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SUMMARY 

Approximate solutions of temperature distribution and melting rate 
of ice have been obtained for the case where the mode of heat transfer 
is natura~ convection due to the thermal instability caused by the heated 
lower surface. Extensive numerical solutions were obtained for the 
ice-wate-r system corresponding to various thermal con,Pitions in terms 
of parameters defined as RaT = (Ts - Tm)/(Tm - T 0 ) and 4> = L/Cp 
(Tm - T 0 ), where T 5 is the temperature of the heat 'source, T m is 
melting point of ice, T 0 is the initial temperature of ice, L is the latent 
heat of fusion, and cp is heat capacityof ice. 



AN ANALYTICAL INVESTIGATION OF A MODIFIED STEFAN PROBLEM 

by 

Yin-Chao Yen and Chi Tien 

Introduction 

The solution of heat conduction involving-a change of phase has been studied 
extensively in the past because of its theoretical as well as practical importance. 
The classical Stefan problem describes the physical situation in which a semi
infinite solid, initially at a uniform temperature T 0 (T0 < Tm, melting temperature) 
is subject to a high surface temperature Ts (Ts > Tm). The solution provides the 
expression of temperature distribution in both phases as well as the rate of 
melting. These are given as (Carslaw and Jaeger, 1959): 

1 

S(t) = ZX.(a,t)2. (l )>'.c 

A. is the root of the following expression: 

a 

(

T - T ) exp (- x_z ~a ) ·exp (-A. 2 } _ ~ ~ . m n 

erf A. kl az .T s Tm erfc [A.~] 
A. .L ..frr 

(C h (T - T ) • (2 } 
p s m 

az 

The temperature distributions in the liquid and solid phases are given as 

= 

(
T - T ) s- m 

l - T - T 
s 0 

erf [ 21\};I t 
erf A. 

e rfc [ x ] 
2.JOzt 

---........:....-"---, X ~ S ( t}. 
erfc [·X. ~] 

..;· az 

, O~x~S{t) {3) 

. ( 4) 

The subscripts l and 2 refer to the liquid phase and solid phase respectively, 
and the meanings of the symbols are given in the notation. 

These equations have been applied to a large number of pr;;tctical problems 
and sometimes have been used without proper recognition of the .assumption that 
the only mode of heat transfer in both phases is by conduction. Although this is 
a reasonable assumption for the solid phase, it is not always true for the liquid 
phase. For exampl~, if the problem is such that the higher temperature T s is 
maintained at the lower side of the system, the liquid density decreases with the 
increase of temperature. The assumption o[ conduction in the liquid is valid only 
as long as the system remains stable, which; is indicated by the magnitude of the 
Rayleigh number of the system. The onset of instability begins when the Rayleigh 
number exceeds its critical value, which is found {Chandrasekhar, 1961; Rayleigh, 
1916) to be 

* See Appendix A for notation. 
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(N ) = g f3 pzCp J.3 .(T - T ) 
Ra c IJ.k s m 

(5) 

where .R., the characteristic length, refers to the depth of the liquid. in the melting 
problem to be consider.ed in this paper, .R. be.comes the same as S, the melting 
front or liquid-solid interface (this is.true only if there i:s no change of density). 
From thedefinition of the Rayleigh number, it is obviou~ that with a given set "of 
initial and boundary conditions the Rayleigh number for th~ liquid phase increases 
as the melting proceeds. The heat transfer mode changes from conduction to 
convection when ·the melting has reached the extent where the Rayleigh n:umber 
exceeds the critical vaiue. The classical Stefan solution (eq 1-4) ~ould no 
longer be valid when the mode of heat transfer in the liquid phase changes to 
convection. 

It is the purpose of the present investigation to consider this aspect of the 
problem when the liquid phase heat transfer is affected by convection. The 
problem was solved approximately using the heat balance integral techniques of 
Goodman (1958). This will be shown in the following sections. 

