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SUMMARY 

The theory of snow densification is further developed on the basis 
of an exponential relation between viscosity and density. A linear re
lation between load-stress and strain rate is not valid for high stresses, 
and is replaced by a hyperbolic sine function. An empirical function is 
given for the temperature cycle correction. Two equations are derived 
for calculating depth-density curves with computers, and a simplified 
one for use with desk calculators. Instructions are given for determi
nation of function parameters from field data. Four depth-density 
curves for Greenland and Antarctic locations are computed and graphed 
to show that the theory is useful. 



THEORY OF DENSIFICATION OF DRY SNOW ON 

HIGH POLAR GLACIERS, II 

by 

Henri Bader 

INTRODUCTION 

This paper is a further development of the theory given in Bader (1960). The 
stress.analysis is incomplete and unsatisfactory. It requires further development, 
which perhaps cannot be done without new laboratory work on the behavior of snow under 
combined stresses. 

The choice of the simplest function to satisfy the boundary conditions may not be 
the best, but a better one would have to emerge from an improved stress analysis. 

NOTATION 

T = shear stress, g/cm 2 

~ pressure, g/cm 2 

'I density, g/ cm3 

'{· density of ice, 0. 917 g/cm 3 
1 

'I 0 = density of snow at surface 

E: = strain rate, year - 1 

11 Newtonian viscosity, g/ sec em 

-flc = densification viscosity factor 

. -1 
v specific velocity of densification, year 

A rate of accumulation, g/ cm 2 year 

t time, year 

h = depth below surface, em 

a, b, c, ~ 0 arbitrary constants 

k, m temperature-cycle correction parameters 

T absolute temperature K o 

.Stress analysis 

The normal stresses acting on a snow element are 

~z load stress 

~x = ~y = lateral confining stress. 
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We now consider a cross section through the element. 

dy 
dz 

2 .J2 

r da ~ dz 
T z '\[[ 2z 

z 2 

da 1 dz 
where t is time dt = Z'Cit' 

(T - (T 

1 
T max 

Z X 

2 
= max shear stress 

An analysis identical or similar to the foregoing was made by R. Haefeli about 1940 
{reference unavailable). 

As cr is not known, we must make a reasonable assumption: The boundary conditions 
X 

are most probably 

crx 

crz 

(T 
X 

crz 

= 0 
lim 
y- 0 

= 1 
lim 

y-yi 

/ 

tJ"x approaches zero faster than crz 

the stress condition becomes hydrostatic in dense ice 
{density y.). 
. 1 

These conditions are satisfied by the simplest relation 

cr = L cr 
X '{i Z 

where y is the snow density. 

In this case T 

yi-y 
= --- (T 

'~i 
where cr is the snow-load pressure. 

Analysis of densification process 

We now use the Newtonian viscous shear equation: 

where £ is the strain rate, and '1 the viscosity. 

£ 
da 
dt 

l dz 'i i - 'I cr 
= zdt = -v =~z:r) 

where v is the specific velocity of snow densification. 
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For a given CT, v decreases very much faster with increasing y than indicated by 
'Y i - 'Y; therefore -11 is a strong function of 'Y. 

3 

The range of validity of Newtonian flow is found to be approximately 0 < CT< 1000 g/cm2 • 

For this range we now derive an equation for the depth-density curve as was done by 
Bader ( 1960). 

- v = ~~= 
'Y dt 

( 1) 

setting CT = At, where A is the rate of snow accumulation, separating variables, and 
integrating, we obtain 

fi: 
t = 2 J-i (2) 

where 'Y 0 is the surface snow density. This relates the age of the snow, since it fell, 
and its density. 

We now use the second expression for v, which derives from Sorge's law (Bader, 
1960): 

- v = 

where h is the depth below the surface, and A the mass rate of snow accumulation 

or 

A ~ = Yi- 'Y At 
- 'Yz Cili 'Y. 2;j 

dh 

1 

2'1·11 
1 

= 'Yz(y.-'Y)t d'Y·· 
1 

(3) 

Eliminating t by substitution of eq 2, and integrating, we obtain has a function of 'Y: 

(4) 

Yo y yi y "Yhi -y) 
Yo 

This is the equation of the depth-density curve, not yet corrected for the effect of the 
annual temperature cycle. The viscosity 11 must become zero for 'Y = 0 and it is con
venient to introduce this boundary condition here by substituting 11 = 'Yf.L: 

'Y 

h = VAyif ( -) lr;;;; (5) 

'Yo y yi y 'Y Yi- 'Y) . 
'lo 

The mean surface snow density is seldom smaller than 0. 36 g/ cm3 and the Newtonian 
flow law is usually invalid beyond y > 0. 6 because then <r approaches 1000 g I cm2 • 
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Now it happens that the value of )'( 'Yi - )') is close to constant in this interval, 
rising from 0. 201 for 'Y =0. 36 to a maximum of 0. 210 for 'Y = 0. 458, arid dropping to 
0. 190 for 'Y = 0. 60. Eq 5 can thus be simplified by taking 'Yhi- )') out of the integration 
and giving it a mean value 'Yhi - y). 

( 6) 

Eq 5 then simplifies to 

h~~J~t: 
Yo Yo 

( 7) 

By trial and error, the expression 

f.l = cebY, (8) 

first proposed by Yosida (1956), was found to fit much of the available field and 
laboratory data quite well. 

