
RR 307 

Research Report 307 

THEORY OF SOIL PLASTICITY WITH 
INDEFINITE ANGLE OF NON-COAXIALITY 

Shunsuke Takagi 

May 1973 

DA TASK 1 T0611 02852A02 

CORPS OF ENGINEERS, U.S. ARMY 

COLD REGIONS RESEARCH AND ENGINEERING LABORATORY 
HANOVER, NEW HAMPSHIRE 

APPROVED FOR PUBLIC RELEASE; DISTRIBUTION UNLIMITED. 



ii 

PREFACE 

This report was prepared by Dr.· Shunsuke Takagi of the Physical Sciences Branch, 
Research Division, U.S. Army Cold Regions Research and Engineering Laboratory (USA 
CRREL). It is published under DA Project 1T061102B52A, Mobility and Environmental 
Research, Task 02, Military Aspects of Cold Regions Research, Work Unit 006, Physics 
and Chemistry otSoils and Earth Materials. 

·Manuscript received 10 January 1973; 



iii 

CONTENTS 

Page 
Introduction ..•...•.•.....•..•.. ,~ •.•.•••.••••••••••.••.•• f ••••••• • .. ~ ~i. • • • • 1 
Part 1. The concept of isotropy clarified by the introduction of non-coaxial 

mechanics .. ~ • . . • . • . . . . . . • . • . • . . . • • • • • • • • • • • . • . • • . . . • . . . • . • . • • • . . 2 
Part 2. Systematization of the theory of plasticity with indefinite angle of non-

coaxiality • • . . . . . . . . . . . . . • • • • • . . . . . • . • • . . • . . • . • . • • • • • . • . . . • • • . • . • 3 
Analysis of stress.................................................... 3 
Analysis of strain-rate . . . . . • . . • • . . . . • . . . • • . . • • • • • • • • . • • • . • . •. • . • • • • • • . . 5 
Principle of partial coincidence . . • . . . . • • . . • . . . . . . . • • . • • • • . . . . . • • • • . • • • . 6 
Strain-rate characteristic directions..................................... 7 
Equations for practical use . . . . . . . . . . . • • • • . ..• . . . . . . • . • • • • • • • . • . . . . • • . • • 11 

Conclusion . • . • • • . . . . . . . • . . • • • . . . . . . . • • • . . • • • • • • • • • • • • . • . • • • • . . . • . . • • . • • . 20 
Literature cited • . . . . • • . . .• . • . . . . . . . • • . . . . . • • • • . . . • . • • • • . • • • • • • • • • • • • . . • . . • 20 
Appendix A. The sense of the a, r coordinate system • • • • • • • . . • . . . . . • • • . • • . • • . 23 
Appendix B. Another derivation of the equations of velocity components • • • . • . . . 25 
Appendix C. Equations of velocity components in stress characteristic directions 27 

. ILLUSTRATIONS 

Figure 
1. Geometric determination of stress characteristic direction 3 

2. The Mohr circle expressing the non-coaxial stress tensor and strain-rate tensor 6 
3. Geometry of the +m activation... • • • . . • • • • • • . . • • •.• • . • • • • • • • • • • • • • • • • • • 9 
4. Geometry of the -m activation ••.• ~ • • • • • • • • • . • • • . . • • • • • • • • • • • • • • • • • • • • 9 
5. The dual unit vector bases for describing the strain-rate characteristic 

directions • • • • • • • • • • • • • • . • • • • • • • • • • • • • • • • • • . • • • • • • • • • • • • • • • • • • • • • 11 
6. Zone of radial shear . • . . • • • • . . . . . . . . • . . . . . . • • . . . . . . . . • . • . . . . . . . • . . • • 16 



THEORY OF SOIL PLASTICITY WITH INDEFINITE 
ANGLE OF NON·COAXIALITY 

by 

Shunsuke Takagi 

INTRODUCTION 

Mandl an~ Luque 10 solved one of the two problems that have hampered the development of the 
theory of soil plasticit:y. They showed, by citing Truesdell, 20 that in a general isotropic continuum 
the non-coaxiality of the principal axes of stress tensor and strain-rate tensor occurs only during 
in-plane, but neve'r during three-dimensional, deformation. They also showed that overriding of 
particles in a deforming granular material is the physical origin of the non-coaxiality. 

The merit of clarifying the mathematical and physiQal bases of the non-coaxiality extends, as 
discussed in the first part of this paper, beyond soil mechanics. Truesdell and Noll 21 discuss two 
mathematical definitions of isotropy, hemitropy and isotropy, as a mathematical basis of rational 
continuum mechanics. The clarification by Mandl and Luque indicates that the first concept must 
be used as a basis for rational soil mechanics. 

The other difficulty that hampered the -development of the theory was the evaluation of the 
angle of non-coaxiality. Geniev, 11 Haythornthwaite,9 and Mandl and Luque10 assumed that the angle 
was a material constant. I disagree. It has been shown16 that the rate_ of volume change is 
determined by the magnitude of the angle of non-coaxiality which, therefore, must be. a variable 
_parameter so that the theory may account for the non~ zero volume change during plastic deformation 
of soils. 

As yet, a general method for determining the angle of non-coa.Xiality has not been discovered. 
In simple cases, ·however, with only one space variable, the angle can be determined so that the 
assumed flow condition can be accommodated in the given stress field (ref. 16, p. 129-138). En
couraged by the breakthrough by Mandl and Luque, I investigated the mode of determination of the 
angle in the general two-dimensional deformation as reported in this paper. 

Craggs2 described the derivation of strain-rate characteristic directions considering the 
constitutive equations as a system of equations for the determination of velocity components. The 
theory of plasticity with an indefinite angle of non-coaxiality can be derived more simply with his 
method than with that used in my previous paper. 16 A systematization along this line is presented 
in the second part oft his paper. 

