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PREFACE 

The research described in this report was conducted by the Uni
versity of Michigan Department of Meteorology and Oceanography for 
the U.S. Army Cold Regions Research and Engineering Laboratory, 
Research Division (Mr. James A. Bender, Chief) under Grant No. DA
AMC-27-021-63 G7. It was under the general supervision of Dr. R. W. 
Gerdel, then Chief, . Environmental Research Branch, and followed ear
lier work for CRREL at the University of Michigan having to do with 
optical scintillation and visual resolution 'over snow, ice, and frozen 
ground. The work was done between.l Novem'Qer 1963 and 30 May 1966. 

The results .of the earlier work showed that practical-application 
of optical propaga'tion through cold region atmospheres could be seri
ously hampered by diffractiv·e effects. _With the development of con
tinuous wave lasers suita~le f<:>r field use. it became necessary to 
examine more closely the atmospheric limitations to optical propagation. 
The work reported here contributes basic information on the diffractive 
phenomenon known as scintillation. · Although the field experiments were 
not conducted in cold regions, the results are direc_tly applicable to cold 
region environments where scintillation must be· considered as. an im
portant facto:r in the design of laser: systems. 

Part of the research described here was that of W. Gale Biggs. 
His work is more completely described in "Measurement and analysis 
of turbulence near the ground with a hot wire anemometer system, " a 
dissertation submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy at the University of Michigan. · 

The authors are indebted to Mr. Floyd C. Elder and Mr. Francis 
Yockey for their assistance in the measurement phases of the invest
ig::ttion and to Mr. Fred Brock for the nwnerical solutions of equations 
2 . 31 and 2:. 3 2. 

Citation of commercial pr,oducts is for information only and does 
not constitute official approval or endorsement. 

I 

USA CRREL is an Army 0ateriel Command laboratory. 
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SUMMARY 

Laser scintillation was measured for a horizontal optical path 500 m 
long and 1 m high for various conditions of horizontally homogeneous 
turbulence. Wind direction, average vertical distributions of wind speed . 
and temperature, and, in some cases, turbulent fluctuations of wind ve
locity were. measured simultaneously. The results of the measurements 
were analyzed in relation to a set of theoretical relationships derived by 
Tatar ski ( 1961) for electromagnetic wave propagation in turbulent flow. 

Tatarski's derivation of the scintillation frequency spectrum (at a 
point in a plane perpendicular to the optical path) in relation· to the three
dimensional spectral density of index of refraction inhomogeneities is 
su~marized and interpreted in relation to its validity for various con
ditions of turbulence. 

Analysis of the spectral data showed that their characteristics were 
similar to Tatarski's theoretical spectrum if the divergence of the laser 
beam, the size of the receiver aperture, the intensity of scintillation 
and turbulence spectra were considered. Specific results of the analysis 
revealed: ( 1) Agreement between a theoretical variance for scintillation 
calculated from meteorological data and the variance measured from the 
spectral densities; (2) A linear increase of the frequency of maximum 
power with wind speed component normal to the optical path in agree
ment with Tatarski's model; (3) A decrease of scintillation intensity with 
path height and an accompanying increase in its frequency of maximum 
power, both closely related to height variations of stability and wind 
speed; (4) A relative decrease in iptensity of scintillation at low frequen
cies when the potential temperature increases with height. 

The Appendix consists of a description and discussion of the method 
of spectral analysis and its application to processing the scintillation 
and turbulence data. 

v 



LASER SCINTILLATION CAUSED BY TURBULENCE NEAR THE GROUND 

by 

Donald J. Portman, Edward Ryznar arid Arif.A. Waqif 

1. INTRODUCTION 

Recent plans for the use of laser radiation to transmit information and 
energy over long paths have emphasized the significance of atmospheric 
influences. Some of the features of laser radiation particularly useful for 
this purpose may be seriously influenced by commonplace atmosphe.ric 
characteristics. In addition to the obvious effect of attenuation by precipi
tation, clouds arid dust, there are the more subtle clear air refractive and 
diffractive effects. They are generally related to average vertical refrac
tive index gradients which are closely associated with thermal stratifica
tion. The latter is a common characteristic of the atmosphere near the 
ground. 

Refraction of horizontally directed laser radiation in the ~ower atmos
phere appears as vertical displacement and distortion of the beam. Time 
variations in the effect are usually observed to be on the order of minutes 
or fractions of a minute as the average vertical temperature gradierit along 
the length of the beam varies in strength due to the influence of wind or 
clouds. Diffractive effects, on the other hand, are related to small scale 
temperature inhomogeneities created by the mixing action of turbulence in 
a thermally stratified air lq.yer. The consequent temperature fluctuations 
are usually on the order of seconds or fractions of a second. 

Scintillation is the diffractive effect that appears as rapid fluctuations 
in brightness~:~ of a small and distant object. The effect may also be seen, 
in the absence of other light, a's a mottled shadow pattern on a screen per
pendicular to an optical beam. Figure 1 is a photograph, taken in 1 I 1000 
of a second, of a shadow pattern produced by a continuous wave laser beam 
after propagation through a 500-m path, 1 m above the ground. .There was 
steady turbulence and the average vertical temperature gradient was about 
0. 4 C/m at the height of the beam. Such a shadow pattern is never ob
served to be motionless. If the beam consists of parallel rays, the shadow 
pattern moves across the screen with the ·speed of the wind component nor
mal to the optical path. It is apparent that a photometer, having a small 
aperture in the plane of the screen, will sen:~e a fluctuating brightness as 
the shadow pattern moves. Such an arrangement is an easy and commonly 
used method to study the characteristics of scintillation. 

An example of scintillation familiar to all is the twinkling of stars, 
often a major problem for astronomers .. Because little is known concern
ing small scale motions in the higher atmosphere, however, there has 
been a general lack of understanding of stellar scintillation and its relation 
to turbulence characteristics. There have been, nonetheless, many th~o
retical analyses for both optical and radio wavelengths. A comprehensive 
survey of the literature on optical scintillation is given by Meyer-Arendt 
and Emmanuel {1965). 

Theoretical models appropriate for horizontal optical paths in the sur
face layer of the atmosphere have been developed by Obukhov (1953), 
Chernov {1960), ·Tatarski (1961) and Hufnagel and Stanley (1964). Experi-· 
mental results suitable for compari~on to theoretical models that lead to 

*The word "scintillation" used here refers exclusively to brightness or 
intensity scintillation. 
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Figure 1. Shadow .pattern photograph of laser scintillation ob
tained by directing the laser'beam to a 15-in. parabolic mir
ror. and .placing a camera near the. focal point~· The circular 

. diffraction patterns are apparently caused byimperfections on . 
the mirror surface and the di,a,gonal pattern in the -ieweF left ~~ ~~\~ 
hand corner by an instrument support guy wire that happened ~, 

to be in the optical path. 

generalization in terms of turbulence ·parameters have been reported by 
Gurvich, Tatarski and Tsv·ang (1958); Tatarski et al. (1958); and Portman, 
Elder, Ryznar and Noble (1962). Many other observations of scintillation 
have been reported but few have been :made in a ~ay that permits careful 
analysis of the obvious question of the influence of different wind and temper
ature conditions on the nature of scintillation. Such analyses are required · 
for the understanding necessary to meaningful prediction of the occurrence 
and characteristics of laser scintillation. 

The work reported here was designed to provide basic information on· 
laser scintillation and its relationship! t9 the characteristics of turbulence. 
Experiments were. conducted with a h~lium-_neon, continuous wave laser 
whose beam was directed along a 500-:m path, 1 m above uniform and level 
ground, to a photometer. Electrical sign~ls from the photometer were an
alyzed to determine spectral charactefistics of scintillation. At the same 
time measurements were made of thermal stratification, wind direction, 
variation of wind with height and, in sbme cases, the three-dimensional 
structure of turbulence. The experim:ental results are compared with those 
predicted by the theory of Tatar ski ( 1961) to help establish the extent to which 
the theory may be applied to real atmospheric situations. The results con
tribute, therefore, to the general problem of predicting clear air diffractive 
effects on laser propagation in the atmosphere. 
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Symbol 

a 
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da 

dO" 

f 

f. 
m 

fo 
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k v 

lo 
n 

p 

q 

r 

u 

v 

w 

X 

z 

zo 

A 

Ao 

BA 

c n,T 

LIST OF SYMBOLS FOR SECTIONS 2-5 

Definition 

proportionality factor for structure function dependence 
on separation distance. 

specific heat of air at constant pressure. 

spectral amplitude of electromagnetic wave amplitude 
fluctuations . 

. spectral amplitude of electromagnetic wave phase 
fluctuations. 

frequency. 

measured frequency of maximum power. 

V (2Tr}\L) -t. 
n 

acceleration due to gravity. 

wave number for electromagnetic radiation. 

von Karman number •. 

microsc·ale of turbulence. 

index of refraction. 

atmospheric pressure. 

specific humidity: mass of water vapor per unit mass, 
of moist air. 

position vector rilagnitude 1 . . 
position vector components. 

in eq 2. 2, electromagnetic wave velocity. 

component of .wind velocity in the along-wind direction. 

reference wind velocity. 

horizontal component of wind velocity in the eros s
wind direction. 

vertical wind component. 

horizontal length along optical path. 

vertical dimension. 

surface roughness' parameter. 

instantaneous amplitude of electromagnetic wave after 
propagation through turbulence. 

undisturbed· amplitude of electromagnetic wave. 

correlation function for electromagnetic wave ~mplitude. 

structure function coefficient·\_; 
T for temperature. \ 

\ 
I 

n for refractive index, 
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FA,S 

F 
m 

H 

I 

Io 

J o,l 

K,~,M,n 

L 

Lo 

M 

N 

N 

p 

Po 

Pm 

Ri 

AT/Az 

u 
U(£) 

LIST OF SYMBOLs· (Co:tit'd) 

Definition 

structure function; V for wind velocity, n for refractive 
index. 

spatial structure function. 

two-dimensional spectral density in a plane normal to 
propagation path; A for electromagnetic wave amplitude, 
S for electromagnetic wave phase. 

theoretical frequency of maximum power. 

sensible heat flux by turbulence. 

instantaneous value of light intensity after propagation 
through turbulence. 

undisturbed value of light intensity. 

Bessel function of the first kind, order zero, one. 

turbulent transfer coefficient; H for heat, M for mo
mentum, n for index of refraction. 

optical path length. 

outer scale of turbulence. 

factor relating refractive index differential to tempera
ture differential. 

(n-l)xl06. 

dissipation rate for inhomogeneities of conservative 
passive additives in turbulent flow. 

total light flux through an aperture after propagation 
through turbule~ce. 

undisturbed tota? light flux through an aperture. 

scintillation percent modulation. 

radius of apertqre. 
I 

time correlation function. 
I 

Richardson nu:rriber. 

temperature. 
1 

temperature at height 1. 
i 

reference temperature. 
. I . 

vertical temperature gradient obtained by finite diff
erences. 

mean horizontal wind velocity. 

normalized power spectral density of light intensity 
fhictuations. 

normalized power spectral density of light intensity 
fluctuations measured by a receiver with aperture. 
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Symbol 

v 
v 

n 

W(f) 

a. 

r 

e 

v 

p 

p 

Pa 

trz 

trz p 

T 

T 

LIST OF SYMBOLS (Cont'd) 

' Definition 

wind velocity. 

horizontal component of wind normal to optical path. 

power spectral density of light intensity fluctuations at a 
point in the plane of the receiver aperture. 

power spectral density of light intensity fluctuations · 
measured by receiver with aperture of radius R. 

wind direction. 

dry adiabatic lapse rate= 9.-86 x lo- 5 C cm-1 • 

gamma function: r(n) = j xn-
1 

e -xdx (n> 0). 
6 

energy dissipation rate per unit mass. 

potential temperature. 

wave number for turbulent fluctuations. 

wave length of electroma.gnetic radiation. 

spectral amplitude of turbulent fluctuations. 

3. 1416 

in eq 2.20 through 2.27, correlation length. 

in eq 2. 32 = (R ..J2w/\L). 

atmospheric density. 

theoretical variance. 

measured variance. 

.in eq 2. 25 through 2. 28, time. 

turbulent horizontal shear stress/ area =vertical 
momentwn flux. 

unknown function. 

[ ln (A/ Ao )] z 

f/fo 
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2. TATARSKI'S MODEL FOR OPTICAL PROPAGATION IN 
HOMOGENEOUS AND ISOTROPiC TURBULENCE NEAR 

THE GROUND* 

The influence of turbulent fluctuations of refractive index on optical 
wave propagation has been comprehensivelytreated by Tatarski (1961). t 
Parts of his work are summarized here as a basis for analysis and inter
pretation of the laser scintillation and turbulence data presented in the fol
low-lng sections. _ Tatar ski's model appropriate for' the laser experiments · 
is included in the referenced book with general solutions and with specific 
conditions not descriptive of those under investigation. The material was . 
extracted from several chapters in an attempt to present a brief and coher
ent account of the significant steps for the following specific conditions: 

1) Homogeneous and isotropic turbulence in which the index of 
refraction may be treated as· a "conservative, passive additive"; 

2) Inner scale, J. 0 , ·and outer scale, L 0 , of turbulence of magni
tude appropriate to satisfy the inequality 

lo << ~ << Lo (2. 1) 

in which ~ is the optical wave length and L the optical path length; 

3) Average wind direction angle relative to the optical path much 
. larger than the quantity .JDT;; · 

4) Plane, parallel and, monochromatic opticalwaves. 

In addition to the foregoing conditions there are a number of approxi
mations which may ·restrict the application ofhis results'.· The analysis, 
nonetheless, appears to provide a firm basis from which to build a more 
general framework to understand and to predict the influence of atmospher
ic turbulence on laser propagation. 

Derivation of the scintillation spectrum 
- . 

Tatarski (p. 120) gives the following physic~l argum~nt to show that 
diffraction effects dominate. for the cc;>ndition,described by inequality 2. 1: 

''Let an obstacle with geometrical dimensions l be located on the 
propagation path of a plane wave. At[ a distance L from this obstacle we 
obtain its image (shadow) with the sar;ne dimensions 1 • __ At the same time, 
diffraction of the wave by the obstacle will occur. The angle of divergence 
of the diffracted (scattered) wave will be of order 9,...... ~~ 1. At a distance L 
from the obstacle the size of the diffracted bundle will be of the order 
9L ....... X. L/ 1. Clearly, in order for the geom.etrical shadow of the obstacle 
not to be appreciably changed, it is necessary for the relation "A.L/1 << l or 
~ << 1 to hold. When there is a whole set of obstacles with different geo
metrical sizes, it is obviously necessary that this relation be satisfied for 
the smallest obstacles, which have the size 1 0 • Applying a similar argu
ment to the problem under consideration, we convince ourselves that the solu
tions'' ..•• of the equations of geometrical optics .••. "are valid only in the case 

~:~by .Donald J. Portman 

tAll Tatar ski citations in this section refer specifically to the 1961 trans
lation by R .. A. Silverman of V.I. Tatar ski's Wave propagation in a turbulent 
medium. New York: McGraw-Hill, 285 p. 
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where the inequality ..j}...L <<1 0 is satisfied, where Lois- the inner scale of 
turbulence. In other words, the theory of amplitude and phase fluctuations 
based on the equations of geometrical optics is valid only for limited dis
tances L satisfying the condition 

L<< L cr 
= .!:.L ,, 

\ . 
The analysis begins, therefore, with the electromagnetic wave equa-

tion 

(2. 2) 

in which u represents any field component, k(=2Tr /"A) 'wave number," n index 
of refraction and--; position vector. Tatarski solves eq 2. 2 by the Rytov 
method of small and smooth perturbations and the application of spectral 
expansions. For a locally isotropic" rctndom field; . n 1 (-F), ir made up of · 
spectral amplitudes, dr, the spectral amplitude, da, of the wave amplitude, 
perturbation,_ ln(A/ Ao), is given by -- -

X -

da(Kz , ~, x) = k s ci><' sii:J. [ K" (;~x') J dv ('Kz , K3 , x') 

0 . 

( 2. 3) 

and for the "pectral amplitude, d(J", .of the phase fluctuations, 

(2. 4) 

Eq 2. 3 and 2. 4 show that the spect:r;al amplitUde at wave number K is due to 
combined effects_ o~ all index of refraction inhomogeneities of the sail'l:~

wave number. The influence of each, however, is controlled by its size 
(equivalent wave. length 1 -= 2_Trh.<:.) and distance from the receiver (x-x') by 
the .term sin[~ (x-:x 1)/2k]. . _ · - . · · · 

Substitution, simplification and integration yiel~ the two-dimensi<?nal 
spectra~ den~ities F A(Kz , ~3 , 0) of _ln(~/ ~) and Fs(Kz , K 3 , ?> o{phase · 
fluctuations 1n terms of the three-dlmeilstonal·spectral dens1ty <f>n(O, Kz , :K3) 

of the refractive index fluctuations: -

(2_. 5) 

(2. 6) 

- ~ -l-· : _..). 