We must now introduce a correction for the annual temperature cycle, which pro
duces a higher rate of densification than would be the case at constant mean temperature. 
This is discussed in Bader (1960), and it will be shown later that the cycling effect can be 

satisfactorily, expressed by means of a factor (1- kemyoe -my) where k and mare 
empirical constants. The viscosity term must be multiplied by this factor, which rapidly 
decreases with increasing )', corresponding to increasing depth. Eq 5 now takes the form: 

(9) 

and the simplified eq 7 becomes 

( 1 0) 

It is noted that eq 9 and 19 have only 2 arbitrary parameters, namely~ and~· 

Eq 9 can be used when a computer is available, while eq 10 is much less laborious 
if a desk calculator is used. Depth (h) values computed by eq 9 and 10 differ by only a 
very few percent for y < 0. 6. An example is given in Appendix A. . 

Since the value of the derivative dh/d'Y is infinite at y :~;;y 0 , the first integral incre
ment (.Doh) must be evaluated. This is done by introducing the variable y = y- 'Y 0 • Then 
eq 9 changes to: 
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y 

h I by -my 
JcA~ieb~o ---~------------e--~(1 __ -_k_:-----~)_d~y~-------------

s eby(l- ke -my) dy 
(y +-yo)('li- "Yo- y) 'I·- 'lo-y 

0 . 1 

( 1 L) 

0 

and eq 10 changes to 

( 12) 
y 

S (y +-y 0 )eby(l- ke -my) dy 

0 

By making the first density increment small, for instance y = 0. 001, the higher powers 
can be neglected, so that 

eby ~ 1 +by and 
-my 

e ~ 1 -my. 

The first depth increment is then 

2 . ~ Jeb-yo(l- k)y 
h "' "J cA-yi 

'lo 'li- 'lo 
( 13) 

for small values of y ='I- y 0 • 

Non-Newtonian densification 

It has long been known that, under shear stresses in excess of approximately 1000 
g/ em 2 , the rate of deformation of snow and ice becomes. a strong function of the shear 
stress. 

Table I. Shear stresses at Site 2, Greenland (77°N 56°W). 

yi--y cr T 

'I --- (g/cm 2
) (g/cm 2

) 'I· 1 

0.50 0.454 340 155 
0.55 0.400 600 240 
0.60 0.346 1030 356 
0.65 0.291 1620 471 
0. 70 0.236 2320 548 
0.75 0. 182 3130 569 
0.80 0. 128 4010 513 
0.85 0.073 5150 376 
0.90 0. 0"19 9000 171 

We note from Table I that the calculated maximum shear stress is well within the 
Newtonian range. The fact that the actual rate of densification at greater depths is 
larger than that computed by using the shear stress, shows that the hydrostatic pres-
sure component an also causes densification, as demonstrated by laboratory work. 
The structure of snow is such that, when a volume is subjected to hydrostatic pressure, 
the grain boundaries are shear stressed. 
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According to our assumptions: 

(). 

Laboratory work (Landauer, 1957) shows that, under hydrostatic compression, a 
hyperbolic sine law fits the data well: 

-v 

and temperature, while a- 0 appears to be a constant with a 

( 14) 

( 15) 

Since experiments show that shear deformation is well represented by· a hyperbolic 
sine law, it is reasonable to assume that in eq 1 we should substitute a- 0 sinh a-/ a- 0 for a-. 
For small values of a-/ a- 0 this substitution is insignificant: 

hence 

sinh x 
x -x 

e -e 

a- 0 sinh ...E:_ 
a-o 

a- 0 sinh ...E:_ 
a-o 

0.2 
0.4 
0.6 
0.8 
1.-0 

2 

lim 

.z_- 0 
o-o 

a- 0 sinh ...E:_ 
o-o 

1. 007 
1. 027 
1. 061 
1. 111 
1. 175 

+ ........ ] 

At Site 2, the maximum shear stress could be 570 g/cm 2 • If a- 0 = 700, as indicated by 

laboratory work, then ...E:_ = 0. 81 and the maximum difference between the use of a- or 
o-o 

a-o sinh ...E:_ is some 12%. 
a-o 

There exists presently no theory for calculating the magnitude of internal grain 
boundary shear produced by o-h, and there is a complication due to the fact that o-x and 
the equal o-y are stresses which, in vertical densification, do not produce deformation 
in the horizontal plane. There is no doubt, however, that the shear deformation due to 
O"'h must be added to that due to T. I have presently no option but to lump the two com
ponents by using a-z =a- as the argument, and to substitute a "densification viscosity 
factor" 11c for the Newtonian shear viscosity term 2Tl. 

The elementary stress analysis given at the beginnl.ng may be erroneous. If so, 
then we have to take a more empirical approach and write 

- v = 
a- 0 sinh ...E:_ 

a-o 

Tlc 
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where 'lc 

f.:. : a = 2c'Yi as previously used. 

An attempt was made to fit depth-density curves on the basis of two power laws. 

-v "'a-3 and 

It was found that curves can not be fitted with these densification laws. 