The new systematization reveals that the angle of non-coaxiality in general two-dimensional 
deformation should be determined so that the assumed now condition can be accommodated in the ' -
given stress field. However, the angle is generally a function of space, and an extra equation is 
needed to determine it. Only in a simple case where the velocity is along a known direction is an 
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extra equation. not neces~ary;. but, ~s disclosed in one of the examples in this paper, the solution 
· is not necessarily the one presuppos_ed in the stress analysis of the problem. 

Therefore the exact analysis, as compared with the approximate analysis, 3 4 12 15 is still 
difficult. Another breakthrough is needed to overcome the second difficulty. 

An improvement is .necessary in the mathematical treatment of Mandl and Luque. 10 Their 
equations 63 and 63a are not acceptable. In their derivations, the authors assume that the line 
elements in the stress characteristic directions are being elongated. It is known in coaxial 
plasticity that the lengths of line elements on a shear line are constant. In non-coaxial plasticity 
it has also been shown that the lengths of line elements on a shear line are constant. 16 

It was found that the use of dual base vectors is ·important to describe the velocity field of 
non-coaxial plasticity. The use of dual base vectors, however, is not yet well known, and is 
included in this paper. 

PART 1. THE CONCEPT OF ISOTROPY CLARIFIED BY THE 
INTRODUCTION OF NON-COAXIAL MECHANICS 

The non-coaxiali(y of the principal axes of a stress tensor and a strain-rate tensor at one and 
the same material point was not known tihtil it ·was assumed in soil mechanics. Certain ·changes 
in the principl~s of mechanics are necessary for admitting non-coaxialmechanics,into the realm 
of ra~ional mechanics. 

\ 

Truesdell and Noll21 (p. 44-47) describe two definitions of the material-frame indifference. 
The orthogonal tensor Q used in one of the definitions is an element of the full orthogonal group, 
i.e. either a rotation or a reflection; in the other definition, Q is ·an element of the proper orthogonal 

.· group. A tensor function invariant under the transformation by Q is said to be isotropic in the 
former case and hemitropic in the latter. 

The clarification by Mandl and Luque concerns the tensor function expressing the constitutive 
relation. Truesdell arid Noll 21 (p. 47) state that the difference between isotropic and hemitropic 
functions is of no consequence for a purely mechanical theory of simple materials, to which the 
larger part of their treatise is devoted. The breakthrough by Mandl and Luque shows that the 
constitutive equation of soil plasticity must be hemitropic, because otherwise non-coaxiality can
not occur, as .shown. in the proofby .Truesdell20 (reproduced in Appendix l.of Mandl and Luque's 
paper). Their discu~?sion of the o~erriding of particles as a physical origin of ~on~coaxiality shows 
that the choice of hemitropY. or isotropy depends on the material considered. 

Taking a further step we may say, contrary to the usualpractice, that the constitutive equations 
of an "isotropic" material should be defined as hemitropic functions, because. the family of 
hemitropic functions includes the family of isotropic functions. According to the new definition we 
. should discuss, for a material which has an isotropic constitutive relation, the reason for restricting 
a hemitropic function to an isotropic function .. 

Mandl and Luque's argument to th~s effect is recapitulated in the following. In three-dimensional 
space, when only tensors of even order occur as arguments and values of the functions, there is no 
distinction between isotropic and hemitropic functions (ref. 21, p. ~4). (Th~ essence of the proof 
is that the relation -det Q c-c det (-Q), where det signifies the determinant, is valid for three
dimensional space, but not for two-dimensional space.) Therefore, in three-dimensional space a 
hemitropic function is reduced to an isotropic function; then the proof by Truesdell 20 applies, and 
the stress tensor and strain-rate tensor must be coaxial. In two-dimensional space, however, there 
exist hemitropic functions that are not isotropic; therefore the proof by Truesdell 20 does not apply, 
and the stress tensor and the strain-rate tensor can be non-coaxial. 
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Mandl and Luque's. viewpoint shows the necessary condition forthree·-d!mension:al coaxiaiity, 
but not the necessary condition for two-dimensional non•coaxiality. Non:..coaxiality ·during elastic 
and viscous in-plane deformation may be possibl~ but remains to be confirmed. 

Another modification needs to be introduced in the interpretation of the theory ·of plastic . 
potential, 6 which demands coaxiality even in two-dimensional space. _Mandl and Luque describe 
De Josselin de Jong's5 attempt using a three-dimensional stress cone, which yielded only a partial 
solution to the problem. I have argued that the path-independency of the stress state is necessary 
in proving the theory of plastic potential, and therefore the probable path-dependency caused by 
the existence of the angle of non~coaxiality may explain the violation of the t.heory .17 If I am right, 
reconciliation with the theory of plastic potential will not be accomplished until a method for 
determining the angle of non-coaxiality has been discovered. 

PART 2. SYSTEMATIZATION OF THE THEORY OF PLASTICITY 
WITH INDEFINITE ANGLE OF NON-COAXIALITY 

Analysis of stress 

First we will discuss the stress characteristic directions by use of the concept of a pole on a 
Mohr circle described by Terzaghi. 19 The geometry of the Mohr circle with a pole is not yet known 
as well as it should be; it is a useful mathematic.altool for analyzing plane strain problems. 

In Figure 1, let OP be the pole of the Mohr circle With center C, and OpAa and OPBa be the 
major and minor principal axes, respectively. The horizontal axis x and the vertical axis y are 
shown with their origin at pole OP. The a- and r-axes are drawn here parallel* to the x- andy-axes, 
respectively. Points V and H represent the stress points of the vertical and horizontal planes, 
respectively .. 

0 

Figure 1. Geometric determination of stress characteristic direction. 

*These definitions differ from those in my earlier paper16 (see Appendix A). 
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Let the central angle of the pole OP be 28. The angle 8 thus defined* is equal to the angle 
from the vertical plane to the plane of the principal stress. The definition of 8 based on the latter 
interpretation seems -to be more acceptable, but the former is considered here to be more basic_ 
because of the geometric simplicity. 

- Let the a-coordinate of the center C and the radius of the Mohr circle be a and 0· respectively. 
Then _ _ 

ax=a+@cos28 

a y = a - 0 cos 28 

r xy = @ sin 28 . 