*n1 (r) ::.11 n(r) -:-1 an<;l it is assumed that 1n1 (r)l << L 



8 LASER SCINTILLATION CAUSED BY TURBULENCE NEAR THE GROUND 

For isotropic refractive index fluctuations, i.e., q, (0, Kz , K3 } = q, (K} n n 

( 2. 7} 

(2. 8} 

Figure 2, taken from Tatarski (Fig. 11, p. 140}, shows the relative 
positions of the functions ct> (K) and 

n 

f(r<:) = (1 -#r;- sin K'k L) 
which comprise the spectral density of the logarithmic amplitude fluctua
tions for a given k and L. 

Figure 2. Relative position of the 
. k 

curves ct>n(K) and f(K) = { 1 - Fr 

sin ~k L )"for 1 0 <<. .Jr:L <<L0 • 

It is apparent that the index · 
of refraction fluctuations of size 

1 
{X.L)2 are the most effective in 
causing .fluctuations in wave am
plitude and it is clear, further
more, that f(K} effectively di
minishes the influence of low 
wave number refractive index 
fluctuations. The latter fact is 
significant for the further devel
opment of quantitative relation
ships. 

Atmospheric turbulence and 
associated fluctuations of conser
vative, passive additives which 
are not thoroughly mixed are in 
general ·not isotropic (i.e., their 

i statistical properties depend on 
reference frame orientation). Their !spectral densities, furthermore, may 
vary widely in dependence on wave n~ber. For a certain range of rela
tively high wave number atmospheric turbulence, howe':"er, there is evi
dence th~t both velocity and conserva~ive passive additive .spectra c9nform 
to the Kolmogorov (1941) hypothesis. I This hypothesis states that for tur
bulence generated at sufficiently highi Reynolds number, there exists a 
high wave number region (the inertia~ subrange) in which the turbulence is 
isotropic and the. spectral characteristics depend only on the turbulent 
energy dissipation r·ate, £· The conc:ept applies to an equilihrium situation 
in which the rate of turbulent energy production, at the largest scale, Lo, 
is equivalent to the rate of energy dis'sipation into viscosity at the smallest 
scales of turbulence, i.e., at wave l~ngths: on the order of l 0 • 

Kolmogorov postulated,. in additi~n, that in the wave number region 
between the inertial subrange and the :micro scale (1 0 ) the turbulence is 
isotropic and that its spectral characteristics depe.nd on the fluid (molec
ular) viscosity as well as on the energy dissipation rate. Dimensional 



analysrt('is;h1'ade iri':t~rmff of the; s'tt~cture fuil(:tidh ~f\th·E! :V.eiocity<fi~eld~ .,. 
DV\r), defined as · · ·.· · :·: .·: .: ·'' · ·· ·· :< · · :. _; :,·,_ •.: · 

- ( 2. 9) 
. _··. <. -· 

in which the velocity V is a function of position vector ~. The result for 
the inertial subrange with the condition I 0 << r << L is 

z 
Py(r) a; .. r J· 

and for P-.~'5 J 0:. ··. ~::: · 

": ... '!;'' 

·~ ·, ~ . .(' . ' - !... 

··l·· ( 2. 1 0) 

. .('2 •. 11) 

It can:. be·· ~l?.qwn that.pr.op<;>rtionality .2 .. 1 0;-{the ~'two-thl.rds.'' -law) corr~_sp~~~~-··: 
to the thr-ee-dimensional spectral density 

ct>(K) ex: 1( -11 I 3 ( 2. 12) 

and
1 
t~e 'o~e-d.imen~f6naLspectral: .. cienEdty·· 

(2~ 13) 

Obukhov (1949) showed that the "two-thirds II law would also apply to 
a COI1$e:ryative, passive additive_i!Tibe~ded ih. turbulence characterized by 
the 'i:sotropic, equilibrium range;·· Thus~' if refractive 'i.ndex is so regard
ed, 

,:·.;.·· 

for 'i •. 

and. similarly, the spectrum of refractive index fluctuations is g~ven by> 

. (2. 15) 
. .;·· ... 

for the inertial subrange. ~~ 

The refractive index structure function coefficient, C~ , plays a 
significant role in Tatar ski's analysis of tuz:bulence effects on propagation; 
its c1;1~~~~teristics are disc':ls.~e~ -on ,.pq;g~ ') 5. 

' ' •, ... . ··: !· ' .. 

,•. 
" 

,..cThe coefficient 0. 0 3 3 derives from the relation·s'hip betw:een D.·:( r) cfnd cp ::(K)·~ · 
n n 

If D(r) .~ C 2 rp for 0< P< 2 then <!>(K) • r(r,~z) ~in,,"J. cz K-(P+. 3 )· 
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The analysis of amplitude and phase fluctuations continues with the 
substitution of eq 2. 15 for 4> (K) in eq 2. 7 and Z. 8. . 

n 

(2.16) 

and 

( ) 
2 2 ( k . ~ L) -11/3 F S K, 0 = 0. 033Ti Cn k L .1 + 71: s1n -k- K • ( 2. 1 7) 

Tatar ski writes eq 2. 16 and 2. 17 for K < Krh. K is a fictitious cutoff · 
point below which eq 2. 15 applies and above whi~ turbulent contributions 
are negligible. He reasons that Km, ~ 5. 5/1 0 • 

From eq 2. 16 it is possible to calculate the mean square fluctuation of 
logarithmic amplitude at a point in the plane x = L an_d obtain, with x.z = 
( ln (A I Ao ) ] 2 , . · ·· · · 

i(2 = 2,.2 (0. 033)C~ k2 L s ( 1 
0 

k . ~L) -8/3 
-~ Sln~ K .. d:EC. 

By calculating the integral, Tatarski finally obtains 

.x2 - ::= o. 31 c~.k 716 
L

1116 
(.Jil"">>1 0 ). · 

( 2. 18) 

( 2. 19) 

For a spherical wave front of monochromatic radiation propagating 
through isotropic and homogeneous turbulence Tatarski shows that Xz. = 
0.13 c2 k7/6 Lll/6. . . · 

n 

Eq 2.17 leads to similar expreskions for phase fluctuations which are 
given in terms of the spatial structute function, DS(p), for two separate 
conditions; vis. , · 

(2. 20) 

and 

= 1. 46kz. L C 2 p 513 (1 0 << p << . .JX.L).' 
n : 

' (2. 21) 

Eq 2. 18 and 2. 19 can be used to [describe light intensity variations on 
the plane x = L through the relation : . · · ._ .· 

. ln (~) = 2 ln (4) (2. 22) 
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If, as Tatar ski assumes, both In (I/I0 ) and In (A/ Ao) are normally dis
tributed, 

(2. 23) 

and from eq 2. 19 

(2. 24) 

Eq 2. 24 provides _for the conditions listed above a general relationship 
between intensity scintillation and ( 1) wave length of light, (2) optical path 
length and (3) the intensity of turbulent fluctuations of refractive index as 
expressed by C 2 •· · 

n 

Scintillation is usually observed as fluctuating light intensity at an 
aperture on the plane x = L. To obtain an expression for the frequency 
spectrum that would be observed with an infinitesimally small aperture 
for the conditions listed above, it is convenient to begin with the Fourier 
transform relation between the frequency spectrum function W(f) and the 
time correlation function RA (T) 

W(f) = 4 f cos (2,.£'1") RA ('l")d.,.. 
() 

(2. 25) 

For the condition of the angle b.etween me~n wind direction and optical path 
1 . 

much larger than the quantity ()..I Lfi" and f~r the assumption '1that the field 
at the point (y0 , z 0 ) at the time t 0 + 'T coincides with the field at the point 
(y0 - VyT, z 0 - Vz'T) at the time t0 , 11 (Tatarski, p. 215) the time correla
tion function may be equated to the space correlation function, BA(VnT), so 
that 

W(f) = 4 r . cos(2,.f'1") B A (Vn'l")d.,.. 
.o ,, 

(2. 26) 

The two-dimensional correlation function B.A(p) may be expressed in terms 
of the two-dimen.sional spectral density F A(K, 0) by the relation· 

B A(p) = 21r s F A(K, 0) J 0 (Kp)KdK 
0 

( 2. 2 7) 

in which J0 (Kp) is the Bessel function of the first kind of order. zero. Sub
stitution in eq 2. 26 and rearrangement gives 
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W(f) = s,. s 
0 

F A(!C," 0) !Cd!C s J 0 (!CVn.-) cos (2,.£.-)d.-. 
0 

(2.28) 

Finally, by calculating the second integral and substituting, Tatarski 
obtains 

( 2. 29) 

Eq 2. 29 gives the relationship between the.fr'equency spectrum and t}ie two-. 
dimensional spectral density of the electromagnetic wave amplitude flue- ·· 
tuations. The latter is related to the three-dimensional refractive, index 
spectral density by eq 2.7 ~ 

- ·. . 

To compare experimental data with the above result, Tatarski uses 
the normaliz.ed spectrum 

U(f) (2. 30) 

in which eq 2. 29 is substituted for W(f), eq 2. 16 for F A(K, 0), and eq 2. 19 
for x2 ~ The result is 

U(f)=l.3Sn 5[1 
0 

. 1 

in which t- = K(L/k)Z 

n = f/f0 

sin(t
2 + rf) J .(tZ +. nZ )-.ll/6dt_ 

t 2 + nz :(2. 31) 

Tatarski·displays the scintillation frequen-cy spectru~ represented. by 
eq 2. 31 in two ways. His Figure 28, p. 218, shows f0 W(f)/x2 vs ln(f/f0 ) 

·-and Figure 31, p. 222 (curve 1), shows U(f) vs lnf. Similar curves are 
repr_oduced in Fig~res _3 and .4 _from jdata given i_n Table _I. The~ ~er~ _ · 
obtained by numerical Integrations-_o

1

f eq 2. 3LWlth the aid of a ~tal' com-· 
puter. For Figure 4, 1m/ sec was used for Vn and 1. 78 em for ~)...L. 

The practical question of the inHuence of the size of a telescope dia
phragm on the scintillation that mayjbe observed under the conditions of 
interest here .. is dealt with by Tatarski in his Chapter 13. The analysis is 
made for the case of scintillation ob~erved by a photocell placed at the 
focal point of an objective. In this situation the photocell receives all the 
light incident on the aperture area a*d therefore the total scintillation ob
served decreases with increase· in· s~z~ of th~ diaphragm. A second effect 
is the shifting of the scintillation spectrum toward lower frequencies since 
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0.6 

0.4 

0.2 

0.01 

Figure 3. Tatar ski 1 s spectrum of fluctuations of logarithmic am
plitude for constant wind velocity. 

0.6 

f (cps) 

Figure 4 •. Tatar s-ki Is normalized spectrum o.f fluctuations of log~ 
arithmic amplitude obtained by numerical integration of eq 2. 31 

for V = 1 m/ sec and ..JIT" = 1. 78 em. 
n 
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Table I. Spectral data from numerical integrations of eq 2. 31 
(V =1m/sec, '-./X.L = 1.78 em). · 

n . 

.005 

.010 

.020 

. 100 

.zoo 
• 400 
• 500 
• 600 
.800 

1. 000 
1. 200 
1.400 
1. 450 
1.600 
1. 800 
2.000 
2. 500 
3.000 
4.000 
5.000 
6.000 
8.000 

10.000 
15.000 

f 
(cps) 

0. 11 
0.22 
0~45 

2.24 
4.49 
8.97 

11. 21 
13.46 
17.90 
22.43 
26.91 
31. 39 
32. 52 
35.89 
40.37 
44.86 
56.07 
67.28 
89.71 

112.14 
134.57 
179.42 
224.28 

.· _-.-336.42 

.002 

.004 

.009 

.045 
~090 

• 183 
• 229 
.275 
• 360 
• 434 
.486 
• 510 
~ 511 
. 502 
. 462 
. 399 
.240 
• 186 
• 114 
. 077 
• 058 
• 035 
• 024 
• 012 

• 441 
.441 
.442 
.446 
.450 
. 458 
• 459 
.·459 
• 450 
• 434 

.• 405 
.364 
• 352 
.314 
• 257 
. 199 
.096 
• 062 
. 029 
.015 
. 010 
~004 

. 002 
• 001 

the averaging effect is most marked for fluctuations characterized by scales 
smaller than the aperture diameter. The result is obtained in terms of a 
normalized spectrum analogou;;"Jo eq 2. 31 

cr 

00 

= l.3 sa s [ 1 - sit~(~ jj 11' l ]< t~ +11' l -1 i I 6 

0 

X [ZJl (p ,.,ft2 + b2.) ]2 dt 
p..Jtz + fi2 

X 

(2._}2) 

in which Wp(f) _is the spectral density observed with ·an aperture of radius 

R, p = \} Zrr f}.... L R, a'nd <J2 a T ln(I/I0 )] 2 • Equation 2. 32 is used in a 
following section as a basis for comp4ring measured laser scintillation 
spectra and for stl1dying_ the effects ~f anisotrop~c_turbul~J?-ce •. 
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. c~ and its relation to turbulence parameters 

Tatar ski uses the theories of Obukhov ( 1949) and Yaglom ( 1949) to show 
that the refractive index structure function coefficient can be

1 
expressed in 

terms of the mean velocity and refractive index gradients and the turbulent 
transfer coefficient, K. First it is shown, with dimensional reasoning, that 

(2. 33) 

a 2 is a coefficient whose value may be related to the Richardson number. 
N is a measure of the rate of dissipation of refractive index inhomogeneities 
and may be expressed as 

N = f. aN~ 
K1, ·az) · (2. 34) 

It is assumed that the rate of creation of inhomogeneities equals the rate of 
their dissipation in analogy with the Kolmogorov ( 1941) equilibrium concept. 
The mechanical energy dissipation rate for the equilibrium condition is 
giv:~n by 

(2.35) 

when mean wind shear (8U /8z) is the only mechanism creating turbulence. 
Eq 2. 34 and 2. 35 apply when horizontal gradients in wind and refractive 
index are negligible as they may be for many natural atmospheric conditions 
of in,terest. Substitution of eq 2. 34 and 2. 3 5 in eq 2. 3 3 gives 

(2. 36) 

To make use of eq 2. 36 it is necessary to.express (8N/8z) in terms of 
atmospheric variables commonly measured, i.e., pressure, p, tempera
ture, T, or potential temperature, 8, and specific humidity, q. Tatarski 
chooses the. relationship · · 

(n- 1) X 1 o6 = N = 79p (. 1 + 7800q ) 
. 8- yaz 

(2. 3 7} 

in which Ya is the dry adiabatic lapse rate. The difference between the 
index of refraction of a parcel of air displaced in the vertical from its 
equilibrium position, by a turbulent motion, and its new environment may 
be approximated by 

BN ,....·,(aN a9 + aN aq) Bz 
a 8 az aq az 

because 8 and q may be regarded as conservative prop~rties of the parcel 
during displacement. If 

M = (aN a9 
88 + aN 
az aq 
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then, from eq 2. 3 7 

7800 
1 + 15500q 

T 

dq J 
dz ' (2. 38) 

The terms involving specific humidity are often negligible in real si~ations 
so that eq 2. 38 becomes 

in whi:ch the relation 

S=T+yz a 

has been used. Eq 2. 36, with substitution of eq 2. 39, becomes 

= 

(2. 39) 

( 2. 40) 

Except for the term (-79 x lo-6p/T2 ) 2 eq 2.40 is identical to an expression 
that can be derived for the structure function coefficient for the temperature 
inhomogeneities in the inertial subrange: 

c 2 
T 

"' 2 j (au )-t c~)2 ' 
a K \az az . (2.41) 

It .is found expedient to discuss the influence of refractive index fluc
tuations on optical propagation in terms of C Tz , a e/ az, and K because there 
exist very few data on C 2 • In the development so far, it has been assumed 
that a single transfer co~fficient is a;pplicable to turbulent diffusion of mo
mentum, index of refraction, and heat. It is generally accepted in micro
meteorological analyses, however, ~hat the transfer coefficient for mo
mentum, KM, and that for heat, KH,: are not identical except for small 
values of ae/8z, i.e.' when the turbulent motion is not significantly influ:
enced by buoyancy forces •. This me4ns that eq 2. 36 and 2. 41 are strictly 
correct only when the optical effects i of turbulence are weak. 

I . 
In the absence of buoyancy effects in shear flow it is possible 'to relate 

the momentum transfer coefficient, kM, to the wind shear by dimensional 
reasoning and obtain I · ·. . 

au 
K · = k 2 z 2 

M v az 

in which k = 0,41, the von Karman 'number. 
v 

( 2. 42) 
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. Subs~itution in eq 2. 41 ·.with K =~_gives 

C i ~ . z k 4/3 . 4/3 (o 9)Z . 
T ~a v z oz. . (2. 43) 

. Tatarski carries the argument further for the near-adiabatic condition 
(a e/ az not far from zero) by inv.oking the hypothesis of similarity of wind 
and temp~rature gradients, i.e., the ratio 

aTJ/az 
ae/az 

is assumed constant with height •. In this case S(z) has the same form as 
U(z) and dimensional argument backed by many empirical results gives 

U(z) = 

and 

e(z) =·canst . + T~r In 
z 
zo 

(2. 44) 

'(2~ 45) 

in which u* is the "friction" or "reference" velocity, T ~r the analogous 
reference temperature and z 0 the "roughness" length. The reference ve
locity is related to the momentum flux and T * to· the heat flux H by the 
relations · 

T = pu_,_z 
'" 

Differentiation of eq 2. 45 ·gives 

ae _ T~.c 
az - z 

and by substitution into eq 2. 43, finally, Tatar ski gets 

I 
z . 

c · i. · _ ·z k 4 3 -3 T ·z 
. , . T -: a v. z . * .. 