Formulation of problem 

For simplicity, the problem can be stated as follows: A semi-infinite solid 
extending x ~ 0 where x is taken opposite to the direction of gravitational force, 
initially at uniform temperature T 0 (T0 < Tm, melting temperature), is 'subject to 
a change of surface temperature at t ~ 0, at x = O. The surface temperature (Ts) 
is assumed to be constant and Ts > Tm• As a consequence, temperature change 
within the system as well as melting will take place. Figure 1 gives a diagram
matic description of the problem. 

For the classical Stefan problem, the following equations can be written: 

~ 
at X < S(t) 

~=a at z 
az. T '#, x > S(t) 

T 2 T 0 , x ~ 0, t = 0 · 

-k
1 

a T1 
ax 

~ L dS 
-kz ax + p dt 

T 2 ---+T0 , x- co 

T 1 =Ts' x=O 

and S = 0, t = 0. 

(6) 

(7) 

' (8) 

(9) 

( 1 0) 

{11) 

Complete solutions of eq 6-11 are given by eq 1-4 as stated before. Equation 
6 presupposes that conduc~ion prevails in the liquid phase. Since the liquid phase 
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SOLID PHASE 

~.; .. 

~-~------~:~-----1--~ 

LIQUID .PHASE Sft) 

X 

Figure 1. Schematic diagr'am of the melting problem. 

is formed at the lower part of the system and is sutiject to a negative temperature 
gradient such as T = Ts at x: = 0, and T = Tm at x = S(t) and Ts > Tm, the system 
is inherently unstable for most liquids whose density dependence on temperature 
is negative. The liquid phase resembles the. classical Rayleigh problem in which 
the hydrodynamic stability of a liquid confined between two horizontal plates and 
heated from below was studied. Numerous theoretical and experimental investi
gations have been reported in the literature concerning this subject and the 
criteria of stability for the case of two rigid surfaces is given as 

g ~pzc 
_....,..___._P S3 (T - T ) = l 720. 

fJ.k s m 

Since the assumption of conduction in the liquid phase is valid only as ·long as 
the system remains stable, the classical Stefan's solution (eq 1-4) is applicahle 
for S(t) < Scwhere Sc can be term~d a transitional melting front which characterizes 
the change of heat transfer mode from conducticm to convection in the liquid phase. 
Sc is given as 

s [ 1720 
~~·kl ] t 

c g (31 Pl C . (.T ... T ) 
P1 s m 

[ 1720 + (·~) ]1 = ( 12) 
g P1 cP J.ll . (T - .Tm) 

1 s 

or the C9rresponding value of tc can be found by_ combining eq '12 and l. This is 
given as 

t 
c 

s 2 c 
4 A.z al . ( 13) 
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For water, (g f3 pl)/~ is of the order of 106 --.. 1 07 in ft3 f F and the Prandtl number 
is around 6--8. If (T s - Tm) is taken as l9F, Sc(t) would be of the order of l o-z 
to l o- 1 ft. Thj.s seems to indicate that. Stefan 1s solution is applicable only in the 
initial period of melting. 

Once the melting front reaches the value of Sc, eq 6 will no longer be applicable 
to describe tl:e changes of temperature of ·the liquid phase. In order to describe 
the problem adequately, a proper equation of cha-p.ge for the region x < S(t) should 
be written taking into account the convective motion induced by therfu.al instability. 
Unfortunately, this cannot be done without difficulty since the actual mechanism 
of the convective motion is quite in~olved and not completely understood. This 
problem, however, can be greatly simplified by as·suming that the rate at which 
the temperature distribution reaches its steady state in the liquid phase is much 
greater than the melting rate. Consequently, as far as the heat transfer in the 
liquid phase is concerned, one can ignore ·the change of geometric dimension due 
to melting. Under this assumption, the problem can be reduced to a simpler 
melting problem in which a prescribed heat flux is imposed on the solid:-liquid 
interface. The heat flux imposed on the surface can be estimated· from the 
available empirical correlation for natural convection heat transfer coefficient 
of liquid in confined space. Mathematically, the problem can be described as 