(1)t 

The Mohr circles are enveloped by a pair of straight lines OD and OE, and we have the Coulomb 
yield criterion, 

0 = a sin p + c cos p (2) 

wherep is the friction angle and c is the cohesion. 

The stress-characteristic directions are the directions of DOpD' .and EOpE', where D and E 
are the points at which a pair of limiting lines OD and OE contact the Mohr circle. The angles 
these lines make with the x-axis are one half the central angles HCD and HCE, respectively. Thus 
we find 

where 

·dy- -
- = tan ( 8 0 o)' 
dx 

28 = ~- p. 
2 

(3)t 

(4) 

The upper and lower signs in eq 3 e~press the directions of DOpD' and EOpE', respectively. The 
circle around the double ·signs means_ that whenever this symbol appears, either the upper or the 
lower sign should be consistently chosen. As is usual in mathematics, a positive angle is used 
for counterclockwise rotation from the x-axis and a negative angle for clockwise rotation. 

The analytical determination of the' stress-characteristic directions, as mentioned in 
Sokolovski14 (p. 17), yields the same result as eq 3, a fact which proves the usefulness of the 
geomefi:y of the Mohr circle. (The analysis may be performed in the same way as the analysis of 
the strain-rate characteristic directions~ which is shown later.) 

The stress-characteristic directions DOpD' and EOpE' are said (ref. 16, p. 110) to be +m or 
-n., re·specti vely, according to whether or not the fictitious moment formed by the tangential stress 
on both sides of a characteristic line is in the same or opposite direction as 8, as shown on DOpD' 
and EOpE' in Figure 1. The concept of the direction m of the tangential stress seems to be useful 
because the directions of the flow on· a stress-characteristic line can be identified with the 
directions of the shearing forces defining m, when both principal stresses are compressive. The 

*These derini tions difr~r rr~m tlwse in my earlier paper16 (see Appendix A). 
tThe last or eq 1 and eq 3 are different rrom the corresponding equation in my earlier paper16 because or the 
different definition or 0 (see Appendix A). 
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stress points on the upper and lower half of the Mohr circle may be called the +m and -m stress 
points, because the direction of the fictitious moment m on the planes on which the stress is acting 
are + and -, respectively. The upper and lower of the double signs in the circle of eq 3 represent 
the +m and -m directions, respectively. 

Analysis of strain-rate. 

The second step of our analysis begins with the introduction of the strain-rate Mohr circle on 
the stress Mohr circle with coinciqent .. pol~ OP (Fig. 2) by changing the, se~e. ifmecessary, moving 
the origin, and rotating the axis of the strain-rate Mohr circle. In Figure 2 the axis A CB of the 

. ( ( 

strain-rate circle is rotated by angle 2x from the axis A
0
C8

0 
of the stress circle, where x denotes 

the arigle of non-coaxiality. 

Let (-coordinate of the center C and the radius of the strain-rat~ Mohr circle be (and G), 
respectively. The f:x and iy are shown by intersections of AtCBf with the normals drawn from V 
and H, respectively, to AfCBf. Thus, we have 

where 

ix = £ +Qcos (28 + 2x) 

£r = r -CD cos (28 + 2x) 

Yxy =G) sin (28 + 2x). 

. avx 
( =--
X ax 

. avr 
( =--
y ar 

(5) 

(6) 

The v x and v are the x- and y-components of the velocity v. The minus signs are used on the 
right-hand sides of eq 6 because, by definition, compression is positive, as is usual in soil 
mechanics. 

In the following it is shown that another equation, called the compression characteristic, can 
be derived in terms of strain-rate components corresponding to the yield criterion in eq 2. 

We may express the constitutive equation in the following form: 

(7) 

where the summation rule in tensor analysis is applied for simplicity, (ij represents one of the 
components ( , (Y or Yxy• and ahk represents one of the components ax, ay or rxy· A set of 
quantities Aff is assumed to be linearly independent, and ,\is assumed to be non-zero. (It is 
shown in Appendix III of ref. 16 that,\ is equal toQ0.) 

Now we use Craggs' 2 idea. Let us replace the left-hand sides of eq 7 with the right-hand sides 
of eq 6 and consider the equations thus found as the differential equations for determination of v x 
and v y, assuming that all the quantities, except A, on the right-hand sides of eq 7 are given. Let 
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y 

I r 1 

\J_e 
Ql . \t- c cot p--+-------

\ 
\ 
\ 
\ ~ 

,\~E 

Figure 2. The Mohr circle expressing the non-coaxial stress tensor 
and strain-rate tensor. 

us suppose that the x-direction is the characteristic direction of the system of differential equations 
in eq 7, i.e. we suppose that the x-direction is such that, given vx and vy along the direction, we 
can determine av XI ax and av yl ax' but we cannot determine av XI ay or av yl ay by substituting the 
known values into the differential equations in eq 7. · 

The necessary and sufficient condition for the x-direction to be a characteristic direction is-: 

(8) 

If (x f 0, a non-zero 'i\ can be found, because all the quantities, except 'A, on the right-hand side of 
the corresponding equation are known, and (Y and Yxy are determined from the rest of the equations. 
Then both av XI ay and av yl ay can be found from them. If fx = o. the right-hand sid~ of the 
corresponding equation must also be zero, and·,.\ is a quotient of zero by zero and is indeterminate; 
iy and Yxy are also indeterminate. Equation 8 is therefore the necessary and sufficient condition. 

Equation 8 shows that the origin 0 f of the (. y coordinates in Figure 2 must come to the inter.;. 
section of A CB with the normal drawn from V to A CB . We will derive a more important ( f - ( ( - . . -

consequence of eq 8 in the following. 