(2.46) 

(2. 47) 

(2. 48) 

(2 .. 49) 

Tatar ski used eq 2. 49 to correlate a large ·number of simultaneous meas
urements of CT apd temperature profiles ·and the results are shown in his 
Figure 16, p. 19 5. Good correlation is found for a e/ az < Q (unstable 
thermal stratification) with the constant,. a, determined to be 2. 4... The 
agreement is not so good, however, for stable stratification, a e/ az > 0, 
and he suggests use of the empirical curve to estimate CT from tempera-

. ture profile data for that condition. 
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It should be recognized that Tatarski's data shown in his Figure 16 
cover a relatively limited range of thermal stability and that the scatter of 
points seems to increase with magnitude of a e/ az as one would expect. The' 
effect is clearly evident in the data shown in his Figure 17, p. 197, in which 
it can be seen that the measured CT values ar~ greater than the computed 
ones by a factor of about two for the midday period when a e/ az is greatest. 
One ~ay conclude that eq 2. 49 ma,y be used to esti,mate CT from tempera
ture gradient data in the surface laye~ of the atmosphere when the abso~ute 
magnitude of a e/ az is not great. This condition ~ccU:~s near the ground . 
when it is overcast and windy (either day or irlght) and for short periods be
fore sunset and after sunrise on cloudless days. 

3. FIELD EXPERIMENTS AND RESULTS* 

Field experiment plan 

Field experiments were designed for ~imultaneous measurements of 
( 1) intensity and frequency of laser scintillation, (2) profilest of tempera
ture and wind speed, (3) fluctuations of wind velocity (three components) 
and ( 4) wind direction. They were conducted at the University of Michigan 1 s 
field station for micrometeorological' research located near the east edge of 
the infield portion of Willow Run Airport. The airport itself is a 1000-acre 
level and uniform ~ract of land about 1 mile wide (N -S) and 1. 5 miles long , 
(E- W). A list of the observation periods and general weather conditions 
for them is given in Table II. 

Table II. · Observation periods and weather. summaries, 
Willow Run Field Station, 1965. 

Avg wind Avg temp 
Date Time (EST) Cloudiness vel (mph) (•c) 

21 Jan 1220-1320 1200 ft sctd sw 12 -9 
1439-1450 Clear -6 
1837-1906 -5 
2043-2117 -4 

. 29 Apr 1350-1515 Clear W.l0+15 +21 
2022-2122 +11 

3 May 1530-1650 H~ thin sctd sw 15+25 +31 

For reasons given below, fie14 experiments were performed only during 
(1) steady weather conditions and-(2) average wind· directions between south
west and northwest. It was reasonable to expect, therefore, that as a re
sult of condition (1) there would be /the desirable stationarity of wind and 
temperature structures for time in,tervals long· enough to obtain meaningful 
spectral estimates of scintillation and turbulence components. As a re-
sult of condition (2), it 'could be exl:>ected that there would be the desirable 
statistical homogeneity throughout ithe length of the optical path· because the 

I 

I 

~:~by Edward Ryznar 

tThe word profile means the time average vertical distribution ·of-a-variable 
such as wind or temperature. · · 



LASER SCINTILLATION CAUSED BY TURBULENCE NEAR THE GROUND 19 

air would have passed over nearly uniform·roughness for several hundred 
meters before it moved through the optical path and past the wind and tern
perature sensors. 

With-these conditions fulfilled, the statistical properties of the meteor
ological parameters during each observation p~riod were independent of 
the horizontal position of measuremept and of time and depen~ed only on 
the height of measurement. In this way it was possible to obtain re-present
ative. scintillation and turbulence data for different but steady meteorological 
conditions. · 

Optical measurements 

Scintillation data were obtained with a laser a:I?-d receiver separated by 
a 500-m horizontal optical path 1 m high. Ail laser scintillation measure
ments were made With a Spectra-Physics Model 115 continuous-wave helium
neon gas laser with an output wavelength of 0. 6328 microns. It was operated 
in a plane-parallel mode and had an output of 0. 8 rnilliwatts. The diameter 

· of the laser beam increased from about -0. 35 ern to 20 ern for the 500-rn opti
cal path. • 

The optical receiver was the photometer described in detail in USA 
CRREL Research Report 111, Part!.· It consisted of a DuMont type '6467 
multiplier phototub~J.ocated at the focus of a lens ·system~ , The phototube 
provided. an electrical analog of the-luminous flux at the objective lens of the 
photometer. The following improvements in the photometer were made for 
use in the present experiment: · 

( 1) The aperture diameter was decreased to 0. 7 ern to minimize an 
averaging effect of an aperture, and 

(2) A spectral filter with a peak transmittance of 79o/o at 0. 6338 
microns and 76o/o transmittance at 0. 6328 microns was included within the 

. photometer to eliminate most background light having wavelengths other than 
that of the laser. 

Components of the optical recording system were similar to those de
scribed in detail in USA CRREL .Research Report 111, Part I but were up
graded for use in the present field e~erirnents iri the following ways: 

( 1) A facility was built to· record the a-<: c_ornponent (the component 
of the re~eived signal due to fluctuatio.ns in light ip.tensity) directly on_mag~ 
netic tape ~nstead of on: a strip_ chart recorder as in pre~ious experiments; 

(2) The facility used only to indicate the d-e level (the component of 
the received signal due to the average brightness of the source) was modified 
and the d-e ~evel was recorded on an Ester line-Angus 0-1 rna __ ~ec~rder; 

(3) A vacuum tube voltmeter was .built into the system to provide a 
means of niomtoring the signal at various points in the circuit; 

(4) A s,table and adjustc:tble power supply necessary for. the elec-
tronics was built ·and included 'in the system;· · · · · 

(5) All c_omponents liste~ above were enclos~d in one portable unit. 

Wind and temperature measurements 

Wind and temperatUre profiles· and wirid direction were measured con-· 
tinuously throughout all periods of scintillation measurement. The profiles 
were measured with sensors at heights of 0. 5, 1, 2, and 4 rn and wind di-
rection was measured at 1 m. -
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Temperature and wind profiles were .measured with equipment similar 
to that des·cribed in detail in USA GRREL Research Report 111, Part I. The 
thermocouple circuit was designed ·to measure temperature differences for 
three he~ghti_ntervals: 4 to 0. 5, 4 to 1, ·and 4 tq 2 m:. The. differenc~s were 
recorde.d together Withthe ·absolute temperature at 4_rri in sequence in j
minute intervals on a Honey\vell Electropi,K 17 ·re~order .. A Leeds and .. 
Northrup d-e.. amplif~er was used to pr-ovide a choice of recorder ranges of 
6. 2'5_, 12. 5, or 25 c full-scale defle'ction,' 'dep'ending on the' magnitude of the' 
existing vertical temperatur.e gradient. The fl.rs·t two ranges were used in 
the field experiments and gave a resolution of e.ither 0. 06 or 0. 125 C per 
'recorder chart scale division. 

Four matched Beckman and Whitley Model 170-34 anemo~ete.rs were 
used to meflsure wind speed profiles and a Be~kman and Whitley wind vane 
measured wind direction at the 1 ~m hel.ght of the optical path. 

. . . ' . . 

Turbulence data were obtained with hot-wire anemometers mounted at 
a height of one meter and oriented to measure longitudinal (along-wind) and 
tr~nsverse (horizontal and vertical) components of wind speed fluctuations. 
Major components of the system were ( 1) a hot-wire amplifjer unit designed 
by Kovasznay ( 1963) and {2) Flow Corporation hot-wire probes.* The latter 
were-orthogonal pairs (X-probes) of tUngsten wires whose diameters·were . 
about 4 x 10"5 em and effective lengths 0. 25 em. With a combination· of two 
X-proby.s mounted in close proximity, it. was possibl~ 'to obtain the three 
comp.opents. u, v, and w ofthe wind vector simultaneously. The time con
stant of.individual.wires was about 4 X 10-4 sec SO that the scales of turbu-
lence significant for scintillation could be measured. . . . .. .· 

Data recording and processing 

All scintillation and turbulence data except for-the d-e voltage from the 
photometer· were recorded simultaneously on, a 7-channel Arilpex SP-300 
Instrumentation Tape ·Recorder. Four channels were used for turbulence 
data, one for a signal for monitoring time, and one·for the photometer 
signal. · 

The hot-wire data wer.e· proces·sed with an ·electronic computer system 
using both analogue and digital techniques. . From the voltages -produceq by · 
the four hot-wire amplifiers, the processing yiel~ed a voltage analogue ·for 
each of the velocity components, u', v', and w'. A frequency spectru_m was 
then obt~ined fo~ _·each component by the. method des-cribed in Appendix A: 
Estimates of the spectral densities for five ·periods during which laser .. 
scintillation was measured are shown in logaritlunic coordinates in Fig-
ure· 5. ' · · 

The. method of processing the;· scintillation spectral data is 'discussed in 
Appendix A of the present report. The final output of the method was the 
m:imber of millivolts for each of 28 frequencies between 1. 25 and 1000 cps 

//for a given 6~miriute recording of the a-c signal. The procedure was then 
( 1) to compensate for effects of filters in the photometer,_ photometer range, 

~:~The amplifier units were obtained from Leslie T. Miller, 310 Regester 
Avenue,/ Baltimore, Maryland, and the hot•wire :pro~ ~ from Flow Corpora-
tion, ~~Z-7/ Coolidge Hill Road, Wat!e~tqwn~ ·Mas sachu ... c!tts. · · 

.. · ,. ,: 
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attenua-tion range, wave analyzer bandwidth, and d-e (average brightness) 
level, since some of these varied from period to period, (2) to square the 
compensated millivolts at each frequency to get spectral density, Wp(f), 
{3) to multiply (2) by each frequency to obtain fWp(f), . (4) to graph 
fW p(f) as the ordinate on a linear scale against freq\lency on a log scale, 
and. (5) to measure (with a planimeter) the area under the curve between 
frequencies of 1. 25 and 1000 cps to get · · 

1000 1000 

<Tp 
z "' s Wp(f)df = .S fW p(f)'d( lnf). 

1·.zs : 1.zs 

a-pz is thus the variance obtained by integrating the spectral density .w p(f). 
The subscript P denotes the fact that measurements were made with a 
photometer whose aperture diameter was not negligible. 

I . 

(RAO/CM) 

21 JANUARY 1965 

1250-1302 

Figure 5. Spectral densities for u 1
, v 1

, and w 1 wind 
components~ 



u' 

103 

0 
<( 
a: ... u 
w 
en 

........ 
:::E 
~ 

102 

21 JANUARY 1965 

1302-14 

0 
<( 
a: 

"'u 
w 
en 

"'i 
u -

6 
10 

5 
10 

10 
3 

2 
10 

u' 

(RAO/CM) (RAD/CM) 

21 JANUARY 196!1 
1308~20 

Figure 5 (Cont'd). Spectral densities for.u', v', and w' wind components. 
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Scintillation spectral data 

Scintillation spectral data for thirty- seven 6-minute and two 12-minute 
periods are given in Table III along with various turbulence parameters 
derived from coinc1d'ent wind and temperature measurements. All symbols 
are defined on p. 3-5. The values for the turbulence parameters are valid 
for the 1-m height of the optical path. A negative T 1 • 4 - To. 7 , Ri, or Cr 
means an unstable lapse rate. All spectra are for 6-minute periods and 
cover a frequency range of 1. 25 to 1000 cps except for two 12-minute spec
tra beginning at 1837 and 2043 EST on·21 Jan which cover a frequency range of 
0. 62 5 to 500 cps. {Ri and CT were computed -by methods described in Section 5. 

The quantities Up(£) = fWp{f) I <rZp and n were also computed for each 
spectrum listed in Table III and are shoWn in individual graphs in Figure 6. 
For the measured spectra, · 

v v 
fo 

n n = = 4.4587 1 
{2Tr)..L)z 

Since V n varied from about 1. 6 to 6.8 m sec -l , fo varied from approxi-
mately 36 to 153 cps. 

Table ill. Turbulence parameters and scintillation s"pectra1 data, W il1ow Run Field Station, 1965. 

Path length: 500 m Aperture diam: 0. 7 em 
'Path height: lm Path dir: 180-360 deg 

Time T1.4 - To.7 CT u a v f IT z 
1 n m p 

(EST) •c Ri (•c cm-3) (em sec-1 ) (de g) (em sec·1 ) (ces) (mvl) 

Date.:. 1/21 

1220-·26 -0.20 -0.015 -0.059 551 218 339 238 0.339 
1226-32 -0. 16 -0 .. 015 -0.023 511 222 339 246 0.406 
1232-38 -0. 13 ( -0. 009 --0.018 549 242 486. 257 0.366 
1250-56 -0. 18 -0.014 -0.057 576 218 355 229 0. 339 
1256-02 -0. 12 -0,009 -0.017 595 210 295 247 0.346 
1308-14 -0. 12 -0.009 -0.017 575 214 319 :· 243 0.250 
1314-·2o -0.27 -0.017 -0.039 601 2.14 336 286 0.216 
1439-45 -0.07 -0.006 -0.019 635 219 408 248 0.217 
1837-49 +0. 16 +0,015 +o:o47 488 202 183 144 3. 199 
2043-55 +0. 14 +0.017 +0.041 407 207 219 184 2.449 
Date: · 4/29 

1350-56 -0.55 -0.022 -0. 179 572 271 572 340 1. 579 
1356-02 -0.44 -0,018 -0. 141 581 256 564 326 1. 465 
14o2:.os -0. 53 -0.013 -0, 169 666 251 629 389 1. 469 
1408-14 -0.54 -0,012 -0. 172 566 249 528 352 1.245 
1414-20 -0,54 -0,016 -0. 172 611 255 590 335 1.242 
1420-26 -0.61 -0,039 -0.205 

I 
463 269 463 376 1. 342 

1426:..32 -0. 58 -0. 021 -0. 189 I 558 no 558 355 1. 536 
1432-38 -0.42 -0,009 -0. 132 551 255 532 343 1. 583 
1438-44 -0.43 -0.015 -0. 138 585 270 585 384 1. 715 
1444-50 -0.45 -0,019 -0. 145 578 279 572 377 2.144 
2022-28 +0.61 +0,058 +0. 139 243 232 191 133 1. 459 
2028-34 +0.68 +0,081 +0. 133 227 240 197 142 1.307 
2034-40 +0.54 +0.059 +0. 12.3 218 242 192 134 1. 161 
2040-46 +0.69 +0.089 +0. 129 208 238 177 125 1. 642 
2046-52 +0.68 +0. 077 +0. 137 213 236 177 126 1. 567 
2052-58 +0.64 +0.087 +0. 121 204 231 157 123 1. 247 

Date: 5/3 

1530-36 -0. 10 -0.002 -0.031 699 235 57 3 370 0.029 
1536-42 -0.07 -0.001 -0.021 747 22.5 528 388 0.022 
1542-48 -0. 12 -0,002 -0.037 801 230 614 . 399 2. 7x10- 1 

1548-54 -0.06 -0.001 -0.018 782 224 503 351 2. 9x10-l 
1554-00 -0.08 -0.001 -0.024 810 225 57 3 355 2. Ox1o-l 
1600-06 -0. 10 -0.002 -0.031 726. 238 616 367 2. 1x10-l 
1606-12 -0.05 -0,001 -0.015 705 236 584 355 2. 4x10-l 
1612-18 -0.09 -0.002 -0.012 702 236 582 406 1. 7x1o·J 
1618-24 -0.01 -2x10- 4 -0.004 708 232 558 347 2. 1x1o-J 
1624-30 -0.01 -1x10- 4 -0.004 847 2.34 685 380 1. 2xlo- 1 

1630-36 t7x1o- J +1x10- 4 +0.002 725 234 587 371 9. 7x1o·• 
1636-42 +7x10- 3 +1x10- 4 +0.002 776 234 628 354 7.3x1o-• 
1642-48 +0.03 +5xl0- 4 +0.009 725 227 530 368 4. 7xlo·• 
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. ' . 

4. ANALYSIS AND DISCUSSION OF EXPERIMENTAL RESULTs~:~ 

Experimental conditions significant to ~he theory 

To d:i.scuss the experimental results in relation to Tatar ski's theory 
one should examine actual experimental conditions in relation to those re
quired by the model. Among the conditions to be considered are that 
(1) Po << . .JX.L <<L0 , (2) the wind angle relative to the optical path be 
small compared to .J}JT;, ( 3) the laser beam be parallel and ( 4) the turbulence 
be stationary, homogeneous and isotropic. _The extent to which the basic 
conditions of the theory are satisfied by the experiments and the possible 
influence when they are not met are discussed in the following paragraphs. 