Equation for hyperbolic sine densification law 

= a- 0 sinh~ a-o 

'{ t 
r. I] J 'Yc d'Y = -s At a- 0 sinh- dt 

a-o 
'Yo 0 

'{ 

A s 'lc 1 +- - d'Y 
a-o 'Y 

cosh~ 
a-o 

'Yo 

o-2 o-
-0 (cosh-- 1) 
A o-o 

adding and subtracting =sinh~ 
a-o 

'{ o-

1 + ~ s 'lc d'Y + 'lc v = e a-o • 
a- 'Y o-o 

o 'Yo 

Multiplying these two equations, and solving for - 'lc v 

A S" 'lc d (s" 'lc d + ~ ) 
'Y 'Y 'Y 'Y A 

'Yo "Yo 

using separating variables, and integrating: 

~,f~ I] d'Y c 
h 

'Y2 f~cdy (¥ + f ~c dy) 
'Yo 

'{ 0 - 'Yo 

7 

( 16) 

which is the depth-density relation at constant temperature. dh 
Taking the derivative cry 

and -using our two expressions for ~' we obtain the time necessary for reaching a 
given density. 
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t = a-o 
A 

'{ s 'lc d'l 

'io '{ rx 
( 1 7) 

where x is the expression under the square root of eq 16. Introducing the temperature 

co~rection, and 11 = ~ eb-y, we obtain a new equation for the depth-density curve. 
c 'ii--y 

h 

/

'1 eb'l(l- kem'~ 0 e -m'l) d 

a- o _____ s_"_e_b_-y_( l---k-e.....:m_-y_o_e ___ m_-y_)_d_(_2.:....a--~...J._+_S_"_e_b_-y_(_l ___ k_e_m_'i_o_e ___ m_-y_) d-J-

'1 ('I i - 'I) '{ . - 'I 'I a A '{. - 'I 'i 
'io 'i o 1 '{ o 1 

(eq 18) 

It turns out that for relatively small values of -y, the integral term occurring twice under 

the square root sign is small compared to :cr-J. . Neglecting the one in brackets, eq 18 

reduces to eq 9 which we now write as 

h (19) 

Eq 18 and 19 were programmed for the USA CRREL Bendix G-15 computer by Mr. D. E. 
Nevel, and the curves to follow were drawn from machine-computed tables of h for given 
densities. High integration accuracy was assured by using density increments-of only 
0. 00 l. 

Determination of parameters 

The problem is to determine the parameters of eq 18 from field data, consisting of 
measurements of temperature, densities, and corresponding depths beneath the surface. 

Data for deep pits and drill cores. The points of determined density are plotted 
against depth, and.a depth-density curve is drawn, so that in appropriate depth increments, 
for instance 25, 50, or 100 em, there are close to equal numbers of points on both sides 
of the curve. The irregularities of the curve must now be eliminated by drawing a 
"smooth" mean curve, on which the derivative dh/ d-y is determined graphically by fitting 
tangents at points corresponding to values of '{ increasing by increments of for instance 
0.-02. The values of these derivatives are plotted against -y, and a "smooth" curve is 
again drawn from which final values of the derivative are picked. Corresponding values 
of a- are next determined, for instance from a curve of a- versus depth, which is easy to 
construct from the raw data. A table is made with the following headings: 

'{ (for instance in increments of 0. 02) 

-yi--y =0.917--y 

dh 
d-y 
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J[.... for o-o = 700 g/cm 2 

<JO 

log10 sinh~ <To 

by adding logarithms, we obtain values of 

log10 [l'h· - y) ddh <Jo sinh~] = log10 x 
1 . '{ <JQ 

<To sinh~ 
from the basic relations - v = ___ __..:<J_.o~ -~b)' 

'lc - e , 

we deduce that 

and 

b = lnx- lnaA 
'{ 

= 

'lc yi-y· 

2 
· 

303 
(log x 2 - log xtl 

Yz - Y1 

log (aA) = log x - 0. 434b)'. 

-A~ 
-v --:yr dh 

9 

(20) 

(21) 

The parameter b is obtained by plotting log x against "' using only values for y > y 5 , 

where y 5 is density at 5 m depth, because here the temperature cycle correction is 
negligible. If the points show too much deviation from a straight line, then the calcula
tion is repeated by using a different value for <Jo (for instance 650 or 750) until the points 
of the graph permit drawing of a representative straight line from which values of log x 1 , 

log Xz, and the corresponding y 1 and l'z can be picked. · 

We now have the three parameters b, <Jo, and a, if A, the average rate of accumu-
lation, is known. - - -

Data for shallower pits. For depth-density profiles of 10 m or so, where 
<J < 800 g/cm2 , one may wish to use the Newtonian eq 19. The parameters aA and b 
max 

cannot be well determined without application of the temperature correction. Hence k 
and_::: must first be estimated, as described later. 