Principle of partial coincidence 

The third step of our analysis is to introduce the relation between the stress characteristic 
directions and the strain-rate characteristic directions. In metal plasticity, it is assumed that stress 
characteristic directions are coincident with strain-rate characteristic directions .. The coincidence, 

however, of the principal directions of .both tensors is not necessary for plastic deformation to 
occur. If one member of a set of directions is coincident with one member ofthe other set of 

directions, all the flow conditions and the bound~ry ~onditions of stress can be satisfied. If no 
coincident characteristic direction is available, it is impossible to connect two discontinuous 
soh1tions across a line. 
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The coincident and non-coincident strain-rate points are said to be active or dormant, 
respectively. The same terms will also be used to signify stress characteristic points. When the 
active stress point is to be +m or -m, we are dealing with the +m or -m activation, respectively. 

The coincident stress. and strain-rate characteristic direction will be called an active direction, 
or according to current usage a shear direction. If, moreover, velocity is in the shear direction, 
the direction will be called the slip direction, and the deformation undergoing the slip will be 
called the slip deformation. 

Now we resume; the int~tpretation of eq 8. The active strain-rate point must come, by our 
assumption, to either D or E in Figure 2. Then, when the x-direction is assumed to be the 
characteristic direction, H also must come to either D or E. Thus, () is determined: 

(9) 

where the upper and lower of the double signs in the circle correspond to th~ +m and -m activation. 
Substituting eq 9 into the first equation in eq 5 and using eq 8, we find the relation 

f: =-CD cos (2x 0 2o) (10) 

which is the compression characteristic (ref. 16, eq 27). Equation 10 shows that the volume change 
.is positive or negative depending on the value of X· 

Eliminating five quantities a, @• (, (Dand ()from six equations in eq l, 2, 5 and 10, we can 
find the constitutive equations for the non-coaxial plastic deformation, which contains the angle x 
of non-coaxiality as an undetermined parameter, as mentioned in Appendix III of ref. 16. 

Strain-rate characteristic directions 

We can determine the strain-rate characteristic directions from eq 5 and 10, as shown below, 
by considering them as the differential equations for determining vx a~d vy. The derivation in ref. 
16 was not as simple as that given below. 

Eliminating ( and Q from. eq 5, we find 

where 

A1 = sin (2() + 2x) 

B 1 =-cos (2e + 2x) 

c 1 = - cos (2() + 2x) 

D1 =-sin (2() + 2x). 

Substituting the definition of ;-, 

and eliminatingG)by use of the equation of Yxy in eq 5, eq 10 becomes 

(11) 

(12) 
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where 

A~ = sin (20 + 2x) 

8 2 =cos (2x (!) 28) 

C2 =cos (2x@ 28) 

D2 ·= sin (20 + 2x). 

We have two other supplemental equations: 

and 

(13) 

(14) 

(15) 

When the four equations (eq 12, 13, 14 and 15) are considered as ·simultaneous linear algebraic 
equati~ns for determination of the four Unknowns av XI ax, av xl ay' av y/ ax and av yl ay the 
determmant, ~, · · · · . · 

At 81 Cl Dl 

A2 82 C2 D2 
dx dy 0 0 

0 0 dx dy 

(16) 

of the simultaneous equations must be equal to zero on the characteristic directions. 1 Thus we 
find, after some amount of algebra, that 

(17) 

and 

dy 
dx = tan ( 0 + 2x 0 8) (18) 

where the upper or lower of the double signs should be taken for the +m or -m activation, 
respectively. Equations 17 and 18 show the active and dormant strain-rate characteristic directions, 
respectively. Note that if 

(19) 

the dormant strain-rate characteristic directions coincide with the active strain-rate characteristic 
directions, leaving only one strain-rate charaoteristic direction available for the deformation. 
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o' 
E 

E~(dormant) 

Figure 3. · Geometry of the +m activation. 

y 

E' (act iva ted) 

Figure 4.· Geometry of the -m activation. 

The geometry of the Mohr circle describing stress and strain-rate characteristic directions is 
shown in Figure 3 for the +m activation and in Figure 4 for the -m activation. The slopes of the 
dormant directions show that dormant strain-rate points make the central angle 4x with the dormant 
stress points, shown in Figure 3 as <E CE and in Figure 4 as <D CD . (To show the derivation 

f a f a . 
in Figure 3, note that <HCE£ = 2(8 + 2x + 8) and <HCEa = 2(8 + 8).) Therefore the dormant strain-
rate points (E fin Figure 3 and D fin Figure 4) and active points (D in Figure 3 and E in Figure 4) 
are symmetric with regard to axis A£8£. (To show this in Figure 3, note that <DCO~ = <DCO~ + 
<0.' CO' = 28 + 2x and <0' CE ==- <0' CO' + <0' CE + <E CE == 28 + 2x.) Therefore the a f . f f a f a a a f 
tangent at a dormant strain-rate point intersects the tangent at an active point on the axis A £8 £" 

One half the angle of intersection of the two tangents (p- 2x in Figure 3 and p + 2x in Figure 4) 
is the strain-rate counterpart of the friction angle. 

To obtain the equations for velocities on strain-rate characteristic curves, we solve the follow-
ing equations for ,\, p., p and q: . 
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AB 1 + 1182 = pdy 

(20) 

where A 1, 8 1, C1, D1, A2, 8 2, C2, D2 are defined below eq 11 and 13, and values of dy/dx are 
given by eq 18 or 19. Because ~in eq 16 is zero on these lines, the ratio between A, fl, p and q 
can be found. Multiplying eq 11 by A and eq 13 by f1 and adding the two equations, we find a total 
differential equation, · · 

(21) 

valid in the directions of eq 17 and 18. Two forms of eq 21 expressed in the two directions, eq 17 
and 18, reduce, after some amount of algebra, to one and the same form: 

(22) 

This equation shows that the line elements on the strain-rate characteristic directions are 
inextensible, because the substitution of eq 14 and 15 changes eq 22 to 

(23) 

Therefore the velocity components :of the strain-rate characteristic lines are constant. The rate of 
volume change £, however, is not zero, because the strain-rate characteristic directions are not 
orthogonal and (contains the non-zero, shear component, as proved in Appendix II of ref. 16. 