Inequalities involving characteristic lengths. The condition expressed 
by inequality 2. 1 is approximately satisfied for the experiments. The laser 
wavelength of 0. 6328 mic.rons and the optical path length of 500 rri give 
..J>:l: = 1. 78 em. For the optical path height of 1 m the inner scale may be 
taken to be on the order of 0.1 ern and the outer scale to be 100 em. Wind 
directions for all experimental data reported formed angles greater than 20 
degrees relative to the optical path, completely satisfying the condition that 
the angle be much greater than .J}JT;. 

Laser beam characteristics. The laser was operated in the "plane
parallel" mode and emitted a plane -polarized, coherent light. The beam 
diameter at its source was about 3. 5 mm and was observed to diverge to a 
diameter of about 20 em at a distance of 500 min the absence of atmospheric 
refractive and diffractive effects. Except for the beam divergence, the laser 
energy characteristics meet satisfactorily the conditi<_:ms of Tatarski' s model
reviewed in Section 2. 

The influence of beam divergence on, scintillation measurements, as 
compared to theoretical results for a parallel ray beam,. apparently is to 
cause an increase in non-dimensional frequency (£/f0 ) of observed fluctua
tions. It may be thought of as a magnif_ication produced by the projection 
of the motion of diffracting turbulent elements on the _plane of the receiving 
aperture of the photometer. If the· significant turbulent elements along the 
optical path are equal in ·their influence on the scintillation frequency ob
served and if the horizontal section of the beam is a'n isosceiestrianglewith 
apex at the beam source, the average magnification VfOuld be a factor of 
two. Apparently, furthermore, the angle of diver

1
gence is not significant; 

any divergence would produce a frequency approximately twice as great as 
that produced by a parallel ray beam. The experimental results discussed 
below seem to confirm the divergent beam effect and, in fact, good agree
ment of observed with predicted spectra is obtained if the non-dimensional 
frequencies of -~he Tatarski spectrum are increased by a factor of 2. 

Turbulence characteristics. The Tatar ski scintillation spectrum was de
rived"for homogeneous, isotropic and stationaryturbulence. The conditions of 
stationarity and horizontal homogeneity for the experimental periods were prob
ably as nearly ideal as could be expected in natural conditions. -As mentioned 
in Section 3, both the location of the measurements and the selection of wind 

~~by Donald J. Po-rtmari 
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and weather conditions helped assure realizc(tion of these requirements. For 
turbulence scales of interest the exis_~ence of both isotropy and vertical ho
mogeneity, however, may be questioned at the height of 1 m above ground. 
Because the optical path is horizontal, it is unlikely that the vertical varia
tion of turbulence characteristics could have a direct and important influence. 
Isotropy, however, is a significant condition invoked at several points in the 
development of the theory and it would appear that its absence could have an 
important influence on observed scintillation spectra. · 

In the final expression of Tatarski's model given by eq 2. 31 and 2. 32 
the isotropic assumption is extended to include a specific form for the three
dimensional spectral density for the refractive index field 

c!> ( :K:) = o. o 3 3 c z :K: -11 I 3. 
n n 

(2 •. 15) 

As noted in Sec~ion 2, eq 2. 15 is derived from a similar expression for the 
three-dimensional velocity field which described the Kolmogorov inertial 
subrange. The latter is expected to exist when the turbulence-creating· • 
mechanisms have scales significantly larger than the scales that character
ize the smallest turbulent.motions in the spectral range at which vi·scous 
dissipation takes place. It is often assumed that turbulence-generating, 
mechanisms near the ground (horizontal wind shear and buoyancy forces) 
give rise to anisotropic turbulent motions whose· sizes are on the order of 
the he~ght above ground. The scale of viscous dissipation is usually consid
ered to be on the order of 0. 1 em· so that, for tu-rbulence at a height of 1 m, 
the question is whether or not three ·orders of magnitude represent a suffi
cient range for the existence of an inertial subrarige. ·Equally-important, of 
course, is the extent of the subrange in relation to the function f(:K:) shown 
in Figure 2. 

The turbulence spectra shown in Figure 5 represent four .p.eri_ods of 
relatively weak unstable stratification and one period of weak stable strat
ification. None shows evidence of isotropy because, according to von 
Karman and Howarth (1938), in stationary isotropic turbulence, the spectral 
densities of longitudinal component (u') must be numerically less than 
either of the spectral densities ofl the transverse components (v' and w'). 
The latter spectral densities sho~ld be identical. It is noted, however, that 
all spectra seem to approach a -~13 slope at high wave numbers. It may be 
concluded that isotropic turbulence did not exist for significant wave number 

ranges for these periods in spite jof the fact that a K-
513dependency is ~een 

at higher wave numbers. Becaus:e ofthe apparent lack of isotropy, the index 
of refraction spectra for these periods should not be expected to follow, nec
~s sarily, the -5 I 3 relationship arld the scintillation spectrum obtained in . 
such conditions can be expected tb deviate from that given by eq 2. 31. 

Bolgiano (1959) and Monin (1962) have discussed the nature of tempera
ture spectra in thermally stratifi~d shear flow. Bo1gian6 analyzed the case 
of a stably stratified layer and identified a ''buoyant subrange '' adjacent to 
the low wave number limit of the :inertial subrange. Dimensi9nal analysis 
yielded a temperature fluctuationj spectrum proportional to th~ -7 I 5 power of 
the wave number. The results offvionin's analysis were inagreement\x.-·ith 
those of Bolgiano for stable strati#cation. For unstable stratification Monin 
found that, for wave numbers less than those of the inertial subrange,_ the tem
perature spectrum should decrease with increasing wave nu:rriber at a rate 
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greater than K- 5 / 3 • For b9th stable and unstable stratification, Monin's 
spectra merge with the -5/3law at large wave numbers. 

It is reasonable to expect that index of refraction spectra in anisotropic 
turbulence would be similar to temperature spectra and that the Bolgiano 
and Monin analyses might be used to describe them. If this is so, and if 
eq 2. 31 may be used to suggest the form of scintillation spectra in aniso
tropic turbulence, relatively large scintillation spectral densities would 
appear at low non-dimensional frequencies in unstable stratification while 
the reverse would be found for stable stratification. The fact that eq 2. 31 
was derived strictly for the condition of isotropy, however, should not be 
ignored. 

Variation of scintillation intensity with refractive index structure function 
coefficient 

Experimental values of fTp2 obtained from the frequency spectra were 
compared with values of ~ computed by means of Tatar ski's theoretical 
relationship 

cr = (2. 24) 

with 

( 4. 1) 

as discussed in Section 2. The following numerical values were used: 

k7/6 6. 757 X 10 5 rad em -l 

Lll/ 6 4. 119 X 108 ern 

p 1.000 X 10 3 millibars 

T 2.64 X 10 2 Deg Absolute, 21 January 

2.94 X 102 Deg Absolute, 29 April, 1350-1450 

2.84 ·x 10 2 Deg Absolute, 29 April, 2022-2058 

3.04 X 10 2 Deg Absolute, 3 May 

The results are plotted in Figure 7 in logarithmic coordinates. The 
cluster of points for values greater than 1 on both scales represents data . 
obtained on 29 April. Those in midrange represent 21 January, and those 
at extremely small values represent 3 May. Although scintillation was 
more. intense on 29 April than for the other observation periods, it was 
moderate compared to that observed for several periods discussed in USA 
CRREL Research Report Ill, Part I and Part II. The least scintillation 
possible, howeyer, was represented by some of the data for 3 May when 
the temperature profile became nearly adiabatic. 

As shown in Figure 7, all but four values of measured variance were 
less than those computed, in general agreement with the fact that the latter 
represents the variance to be obtained with an infinitesimally small aper
ture .. The relatively large scatter of points for small variances may be 
due to inaccuracies in temperature profile measurement as well as in 
spectrum analyses. For the smallest variances the signal-to-noise ratios 

. in the spectrum analyses were too small for reliable interpretation. 
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Figure 7. Comparison of measured (o-pz )·and cal
culated (a-2 ) scintillation spectral variances. The 

line has a slope of unity. 

Tatarski (1961, p. 236-237) shows that for a given aperture the ratio 
ln ( 1 + a-p 2

) I a-2 increases as a-2 increases. Although the data shown in 
Figure 7 may be interpreted as showing this effect,. the uncertainty in the 
values of the smaller variances and the limited range of the data make 
such a statement unwarranted. 

Variation of frequency of maximum power with wind speed 

·To describe measured scintillation spectra Tatarski defined the fre
quency fm as the average of two frequencies for which fWp(f) is one-half 
the maximum measured value! Valu~s of fm were computed for all spectra 
obtained in the present experiments! and were used as a basis for studying 
the effect of the wind speed component normal to the optical path. 

A similar frequency, F m' was I computed for the theoretical spectrum 
given by eq 2. 32 for p = 0. 493 and f;ound .to be 

F = 2. 65 f 0 = 1. 06 
m 

I. 
y 
In 
I · 1 • 

(~L)2 
I 

( 4. 2) 

A relationship of measured valv-es of fm to V n 1s shown in Figure 8 for 
the 39 spectra listed in Table III. Values of fm ·increased linearly from 
about 120 cps to 400 cps as V n incr¢a5ed from about 1. 6 to 7 m sec -l A 
least squares analysis gave. . I .. . . 

I 
f = 4 5 •. 9 + 0. 55 1 v . . _( 4. 3) m · n 

.i 
/'t 
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. Figure 8. Frequency of maximum power ( fm) 
versus wind speed component normal to the qp

tical path (V ) . . n 

The fact that the relationship does not give a zero frequency for zero 
normal wind speed is an unacceptable result. Altho\.igh it may be argued 
that scintillation can occur in the presence of motion due to buoyancy· 'effects 
alone,. a fm value as high as nearly 46 cps in such a 'condition would- seem 
unlikely. It is more reasonable· to account for the above· result, as well as 
the .scatter of p.oints around the· regression line, by variations in wind con
ditions along the optical path .. 

The above result was compared with the theoretical result given by' 
. . . 1 : . 

eq 4. 2. In the present experiments (X.L) 2 was 1. 78 which, by substitution 
into eq 4. 3, gives 

v 
f - 45.9 + 0.98 m 

n ( -±. 4) 1 
(X. L) 2 

There is close agreement between the factors 1. 06 and 0. ·98 of eq 4. 2 
and 4. 4. These, however, are about four. times greater than similar data 
obtained from experiments reported in USA CRREL Researc.h Report 111, 
Part II and described by Ryznar (1965). The latter results were obtained 
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tained by numerical integrations of eq 2. 32. 

with an incandescent source and with a photometer having an aperture diam
eter of 5 em. The parameter p was about 4 for the latter experiments, and 

1 . . 

(X.L) 2 was slightly greater. It is clear from eq 2. 32 that~ x for p 3:!4 is 
significantly less th~ S1max for smaller values of p. A resuCJting smaller 
increase of fm with Vn is supported by the experimental results discussed 
above. 

Spectral shape characteristics 

To. compare measured scintillation spectra with Tatar ski 1 s theory 
eq 2. 32 .was integrated numerically with the aid of a digital computer. Eq 
2. 32 takes into account the effect of the aperture of the photometer receiver 

1 

in terms of the dimensionless parameter p = R(2Tr /X. L) 2 in which R is the 
radius of the aperture. For the present experiments p = 0. 493. The re
sults for p = 0. 493 and also for p = 0 are shown in Figure 9. The spectral 
densities have been plotted at non-dimensional frequencies twice those 
given by eq 2. 3.2 to account for the divergence of the laser beam as ex
plained above. 

The theoretical spectrum taking the size of the aperture into account 
has (a) a significantly smaller total variance a~d (b) a lower frequency of 
maximum spectral density than does the spe.ctrum for p = 0 as noted. in the 
first section. It is to be noted, also, that because the spectral dens.ities 
computed with eq 2. 32 are normalized by the total variance that would be 
observed with a zero radius aperture, measured spectra cannot be com- " 
pared directly to it. If the measured spectra confor.m to the Tatarski . 
model, however, they should fall betweeri the two spectra displayed here. 
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Figure 10. Average scintillation spectra for lapse and in
version conditions. 

Inspection of the measured spectra in Figure 5 shows their shapes to 
be generally similar to the theoretical model. In many of the spectra, how
ever, the spectral densities for 0. 1 < n < 1. 5 had higher values than the 
corresponding theo~etical values. For some it may ·be possible to account 

- for the effect on the basis of unstable thermal stratification in accordance 
with

1 
the reasoning given above. This form of spectraldisplay, however,_ ' 

minimizes spectral· differences at low non-dimensional frequencies and; in 
addition, tends to emphasize shifts ·in non-dimensional frequency that may 
be d/ue to expe~imental error in the measurement of horizontal wind .velocity. 

To examine the possible influence of, anisotropy more carefully, scin
tillation spectra measured on 29 J\pril were averaged for the periods 1350 to 
1426 and 2022 to 2058 and are shown in Figure 10 aiorig with a graph of eq 
2. 32. I~ this fig~re th.e ordinate is scaled in units of f0 Wp(f)/crP2 .for.the. . 
obs·ervatlons and In units of f0 Wp(f)/ cr2 for eq 2. 32. The observation period 
of 1350 to 1426 was characterized by unstable thermal stratification with 
Richardson numbers not greatly different froin those measured during the 
periods 1250 to 1320 on 21 January and 1432 to 1444 on 29 April for which 
turbulence spectra are shown in Figure 5. Both the mean vertical tempera
ture differences ( T1 • 4 - T0 •7 ) and the values of a-~ were significantly larger 
for the 1350 to 1426 observation period than for tl).e periods of turbulence . 
measurement. It is likely, therefore, that the "lapse" spectrum in Figure 
10 represents a period of greater deviation from the -5/Jlaw than indicated 
by the daytime (lapse) turbulence spectra of Figure 5. The influence· of 
anisotropy in this case seems to be a weak enhancement of low frequency 
spectral densities and a suppressionof spectral densitie.s .at non.::.dimensional 
frequencies between o. 3 and 5. !twill be recalled that an increase at low 
frequenci'es was suggested above on the basis of the tem:P'e.rature spectrum 
model of Monin. . . , 

The inversion spectrum, on the other hand, shows a marked suppression 
of spectral densities for low values of non-dimensionalfrequency as expected. 
The turbulence spectra in Figure 5 for 2022-2034, 29 April, were measured 
during this period and would appear to represent well the conditi9ns. for the:. 
entire period 2022 to 2058 on the basis of data given in Table III. In addition 
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to the suppressed spectral densities at low frequencies, the inversion spec
trum shows spectral densities less than those of the lapse spectrum at all 
non-dimensional frequencies less than the value of 1. 7. ' 

On the basis of the limited number of observations and the nature of the 
Tatarski theoretical spectrum it may be concluded that buoyancy and shear 
effects in turbulence near the ground ca~se index of refraction spectral 
densities to be such that low frequency scintillation· is suppressed in stable 
thermal stratification and enhanced in unsta.ble thermal stratification. It is 
to be expected that the effect increases with increasing intensity of scintilla
tion at all frequencies because the total intensity increases with absolute 
magnitude of the vertical temperature gradient in accordance with eq 2. 41. 
In this sense, then, Tatar ski's spectrum may be regarded as a limiting 
condition which could be observed only when buoyancy effects are absent and 
they can be absent, entirely, only when the vertical temperature gradient 
and, therefore, scintillation vanish. 

5. VARIATION OF OPTICAL SCINTILLATION WITH HEIGHT* 

Prior to the availability of a laser and hot wire anemometers, field 
experiments were conducted with an incandescent light source to determine 
the variation of scintillation intensity and frequency with height near the 
ground. The observed variation was studied in relation to turbulence pa
rameters discussed in Section 4. The field experiments and an analysis of 
the results obtained from them are discussed below. 

Field e?f!?eriments 

Equipment and procedures. Measurements of the variation of optical 
scintillation with height were made with identical light sources located at 
heights of 0. 5, 1. 0, 2! 0, and 4. 0 m above ground at a distance of 500 m 
from a photometer. The light sources used in this experiment were the 
incandescent type shown in USA CRREL Research Report 111, Part II. 
Each consisted of a pre-focused projector lamp powered by a 12-v battery. 
Within the unit, light from the lamp passed through two condensing lenses, 
a 0. 5-cm aperture and finally through a projector lens having a diameter of 
5 em. The light diverged to a diameter of about 8 m at the 500-m distance 
of a photometer. Light from the source was polychrolT.!-atic, but a spectral 
filter within the photometer had a peak transmittance for )... = 0. 8 X 10- 4 em. 

1 ! 

For,~ 500-m path length, ()...L) z was ?. 0 em. The photometer aperture had 
a diameter of 5 em. · ., 

The measurement sequence con~isted of ( 1) remotely activating the light 
at 0. 5 m, (2) aligning the photomete~ at the same height with it, and (3) 
recording 2 to 3 minutes of scintillat~on intensity and frequency data. The 
light at 0. 5 m was then turned off, tq.at at 1. 0 m w\as turned on, the photom
eter was placed at 1. 0 m and aligned: with the light; and similar recordings 
were made. The procedure was rep~ated at heights of 2. 0 and 4. 0 m and 
started anew at 0. 5 m. A sweep up~ard through the four heights was com
pleted in approximately 15 minutes when both intensity and frequency re
cordings of scintillation were made fl;nd in about 7 minutes when only inten
sity r~cordings were made. 