In analogy to eq 20 we now have 

2. 303 [ b = --- {log x 2 +log y1 ) - (log x 1 +log 
Yz - Y1 

(22) 

where 

yl = 1 Yz 
1 - ke myo e -my z 

and 
logaA = logx- logy- 0.434by. (23) 

Correction for annual temperature cycle. At present,, the temperature-cycle 
correction parameters k and m can be determined only if there are adequate measure
ments of temperature as a fuoction of time at different depths below the surface, but it 
should become possible to calculate them, given only the depth-density curve, the rr1ean 
annual air temperature and the annual air temperature amplitude. The viscosity is a 
function of temperature. Let the "densification viscosity factor" be 'lee at absolute 
temperature T e' and 'lcm at ..!rn' then 



10 DENSIFICATION OF DRY SNOW ON HIGH POLAR GLACIERS 

E ( 1 1) 
llc e = llc m exp R T - ~ · (24) 

e m 

If Im is the mean annual snow temperature, which is very close to the mean annual 

air temperature, and .6. T the annual amplitude, then T varies from T + .6. T to 
- -m 

Im- .6. T. By expressing the cycle as a sine wave, we can calculate an equivalent 

temperature Ie• such that 

E 
exp - RT 

e 

ti 

= ~ Sexp[---E-~]dt 
t 1. O R ( T m + .6. T sin 2 ;r :

1 
) 

where t 1 is one year, and t/t1 is a fraction of a year. Thus if a snow layer is sub
jected fO an annual temperature cycle of amplitude .6. T around T , its increase in 

-m 
density will be equal to that of an identical layer held at constant temperature Ie. 

Function 25 has been calculated on the USA CRREL computer and graphed by 
Mr. Nevel. The graph (Fig. 1) is used in the following manner: 

E 
1) Calculate R T (E = 14,000 to 16,000, R = 2, Tm = deg. Kelvin) 

m 

.6.T 2) Calculate -- from measurements of .6. T at a given depth, and note the 
Tm 

corresponding density. 

(25) 

3) Determine the point on the graph corresponding to the value of .6. T and R ~ 
and read the value of exp E ( _l_ - - 1-) T m m 

R Te Tm 

4) Plot the log1 o E( 1 of 1 - exp - -- -
R Te .f-) 

m 
against y. 

It will be found that the points lie satisfactorily on a straight line, except those for 
large values of y (greater depth), where ~ T is insignificantly small. This is presently 
a purely en:pirical finding. 

If 
Yo 

Y1 

1 - exp E (-
1

-- R T 
eo 

.f-) 
m 

1 - exp E (-1- - _1_) 
R Tel Tm 

the slope of the line is : 

log ll 
s = Y1 

Y1 -Yo 

at the surface density yo 

at some density y
1 

Let m = Sln 10 = 2.30S and k = 1 - exp E (-
1
- - -_

1
-) where T is the equivalent R - T T -e 0 e 0 m 

temperature at the surface, then: 

E ( 1 exp- -
R T e 

~) = 1 - kemyo e -my 
.m 

( 26) 

Eq 26 is the temperature cycle correction factor to be applied to llc according to eq 24. 



-1.8 

-us 

-1.4 

E -1.-- -1.2 

I 

-r~--· 
wiQ: -1. 

-0.8 

-0.6 

~0.4 

-0.2 

0. 
22 23 24 

------------------------------------------------------------------------------------~ 

25 26 27 28 

E/RTm 
29 

Figure 1. 

30 31 32 33 34 

I!S 

0.2 

.4 wfa:: 
0. 
)( 
Q) 

6 

.7 

.8 

9 

...... 

...... 



12 DENSIFICATION OF DRY SNOW ON HIGH POLAR GLACIERS 

It is noted that T , and hence the parameter k, can be determined from knowledge -eo - . 
of only the me an annual temperature T m• and the annual amplitude ~ T 0 at the surface. 
Considering that the value of the parameter m may vary only slightly, and that the 
temperature correction factor is often not critical, it should be satisfactory to use a 
standard value for m when it cannot be calculated because of lack of measurements. 
m = 43 is indicated~ \ 

An example of calculation of k and m is given in Appendix B. The effect of the 
temperature cycle correction is illustrated by Figqre 2, a Greenland situation where 
k = 0. 535, and m = 43. 2. The practically straight line section between 1 and 4 m depth 
is noteworthy. 

Data for shallow pits. The prospects for obtaining the values of b and aA from 
data from snow pits only a few meters deep are not good. There is a widespread strong 
density anomaly in the upper layers in Antarctica, as shown in Figures A3 and AS, 
which gives a highly excessive value of the slope dh/d-y. The anomaly is not related to 
variation of the rate of accumulation; perhaps it is evidence of a strong upward migra
tion of mass by sublimation. The phenomenon is much les·s pronounced in Greenland. 
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Di.scus sion 

Parameters for one snow profile from Greenland and three from Antarctica are 
given below (see App. B). 

Wilkes Site 2 Byrd South Pole 

Tm -19.4 -23.3 -28.2 -51.0 

'{o 0.42 0.36 0.36 0.36 

A 13.3 41.0 15.5 6.6 

b 15.77 21.05 18. 10 21. 68 

a 3.29 0.406 3. 14 3.62 

era 663 663 765 -
m ( 43) 43.2 ( 43) 42 

k 0.280 0.535 0.500 0.730 

This summary hardly shows a trend in interrelation of parameters. A much larger 
number of locations would have to be analyzed. The large scatter of density points on a 
depth-density graph is such that different individuals would draw different curves as the 
best representation of the field data from a given location. There is also considerable 
tolerance in the choice of the parameters a, band cro in fitting a given curve. The use 
of three arbitrary parameters in a functional-relation is often a sign of theoretical weak
ness. In this case it is probable that cro should be a constant, characteristic of the 

·material. The parameter b must typically be dependent on snow sequence type, while a, 
as a proportionality factory of the viscosity, must contain a term which is temperature
dependent according to eq 24. 