Angle x of non-coaxiality is closely related to the direction of the gradient of velocity. To 
show this, equations in eq 5 and 10 are transformed by the use of eq 6 to the following: 

av , 
a: = 2 G) sin ( () + 2x 0 o) sin ( () 0 8) 

avX 
- = 2 G) cos (0 + 2x 0 o) cos(() 0 0) ar . . , 

dvx avy f.\ 1 . 

- + - = - 20 sin (20 + 2x). ay ax 

(24) 

In other words, angle x is determined to accommodate a velocity field in the given stress field. 

Because the entropy production during plastic deformation must be positive, angle X is some
how restricted. If we assume that the volume change does not contribute to entropy production, we 

. may define the plastic work per unit time as 

which reduces to 

(25) 
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Case o/>0 Case o/< 0 
u' 

Figure 5. The dual unit vector bases tor describing the strain-rate char
acteristic directions. 

r/J = 2x.G)2o 
a= O<!)o 

f3 = e + 2x@o 

when eq 1 and 5 are substituted. Therefore, under the above assumption, angle x must be in the 
range 

TT TT 
--<x<-

4 = =4 
(26) 

However, if other kinds of irreversible processes accompany the plastic deformation, W may be 
negative and x may not be in the range of eq 26, although the sum of the entropy productions of all 
the participating irreversible processes must be positive. 

Equations for practical use 

The fifth step is. the transformation of eq 22 for the convenience of analyzing practical, problems-. 

The two strain-rate characteristic directions given by eq 17 and 18 make an angle 

t/1 = 2x 0 2o. (27) 

In the following we assume that 

(28) 

where n is an integer; then two directions are distinct. We do not assume any restriction to tjJ other 
than eq 28, because we will hold the possibility of simultaneous occurrence of other kinds of 
irreversible processes. 

In our problem xis unknown and the dormant strain-rate characteristic direction given by eq 18 
is generally not integrable. The vector field on this limitation can be described by use of dual unit 
base vectors. Let ex and cy be the directions of the x andy axes (see Fig. 5). The active direction 
and the dormant strain-rate characteristic direction are expressed by the subscripted unit vectors 
u1 and u2, respectively: 
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and 

o2 = ex cos (8 + 2x ® 8) + cy sin (8 + 2x 0 8). 

Dual to o 1 and u2 , the superscripted unit base vectors o 1 and o2 are defined: 

and 

o2 =- ex sin (8@ 8) + cy cos (8@ o). 

Vector o 1
, thus defined, is orthogonal to o2 , 

1 
0 . 02 = 0 

and makes the scalar product sin (2x 0 28) with o 1, 

o1 
. o1 =sin (2x ® 28). 

Vector o2 is orthogonal to o1, 

2 o . o1 = 0 

and makes the scalar p~odu~t sin (2X (D 28) with o2 , 

o2 
· o2 =sin (2x@ 28). 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

The two cases shown in Figure 5 must be distinguished in accordance with the sign of angle 1/J in 
eq 27,. 

The vector 

(35) 

can be expressed in two ways: 

(36) 

. (37) 

where· components of subscripted and superscripted vectors are denoted with superscripts and sub:. 
scripts, respectively. The Cartesian components vx and vy are related tothe subscripted* com
p·onents v 1 and v 2. by: 

*The traditional terminology, covariant and contra vai:iant, is not used here, because these terms do not make 
sense in our case, where no coordinate transformation is invoked to define vectors. 
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and (38) 

vy =- v·1 cos (8 + 2x(9o) + v2 cos (8@)-D). 

The superscripted* components v1 and·v2 .are related to the subscripted components v1 and v2 ·by: 

l 
where 1/1 is given by e_q 27. 

The adv.antage of the dual unit base vector expression for soil plasticity was partially 
recognized inthe·"orthogonal projection" introduced by Shield.u 

(39) 

The .expression of eq 22' along the active curve can be found by substituting eq 17 ·and 38 into 
eq 22, and using eq 39, as 

(40) 

where s 1 is the length ·of the active curve, and xis considered as a variable. 

The expression -or' eq 22 along the dormant strain-rate curve can be found by substituting eq 18 
and 38 into eq 22; and using eq:39, as 

(41) 

where· s 2 is the length of the dormant strain-rate curve. 

When, as in slip deformation, the direction of velocity is given; only two unknowns, Le. one 
component of velocity and the angle of non-coaxiality, are ,contained in eq 40 and 41. But in the 
general deformation, where the ·direction of velocity is not specified, another equation is needed 
for the determination of the: three· unknowns, i.e. two components of velocity and the angle of non
coaxiality. No extra equation can be found, however, iii the frame of the present theory. 

The partial derivatives in eq 40 and 41 are directional differentiations (in other words, s 1 
and ·s2 are not curvilinear coordinates) •. and the order of differentiation in the cross differentiation 
cannot be interchanged: · 

(42) 

If a second-order differential equation should be derived from eq 40 and 41 in the process of 
solution, a set of curvilinear coordinates (for example, expressing stress-characteristic curves) 
must be introduced.· The use of curvilinear coordinates allows us to define dual reciprocal base 
vectors (explained, for example, in Wills 22 and Takagi18

), and the order of differentiation can be 
exchanged. 
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Components of vectors and tensors expressed with dual reciprocal base vectors constitute the 
tensor analysis used prevalently in current mathematical analysis. 

The use of the combination of components and base vectors is an advantage in our analysis 
where the direction (eq 18) is generally not integrable. The use of unit base vectors has another 
advantage in that the components defined by them are amenable to physical interpretations but the 
components defined by reciprocal base vectors are not, because, in the latter case, the magnitude 
of the quantity expressed by the combination of components and base vectors is shared by 
components and base vectors. \ 

; 

The expression of v x and v Y in terms of superindexed components v1 and v2 instead of sub
scripted components (eq 40) may be substituted into eq 22, but the expressions thus found are more 
complicated than eq 40 and 41. 

A derivation of eq 40 and 41 that leaves no question as to the choice of a type of velocity 
component 1s possible: when we express the strain-rate tensor i with the dual unit base vectors as 

. . 1 1- • 2 2 . 1 2· . 2 1 
£ = f 11 u u + f2 2 u . u + y 12 ( u u + u u ) ' (43) 

we find that i 11 and f- 22 are expressed by the left-hand sides of eq 40 and 41, respectively, and 
y 

12 
is given by ...... , ·· 

The derivation needs more explanation (refer to Appendix B). 

