or three. 
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