~ I en 
0:: 4 w 
..... 
w 
~ 

; 5 
..... 
a. 
w 
0 

• 6 
s:. 

Corrected for lemperolure cycle 

Figure 2. Effect of temperature 
cycle correction. 

0.52 

The next thing that must be done is to 
elaborate a satisfactory method for con
structing the "best" depth-density line from 
field data, with succesive steps in ironing 
out the wrinkles. The aim must be to obtain 
reliable values of the derivative dh/ d'(, 
which is critical for the determination of 
parameters _£and aA. 

It must also not be forgotten that the 
whole theory is based on validity of Sorge's 
law, which requires the rate of accumulation 
to be constant. At the South Pole, for instance, 
the rate of accumulation, over a number of 
years, from 1835 to the present remained 
fairly steady at 7. 3 g/ cmZ year, while from 
1760 to 1835 it was equally steady at 5. 3 
g/cm 2 year. Hence a calculated curve for 
the South Pole profile should not fit well 
much below 19 m, the depth of the 183 5 
snow layer. 

. It is really quite remarkable that the 
'\ densification viscosity factor for any given 

locality should be representable by such a 
simple function of density as exp b'{, with 
b a constant throughout the whole range of 
snow types from new snow to ice. It is in
dicative of a simple physical law governing 
the process of metamorphism, which we have 

l
' not yet even begun to understand in terms of 

snow structure and texture, and their evolu
tion with time. 
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A detailed investigation of this subject could greatly contribute to progress in the 
important general field of mechanics of porous crystalline aggregates. The difficulty 
lies in the choice of what to investigate. Satisfactory criteria for parametric descrip
tion of structure and texture of aggregates have yet to be established. 

Glaciological engineering aspects 

For engin-eering purposes the upper 10 m of the depth-density curve can usefully be 
approximated by a straight line, 

y = Yo + sh or 

y = snow density, g/cm3 

h = Y..:::..:iJL 
s 

y0 = surface snow density (straight line intercept) 

h = depth below surface, em 

s = dy I dh slope of depth-density line 

a- vertical snow load pressure, g/cm 2 

A = rate of snow accumulation, g/cmZyear 

t = time elapsed since snow was deposited, years 

"lc = densification viscosity factor 

(2 7) 

V = downward velocity, of a snow particle with respect to the surface, em/year 

v = specific velocity of dens ification, year -l . 

The following relations are deduced from Sorge 1 s law and eq 2 7: 

h 
a- = At = j y dh = Y ~ ~ y5 = h ( f h + y 0 ) 

v = dh 
dt 

dV 
v = dh 

0 

A 

'I 

A = sh + y 0 

As 
(sh + Yo)z. 

y = .J yJ- + 2Ast 

h vy& + 2Ast - Yo 
s 

s 
(J" yz (yZ _ yt) h ( z h + yO ) ( S h + y 0 )Z 

"lc = = = -v 2As 2 As 

(28) 

(29~ 

(30) 

(31) 

(32) 

(33) 

q.) An object placed at depth h and not moving with respect to the surrounding snow 
will sink, with respect to the sur.fuce, with velocity V. 

V = A 
sh + y 0 

In time .D. t the object will move down a distance .D.h below h. From eq 2 7 and 28 we 
obtain: 
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.Ah = 
J -y~ + 2As.At - -yh 

s 

' .Ah 
At = 

2
A (2-y0 + 2sh + s .A h) 

= "./ (sh +-ya) 2 + 2As.At - (sh +-y0 ) 2 

s 

where t is given in years and!:_ in centimeters. 

15 

(34) 

(35) 

These equations permit calculation of the position of an embedded body at any time, 
as long as it is in the upper 10 m. For greater depth, eq 2 or 17 should be used, or the 
curve can be approximated by straight line segments. 

b) If a roofed trench or a tunnel is excavated, with the roof at depth hr and the 
floor at depth hf, then the minimum loss of headroom with time can also be calculated. 
The actual loss will be larger, because the snow load over the roof is distributed to 
both sides of the tunnel and produces some additional densification. The inward bulging 
of the trench sides also increases loss of headroom. 

Let At be the time elapsed since roofing of trench or excavation of tunnel. We 
first calculate, by eq 28, the ages ..!r and..!£ of the snow at roof and floor level. 

t 
r 

h (2-y0 + sh ) 
r r 

2A 
and 

hf(2-y0 + shf) 

tf = 2A (36) 

then, according to eq 32, we obtain the minimum headroom .Ah, as a function of time At. 

J "Yo + 2As (tf +At) 
.Ah = hf - h = r s 

J "Yo + 2As (tr +A tl 

s 

The minimum rate of loss of headroom at any given time At is: 

d( A h) = V _ V = A ( 1 1 .) 
dt r f shr +"Yo - shf + "Yo 

where .!:r and .!:f are calculated by eq 37. 

(3 7) 

(38) 

c) The effect of surcharge or undercharge can be estimated by assuming that there 
are no side effects: i.e., that the column of snow under the load is isolated. The calcu
lated difference in the settlement between the base of the load and the corresponding 
level in the undisturbed snow is then larger than the actual difference. We calculate the 
maximum differential settlement. 