It can be proved that 

(22 = 0 (45) 

and Y12 =0 
in the same way as is shown in Appendix II of ref. 16 .. Equating the components of i obtained in 
Appendix B with eq 45, eq 40 and 41 can be obtained. (The last equation in eq 45 is different from 
the corresponding equation (eq 177) in ref. 16, because dual unit base vectors are used here while 
dual reciprocal base vectors were used! in the earlier paper.) 

Because of the last equation in eq 45, (given by eq 10 is not zero. In other words, the deform
ing material is inextensible in the strain-rate characteristic directions but changes its volume, if 
}' 12 f 0, due to the accompanying change of shape. 

When eq 18 is not integrable eq_ 41 is useless for solving a given problem. We may assume 
that the stress field is known prior to the determination of the velocity field and may m;e the stress
characteristic curves as coordinates. In Appendix C differentiations in eq 40 and 41 are transformed 
to the directional differentiations in the stress-characteristic directions. 

? :. 

Example 1. In the Rankine state of stress, both the stress character-istic directions. are 
straight lines. As seen from ~q 3, 0 in the Rankine state i~ consta~t throughout th~ region. Let an 
active line be 

Y COS (0 0 0) - X sin (0 ® 0) = a (46) 

where a is constant on the line. 
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Assume that x is constant. Then the dormant strain-rate directions form straight lines, 

(47) 

where b is constant on the line. 

When 2x 0 2o t- n rr, eq 40 an·d 41 are integrated to 

(48) 

and 

v2 = g(b) (49) 

respectively, where f and g are arbitrary differentiable functions. Substituting in eq 44 we find that 

2 . (d! dg) . 0 ~ Y12 = --- sm (2X + 2u). 
da db -

(50) 

When 2x (±) 2o = n rr, eq 40 is still valid but eq 41 is not. To find another equ3:tion, we choose 
u2 normalYo u 1. The straight lines in the directions of u1 and u2 are eq 46 and 

(51) 

where b is constant on a u2 line. 

From eq 24 we derive the following equation: 

(
avx av y)· (av x avy) 
- + - sin (28 + 2x) + - + - cos (2x 0 2o) = 0. ax dy Cly ax \:::..) (52) 

Letting s 1 and s 2 be the lengths in the directions of u 1 and ·u2 , we have 

and 

ds2 = da. 

Then eq 52 transforms, after some amount of algebra, to 

( 
av 1 a~ 2 ae ae) (av 2 ae ). . · . 
- + - + v 1 .:...__- v 2 - cos (2x 0 2o) + - + v 1 - sin (2x 0 28) = 0 
Cia Clb db aa v aa aa \.::::.) . (53) 

which, in the case of our interest, reduces to 

(54) 

Substituting eq 48 into eq 54 we find 

.;-"":-
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df 
v2 =-b-+,g(a) 

da 

where g is another arbitrary function. 

(55) . 

To find G) , we derive from eq 24 -

f:'e _ (dVX dVy)2 . (dV. X_ dVy·)2 
4\!.I- -+- +- -ay ax ax ay ' (56) 

which, in the case of interest, transfor.ms after a lengthy manipulation to 

(57) 

Thus we find 

(58) 

If the general solution obtained above cannot satisfy the assumed boundary conditions, we must 
admit that x is variable. 

Example 2. This example demonstrates that under the frame of the present theory angle x is · 
not necessarily constant even in a simple case as presented here, and also that the present theory 
is not general enough to yield a velocity solution presupposed in the stress solution of the problem 
considered. 

When one of the families of the stress characteristic curves is, as is shown in Figure 6, a 
pencil of straight lines, AQ, passing through a fixed point A, the other family of stress characteristic 
curves is, as is well known, composed of logarithmic spirals, PQR. Let us assume that the 
logarithmic spirals are the active curves. We want to find a solution such that the logarithmic spirals 
are slip lines, because such a solution is presupposed in the corresponding stress analysis. 

Suppose that the soil below BC is at rest. Then the velocity normal to BC is equal to zero. 
In the terminology of dual unit vector bases, as shown in Figure 5, u1 is the direction of BC and u2 

is normal to BC. Therefore 

(59) 

on BC and the velocity v on BC is given by 

-m 

Figure 6. Zone of radial shear. 

(60) 

When x = 0, the dormant strain-rate characteristic direc
tions are the pencil of straight lines passing through A. We 
have thus () = const on each of them. Moreover, we find from 
eq 41 that v2 = const on each dormant strain-rate characteristic 
line. We find further from the boundary condition (eq 59) that 
throughout the region ABC 

(61) 
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Using eq 39, v1 and v2 are now expressed with v 1 only, and eq 40 can be integrated along a 
logarithmic spiral. 

This was the process followed by Shield 15 to find the solution to this problem on the assumption 
that x = 0. But this solution is not acceptable, because velocity von a logarithmic spiral PQR is 
not along PQR, i.e. not along u 1, but along u1. (Note that, when x = 0, u1 and u

1 
make angle p. 

the angle of friction.) 

To improve the solution, we may requ.ire, in addition to condition 59 on BC, that BC is a slip 
line, i.e. that 

1 v = v u1 . (62) 

Then x on BC must be such that 

(63) 

i.e. 

(64) 

on BC, because only for this case do u 1 and u2 coincide with u 1 and u2
, respectively. 

We may suppose that values of x are given along AB and AC from the flow conditions in the 
regions neighboring and outside of AB and AC. Because the case of constant X can be solved 
easily by the present theory, we may assume that x on AB and AC is determined by eq 63. Then 
conditions 

(65) 

and 

v2 = v2 = 0 (66) 

may be assumed to obtain throughout the region ABC, where vis the magnitude of the velocity. 
The dormant strain-rate characteristic directions do not coinCide in this case with the dormant 
stress characteristic directions and, therefor~. ()is not constant in eq 41. Substituting eq 6'6 into 
eq 41, we find that v in eq 65 must also be equal to zero. 