~:~by Edward Ryznar 
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Figure 11. Average wind and temperature profiles. 

Scintillation intensity was measured in terms of percent modulation 
(Pm), a measure of the relative intensity of brightness fluctuations detected 
by the photometer .. It is defined in detail in USA CRREL Research Report 
111, Parts I and II. 

Observation periods. Measurements were made during a nighttime 
inversion on 26 July 1962, from 2230 to 2334EST, and during a daytime 
lapse on 15 August 1962, from 1010 to 1150 EST. For each period the sky 
was clear and wind and temperature. conditions were unusually steady, so 
that little change in average scintillation characteristics occurred during· 
either period. 

Results 

Wind and temperature profiles~ The average wind and temp~rature . 
profiles for both periods are shown in Figure 11 in semi-logarithmic coor
dinates. For the inversion, the av·erage temperature differ:ence between· 
0. 5 and 4. 0 m was +1. 4 C and the average. wind speed at 1 m was about 2m 
sec -l • For the lapse condition, the average temperature difference between 
the same two heights was -1. 4 C and the wind speed was about 3. 4 m sec -l. 

It can be noted that curvature of each wind profile is consistent with that 
expected from the effects of buoyancy in stable a,nd unstable flow (Sutton, 
1953). Roughness parameters for the grass-covered field were computed 
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'for adiabatic conditions and were 1. 16 em on 2 6 July and 1 ~ 3 7 em on 15 
August. . 

Height variation of frequency of maximum·.power. Two frequency spec
tra were obtained for each of the four measurement heights for both the 
lapse and the inversion; The parameter fm' a measu~e of the frequency of 
maximum power, was computed for each spectrum according to the method 
described in Section 4 and was averaged for the two spectra at each height. 

Profiles of ( 1) fm, (2) average horizontal wind speed U, corresponding 
to the periods of frequency recordings, and {3) the ratio fm/V'n are shown 
in Figure 12 in semi-logarithmic coordinates. The ternp~rature difference 
between 0. 5 m and 4 m is also not~d. It is evident that fm increased with 
height in both conditions. Average values increased from about 20 cps at 
0.5 m to about 49 cps.at4.0 min the inversion condition and from about 
24 cps at O. 5 m to 49 cps at 2. 0 min the lapse condition. 

It can be noted that curvatures in the average profiles of fm ar~similar 
to those of the wind profiles in both stability conditions. Values of V n in
creased from about 1.4 m sec-1 to 2.9 m sec-1 and from 2.3 m sec- 1 to 
3. 5 m sec-1 between 0. 5 m and 4. 0 min the inversion and lapse conditions, 
res'pectively. The effect of an incr~ase of Vn with height, however, was to 
increase fm in such a way that fm/Vn remained approximately constant. 
Average values were about 0.14 cm- 1 and 0.13 cm-1 for the inversion and 
lapse conditions respectively. 

Height variation of scintillation intensity {Pm). The variation of scin
tillation intensity with height for the inversion and lapse conditions is shown 
in logarithmic coordinates in Figure 13. Pm for the lapse was almost twice 
that for the inversion and decreased with height about 30% more. The points 
shown are averages of five ·and six successive measurement sweeps through 
the four heights for the inversion and lapse, respectively. For the inver
sion, Pm decreased from 59 at 0. 5 m to 29 at 4·. 0 m, and for the lapse Pm 
decreased from 95 at l. 0 m to 48 at 4.·0 m. A least sq-uares analysis gave 

Pm ex z -0.35 

and 

for the inversion: and lapse, ·respectively. It was not possible to measu·re 
Pm at 0. 5 m for the lapse because mean refraction caused the apparent 
position of ·the light source to· be partly obscured by the ground surface when 
the light was viewed from the distance of the photometer.· 

Height variation of CT and Richardson nwnber (Ri). Based on the dis

cussion in Section 4, the observed height variation of Pm may be interpreted 
as a .corresponding height variation .of the structure constant for refractive 
index fluctuations,. Cn' which may be expressed in terms of the cor respond
ing structure function coefficient for. temperature fluctuatiqns, CT. The. 
equation for computing CT from -temperature profile data proposed by 
Tatar ski ( l 9 61) is 

·cT = ( 5. 1) 
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Figure 13. Height variation of scintillation in
tensity (Pm). 

in which ky is von Karman's constant (~0.4), "a" is a coefficient whose 
value depends on Richardson number, T is temperature and z is height. 
Tsvang ( 1960) determined the dependence of the coefficient ''a" on Ri. In 
order to compute CT, values of Ri were first computed for several heights 
according to the method proposed by Lettau (1957) for ''quasi-local" Ri and 
values of "a'' were then determined from Tsvang's relationship. Because 
of its dependency on Ri, "a 11 was found to be proportional to z'-0 •1·4 for the 
inversion and to z 0 •u for the lapse. · 

Average wind and temperature data for several height increments were 
obtained from the profiles showr{ in Figure 11. Each computation of Ri · 

and c T was valid for the geornet~ic mea~ height, z = (zl Zz ) t, of each 
height increment (Lettau, 1957) .J A ratio o! Zz I z 1 = 2 was· used and height 
increments ranged from z 1 = 0. 22 m and Zz = 0. 44 m for a geometric 
mean height of 0. 31 m to z 1 = 3. 10 m and Zz = 6. 0 m for a geometric mean 
height of 4. 24 m. The maximum tenj.perature difference in the computa
tions was 0. 57 C which was measured· between 0. 5 and 1. 0 m during the 
lapse and the maximum difference in wind speed was 0. 6 m sec - 1 measured 
between 3 and 6 m during the invjersion. 

. . I . 

The height variation of Ri in logarithmic coordinates for the inversion 
and lapse is shown in Figure 14•\ Absolute values of Ri inc·reased fr.om 
about 0. 06 at 0. 5 m to 0. 12 at 4.~0 min the inversion and from 0. 03 to 
0. 56 for the same height interval in the lapse. A least squares analysis 
gave 
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for the inversion and lapse, respectively. 

The height variation of CT is shown in logarithmic coordinates in 
Figure 15. Values of C T decreased from about 0. 11 at 0. 5 m to 0. 05 C 

1 - 1 

em -3 at 4. 0 m: for the inversion and from 0. 21 to 0. 09 C em -3 for the same 
height increment for the lapse. :A least squares analysis gave 

c a:. z -0.35 
T 

and 

for the ihversion and lapse, respectively. 

Height variation of tem erature radient (AT I Az). Temperature gradi- · 
ents were compute y divi 1ng temperature i erences by corresponding 
height increments appropriate for geometric mean heights of 0. 5, 1. 0, 2. 0, 
and 4. 0 m. Height increments ranged from z 1 = 0. 35 and Zz = 0. 7 m for a 
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geometric mean height of 0. 5 m to Zl = 2. 83. and Zz. = 5. 66 for a geometric 
mean height of 4. 0 m. Results of the computations are shown in Figure 16. 

In each stability condition I ~T I ~z I dec.rease'd with height .. Val~es of 
~TI~z decreased from +O.OllCicm at 0.5m to' 0.0017Cicm at 4.o·m for 
the inversion andfrom -O.Ol5Cicm at 0.5m to -0.0013Cicm at 4.0mfor 
the lapse. A least squares analysis· gave .. 

and 

for the inversion and lapse conditions, respectively. 

The results described above are summarized in Table IV. 

Table IV. Height exponents for scintillation and turbulence parameters. 

Inversion La;ese 

Pm . -0. 35 -0. 4.9 

a -0. l4 +0.'!1 

IRil +0.23 +1.36 

CT -0.35 -0.48 

~~TI~zl -0.91 -1. .24 
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Discussion 

It is evident that CT and Pm have nearly identical height exponents for 
both stability conditions. The height exponents for CT were further sub
stantiated by adding those for terms comprising eq 5.1,. using the identity 

ae~ se = 
z az· == O'IIiZ 

proposed by ;Lettau {1957). The sum of the exponents was -0. 37 and -0.46 
for the inversion and lapse, respectively, which was close agreement with 
those given in Table IV. 

The similarity of Pm and CT indicates that eq 5. 1 for .computing CT 
for stability conditions not very different from adiabatic was valid for the 
conditions of ~rbulence which existed during the experiments. Eq 5. 1 was 
developed by assuming a turbulence regime of forced convection, one in 
which the production of convective energy by temperature differences is 
small compared to the rate of production of m~chanical energy by shear 
forces. A typical weather condition for which this type of flow can be 
expected is a' windy day or night with an overcast sky. A free convection 
regime, on the other hand, is one in which the vertical transfer of heat 
and momentum by mechanical turbulence is very small compared to that by 
buoyancy resulting from surfa<;:e heating. A-typical weather condition for 
which this type of flow can be expected is near midday in the summertime 
with a clear sky and a very low wind speed. 

Much work has been done by others to establish criteria for the struc
ture of temperature .and wind in forced and free convection. How well the 

- results of the scintillation measurements agree with these criteria in re
lation to flow characteristics for the lapse and inversion is discussed be-
low.\ · 

Flow characteristics for the lapse data. De.ductions concerning the 
height variations of CT may be based on the theory of locally uniform and 
isotropic turbulence. In shear flow for a fully forced convection regime it 
can be shown that if temperature fluctuations obey the i law, then 

1 
c ex: z - 3 

T 

. and for free convection, Obukhov ( 1960) showed with dimensional analysis 
of a self- simulating regime that 

z 
CT a::z-3. 

Recent work by Tsvang ( i 963) supported the latter res~lt with airplane 
measurements of temperature spectra at several heights between 50 and 
3000 m during strongly ·developed convection.· 

For the present experiments, the height exponents for CT and Pm were 
approximately the average of those expected for free and forced convection 
which indicates a transitional typ.e of flow. Additional supporting evidence 
is the work by Priestley ( 1959) and Crawford ( 1963) in terms of Ri. Both 
workers showed that a re:gime of predominantly forced convection cl,langed 
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to one of free convection for Ri between -0. 02 and -0. 05. The value of Ri 
at 0. 75 m was -0. 04 in the present experiments. 

A similar result in relation to the type of flow was obtained for the 
variation. of aT/ az with height. The height exponent. -1.24 compares to 
values of -1 for forced convection, -1. 33 for free convection, and -2 for 
natural convection, i.e., no horizontal wind, found by others. A 30% 
greater slope of aT I Az for the lapse than for the inversion is similar to 
that for Pm and CT. 

Flow characteristics for the inversion data. For inversion conditions, 
a transition fr()m a turbulent regime of forced convection to laminar motion 
occurs as thermal stability increases. The effects on scintillation were 
discussed in USA CRREL Research Report 111, Part II .. Comparatively · ' 
little_ experim~ntal or _th~oretical irif,Prmation, how.Pv~r; ~s ~va~lable _con~ 
cermng the height variation of CT or AT/ A~ is far as establishing criteria 
for the transitioninflow regimes for inversion conditions is concerned. Tsvang 
(1963) reported results of one flight during aninversionin which measurements, 
of temperature spectra were niq..de between 100 and 1000 m. He found 

which is much different from our findings, but he did not accowit for his 
result. · 

Most of the work in this regard has been in relation to Ri. For ex- . 
ample, Portman et al. '(1962), TC>wns~nd (1957), and Ellison (1957) esti
mated values of +0. 35, +O. l arid +0.; 1, respectively, for Ri at which 
turbulence changes character and is gradually replaced by internal gravity 
waves. ,'It-<is likely that the present experiments were conducted in a forced 
convection regime in which turbulence had not begun to decay; since Ri = · 
+0. 08 at 0. 75 m. 

Summary and conclusions 

Scintillation intensity was three times greater at a height c;>f o. 5 'm than 
at 4 m for a lapse and two times greater for an inversion. A consistent de
crease with height was _corroborated by information obtained from wind a11d 
temperature profiles. Close agreement between the height variation of 
scintillation intensity and the structure constant f<?r temperature fluctua-
tions was obtained. · · · 

The height exJ?onehts for both Pm and the computed turbulence param
eters indicated a mode of heat transfer between that of forced and free 
convection for the. lapse and. between forced convection and laminar flow for 
the inversion. · · · · 

Spectral analysis of scintillation frequency showed an increase in the 
frequency of ma~rilum power with. height in each stability condition.· The 
increase agree-d closely with the wind profile measured simultaneously. 
Even though the measurements of scintillation discussed above were made 
with an incandes.cent light source~ a similar height variation of scintillation 
intensity and·frequency would also have bee·n expected for the same· meteor
ological conditions if the laser described in Section 3 had been us.ed. The 
results are, therefore, also applicable to the problem oflaser propagation 
discussed above! . 
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This appendix discusses the technique used for estimating the spectral 
densities of random signals encountered in the data acquisition and data 
analysis. The technique used basically employs analog filtering. And, as 
in most spectral analysis techniques, assumptions of stationarity and er~ 
godicity are implicit.* When random processes in nature are assigned 
chi-square distributions, a certain confidence level and the acceptable 
region of variability of the estimated statistic from its true value can be 
established. It is also important that all statistical estimates be interpret
ed with an awareness of estimation errors and instrument errors. Esti
mation errors arise due to the variance of the estimate about its true value 
and a bias error, while instrument errors may arise because of equipment 
noise and their time and frequency domain characteristics. 

In the following, these errors are discussed for the spectral analysis 
technique. The following two sections are intended as a tutorial on spectral 
density and its .analog estimation. The later. secti.ons describe the equip
ment used, and errors and difficulties encountered. Data acquisition in
strumentation is covered elsewhe:re (Portman et al., 1964; Biggs, 1966). 

Background for spectral· analysis 

The subject of spectral analysis has been covered widely in the litera
ture, e. g.: Davenport and Root (1958), Blackman and Tukey (1958), and 
Bendat and Piersol (1966). The following section develops, briefly, the 
general concepts involved in spectral interpretation of random variables. 

w(t) 

A' 

B 
e 

I 

List- of symbols·. 

E[ f( o )] 

bias error in f(o) 

nth derivative of f(o) with respect to the 
argument ( o) 

estimate off (o) 

.~ 

probability density function of a random variable 
x(t) 

impulse response function 

effective value of A, a constant 

equivalent bandwidth 

expectation operator 

*Analysis of nonstationary random processes is discussed by Bendat and 
Piersol (1966), and others. 
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energy in the nth order filter --

spectral density defined as a function of non
negative frequency 

mean square value of f( o) 

frequency scanning rate· in cps I sec 

autocorrelation function 

spectral density defined as a function of both 
positive and negative· frequency 

. true averaging time constant 

rise time for a short cutoff filter 

delay introduced by the lag window 

' sample length 

scanning time per frequency in sec/ cps 

Fourier transform of x(t) 
,// 

frequency response function 

modulation error 

normalized standard error in the estimate 

statistical error in the estimate 

elementary frequency bandwidth resulting from . 
the periodicity of the loop tape 

resolution bar.dwidth 

. standard deviation of the estimated ,spectrum 
from its: true value 

! 
I • . • , . 

Definitions. Spectral density (or power spectral density) may simply 
be defined as that function whiclt gives the distribution in frequency of the 
power of a signal or a noise. If: x(t) is a real or comple:>e-valued periodic 
function of a real variable t, an~ if x(t) is absolutely integrable over a 
period T (for non-periodic x(t), ! T may be oo),. i.e., if 

T 

S x( t) dt < oo, (A 1 ) 
0 
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then x(t). has. associated with it a Fourier series 

A 
x(t) 

00 

= l 
n=-oo 

jnwAt a e v 
n ' wo = 

(a 
.. n 

= ~ f x(t) e -jnwo t dt) 

0 

where a are Fourier coefficients. 
n 

If x(t) is of integrable square, i.e., 

T 

~ x(t) I• dt < oo, 

2., 
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(A2) 

(A3) 

then the Fourier series converges in the mean to the .function x(t). Under 
· the same conditions, · 

T 

dt (Parseval). S I"' (t) I 
1 =r 

n=..;oo 0 ' 

If the Fourier transform X(f) of x(t), defined as 

X(f) = S x( t) e-jZwft dt, 

-oo 

is also of integrable square, then 

00 ·' . 00 

5 I X( f) I • df = 5 I x( t) I• dt. 

-oo -oo 

(A4). 

(AS) 

(A6) 

The spectral density Sxx(f) of x(t) may then be defined as a function of the 
Fourier coefficients: .. . 

00 

Sxx(f) = I lanj• 6 (f- i:U0 ), 

n=-~-. 

-- ,.-_:_-----. 

1 
fo = T .. (A7) 

·Thus spectral density at any frequen·cy is the time average of the·· 
energy at that particular frequency. · 
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Usually, a one-sided spectral density, or power spe·ctrum, Gxx(f) is 
defined such that 

Soo S (f)df 
XX = r G (f)df, 

XX 

-oo 0 

and since S (f) is an even function of f, 
XX 

2S (f) = G (£). 
XX XX 

Total energy in x(t) is 

1 ' 

T 

(AS) 

(A9) 

(AlO) 

Two functions x(t) and x'(t) with Fourier coefficients of the same 
magnitude but different phases have the same spectral density. For x(t) 
real, S (f) is an even function of f. S (f) is non-negative. 