First we choose a base level H below which the effect is expected to be negligible. 
Then we assume a moderate surcharge +A(]", or undercharge -A(]", to be acting in 
addition to the snow load (J' at depth h. The total load (J' +A (J' should not exceed 1 kg/ cmZ 
in order not to invalidate Newtonian flow. The base level H is therefore put no deeper 
than the depth where (J' +A (J' = 1 kg/ cm2

• The problem is now reduced to considering the 
change in height of two columns of snow, one with a pressure (J' at the top, the other 
with (J' ± A(]". The columns are initially of equal length _!:o: 

L 0 = H- h. 

The length, after time .At, of the column under the snow pressure (J' is given by eq 36 
and 37, substituting !:_for ~r• and H for ~f· 

h(2y0 + sh) 
2A and = H(2y0 + sH) 

2A (39) 
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J '18 + 2As (tH + At) 

s 

J 'lg + 2As(th +At) 

s 

Calculation of ALz is more complicated. We use eq 28 and 33: 

-v 

---L.. = 2AsZ - -dv y Z - iJ- ± 2 s A <T 

dt 'I 'lz - '{6-) 

This integrates to 

1 [ ) yZ - ya ± 2 s A <T J 
At = 4AsZ A'{(2'{ +A'{ ± 2sA<Tloge ('{ + A'{)Z _ '15 ± 2 sA<T 

which can hardly be solved for A'{. 

(40) 

(41) 

(42) 

We therefore abandon the analytical approach and use a method of finite increment~. 
The column is divided into a reasonably large number n of increments of equal thicknes's 
AH. 

L 0 = H - h = n AH. 

The average density -:y of each increment is calculated. 
~ensity of the ith increment is: 

- ( 2i - 1 ) 'I i = '{o + s h + ~ L o • 

Beginning at the top, the 

(43) 

The pressure on each increment is also calculated using eq 28. The pressure on the 
i th increment is: 

(44) 

The rate of densification of the ith increment is given by eq 33: 

- v. 
1 

NOTE: Here, 'li is not the density 

of ice, but that of the i th 
increment. 

This becomes, on choosing a not too large time increment At: 

(45) 

Conservation of mass of the layer AH requires that 

(46) 
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or 
~h. 

1 

The. reduction in length of the column is 

i=n i=n 
A 'Yi 

~Lz = L: ~h. = Lor: 1 'Y· + ~ 'Yi i=l 
i=l 

1 

(4 7) 

and the differential settlement is 

which is positive or negative, depending on the sign of ~cr. When settlement time is 
long, it must be split up into smaller increments ~ t. The described calculation is then 
repeated, adding the ~'Y· to "f. at each successive step. 

1 1 

The maximu.m initial rate of differ entiat settlement dL/ dt is obtained as follows: 

-v cr 

'llc 

H 
dL1 

= s ~dh dt 'llc 
h 

H H 
dL2 s cr ± ~ cr dh dL1 ± ~cr s dh 
dt = = dt 

h 
'llc 

h 
'llc 

H 'YH 
dL dL1 dLz 

=F ~cr s dh ~cr s ~ dt = dt - dt = = =F 
'llc s 'llc 

h 'Yh 

/ 

YH 
dL 

=F 2As~cr s dy 
dt = 'Yz ( 'Yz .. 'Yl-) 

'Yh 

2 A "zf). rr [ _1_ 1 1 ("H + 'Yo "h -Yo) J = =F -- + -log · 
'Yo 'Yh 'YH Zyo e 'YH - 'Yo 'Yh + 'Yo 

(48) 

where 'Yh = sh + 'Yo and 'YH = sH + 'Yo. 

When A cr is large or the depth greater than some 10 m, it becomes necessary to use the 
hyperbolic sine densification law and the variable derivative dy / dh. The calculations 
then merely become much more cumbersome. 
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The theory is not applicable when r:r + A r:r exceeds 5 kg/ ern z, for instance under 
heavily loaded piles, or when differential settlements are large, because the new snow 
types produced will have· different densification viscosity factors. 

As already stated, the calculated rates of differential settlement will be larger than 
the actual ones, because of neglect of vertical shear components. In effect, these pick 
up. some of the load difference. If this can be estimated, for instance according to 
Boussinesq, then it is easy to modify the calculation by increments and obtain a second 
approximation. 
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APPENDIX A. 

Example of a calculation with desk calculator 

Comparison of the full and the simplified equation for the depth-density curve based 
on Newtonian viscosity. 

Full equation: 

h 

simplified equation 

h = 

Value of parameters 

b = 21 

k = 0.535 

'{o = 0.36 

'I· = 0.917 
1 

0 

b" my -m" e 1 
( 1 - ke 0 e 1 

) dy 

'lo 

by -my 
e (1- ke ) dy 

y 

S (y + 'lo) eby (1 - ke -my) dy 

0 

m = 43.2 

Ac'l· = 1 
1 

'~max = 0.6 

The calculation of h was made on an electric desk calculator and with a logarithm 
table, and is given in detail as a guide to procedure. The calculation consumed some 
6 hours. 

Firstincrement Ah, for A'{= y = 0.001 

Ah = 7.03 

Columns are arranged in the following order on a large sheet of paper. Work with 
5 decimals or significant numbers. 