One way of improving the absurd solution thus obtained is to assume, in addition to the 
constancy of x, that the velocity inside ABC is not along the logarithmic spirals. The solution is 
possible but is not the desired solution. Another way of improving the solution is to assume that 
x is not constant inside ABC and that eq 62 rather than eq 60 must be satisfied inside ABC, al
though both conditions must be met on BC and possibly on AB and AC. The solution is the desired 
one, but in general does not exist, as explained in the following. 

When angle xis variable, the dormant strain-rate characteristic curves cannot be given as the 
integral of eq 18. We will use the stress characteristic curves as coordinates, and replace the 
veloc:lty components in strain-rate characteristic directions with the velocity components in the stress 
characteristic directions, as shown by eq C12 and C13 in Appendix C, where p and q are lengths 
along the active and dormant stress characteristiecurves, and suffixes p and q indicate quantities 
on the corresponding curves. 
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We assume that the flow is from APB to ARC in Figure 6, and therefore that -m activation is 
realized. By assumption, 

Let v be the magnitude of the velocity, and we have 

vP = v. 

From eq C 14 we find 

v = v cosec 28 ' p 

v q = v cot 28. I 
Using eq 67, eq C12 yields that v is a function of q only: 

v = v(q). 

Because a dormant stress characteristic curve is a straight line, we have 

ae 
-=0. aq 

Because we have assumed two distinctive strain-rate characteristic curves, we have 

sin l/J t- 0. 

Use of eq 70, 71 and 72 simplifies eq C13 to 

1 av ae 
--(cot 2o cosec 2x- cosec 2o) +- = 0 
v~ ~ 

where the lower of the double signs is taken to express the -m activation. 

(67) 

(68) 

(69) 

(70) 

(71) 

(72) 

(73) 

To compute d8/dp in eq 73, the logarithmic spirals must be formulated. A straight line AQ is 
given as an integral of 

dy 
-=tan (8- 8) 
dx 

because it is +m activated. We express it as 

y = x tan¢ 

where 

¢ = e- B. 

Angle ¢ is the angle which line AQ makes with the x-axis. 

(74) 

(75) 

(76) 
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A logarithmic spiral is given as the integral of 

dy e ~ -=tan ( + u) 
dx 

which becomes 

by use of eq 75 and 76. Equation 78 transforms to 

x dy - y dx = (x dx + y dy) tan 28. 

Using polar coordinates 

x = r cos¢ 

y = r sin¢ 

eq 79 becomes 

dr . 
- = d¢ cot 28. 
r 

l 

The integral of eq 81 expresses the family of logarithmic spirals. 

The length dp is expressed by 

Substituting eq 81, the above becomes 

dp = r d¢ cosec 28. 

Thus we find 

ae sin 28 
ap = -r-_-. 

Because dq = dr, eq 73 becomes 

1 dv sin 20 
--(cot 2.0 cosec 2x - cosec 28) = -- • 
v dr r 

(77) 

(78) 

(79) 

(80) 

(81) 

(82) 

(83) 

(84) 

Assuming that velocity distributions on AB and AC are given, x is given as a function of r by 
eq 84. But several restrictions are involved in this analysis. First, the gradients dv /dr on AB and 
AC must be the same. Second, Y on AB and AC cannot be constant, as assumed by Shield, 15 

because then x = 0 is the only possible solution of ·eq 84 and, as proved before; the solution 
satisfying this condition does not exist. 
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CONCLUSION 

Enco,uraged by the finding of Mandl and Luque that non-coaxiality takes place only in plane 
deformation, I have tried to reorganize the theory of plane plastic deformation of soils. 

When only one space variable appears in the plane deformation, the angle of non-coaxiality is 
a constant and can be determined so that the assumed flow condition can be accommodated in the 
given stress field. When the general plane deformation is treated, the angle of non-coaxiality in 
the frame of the present theory should be considered to be a variable determined so that the assumed 
flow condition can be accommodated in the given stress field. However, one equation for determin
ing the angle of non-coaxiality cannot be found in this theory and hence the general plane deforma
tion problem cannot yet be solved. 

The physical origin of the non-coaxiality explained by Mandl and Luque suggests to me that, in 
the continuum model corresponding to a system of particles that can be rotated as a result of over
riding, the couple stress' 11 is not zero. Incorporation of couple stress into the theory of plasticity 
may be needed before a second breakthrough will be achieved following the first breakthrough by 
Mandl and Luque. 
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APPENDIX A. THE SENSE OF THE a, r COORDINATE SYSTEM 

The definition of angle (} is related to the sense of the a, r axes in the Mohr circle diagram. 
In my previous paper 16 the angle e was defined to be positive in the direction from the axis of 
major principal stress to the vertical axis, and the a, r coordinate system was left-handed. In the 
present paper the angle e is defined to be positive in the direction from the axis of major principal 
stress to the vertical axis, and the a, r coordinate system must be right-handed. 

The proof16 of the relation between the direction of e and the sense of the a, r-axes in the Mohr 
circle diagram was rather complicated. It was found later that the proof could be considerably 
simplified by using the tensor analysis with vector bases. 

Let the unit vectors in the directions of major and minor principal axes be u1 and u2 , and let 
the major and minor principal stresses be a 1 and a 2 , respectively. Then the stress tensor a is 
defined by 

(Al) 

where u1 u1 and u2 u2 are the bases of the second-order tensor a in the u1, u2 coordinate system. 
Assume that the x-axis is at angle e from the a 1-axis. Let ex and cy be the unit vectors in the x
and y-axes, respectively. Then 

1 
(A2) 

In the x,y-coordinate system, a is expressed as: 

(A3) 

l, where ax, ay and r xy are the components and cxcx, cycy, cxcy and cycx are the bases of the 
second-order tensor a in the ex, cy coordinate system. Substituting eq A2 into eq Al and com
paring the components we find 

1 
(A4) 

(A5) 

Note that r xy is negative when 0 < e < rr/2. In this case, the a, r coordinate system in the Mohr 
circle diagram must be left-handed, as in ref. 16. 