XX XX 

Spectral density, or more precisely, power spectrum G (£), may be 
interpreted in a more statistical sense: it is the distribution~£ the mean 
square value of a random vi:i,riable x(t) as a function of frequency. Thus 
if Gxx(£1 ) exists for a certain frequency £1 , and in a bandwidth Af, then 

T 

1 s AfT . G (£1) = Lim 
XX 

Lim -r (t, Af)dt. (All) 

Af-o T--oo 0 

That is, Gxx(£1 ) is the mean square value of the function x(t) in the band
width Af around frequency £1 • In general, 

Lim Lim 
1 

AfT 

T 

.S 
0 

-r (t, £, Af)dt. (Al2) 

Then the mean square value over the entire frequency range is equal to 
the total Fourier energy: -

MS[x] = r G (f)df 
XX 

(Al3) 

0 n=-oo 

The root mean square value is then interpreted as the standard 
deviation a-x· The de co~ponent, or the mean value, which appears as a 
delta function at f = 0 on the spectral plot, is usually not .. considered a 
useful statistical property. · · · 

P~eference of one interpretation of spectral density over the other is 
mo·re or less a personal matter. Although both meanings are· equally 
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correct, it is sometimes difficult to reconcile oneself to the statement that 
a random variable, which is by definition nondeterministic, has a time 
domain representation as a Fou.rier series.· 

Assumptions. Stationarity: Stationary random processes are those 
whose statistical properties, computed from their ensemble averages, .. are 
time-invariant. However, it is not necessary to require that all moments 
of a process be independent of time for general statistical analysis. It is 
sufficient to require that second moments of a random process be time
invariant. This is referred to as wide-sense stationarity. If the 'ensemble 
autocorrelation function 

00 

Rxx(t, t+T) = E[x(t) x'(t +.,.)] = ·s x(t) ?C (t + T)p(x)dx, (Al4) 

-oo 

(where p(x). is the probability density function), then for a wide-sense 
stationary process Rxx(t, t + 'T) is independent oft, i.e., 

R (t, t + 'T) = R (T) • 
. XX XX 

(A15) 

For a wide-sense stationary process, according to the Wien~r-Khintchine 
theorem, autocorrelation function and spectral density are Fourier trans
forms of each other. Thus, for one-dimensional spectral density to exist, 
V.:ide-sense stationarity is a necessary and sufficient condition. 

Most random processes in 'nature can be assumed to be wide-sense 
stationary, at least for som~ time interval. Analysis of stationary proc
esses is considerably simpllfied and their statistical properties are more 
fall'liliar than those of non-stationary processes.· The latter have multi
dimensional statistical properties which are more difficult to interpret. 

. . : Er~odicity: In a very ge~eral sense, an ergodic random ·process 
1 s one 1n which each sample func ~1on eventually takes on near 1 y all the · 
modes 'of behavior of each other sample function·. In statistics, ergodicity 
derives its usefulness from Birkof£ 1 s ergodic theorem which states that 
for a stationary random process; the time average exists for every ~sample 
function except for a set with probability zero, and under the condition of 
ergodicity, the .time average is equal to the ensemble average with prob
ability one. One direct result of Birkof£ 1 s theorem is the following: 

00 

E [ x( t) x ( t + 'T)] = ·S x(t) x (t + T) p(x) dx 

-oo 

+T 

Lim 
1 s x(t)·x.(t +T)dT, (Al6) = 2T 

T-oo -T 

i.e., the time autocorrelation function is equal to the ensemble autocorre
lation functl.on. In general, all ensemble averages can be interchanged for 
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time averages when the condition for e.rgodicity is satisfied. This condi
tion is usually a· complex mathematical requirement whose discussion is, 
beyond the scope of this report. However, for gaussian random processes 
with continuous autocorrelation functions, the following condition implies 
ergodicity: 

< oo. (Al7) 

-oo 

When dealing with statistical properties of random processes in the 
:real physical world, it is impracticable to use ensemble averages. 
Ergodicity condition ensures that all properties computed from time av
erages are the same as those computed from ensemble averages. In other 
words, one need not have an ensemble of random outputs available from 
the same random process to study its statistical properties. It is possible 
to study a wide- sense stationary ergodic random process by computing its 
statistical properties from a single observed time history. 

Chi-square distribution: Physically observed phenomena are 
usually the net result of various random variables. The interplay of these 
variables in producing the phenomena observed may be quite complex. 
However, a physically observed phenomenon approaches a generalized 
distribution of the type chi-square 

(Al8) 

where Yi are normally distributed independent random variables. The Yi 
may themselves be sums of other independent random variables which may 
not be normally distributed. By virtue o.f the central limit theorem, how
ever, Yi can be assumed to be normal. ·The, theorem states essentially 
that sums of independent random variables under fairly general conditions 
will be approximately normally distributed, regardless of the underlying 
distributions. Thus the chi-square distribution seems to be an appropri
ate statistical description for most physical phenomena. 

The chi-square distribution is also a very convehient and useful 
statistical tool. Its assumption helps a great deal in interpreting the 
ranc;l.om phenomenon. One can establish confidence intervals for the esti
mated statistical properties from distribution tables. In eq Al8, the chi
square distribution has k degrees of freedom. As k becomes large (k>>Z) 
the chi-square distribution itself approaches a normal distribution. The 
spectral density of a random variable with a large k is well-behaved and 
smooth, i.e., the first derivative of the spectral plot with respect to 
frequency is bounded and continuous. 

Analysis of technique 

. The technique used for the estimation of spectral density utilized 
analog equipment. Iri its simplest form, the method involves passing the 
random signal through a narrow bandwidth filter which sweeps through the 
range of frequencies of interest at a desired rate to yield an analog voltage 
or current whose amplitq.de varfes· with po:wer at and around each frequency. 
However, in practice, various parameters come into ·pia y: filter shape; 
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bandwidth and the sample period; noise, distortion, and the heterodyne 
effect; time constant of the power -averaging circuits; and frequency 
scanning rate. 

Shape of the filter transfer function. For true spectral density, as 
defined by eq 12, ideally we would like a sharp cutoff filter with zero 
bandwidth. But in practice we can obtain only an estimate of the true 
spectral density because both these characteristics are physically non
realizable. 

Very simply, the following holds for a filter: 

61 

G (£) = I Y(f) I z Gxx(f)' 
xxout 

(Al9) 

where Xout(t) is the output of a filter with x(t) as its input, the filter trans
fer function being Y(f). Y(f) may be thought of as a "spectral window" 
whose Fourier transform, the "lag window, " is the impulse response of 
the filter. For an ideal sharp cutoff filter of bandwidth ~f, 

. Y(£) 

= 0 otherwise. 

0 A!.. 
2 

Figure Al. Amplitude transfer function of an ideal 
band-pass filter; f 1 = 0 .. 

The impulse response of the ideal filter is of the form 

w( t) 

. ~£ 
s1n t T 

= ~f 
t ~£ 

2 

(AZO) 

(A21) 
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w(t) 

6f 

Af 6f 

Figure A2. Impulse response of an ideal band-pass filter. 

The following is apparent from Figures Al andA2: As 6-f -0 for the 
ideal narrow-band filter, the Y(f) function approaches an impulse function, 
and the w{t) function asymptotically approaches a horizontal line parallel 
to the t axis. For D.f very small, w(t) extends from t = -oo to t = +oo. In 
other words, a narrow- band, ideal sharp cutoff filter requires infinite 
weighting in the time domain. Such a filter is physically non-realizable. 

In the laboratory, one must deal with realizable filters, i.e., those 
whose impulse responses vanish for I tl greater than some finite value of 
time. As this condition of realizability is introduced, the sharp cutoff 
characteristic of the frequency transfer function is lost. 

A non-ideal, realizable, first order band-pass filter may be defined 
as the polynomial: 

(A22) 

where kl is a gain constant so that ;the peak gain is unity, s is the complex 
Laplace frequency; w 1 and wh are, respectively, lower and higher fre
quencies off resonance at.which the attenuation is 3 db. We can simplify 
this function by substituting s = jw: 

(A23) 

The actual ln(Y1 {jw)) versus lnw may be approximated by the asymptotic 
representation for high frequencies. Figure A3 then represents the filter 
function graphically... In general, 

y {jw) = 
n 

k {jw)n 
n (A24) 
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Figure A3. Amplitude transfer function of first 
order band-pass filter. 
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For Y n(jw), the slopes of the inclined lines are 6n db/ octave. It should be 
noted that as n approaches -oo, the filter transfer function approaches the 
ideal rectangular transfer function. 

A filter represented by eq A24 also introd"!J.ces phase lags and leads. 
Every zero in the polynomial introduces a lead of appro'ximately T1' I 2 radi
ans; a pole introduces a lag of T!'/2 radians. These phase changes shift 
frequencies in the filter to some extent. ·The predominantly lag effect, 
combined with random phases of neighboring freque.ncies acting as noise, 
makes it difficult to identify frequencies exactly. 

As is apparent from eq A24, the analytical computation of both gain 
and phase errors from this expression for non-ideal filtering seems rather 
involved. McRae (1961) and McRae and Smith (1962) integrated this and 
.other expressions for non-ideal filters numerically to study their effect on 
inte.rpolation techniques. A "feeling" for, the error can be obtained from his 
tables for interpolation errors. For band-limited white data (sharp cutoff at 
fm) sampled at 24 times fm a second order Butterworth interpolating filter: 
introduces about 2% error, a third order filter about 0. So/o, a fourth order 
filter about 0. 2%. For a thirq order data roll-off ( -18 db/ octave). and a sam
pling rate of about 9 times fm Um her~ is the -3 db point), the interpolation 
error figures corresponding to second and third order filters are 10% and 5%. 

Let us now define certain parameters associated with filters. For non
ideal filters, we assume that a maximum time delay of Tm· seconds is re
quired. Then the "resolution bandwidth, 11 Afr, is defined as the minimum 

. bandwi_dth for which the spectral density can be estimated: 

Af 
r = 

1 
y-

m 
(A25). 

If Tn is the total sample length in seconds, then the ''elementary frequency 
band, " Afe, which is considered the fundamental Fourier frequency due to 
the p~riodicity of the tape loop, is given by 

Af 
e 
~ 1 

2T 
n 

(A26) 

For non-ideal filters, the "equivalent bandwidth, " Be, is defined as the 
bandwidth of a hypothetical rectangular filter which would pass the signal 
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with the same mean square statistical error as the actual filter when the 
input is white noise: 

A 
B = e .r I Y{f) I· df 

0 

(A27) 

Both amplitude and frequency resolution of a filter are .closely related 
to the filter bandwidth and sample length. We therefore turn to a discussion 
of these parameters. 

Filter bandwidth and sample length. From eq A2 5, for good frequency 
resolution, .we would like Tm to be very large. On the other hand, T can
not exceed Tn. It is also apparent that Tm should be less than or equWJ. to 
the period of the lowest frequency in ~e data. 

If a chi-square distribution for·the random variable is assumed, then, 
by using the distribution tables, a formula for the amplitude accuracy of the 
spectral density estimate can be deriv~d (Blackman and Tukey, 1958): 

(90% range in db) 2 200 
= T Af 

n r 
(A28) 

If the term in parenthese.s is, say, 3 db, it implies that 90% of the spectral 
density estimates are within± 3 db (:1: SO%) of the true spectral density. Thus 

. (90% range in db)z = 
200T 

m 
T 

n 
. (A29) 

From eq A25 and A29, we see that we gain frequency resolution at the 
expense of amplitude accuracy, and vice versa. Thus a compromise has to 
be made. Usually, 

T = 0. 1 T 
m n 

(A30) 

is considered adequate. However, smaller ·T~ can be used to improve 
accuracy of the estimate if frequency resolution is not a prime considera
tion. · 

·The degrees of freedom of the chi~ square distribution can be calculated 
by the following formula: 

B· 
k = _e = 2 T B • {A31) 

Afe n e 

Thus large Tn (or Be) yields large k, which implies smoother spectrum 
plots, greater accuracy, and more discrete frequencies for which the 
spectral density can be estimated. 
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Any finite time history of a t~uly random proces-s is a unique_ sample, 
so that spectral density estimated froin_ this timehistoryis itself a rar1:dom 
function. -- Thu!? t;xx(f} _has _a: mean square_ error about the true value Gxx(f): 

MS[ t ] = -E[ {fr (£} 
S XX 

G (f)}Z]. 
XX 

(A32) 

On expanding the above equation, one can arrive at the -following: 

MS[ £ ] = cr ['fr (£)] + b2 [G' (£)]. 
S XX XX 

(A33) 

That is, the total mean squar-e -statistical error in the estimate is the s-um 
of the variance of the estimate about its true value and the square of some 
bias error. In general, under certain comp-romises, both these errors 
may be made arbitrarily small as the sample period Tn becomes very large 
and Be very small. However, this error can never be made equal to zero, 
as pointed out in the following. 

' -_ ' ' - •/' 
'The variance, <J

2 [G:XX(f}] ,. is.a result of the fact that the difference be-
tween_the estimafe t;xx(f) and the true value Gxx(f) is a random variable. 
This randOJ:J;ln'es.s is a direct consequence of the finiteness of the sample 
length. The follQwini t~ee equat~ons are from Bendat and Piersol .(1966). 
The. expression for <Jz [ Gxx<f)] is . . 

o-z [ G' . u) ] ' 
-XX ·-

=- t[c'z · (£}] · - E 2 r-G' - (£)] 
XX XX -

"' Gz xx(f) 

B T 
e n 

(A34) 

The bias error :ls introduced because_ of averaging over a finite band
width in the filter-: 

(A35) 

T-hus smaller bandwidth yields smaller bias error, but larger variance. 

We see from abo~e that th~ statistical error is related to the Be Tn 
product .. A normalized standard error En is definedin terms ofthe .BeTn 
product: 

CT [B' (£)) 
XX "' 1 (A36) 

. 1\}B T · 
e .n r 

where En X 100 is pe~c-ent er~or ~ . The En is --a convenl.ent means" of deter
mining a reasonable value of the Be Tn_ product. -Usually "Be Tri > 5 is con-
-sidered reasonable (error.< 44%). - - · -· · -

_ _ :Noise ~nci distortion. .. - The. su9ject o£ rio1~e, distortion 4ue to inter~ 
modulation and spectral "fo'id-over" (error of commissioh), and non;-linear 
effects due to heterodyning (time domain multiplication of signals wit_h 
intermediate or- carrier frequencies) is c"onsiderably 'involved (see,. for in
stance, 'Nichols and Rauch; 1966)• Nevertheless, unless a fairly noisy 
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communication channel is used, available signal-to-noise ratios are usually 
fairly large (S/N > 20 db)~ Even then~ unless the random signal to be ana-
.lyzed has a more or less sharp cutoff spectrum, its tails are bound to be 
lost in low and high frequency noise in the equipment. High frequency noise 
is usually introduced from active elements in the electronics and low fre
quency noise may arise from high frequency drifts and characteristics of 
the transmission channels. 

It is pointed out by Nichols and Rauch ( 1966) that for white band-limited 
noise (spectral density Snn> in a frequency-modulated system,. the mean 
square modulation error is 

where. 

MS( t ) 
m = 

2S f. 3 
nnm 
3A 2 

c 

f = maximum frequency at which x(t) has non-zero power, m 

A = the amplitude of f , the carrier frequency.· c c 

(A37) 

It can be seen from the above equation that the error is considerably 
smaller for a relatively narrow-band signal than for a broad..:band signal •. 
If fm·< fc /2, then "fold-over" distortion may be totally avoided. Inter
modulation distortion, which arises due to heterodyning of two strong 
frequencies,· may necessitate prewhitening of x(t) if Gxx(f) is not relatively 
smooth or flat (see Bennet and Davy, 1965, and Bower and Schultheiss, 
19 58). .Modulation products obtained in a non-linear modulation (of the type 
of FM) may have noise components which have reached the "threshold" 
value where it becomes difficult to- separate noise from signal. For a 
given FM system, an expression can be derived for the frequency at which 
small noise assumptions break down and one has to use statistical estima-
tors to separate signal from noise. .· . . 

Time constant. The time constant of the power -averaging circuit 
determines the combined effect of transients in the filter and the amplifier 
circuits. If it is of the same order of magnitude as the sample length then 
considerable information about the variation of power density at any partic
ular frequency may be lost. On the other hand, for low frequencies whose 
periods are comparable to the sampile length, it may be necessary to have 
the time constant of.the power -averaging circuit approach the sample 
length in magnitude in order to retafn information at these frequencies. 

It is sometimes recommended that the averaging time constant equal 
the effective sample length. But it is generally found that if the data band
width is narrow, and if the sample length is an order of magnitude, or more, 
larger. than the period of the lowest !frequency in the data, smaller time 
constants are quite satisfactory. Analysis time may be further reduced by 
decreasing the time constant as the 1analysis goes up in frequency. 