[ 1 ] '{ 

[ 2] y = 'I - 'lo 

[3] byloge=0.434294by 

[ 4] e by = 1 0 [ 3 ] 

[ 5] my log e = 0. 434294 my 

[6] n- [5], where n = 1,2, 3 etc., such that 0 < n- [5) < 1 

[7] 10-nxlo[ 6 ] = e-my 
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[ 8] 1 - ke -my , Obtained by negative multiplication of [ 7 J by~ 

[9] [4] x[8] =eby(l-ke-my) isthenumerator. 

[10) yx[9] =(y+y0 )eby(l-ke-my) 

[ 11] increments of integral in denominator. Add the first ( [ 10 h) and second ( [ 10 lz) 

terms in the [ 10] column, divide by 2, and multiply by the density increment 

Y:a- y 1 • The second increment is [lOh ~ [lO]z (y3 -yz). Continue in the 

same .manner down the column. 

[ 12] value of the integral in the denominator. Accumulative summation of the values 
of [11], ·the first term in column [12] being zero. 

[13] log [12] 

[ 14] 1 of the values of [ 13] = log of denominator. There is no value for the first 
term. 

[ 15] log [ 9] = log of numerator. 

[16] [15]- [14] =log of derivative. There is no first term. 

[17] lo[l6] x J5cAyiebYo =value ofderivative. Thefirsttermis oo. 

[ 18] .6.h = increments of h. First increment is given by eq 13, the second increment 

is [17Jz + [17h ( _ ) 
2 Y3 Yz 

[ 19] h z = accumulative summation of increments of [ 18]. 

Table Al lists columns [ 1], [ 2 J, [ 1 7], [ 19 J, the values of the derivative (dh/ dy) 1 , 

and the function (h 1) obtained from the full equation programmed on a G-15 Bendix 
computer with densification increment of 0. 001 throughout the whole range. It is seen 
that use of the simplified equation is entirely adequate, but should not be carried beyond 
y = 0. 6, where the error becomes significant. 

The factor ~cyiA = J ¥ can be ;aried for curve fitting. If the curvature is wrong 

(the larger b, the larger the curvature), the calculation is repeated, choosing b z = b 1 ± 2. 
Inspection ot a number of computer strips reveals that one can then obtain very close 
values of h for other values of~ by logarithm-ic inte,rpolation. 

b- b 1 bz - b h 
log h = bz - bl log hz + bz - bl log 1 for any given y. 

Great care is required in estimating the value of the temperature cycle correction 
parameter k, from Antarc~ic data, where derisity anomalies in the upper layers are 
frequently fOund. When k > 0. 8 the te.mperature correction becomes extremely large, 
strongly affecting the shape of the depth-density curve. When eq 18 is used, and the 
curve does not fit the data well, adjustment can sometimes be made by changing the 
multiplier <ro. The parameter aA must then also be changed in order to keep the value 
of 2rr'E/aA constant. -
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Table Al. 

[ 1] [2] [ 1 7] Computer [19] Computer 
derivative derivative 

y y hz' hl ... hz hJI 

0.360 0. 00 -- 0 0 

0.361 .0.001 3658 3696 7.03 7.03 

0.362 0.002 2711 273"7 10.22 --
0.363 0.003 2312 2333 12.73 12.69 

0.365 0.005 1940 1955 16.89 16.93 

0.370 0.010 1619 1622 25.88 25.69 

0.375 0.015 1513 1516 33.71 33.53 

0.380 0.020 1469 1468 41. 16 41.23 

0.385 0.025 1454 1449 48.47 48.25 

0.390 0.030 1454 1446 55.74 55.48 

0.395 0.035 1465 1455 63.04 62. 74 

0.400 0.040 1475 1471 70.39 70.05 

0.410 0.050 1542 .1524 85.?7 85.00 

0.420 0.060 1619 1597 101.4 100.6 

0.430 0.070 1738 1690 118.2 117.0 

0.440 0.080 1830 1802 136.0 134.6 

0.450 0.090 1960 1934 154.9 153. 1 

0.460 0. 100 2113 2086 175.3 173.2 

0.470 0. 110 2285 2260 197.3 194.5 

0.480 0. 120 2480 2479 221. 1 218.5 

0.490 0.130 2699 2681 247.0 244.2 

0.500 0. 140 2943 2933 275.2 271.2 

0.510 0.150 3225 3215 306.0 302.9 

0.520 0. 160 3424. 3532 339.2 336.4 

0.530 0. 170 3771 3888 375.1 373.7 

0.540 0. 180 4073 4285 414.7 414.5 

0.550 0. 190 . 4572 4730 458.3 460.6 

0.560 0.200 5040 5227 506.4 509.4 

0.580 0.220 6089 6409 617.7 625.3 

0.600 0.240 7356 7891 752.2 767.7 



APPENDIX B. SNOW DENSITY PROFILES. 

a) Site 2, Greenland (77°N 56°W), elevatio.n 2100 m. 

Temperature correction: T = -23. 3C = 250K m 

E = 16, 000 cal/ mol 

h 
AT AT 

l - E ( 1 -+-) ry--- exp R T y 
(em) m e m 

0 15.7 0.063 0.535 0.340 

50 11. 3 0.045 0.350 0.350 

100 7. 1 0.028 0. 165 0.367 

150 4.9 0.020 0.092 0.381 

200 3. 1 0.012 0.035 0.396 

250 1.7 0.007 0.015 0.406 

300 0.8 0.003 0.005 0.417 

From Figure B1 the te.mperature correction parameters are m = 43. 2, and 
k = 0.535. 