If angle e is defined to be positive in the direction from the x-axis to the (J 1-axis, the direction 
of (} is reversed; then r xy in eq A5 is positive when 0 < e < rr/2. In this case, thP '', r coordinate 
system in the Mohr circle diagram becomes right-handed, as in this paper. 

In the usual tensor analysis, components alone are used, but in our tensor analysis both the 
bases and the components are used. The use of vector bases together with components facilitates 
the tensor analysis considerably, as shown here and in the following appendixes. 



APPENDIX B. ANOTHER DERIVATION OF THE 
EQUATIONS OF VELOCITY COMPONENTS 

The strain-rate tensor is expressed with subscripted components: 
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(81) 

where the summation rule for tensor analysis is observed. (Dual unit base vectors are used here. 
Use of dual reciprocal base vectors yields the same results as obtained in the following except 
for the magnitudes of the components.) T~.e reason for choosing the subscripted components f.ij, 

instead of the superscripted components f.lJ, is that the distance 

is conventionally expressed with superscripted components and the quantity ·· 

must be scalar. 

On the other hand E is the symmetric part of the gradient of v: 

2. i dv dv i 
f=D -+-U 

axi axi 

where grad v is defined as 

. ·. . . i av 
grad v = u -

a xi 

in this tensor analysis. When v is expressed with subscripted components as 

(82) 

(83) 

(84) 

(85) 

cij in eq 81 can be determined by comparing eq 81 with eq 84. To carry out the comparison several 
formulas, as introduced in the following, are needed: 

Differentiating eq 30, one finds that 

(86) 

and 
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au2 ae 
-=-Ul-· 

axi axi 
(B7) 

Eliminating ex and cy from eq 29 and 30, one finds 

1 ,/, 2 ,/, u2 = u cot YJ + u. cosec YJ l (B8) 

where tj; is given by eq 27. 

We are now ready for the following transformations: 

i av i avjui 
U -=U --

dxi axi 

i (avi . a~) 
=U -W+V·-. J • 

dx1 dx1 

(B9) 

Substituting u2 in eq B9 from-eq ·ss all the base vectors in··eq-B9 become superscripted. In this 
way the right-hand side of eq B4 can be expre.ssed with superscripted base vectors. 

Equating the components of superscripted base vectors in eq Bl and B4, thus transformed, we 
find that £11 and £22 are given by the left-hand sides of eq 40 and 41, respectively, and that £12 is 
given by y12 in eq 44, where eq 39 is used. Use of eq 45 then yields eq 40 and 41. 

It is noted that eq 45 is obtained by expressing f" 11 , f- 22 , and y12 with the x, y-components and 
using eq 5. 
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IN STRESS CHARACTERISTIC DIRECTIONS 
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Let up and uq be the directions of active and dormant stress characteristiecurves,respectively: 

up= ex cos(O(±) o) + ey sin(O(±)o) 

uq = ex cos (0 0 o) + ey sin (0@) 0). 

From eq 29 and Cl, we find that 

I 

(Cl) 

(C2) 

Let p and q be the lengths on the stress chc,tracteristic curves·. They must satisfy the relation: 

(C3) 

Substituting eq C2 into the right-hand side of eq C3, and comparing the coefficients of ~ and uq, 
we find · 

dp = ds 1 @ ds 2 sin 2x cosec 2o 

dq =@ ds 2 sin ljJ cosee2o. I 
(C4) 

Use of eq C4 yields the relations between the directional differentiations: 

a a 
asl ap 

®'. 2 ~ a . 2 a . ·'· a 1n u - = - sm x - + sm 'P -'--- • 
as2 ap aq 

(C5) 

The relation between superscripted velocity components is found as follows. Solving eq C2 
for up and uq, we obtain: 

I (C6) 
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Substituting eq C6 into the relation 

we find: 

v 1 sin 1/J = vP sin 1/J + vq sin 2x l ·cc7) 

To find the relation betwe.en subscripted velocity components, we must formulate the super
scripted unit vectors uP and uq dual to up and uq~ They are given by lise of eq Cl as: 

@uP= ex sin(8@ B)- ey cos(8(98) 

@Uq =-Cx sin(8@o) +Cy cos(8@o) 

where 

u . uP = u . uq = sin 28 p q 

uP . uq =- u . u =-cos 28. p q l 
Eliminating ex and cy from eq 30 and C8, w~ find 

uP sin 1/J. = u 1 sin 28 @ u2 sin 2x l 
Substituting eq C 10 into the relation 

v u 1 + v u2 
= v uP + v uq 1 2 p q 

we find 

v 1 sin tjJ = v P sin 2o 

v 2 sin tjJ =@ v P sin 2x @ v q . l 
Using eq C5, C7 and Cll, eq 40 transforms to 

and eq 41 transforms to 

l (C8) 

(C9) 

(ClO) 

(Cll) 

(C12) 
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dvp av dv av . 
- sin 2 2x- _q sin 2x- ~sin 2x sin tjJ + _q sin tjJ 
~ ~ ~ ~ 

1?\ (vP sin~' + Vq sin 2X) (- d() sin 2X + d() sin~') + 
\6) dp dq 

(C13) 

+ 2vq cot tjJ ( dt/J sin 2x - ax sin~) = 0. 
dp dq 

The equation (eq C12) on the active curve is simple, but the equation (eq C13) on the dormant 
strain-rate characteristic curve is complicated. 

The re_lation between the dual velocity components v P' v q' vP, vq is needed in Example 2. 
They are g1ven as: 

v P sin 2o = vP + vq cos 2o 

v q sin 2o = vP cos 28 + vq . ) (C14) 
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in which the angle of non-coaxiality is assumed to be zero does violate the assumed 
boundary condition. The theory was reorganized bv using new insights given bv 
Mandl and Luque. It is concluded that still missing is one condition that enables 
us to determine the angle of non-coaxiality as a function of space. 
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