• I • • 

Scanning rate. ·Frequency scanning rate is determined by the stability 
of the filter at low frequencies, transients in the elect.ronics, and the filter 
bandwidth. Each frequency is scanned for a time T s which allows for 
resonance build-up in the filter and for the transients in the power-averaging 
circuit to die down. 

The rise t.ime for an ideal sharp cutoff filter of bandwidth Be is T e = 
1 I Be. If Ta is the true averaging time constant of the power averaging 
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circuit then each frequency should be looked at for at least T s = T e + T a 
seconds. Thus a scan rate Rs = 1/(.T e + T a> should be adequate for ma:p.ual 
scanning. 

The stability of the tuning circuit and bandwidth determines the· mini~ 
rrium difference in frequencies for sp~ctral density estimation. As men
tioned above, a slowly varying spectrum implies more degrees of freedom 
and hence more discrete points for spectral density estimation. 

Sometimes the scan rate R 8 in cps per second is taken proportional to 
Be/Ta. Usually Rs _< Be/Ta• In automated systems for spectral analysis, 
considerable analysis time can- be saved by increasing the bandwidth and 
decreasing the averaging t~me as analysis goes up in frequency. This re
sults in higher scanning rate at higher frequencies, and therefore faster 
analysis, without any increased loss of accuracy. 

Description of instrumentation 

In the previous section, the method used for analog estimation of power 
spectrum is analyzed with emphasis on errors. introduced by the statistics 
of Gxx(f) and the instrumentation .used. We now turnto the equipment set
up and study its operation in some detail. 

The following is a list of equipment used for spectral analysis: 
. . 

I) Ampex Instrume~tation Recorder SP-300. 

II) IBM-:-7090, CDC-160A Digital Computers, Applied Dynamics 
2-64 PBC Analog Computer 

III) Honeywell FM Recording Oscillator Model 4207 

IV) Honeywell Direct Recording Amplifier Model 4114 

V) Honeywell Laboratory Recorder /Reproducer Model KAR 7490 

VI) Honeywell _Tape Transport Model 3191 

VII) Honeywell Data Discriminator Model 5207 
. ' 

VIII) Spectrum Analyzers: 

Hewlett-Packard Harmonic Wave Analyzer Model 300A 
- - . 

Hewlett-Packard Harmonic W-ave Analyzer Model 30ZA 

Quantech Wave Analyzer Model 304 
. . . . . : . . . 

IX) E~terline-Angus MA Current Recorder 

Figure A4 is a block diagram of the spectrum-analyzing system: 

Field 
Tope 

FM DIRECT RECORD 
AMPLIFIER 

Figure A4. System block diagram. 

FM 
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The. ·detaifs of ·:e: .. ornpli'tat~;o·ns _p;erforf:ned·bri_:cornputer·~} t6 ·obt~G.::n··Wirid-· ·· 
. component ·.fh.ict\.ia~tion·s :a:-:t·e· -de sc :d beci·by Bigg,5·: (196-6L :.'· -•-:. ;,, !· •. · .. • • 

The spectral analysis. technique employs recording the fr_equenc·y~ . ·' -
modulated random ·sign&l<on.· a :_continuous' tape:1oop· arid _repeafedly: playing 
the -~demodulate·d: sigrfal ba'ck thrchigh a.!Js'pectruin ·arialfzer·~ .. ' .. · ·: :·: .: __ : ' !·, .;_ . 

·. ,. ·:.. .. . ' .. .· ·:: ,. ' .·; :-_, ·:: .. '.-;· '· ,._; ..... '.· .•. ' :::- '.,. :- :: ' ' -'~ ·:_:_ :· ~; -3-'--·:.- .. , . ·, "; ' .:: '; i ': _:.:. ·. ::· :: •: :.·· ·' ·., ·_· .:·. ;· ... 
The randqm stg;n~l ,whic:h, is reco~ded at. 34. ips.:a.s._an I:M: s~gna~. c(i.n -b~-

played back either'as a moduiat~-d signaf(C:a'~ri,er fr'e'qu~ncy 337s cps,_ . 
modulation index- ±'40o/of or'--as:·a defuodulated :aricidog- sig;nal' 'afo'!ie !of'the' 
following -'-speeds:· ll~ J:t~·- 7i~= is ips.· ·-,The·'- ratio ~qr~the ;~peed":atwhich·the:::, 
sigha.l i's --played'backJr·om·the lo:Cip: to· .. Uie::.speed at~whichit·Ts- recorded on · 
the loop giveOl:f the.-''.frequency·c·anipres:sion:~:" -Byiricr:ea·sing th;e frequency· 
compression';··,the' 'capability:· of ·tp-e ·-·spectt-u:rn' 'analyzer ':cari be. erihariced :.td 
lower frequencies. The freque'iicy·c,.om:pr:es.siori U:sed for· spe·ct:ta:l artalysrs· 
was 1:16 or 1:32 {loop playback speed 60 ips; loop record speed 3t ips or 
1 t ips). The bandwidth of the FM sy'stem res,p_q'~_se is·_·_:ci.·-fu!lc.iiq:r:t ·a~ th~>:::·· 
re,corci spee9-,{dc to (>._25, cps ~t 3l -~PS. and _de to Jl.2>~ps, at .1 t .ips). . _ · 

• • • {. ' ' , . • •• _ , • ' , , • ;" '• ' 1 .· •' .:•. , , • , _ ~ •• • ·< • • • ; . . I , : • f , , .- • . '• • , • ' ·: • ' •' • . • · · '' :. '• .' •'· ' ' • ·'• 

.. -. F·M- r'ecording electronic;s ~ · 'cThes·e tnodule·s tr:-ansle:r ·the field data' t.o 
the' tape-'on the ·loop rna·chine." "'-''-The frequency-'rnodulafed-:signal'Lrom the· 
tape recorder can be demodulated in the ta.pe ·recor-der ~~Uid tli~n<reco:ided-:-'~ 
on the lo()p,::-,tape throug:h,,an, FM ;moqulato;r~ · .. Qr, it _can .be rec.or.c:led,,.on- the 
loop-tape w1thout i'nter:r:nediate demodulation and modulation' through a 
direct record amplifiel.< · ·_,.: ·. : .. --._,_ -~. •. :.'>- ·:--:' ·,· · ·<: ··.'. :.: 

,, : The<FM fecc>:rding 'oscill'ator (F~'.f hiodiila:to'r) -l's a -.i:ranEli'stori~·ed module 
consisting of three basic sections (Fig' .. ''A.S):· · a::,·driv~r aciplifier, a center 
frequency card, ,_ ~1.14 a -<::8~e os_~p~ator.,-()U~p\lt 5LWPlif~e-r:. , ·'. . ·;. 

The data.s,_ignal .. ~~ ~mplifi~g_-~n tqe:.dF_dr_~ve_r-amplifi_er .. , This amplified 
input is then frequency modulated in the core oscillator, the _amp~ified out
put''of whi2h·:·i-s· ·applied• tO' the .<-rec·ording head~ · . :c .. ·: :: . -. ·. 

If the frequency-mod~lated:•s·rg'ri.aris::tr:ari~ferred to· the-166p through 
intermediate demodula~ion and ·~~d-~l"(iti()?• ,the ~()i§e in. the., fM· signal is 
essentially squared, due to the heterodyning in the modulation proce_ss. By 
directly transferring the modulated signal from the:-sp:..:3'06 tcf·.the' troop, 
multiplipat_i.op, <:)f :no~~~- is av,:<:>i<;le~~> . ..f\., d~;"-~<7.t. _r,_ec_()r.4~rpoqu~e amplifies the 
modulated signal sufficiently to drive the_ recording he~d •. A high frequency 
bias·osccilla'tor,· who.se' ·o·utptit.is rnix'ed with -the ·pNi-- sigi:ial' after amplifica
tion, causeS the data sig1;1al ,to b~. r.e~o~de_q O:P~- the Ip.OS,t linear portion of the 
magnetic hysteresis loop~- Reco--rd iev.ei and .bia·s lev~l adjustments are 
provided on the panel. · .. · , ···· · ' · ... · 

_,:-

6V 

To 
Recorder 

Head 

!· J' '··. ' • ", ' : ' ;."; ~.<' •'. ; ._· 

Fig~re -A~5. -~_-FM'~m'o·aui~t~t- blo~·:~-~dia!ir~~~:~:··: 
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The tape transport. To provide recording.· and- continuous repro~uction 
of data the ta:pe. trans.port has a .loop -of ma~net~c tape 105_ ft lon~. }t,~s. _ 
capable· of dr1v1ng i-1n. magnetlc tape at s1x d1fferent speeds from la :lps 
to 60 ips. There are seven tracks available for recording, and an erase 
oscillator to "erase" all tracks simultaneously. 

--Push-button controls are provided for stopping, playing back, record
ing, and erasing. The different modes are operated .by actuating a- series 
of interlocking relays. A closed-loop drive system is used to reduc·e 
flutter. The capstan is driven by a hysteresis- synchronous motor through 
a jack shaft and belt arrangement. ·A preamplifier is provided for each· 
track to amplify signals from the playback head sufficiently to drive play
back amplifiers or FM discriminators. In the laboratory arrangement, 
oruy one set of record and playback electronics was available.- Hence, 
information was recorded on the seven tracks, when necessary, one at a 
time, and similarly played back. 

The FM discriminator. Figure A6 is a block diagram of the demodula
tor used to convert the frequency-modulated signal from th~ loop tape to 
the original signal x( t): 

Figure A6. FM discriminator block diagram. 

. .In conjunction with the tape loop, the FM discriminator module may 
be used with signals .that ha~e. center fr.equencies ranging from 1. 687 kc 
to_ 54 kc (correspond~ng to la 1ps to 60 1ps tape speed). Four center fre
quency_ cards may be plugged in simultaneously and automatically switched 
on by the speed selector switch on the transport. 

The FM is demodulated by es_sentially passing it through various stages 
of limiting and amplification~ To remove the carrier frequency components 
from the output of·the- discriminator,- an active filter is used'in conjunction 
with ·the de amplifier. The filter is in the form of an RC ladder structure 
on the center frequency card with po-sitive and negative feedback fro·m the 
de amplifier.' A feedback loop in the 'de amplifier arid a ze·ro potentiometer, 
which determines the amount of bias applied· to the ·amplifier, provide an 
output 'gain control. This gain control is usually adjusted to give a ratio 
1:1 of the modulating input to the demodulated output. However, when in
put peak-.to-peak values are in excess of± 5 volts, the discriminator output
to-input ratio is adjusted to 0. 5:1 in order to avoid clipped, ·and hence 
erroneous, :outputs .•. A ".zero-return" circuit is provided to'protect instru
ments connected to the output of .the discrimina-tor. - This :.circuit shorts the 
output terminals whenever the input signal becomes comparable to noise .in 
the circuit or whenever the input sig~al is excessively high. 
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The data discriminator can receive. a compensation signal.-:- fr()m a 
compensation discriminator - which is 180° out of<phase-With the. data 
signal. This will _el_ectronically cancel out any distortion in the data signal 
res11lting from variation in tape speed during recording and playback .. _This 
provision, however, was not made in the setup used,. 

The harmonic wave analyzer. Thi? is the pivotal instrument in spec
tral analysis. As_pointed out earlier, filter bandwidth, power-averaging 
time constant and frequency sweep rate are determining facto:r s wi¢ re
spect to the accuracy of spectral density estimation. Harmonic wave 
analyzers provide .control over these factors . 

. 'Thr~edifferent analyzers were employedat-one ti~e or another. The 
general principle involved is the same, however, for all of them.· A wave 
analyzer acts as a selective voltmeter and measures the voltage amplitude 
of complex waveforms within fixed or adjustable bandwidths. The input .. 
signal is heterodyned with an intermediate frequency (IF, around 100 kc). 
This mixing affords a simpler circuit design and sharper bandwidth con
trol. The mixed signal is then pas sed throug):l a tuned amplifier~- Figure 
A7 is a generalized block diagram of the wave analyzer. 

Band Width 
Control Meter 

Figure A 7. Wave analyzer block diCi:gram. 

METER 
and RMS 

OUTPUT Su(f) 
CIRCUITS 

Tl,'le input attenuation and· gain co~trol keep the signal from overloading 
the inp·ut amplifier. The amplified signal is usually filtered to remove ·· 
frequency components above the fr~quency range of the analyzer. This also 
·removes any high-frequency noise ·that may ·have been added iri the modula-
tion and demodulation processes. ]The filtered signal is the·n mixed with· an 
intermediate frequency from a locall oscillator ... 'J;'he latter, which is usu
ally voltage-controlled, has provisions for automatic _gain and frequency 
control, and for calibration througll inductiv~ and capacitive control. The 
balanced modulator has a wide dynamic range and has var~ous controls for 
carrier balancing. The frequency-!converted signal is then amplified -
and, sometimes, filtered again - oefore it is sent through a narrow-band
pass filter. The output of this filt~r is further amplified and then rectified. 
The rectified output is displayed o~ a current meter arid is also available 
as a 'current or voltage output for strip chart recording. 

The frequency range on the HP-300A analyzer is 20 cps to 16 kc, :On. 
the HP-302A 20 cps to 50 kc, and on the QT-304 1 cps to 5· kc.. Thus, in 
principle, a frequency range of 1/32 cps to 3125 cps may be- looked at. In 
fact, however, bandwidth, noise and other considerations (discussed in the 
following section) narrowed this to a useful range of about 1 cps to 625.cps. 

Variable bandwidths on the HP-300A (7 cps to 40 cps at 3 db point) and 
QT-304 analyzers (1, 10, 100 cps at 3 db point) were available. A fixed 
bandwidth of 7 cps was available on the HP-302A. 
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Evaluation of instrumentation and procedures 

In the section on analysis of technique, parameters which determine 
the accuracy of the estimated spectral depsity and types of errors intro
duced are discussed. The previous section describes the equipment that 
was used for spectral analysis. In this section, an ·attempt is made to 
determine the magnitude of errors introduced by various parameters. 
Only one wave analyzer is discussed in detail, but the results are applica
ble to the other two without much modification. 

Sha e of the filte·r trans'fer function. The filters used in the three wave 
analyzers were ar rom i ea . The HP-300A ·wave analyzer filter, for 
instance, has a roll-off which is about -12 db/ octave at 10 cps off reso
nance, but which eventually approaches -18 d]:)/ octave for higher frequen-, 
cies. We can approximate this to a third order filter. 

The error introduced by a non-ideal filter in a power spectrum Gx.x(f) 
can be calculated by comparing the spectral energy in the non-ideal filter 
to that of an ideal filter in the specified bandwidth. It is apparent that a 
non-ideal filter passes more energy in a bandwidth than an ideal filter of 
the same bandwidth. By bandwidth for a non-ideal filter, a -3 db band
width is implied. 

Let us ignore the phase error introduced. by the filter in the HP-300A. 
We can assume that the amplitude versus frequency relationship is de
scribed by the Butterworth equation: 

1 
(A38) = 

l +(L t'. 
where n is the order of the filter and f0 is the -3 db frequency (n = 3, f0 = 
3. 5 cps for HP-300A). This equation is plotted in Figure A8 for n = 1, 2, 
3, 4 and oo.. Note that the pl()tS are symmetric about the center frequency 
fl = o. 

Since we warit to compare the energy differences between ideal and 
non-ideal filters, we conside.r the integral of eq A38 over a specified fre
quency range 

E 
n 

1 

1 +·( f )zn 
to· 

df, .. 

where E is the energy in the nth order filter. 
n 

(A39) 

The above equation was integrated graphically from Figure AS for n = 
2, 3, 4 and oo •. The percent difference in energies passed by non-ideal 
filters arid the ideal filter, and percent of total energy lying_ outside the -3 
db bandwidth were calculated. Frequencies at which gain decreased to less 
than· 98% (. 175 db attenuation) were read off the curves. Followi~g is a ' 
tabulation of the results: 
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Figure AS. Butterworth amplitude characteris
tics for nth order filters Yn(f) 2 ; f1 • 0. 

Order of Percent energy ! Percent e.nergy o. 175 db 
I filter difference for f > 3. 5 c;es cutoff fre9. 

2 +22.62 I 40.4 1. 25 cps 
3 +11 I 28.2 1. 75 cps 
4 + 8.6 I 20.8 ' 2. 1 cps 
00 0 0 3. 5 cps 

I 
Thus it seems that a 3rd order filter is fairly reasonable, despite its 

11 o/o error. Going to a higher order .filter does not reduce the error sub
stantially. However, the fact that 11% more energy is passed through the 
3rd order filter and that about 28o/o of energy lies· outside the -3. db band
width should be kept in mind when evaluating spectral results. 

I 

We must now calculate the vario:us parameters associated with the 
filter in the HP-300A. I 
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To calculate the delay Tm, we observe that the amplitude characteris
tic of the filter is like the "hamming .window. " Knowing 'the dynamic range 
of the spectral analysis system to• be 35 db, we can c:alculate a tirrie delay 
Tm = 1/20 second. This Tm: compares favorably vyi.th the one· computed. 
from the Butterworth shape of a third order filter·JMcRae, 1961): · 

T = m 
2 = 2 

2Trx (2x3. 5) 
second. 

