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SUMMARY 

Frozen potholes subjected to lateral loads suggest the study of the 
effect of the confined incompressible liquid upon the behavior of the 
covering ice plate. Since, for loads of short duration, no creep is 
expected, the plate may be assumed to behave elastically. The meth
od of solution is described and two examples are treated in detail. A 
comparison of numerical results shows the strong effect of the confined 
incompressible liquid upon the deflections and stresses of the plate. 
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INTRODUCTION 

Frozen potholes subjected to lateral lo"ads -suggest the study of the effect of the 
confined incompressible liquid upon the behavior of the covering ice plate. - Since, 

- for loads of short duration, rio creep is expected, the plate may be assumed to behave 
elastically. 

The determination of stresses in circular plates of constant thickness, with 
rotationally symmetrical boundary _conditions and loads, is treated in most books 
on theory of plates. For these cases the plate deflections are governed by the 
differential equation ( Timoshenko and Woinowsky-Krieger, 19 59): 

( ~ + _!_ ~)z w(r) ~ q(r) 
drz r dr D 

(1) 

where w is the deflection of the middle plane, D is the flexural rigidity, and q is the 
lateral load. The general solution is 

w(r} = b S H S[rS (} S rqdr )dr }r} dr + A 1 + Az rZ + A 3 ln r + A 4 r'ln r 

(2) 

where the constants A1 , Az, A 3 , and A 4 are determined from the boundary conditions 
of the particular problem in question. 

In the present paper a similar physical problem is treated'but with the ·additional 
constraint that the plate confines an incompressible liquid. Figure 1 shows a cavity 
filled with an incompressible liquid which is separated from the rest by a circular 
plate of radius a. 

Assuming that the base is "rigid" compared to the thin flexible plate, it can be 
seen that, because of the incompressible liquid in the cavity, an additional condition 

2tr a 

S S w r dr de = 0 
0 0 

has to be satisfied. Similar problems have been treated for instability of beams 

(3) 

(A. R. Rzhanitsyn, 1955), instability of circular plates (Kerr, 1962) and bending of 
circular plates subjected to rotationally distributed uniform loads when upper liquid 
is absent (see Fig. 5) (Nevel, 1963). 

For the case shown in Figure -1, the stresses due to the weight of plate and 
liquid will in general be small compared to the stresses due to the applied lateral 
load. Therefore, only the effect of the net lateral load q upon the plate will be con
·sidered. 

It can be seen from the physical situation that a lateral load q or P will create 
in the cavity a constant pressure p* which will depend upon the magnitude of q or P 
respectively. When formulating the problem, p~~ is an unknown quantity. Differential 
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p 

Figure 1. Plate subjected to a concentrated force at its center. 

equation 1 then assumes the form 

D(~ +.!. ~)z w 
drz r dr 

= q(r) - p~:c. ( 4) 

The problem may now be solved in either of two ways: Equation 4 is solved noting 
that p~:' is a constant, and its corresponding special solution is -(p~'r4 I 64D). The 
five unknown constants (four integration constants and p*) are then determined from 
the four usual boundary conditions and eq 3. In the other approach p~:' is eliminated 
from the formulation by differentiating eq 4 with respect to r. The resulting 
equation 

( 5) 

is an ordinary differential equation of 5th order and hence; in addition to the usual 
four- boundary conditions, condition 3 can also be satisfied. 

In the following, two problems are treated in detail using, in each case,. one of 
the procedures described·above. · 
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NOTATION 

= radius of circular plate 

= Eh3 I 12( l-v2 ) flexural rigidity of plate 

= specific weight of liquid 

= radial bending moment 

= tangential bending moment 
, . I 

= intensity of concentrated force acting laterally ori plate 

= constant pres,sure iJ:l the confined liquid (per uriit area) 

- t3hear force 

= intensity of distributed n 1et load (per unit area) acting laterally on plate 

= polar c.oordinate s in the biddle pl~ne of plate 

= plate ~eflectio~ ·I 
= Poisson's ratio 
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PLATE SUBJECTED TO A CONCENTRATED FORCE PAT ITS CENTER 

To study the effect of condition 3 upon the deflections and ·stresses of the plate, 
let us consider the problem shown in Figure 1 where the plate is clamped along its 
outer boundary and subjected at its center to a lateral concentrated force P. For 
this case. eq 5 reduces to . 

~c ~ + .!. ~)z w = o 
dr drz r dr 

or 

dw 
- 3r -d = ·o. 

r . 

This is a Euler-type differential equation. Its general solution is 

( 6) 

w( r) = C 1 + Cz ln(r/a) + C 3 (r/a)Z + C4(r/a)z ln(r/a-) + Cs (r/a)4 . (7) 

From the condition that w( 0) is finite it follows that Gz = 0. The. vertical equilibrium 
of a cylindrical plate element at r = 0 yields 

The remaining three constants are obtained from the three conditions 

w(a) = 0 

= 0 
r :::a 

a 
f rw dr = 0, 
0 

Substitution of the determined constants into eq 7 yields the deflection expression 

Note that without the incompressibility-condition 3 the deflection expression is 
(Timoshenko and Woinowsky-Krieger, 1959): 

The results of the numerical evaluation of eq 9 and 10 are shown i'n _Figure_ 2a. 
Comparing these two curves the strong effect of condition-~ becomes evident. 