The parameters of eq 18 are: 

I 

-t~· 
~~ 0.1 

: 0.04 
~ 

0.02 

Yo 

Y· 1 

A 

a 

= 0. 360 g/cm3 

= 0.917 g/cm 3 

= 41.0 g/ cmZyear 

= 0.406 

O.OI L.._--=o~.3....,...4 _J..__-=o~.3c::-6 -J..__--:o~.38=-=---'---,o::-'.4~o~ 

y 

o- 0 663 g/ cmZ 

b = 21.05 

m = 43/2 

k = 0. 535 

Yo = 0. 535, Yl = 0.040 

Yo = 0.340, 'Yx 0.400 

1 0. 535 
0 g ""0"':04 

18.76 s -= 0.06 = 

m = 18 . 7 6 x 1n 1 0 = 4 3 . 2 

k = 0.535 

Figure B1. Determination of temperature cycle parameters. 
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Figure BZ shows that the calculated depth-d.ensity curve fits very well to a 
density of around 0. 83 at depth 72 m. At greater depth the rate of densifica tion is 
much less than predicted. Only a very small part of the discrepancy is attributable 
to the effect of air bubble pres sure. It is more like! y that the hyperbolic sine func
tion is not valid at high load stresses (in excess of. about 5 g/cm 2 ). This view is 
supp'orted by the good fit ,of the equation to Wilkes Station data (Fig. BS), where the 
load is only 4. 3 kg/ cmz at density 0. 91. 

.68 .72 .76 .80 .86 

30 

Figure B2. Depth-density curves, Site 2, Greenland. 

Dashed line is smoothed field data. Solid line is computed 
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b) Wilkes Station (S- 2), Antarctica (66!
0 

S 112i
0 

E), elevation 1140 m. 

Tm , -19. 4C = 253. 7K. 

~ T = 10 6 
, from which k = 0. 28 

m 43, assumed to be the same as at Site 2. 

Parameters of eq 18 are: 

'{o = 0.420 g/cm3 O"O = 663 g/cm 2 

'{· = 0.917 g/cm3 
1 

b 15. 77 

A = 13.3 g/cm 2 year m = 43 

a = 3.29 k = 0.28 

Figure B3 shows a good.fit of the, calculated curve to the field data, from 5 m down. 
There are many ano.malies in the upper layers which are not discus sed here. 

Y ( g/cm3) 
48 52 56 60 -.~.6~4~~.6~a_,~·~72~~·7r6~~-aro~~-~a4~~·ara-._·~.92 

O~T-~~·r-~·.-~~-

10 

20 

40 

50 

60 

Figure B3. Depth-density curves, Wilkes Inland Sta,tion, Antarctica. 
Dashed line is smoothed field data (from Cameron, 1959). 

Solid line is computed. 

B3 
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c) Byrd Station, Antarctica (80° S 120 °W), elevation 1500 m. 

Tm = -28. 2C. This is sufficiently close to the Site Z temperature to justify. 

use of the same temperature correction parameters, which are not critical. 

The parameters of eq 18 are: 

Yo = 0. 360 g/cm 3 o-o = 765 g/cmZ 

Y· = 0.917 g/crn 3 b = 18. 10 
1 

A = 15.5 g/cmzyear m = 43 

a = 3. 14 k = 0.5 

Figure B4 shpws a very good fit to a density of 0. 87 at 72i m. The load here is 
u = 5. 0 kg/cmz, and the age of the snow is t = 322 years·. 

20 

30 

50 

60 

70 

Y (g/cm3 ) 
.44 .48 .52 .56 .60 .64 .68 .72 .. 76 .80 .84 .88 

Figure B4. Byrd Station, Antarctica. Points are average 
density of 1 m increments. (Field data made available by 

A. J. Gow, USA CRREL.) Solid line is computed. 
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d) South Pole Station (90° S), elevation ZBOO m. 

The following temperature data are extracted from Giovinetto {1960). 

Tm = -51C = ZZZK 

h (em) 0 10 50 100 150 
' -

'{ • 360 .361 . 364 . 371 . 378 

AT 30 ll. 5 16 12.5 9.5. 

h (em) zoo Z50 300 400 500 

'{ .386 . 395 .404 . 4ll .435 

.6T 7.5 6 4.5 3 z 

There is a strong density anomaly in the upper 3 m, which would make deter
mination of k and m impossible. The anomaly was therefore very carefully smoothed 
out to obtainthe density values given above. For E = 14,000 cal/mol, k = 0. 73 and 
m = 4Z. 

Figure BS shows a very good fit 
to the smoothed field data. The curve 
was computed with desk calculator and 
logarithmic tables, according to sim
plified eq ll. Setting a= lc'ii' the 
parameters are as follows: 

'{o = 0. 360 g/cm3 

'ii = 0.917 g/cm3 

A = 6. 6 g/cmz year 

a = 3.617 

b = ll. 68 

m = 4l 

k = 0.73 

It is obvious that the Newtonian 
equation begins to fail at '{ = 0. 6. 

Y<91CIR 5 ) 

~~~r---~·4~~ .~ 5 
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Figure BS. South Pole Station. Dashed 
line is SlDoothed field data (from Gio
vinetto, 1960). Solid line is computed. 