This evidently shows that our assumptions of "hamming window" and a 
third order Butterworth filter are not too unreasonable. We will use T m = 
1/20 sec. 

Sample lengths of Tn = 5. 5 minutes and Tn = 11 minutes were possi
ble on the loop machine. When the loop tape was ple~:yed back at 60 ips, 
with a frequency compression of 16, the effective sample length Tn' ~ 
20 sec. · 

Then, from eq A25, we have ~fr = 1 /Tm = 20 cps, and, from eq 
A26, ~fe = l/2Tri = 1/660 cps for Tn = 330 sec. For the equivalent 
bandwidth B , Blackman and Tukey (1958) show that Be may be taken 
approximate,y· equal to 1. 3 IT m for hamming and hanning windows. Then 
Be = 1. 3 x 20 =. 2 6 cps. · 

Errors due to filter bandwidth and sample length! In general, it seems 

obvious that the shape of the B'xx(f) plot depends heavily on the filter band
width •. If the filter- bandwidth is large, greater smoothing and averaging 
take place and the '6-xx(f) plot is relatively flat. For a filter with infinite 
bandwidth, or bandwidth greater than the data band, the exx(f) plot is a 
horizontal line, showing the overall mean square value of x(t) .. For lifer 
(1964) has shown that as filter bandwidth increases, the half-power band
width of the measured spectrum increases and the peak value of the meas
ured spectrum decreases. 

As shown previously, Be and T n impose conflicting requirements 'for 
least error. We can now calculate the errors in the estimated pow·er 
spectrum. Using eq A28: 

. (90% range in db)z. "' 
200 

T '~f 
n r 

= 200 X 1 
20 X 20 

1 
90% range in db = 1. 414 = 0. 7072 

1 
= 2 

i.e., 90% of the estimates are within approximately± 11% of the true 
spectral density. 

To calculate the degrees of freedom for a chi-square distribution we 
use eq A3L Due to the frequency compression at playback,. we use effec
tive sample length T~' = 20 sec and effective equivalent bandwidth Be' = 
26/16 cps. · 

26 
- 2 X 20 X Jb = 2. 5 X 26 = 65~ 0. k = 2T I B I 

n e 
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From the tables for a chi-square distribution, we interpret k = 65 as 
follows: If the long run average of an estimate. is, say, 10 volts2 I cps, 
then 90% of the estimates should lie betWeen 7. 7 v_olts 2 I cps and 12. 3 
volts 2 I cps. Also, if a single observed estimate is, say, 10 volts2 I_ cps, 
then we have 80% confid~nce that the long run average lies between 8. 1 
volts 2 I cps and 12. 9 volts 2 I cps. · 

The statistical error from eq A36: 

"' 
1 1 

tn = 
..JB 'T ..j 1. 625 X 20 

I 
e n 

. %error 100 
17 0 5%. = 5.701 = 

Thus we find that ~he instrument error due to the shape of the filter . 
function is about 11 o/o, while statistical error due ·to variation of the esti-
:mate from its true value is about 17%. . 

Noise and fre uenc;y threshold. If the dynamic range (signal-to-noise 
ratio and frequency response o the recording and data analyzing system 
is known, "threshold frequencies" may be established beyond which the -
spectral density estimates are predominantly influenced by noise. A noise 
test for de signals indicated that noise levels/were around 20 MV below 
1 / ' a cps, and dropped off sharply above 1 cps· to a • 1 to • 5 MV range. For 
'1erased" tapes on the loop, the noise level was around 200 f.I.V below i cps, 
and dropped off to 10 f.I.V above j cps. Thus it seems that spectral density 
estimates for frequencies below 1 cps were unreliable. _ - · 

The high fr~quency threshold was obtain~d by either recognizing that 
the signal level had _fallen down to the "noise floor II (less than o·. 5 MV), or 
by considering the filter response of the low pass filter in the playback 
circuits in the SP-300 and the FM demodulator. A check on the reproduce 
electronics showed that the gain was nearly 1 (0 db) to about 600 cps for a 
tape speed of 3~ ips. The half-power point was near 780 cps, and the filter . 
roll-off rate was quite high (greater than 50 db/ octave) beyond 800 cps. 
Thus it seems reasonable to assume that no significant error of "omission" 
was introduced by the playback filter for signal components up to 600 cps. 

With the assumption of a ''hamming window" it was shown that the 
resolution bandwidth ll.fr = 20 cps. Then ll.fr' = 20116 = 1. 25 cps. 'Hence, 
to avoid multiple integration of power at lower frequencies an effective 
frequency range of 1. 25 cps to 600 cps for the spectral analysis system 
was used. 

I 

Time constant. The power averaging circuit time constant used was 
Ta = I s~c for frequencies f> 10 cps. · For lower frequencies (J < f S 10) 
a time constant of 10 sec was· sometimes used to avoid excessive variations 
on the strip cha'rt record. With T a = 1 sec, some of the nonstationary 
behavior of the spectral density was displayed on the strip chart. The low
er time constants (Ta < Tn' = 20 sec)' also enabled quick identification of the 
spike in the strip chart record due t9 the splic-e in the loop-tape. Thus, _no 
error was introduced due to the ave~aging circuit :ime constant. 

Scanning rate·. Only manual scanning was employed. Each frequency 
was usually looked at for a minimum of T = 40 sec. Although this T is s s 
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longer than the T 8 'theoretlcally necessary (Ts ~ T~ + Ta = [ 1/1. 625] +1), 
it was found convenient to· use the longer scanning time ft.S it reduced con
siderably errors introduced by visual averaging of the strip <;:hart record, 
and as it facilitated discounting the spike due to the _splice in the .loop-. 
tape. Considering the effective resolution bandwidth Af' r = 1. 25 cps, t;t'le 
spectral density estimates at lower frequencies, starting from 1. 25 cps 
with increments of 1. 25 cps, avoided multiple averaging. · · 

In this section amplitude and frequency resolution were discussed for 
the equipment setup used for spectral analysis. It was found that- instru
ment amplitude error is about 11% while statistical amplitude error is 
about 17%. The useful frequency range was found to be L 25 cps to about 
600 cps. · · · 

Comments 

The followi.ng specific comments can be made about the procedure. 
. . . 

Record mode. It was found, as expected, that the over,all playback. 
gain on data recorded on the loop-tape directly (without intermediate. 
demodulation and modulation, see Figure A4) was higher than on the data 
recorded through a frequency modulator. The g·ain on a sine wave re
corded through a· frequency modulator was fourid to be about 75% of ~he 
gain on the same signal recorded directly on the loop as a frequency
modulated signal from the tape r.ecorder. The principal reason for this 
loss .of signal is, of course, the squaring of the noise power that results 
from intermediate modulation. But,- with the eq~ipment used in the lab
oratory, there were other factors which contributed to the loss of signal. 

In direct record mode, the signal-to-noise ratio was greater than 
SO db. Total harmonic distortion was about 1% maximum. 'The bias fre
quency of 460 kc, introduced to cause the data signal to be recorded on the 
most linear portion of .the hysteresis loop, could be continuously adjusted~ 
while recording, by a front panel meter control. · 

In the FM record oscillator, .however, the signal-to-noise. ratio de
creased with recording speed (from 50 db at 60 ips to 40 db at 1 f :lps). 
Total harmonic distortion due to frequency mixing was higher (about 2%). 
Deviation and ·center frequency adjustm~nts could not be made easily~ 
Zero drift, sensitivity drift, and linearity drift introduced further inaccu~ 
racies in the data signal. The drifts were dependent on environmental 
temperature, apd were not convenie~tly detected • 

. Spectrum repeatability. Spectra of the same data could not be repeated 
exactly on different days or on different wave analyzers. Part of the diffi-

. culties arose because only a finite time history was available. But instru
ment errors seem to account predominantly for lack of exact' repeatability. 

i) It was found that the FM discriminator gain setting· is very 
sensitive to thE! playback speed and elapsed time between adjustments. · 
Tests indicated the following: If the discriminator gain is adjusted to 1:1 
for a known sine wave played back at 60 ips, g~in goes d9wn about 20% (to 
0. 8:1) at 15 ips, and about 25% (to 0. 75:1) at .ls ips, all other parameters 
remaining unchanged-. In an "over-night" test, it was found that the dis
criminator gain went down almost 30% for the same known sine wave 
recording. An average 10% decrease in pow·er density was observed for 
a random signal. 
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ii) The calibration of the local oscillator in the wave analyzer is 
usually quite critical, especially for low frequency analysis. Wave ana
lyzer electronics are temperature-sensitive, and even otherwise, not 
drift-free. The magnitude and direction of frequency drifts in analyzers 
is unpredictable. The HP-300A, being an older and a vacuum tube model, 
had large frequency drifts, as did the QT-304. (The HP-302A wasrela
tively more stable.) Frequency drifts of 1 to 5 cps in an hour were some
times observed. Thus exact frequency identification was not possible. 

iii) General difficulty arose in being unable to calibrate two wave 
analyzers exactly to a ''matched" gain and frequency state. The HP-300A 
calibration procedure is quite involved and time-consuming. The HP-302A 
and QT-304 calibration procedures are simpler, and can be more easily 
repeated. 

iv) Some discrepancy was introduced because of different filter 
characteristics in the wave analyzers. The HP-300A has a four-stage 
RLC-tuned amplifier circuit for IF filtering, while the HP-302A uses a 
double crystal IF filter. The QT-304 uses 2-sec modulators with two 
active RC filters for IF filtering. 

Although exact filter characteristics were not known for the HP-302A 
and QT-304 models, it would be unreasonable to assume that all three wave 
analyzers had the same filter response. 

v) Some human error is introduced in dial settings ·on the wave 
analyzers, in sometimes-involved analyzer calibration procedures, in 
visually averaging the strip chart record, and in discriminator gain adjust
ment. 

Concluding remarks 

The analog technique utilizing the wave analyzer is usually quite suit
able for spectral analysis when results are not needed for on:..line use. 
This technique is quite flexible with respect to formating, pre--analysis 
monitoring and frequency range. Low cost and manpower requirements
as compared to those of the more sophisticated techniques using analog, 
digital, ·or hybrid computers - are also recommending factors. But, 
exact spectral density estimates caruiot be obtained from a spectrum ana
lyzer.· The nature and magnitude of errors introduced, however, can be 
calculated quite accurately. Furthermore, .these errors can be reduced 
considerably - though not totally eliminated - by using narrower, sharper 
filters, longer time histories, narrower data bands, higher signal-t'o-noise 
ratios, more stable electronics, and frequent equipment calibration and 
adjustment. 

Spectral analysis techniques utilizing a:t:lalog o~ digital ·co~puters have 
been developed for more accuracy and for large volumes of data. These 
techniques, based on the Wiener -Khintchine theorem:, calculate the auto
correlation function using a special purpose analog or a digital computer, 
and then compute its Fourier transform. In a hybrid ·computer installation, 
the Wiener-Khintchine theorem can be used to calculate the spectral density 
estimate on the digital computer while the anal'og computer is programmed 
for pre-emphasis and· de-emphasis of data( Thomas, 1966). Hybrid com
puter techniques based on the narrow..:bandpass filter p:driciple - where· 
analog filter.s are digitally controlled through' a. hybrid interface ...,. have · 
also been developed (Hansen, 1966). 
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The decision to use a particular technique rests on various factors 
not the least important of which are: cost; desired accuracy; volume; use 
of spectral data; frequency range and data format; and availability of equip
ment, personnel and computer time. For most off-line operations, how
ever,. the technique using the spectrum analyzer is quite satisfactory. 

LITERATURE CITED 

Bendat, J. W. and Piersol, A. G. ( 1966) Measurement and analysis of 
random data. New York: John Wiley and Sons. 

Bennet, W. R. and Davey, J. R. ( 1965) Data transmission. New York: 
McGraw-Hill. 

Biggs, W.G. (1966) Measurement and analysis of the structure of turbu
lence near the ground with a hot wire anemometer system. 
University of Michigan, PhD thesis. 

Blackman, R. B. and Tukey, J. W. ( 1958) Measurement ·of power spectra. 
New York: Dover Publications. 

Bower, J. L. and Schultheiss, P.M. (1958) Introduction to the design of 
servomechanisms. New York: John Wiley and Sons. 

Davenport, W. B. and Root, W. L~ ( 19 58) An introduction to the theory of 
· random signals and noise. New York: McGraw-Hill. 

Forlifer, W. R. (1964) The effects of filter bandwidth in spectrum analysis 
of random vibrations, Dept. of Defense, Washington, D. C., 
Shock Vibration and Associated Environments Bulletin No. 33, 
Part II. 

Hansen, P. D. (1966) New approaches to the design of active filters, parts 
1 and 2, Simulation, vol. 6, no. 5, 6. 

McRae, D. D. ( 1961) Interpolation errors, Radiation Inc., Mel borne, 
Florida, Advanced Telemetry Study Technical Report 1, parts 1 
and 2. 

-------and Smith, E. F. (1962) Computer interpolation, Radiation 
Inc., Melborne, Florida, Advanced Telemetry ~tudy Technical 
Report 2, parts 1 and 2. 

Nichols,· N.H. and Rauch, L. L. (1966) Radio telemetry. New York: John 
Wiley and Sqns, Inc. 

Portman, D. J.; Ryznar, E.; 'Elder, F. C.; and Noble, V. E. (1964) Visual 
resolution and optical scintillation over snow, ice, and frozen 
ground; part 1, U.S~ Army Co-ld Regions Resea:rch and Engineering 
Laboratory Research Report Ill. 

Thomas, L. C. (1966) A h brid com uter technique for 
analysis, Simulation, vol. , no. 4, p. 258-2 



Unclassified 
Security Classification 

DOCUMENT CONTROL OAT A • R & D 
(Security cl•••llleatlon ot title, body ot abstract and lndf?Kinl an!Jotatlon must b• entered when the_ o-rell report I• _cla••ltled) 

1. ORIGINATING ACTIVITY (Corporate author) Z... REPORT SECURITY CLASSIFICATION 

U.S. Army Cold Regions Research and 
Engineering Laboratory, Hanover, N.H. 

3. REPORT TITLE 

Unclassified 
2b. GROUP 

LASER SCINTILLATION CAUSED BY TURBULENCE NEAR THE GROUND 

•· DESCRIPTIVE NOTES (Type ot rep«t end lnelu•lve date•) 
Research Report . · 

s. AU THORCS) (Firat name, middle Initial, laet name) 

Donald J. Portman; Edward Ryznar and Arif A. Waqif 

e. REPORT DATE 

January 1968 ... GRANT NO. 

DA-AMC-27-021-63 G7 

c. DA Task 1 V014501B52A02 

10. DISTRIBUTION STATEMENT 

7e, TOTAL NO. OF PAGES 

81 
N. ORIGINATOR"S REPORT NUM'BER(S) 

Research Report 225 

8b. 0 TH ER REPORT NO(S) (Any other ....aben lhat....,. be aeel#led 
thle report) 

This document has been approved for public release and sale; 
its distribution is unlimited.· 

11· SUPPLEMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY 

U.S. Army Cold Regions Research and 
Engineering Laboratory 

Hanover, N.H. 
13• ABsTRACT Laser scintillation was measured for a nortzontal optical path !:>UU m long 
and 1 m high for v~rious conditions of horizontally homogeneous turbulence. Wind 
direction, average vertical distributions of wind speed and temperature, and, in somE· 
cases, turbulent fluctuations of wind velocity were measured simultaneously. The re 
suits of the measurements were analyzed in rElation to a set of theoretical relation
ships derived by Tatar ski (1961) for electromagnetic wave propagation in turbulent 
flow.: Tatarski's derivation of the scintillation frequency spectrum (at a point in a 
plane perpendicular to the optical path) in relation to the three-dimensional spectral 
density of index of refraction inhomogeneities is summarized and int~rpreted in rela
tion to its validity for various conditions of turbulence. Analysis -of the spectral data 
showed that their characteristics were similar to Tatarski 1 s theoretical spectrum if 
the divergence of the laser beam, the size of the receiver aperture, the intensity of 
scintillation and turbulence spectra were considered. Specific results of the analysis 
reveale.d: (1) Agreement bet_ween a theoretical variance for scintillation calculated 
from meteorological data and the variance measured from the spectral densities; (2) 
A linear increase of th.e frequency of maximum power with wind speed component 
normal to the optical path in agr~ement with Tatar ski's model; (3) A decrease of 
scintillation intensity with path height and an accompanying increase in its frequency 
of maximum power, both closely related to height variations of stability and wind 
speed; (4) A relative decrease in intensity of scintillation at low frequencies when the 
potential temperature increases with height. The Appendix consists of a description 
and discussion of the method of spectral analysis and its application to processing 
the scintillation and turbulence data. 

DD .'= .. 1473. R&~LACK8 OD f'ORM t•71, 1 JAN ••• WHICH 18 
o•IOLKTK f'OR ARMY U8K. Unclassified 

security a ••• llic•tion 



Unclassified 
Security Classification 

14. LINK A LINK B LINK C 
KEY WORDS 

ROLE WT ROLE WT ROLE WT 

Laser scintillation 
Optical scintillation 
Electromagnetic wave propagation 
Spectral analysis 

I 

Unclassified 