The expressions for the bending moments and shear forces optain:ed- from eq 
9 are 

Mr = - 1r, [(7+3vl -3(H~>( ~} H{l+v)ln( ~) J 

(8) 

(9) 

(1 0) 

(11) 
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Figure 2. Deflections, bending moments and shear forces when liquid 
is confined (unbroken line) and when liquid is absent (dashed line). 



__ .... -

BENDING OF CIRCULAR PLATES CONFINING AN INCOMPRESSIBLE LIQUID 5 

- 1 r,. [ (3 + 7 v ) - 3 ( I+ 3 v) ( ~ )z + 4(1 +v) In ( ~) J 
p 

Z1ra 

( 12) 

( 13) 

They were numerically evaluated and the results compared with the corresponding 
results related to eq 10 (see Fig. 2 b, c). It is of interest to note the completely 
different character of the bending moments and shear forces for these two cases, 
also· that the reaction at the support for the case treated here is [ Qr] r=a = + p /1Ta, 

whereas when liquid is absent [ Qr] r=a = ... P /Z1ra. 

The pressure of the 'liquid in the. cavity, p~:~, may now be obtained from the 
equilibrium equation of the entire plate 

p + 21Ta Qr I r=a - 1Ta2 p~~ = 0 

which yields 

p~:~ = 3P 

( 14) 

( 15) 

Thus p~~ is proportional to P. This result may also be .obtained if one considers the 
last term of the general solution (eq 7) as the particular solution for the constant 
upward pressure p* acting on the plate. Then 

Substituting the expression obtained earlier for C 5 , eq 15 results. 

ANNULAR PLATE LOADED BY A RIGID SHAFT 

A situation which may occur in practice suggests the treatment of th~ problem 
shown in Figure 3. An annular plate separates an incompressible liquid contained 

.in a cylindrical cavity. The plate is clamped along the outer edge to the "rigid" sur
rounding continuum and along the inner edge to a "rigid" circular shaft. The shaft 
is subjected to an axial force P. The problem is to study the effect of the confined 
incompressible liquid upon the plate. 

The deflections of the plate are governed by eq 4. Thus 

( r ) ( r )z ( r )z ( r ) p~:~a4 ( r )4 w(r) = C 1 + Cz Jn a + C 3 a + C4 a ln a - 1>4I) a . 
The corresponding five conditions are: 

w(a) = 0 ; [ dw J = 0 ; 
'd."r r=a 

D[~(dZw + .!_ dw) J = - bp~:~ + p · 21T j wrdr + 1Tbz w( b) = 0. 
dr drz r dr r·=b 2 2iTl) ' b 

Substituting eq 7a into eq 16, and solving the resulting algebraic equations for the 
constants, yields: 

( 16) 
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Figure 3. Annular plate loaded by a rigid shaft. 

l-18(b/a)2 t 15{b/a)4 + 2{b/a) 6 -[20+8{b/a)2 +8{b/a)4 ]{b/a)2 ln(·b/a) 

[1- {b/a)2 ]
3 

Cz a 2 P 3{b/a)2 [1-(b/a)4 ] + 4[l+{b/a).2 + (b/a)4 ] {b/a)2 ln{b/a) 
= - 1bTT D [ l _ ( b/ a)Z ] 3 ( 1 7) 

_ a 2 P [l-{b/a)2 ][1+10{b/a)2 +(b/a)4 ] + 4[4+{b/a)2 + {b/a)4 ]{b/a)2 ln{b/a) 
C3- 32TTD (1- {b/a)Z ]3 

.._ 3P 
p·.- = --

Tra2 

1.:.( b/ a) 4 + 4(b/ a)2 ln ( b/ a) 

[ 1 -· (b/ a)2 ] 
3 

, The bending mome~ts and shear f~'rces for b/a = o·. 1 are compared in Figure 4 
with corresponding results for cases then liquid is absent. These graphs show that 
the liquid causes a substantial reducti9n of the maximum values of the bending 
moments, which may be of interest from a design point of view. 

. . I . 
PLATES WITH NO UPPER LIQUID LAYER . . ! . 

In case of absence of liquid over the plate (Fig. 5) the buoyancy forces caused 
by the deflections of the plate have to be taken irito account. The behavior of the 
plate is then governed by the differential equation 

I . 

DV 4 w + kw = q - p* - {18) 

where k is the specific weight of the u'quid base. 

Solutions for specific cases are obtaided in a manner similar to that previously 
described. For example, for a circu~ar plate subjected at the center to a lateral 
load P, the general solution is j 

w{r) = C 1 ber(X.r) + Cz bei(X.r) + C 3 ker(X.r) + C 4 kei (X.r) + C 5 ( 19) 
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Figure 4. Bending moments and shear forces when liquid is 
confined (unbroken line) and when liquid is absent (dashed line). 
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Figure 5. Plate with no upper liquid layer. 

where A. 4 = k/D. When the plate is clamped along r=a, the five integration constants 
are determined from the same five conditions as before. 

Numerical results for circular plates subjected to various rotationally distributed 
uniform loads may be found in Nevel { 1 9 63). 

CONCLUSIONS 

The numerical results of the examples show the strong effect of the confined 
incompressible liquid upon the deflections and stresses in the plate. From these 
results it may be concluded that for nonsymmetrical loads, and plates of various 
shapes, the effect of the confined liquid will generally be great. 
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