Tz Tm' x = S(t) 

X> S(t), t > t 
c 

~ dS 
kz ax + p L dt .· H (t), X = S(t) 

T 2 -T0 , x -m 

T2 =f(x)forx~S att=t. c c 

f (x) is given by eq 4 by letting t = tc, I yvhich is given as 
I 

· · . · [J a, · ~x] erfc ---"- --
- ! ~ sc 

f(x) = T 0 + (Tm- T 0 ) · [' ra;-

1 erfc v ~ A. 
az 

In order to estimate the surface I he at flux H ( t) the co rre lati on by' 0 1 Toole 
Silveston (1961) o:( natural convection. heat transfer for fluid confined between 
parallel horizontal plates will be usJd. This correlation is given as follows: 

hS 
kl 

(14) 

(15) 

( 16) 

( l 7) 

(18) 

( 19) 

and 
two 

{20a) 
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NNu 
hS 0 229 (N )o;..z5z 3500 ~ NRa -E 105 ~ · Ra ' 

(20b) 

NNu 
hS 0.104 (N )0.084 (N )0.305 1 05 ~ N Ra ~ 1 0 8 

.. = k; = pr · Ra ' 
(20c) 

These three equations correspond to what is termed initial, laminar, and 
turbulent regime, respectively. 

In terms of the extent of'melting, the ranges of applicability for these three 
expressions are 1 ~ S/Sc ~ 1. 26, -1.26" S/Sc ~ 3. 9, and 3. 9 ~ S/Sc, ~- 39. 0~ Further
more, the expres"sion given by eq 20b differs fr'om that of eq 20c- only'Slightly for 
the case of wat?:r. For example, for NRa = 104, NN~ is giv~n as 2. 34 from eq 20b 
as compared w1th 2. 05 from eq 20c and for NRa = 10 , NNu ts found to be 4. 17 
from eq 20b and 4. 16 from eq 20c. This. seems to indicate that .for practical 
purposes the heat transfer coefficient to be used for the estimation of heat flux 
can be obtained from eq 20c even for a Rayleigh number b.eyond its lower limit of 
applicability. This gives 

P2 c 0.305 
h = ( O.l04}(N )0• 08 4 (g f3 (T - T ) ~] s-o. 08 5k (2i) 

. pr s m JJ.k l 

and H(t) = h (T - T ) s m 

= (0.104)(N )0.084 (g f3(T - T ). p2 Ckp ]0.305 s-o.oe&kl (Ts- Tm) •. 
pr s m JJ.. 

Equations 14-2.2 can be written into the following dimensionless forms: 

+ e - o, x - co 

a a ---

erfc 
a -

erfc [~A ] 
+ ...... 1 t+ = t + 

X ~ ' c 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 
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{28) 

{29) 

+ x a X 
{3 o) 

{31) 

<I> = ( C ) · ( T T0 ) 
Pz m 

L 
{32) 

H(t) 

= {0.104){N )o.oa4 g 13(T -T ) ~ S s-o.os5 s m (~) ~ 
pZ C J 0·305 T - T 

p r s m J.L k c T m - T 0 kz 

= {0.104){N )0.0~4rgi3(T -T ) pZCP S 3]0•305 (S~·os5Ts-Tm {~) 
pr · ~ s m tJ. k c ~ T - T 0 kz m 

(33') 

where 
T - T s m 
T - T 0 • 

m 
{34) 

Equation 23 with its initial and boundary conditions was solved. Generally 
speaking, for a melting problem, closed form solution for the case with prescribed 
heat flux is not likely to be found and numerical techniques or appz:oximate methods 
must be employed. For the present Pt:"Oblem the "heat balance integral" method 
by Goodman {1958) will be used. The essence of this approach assumes that the 
effect of the heat flux at the surface is felt only within· a finite distance from the 
surface and this distance ft is called the dimensionless thermal boundary layer 
thickness. The conduction equation { eq 23) will be satisfied on the average over 
this distance. Integrating eq 23 from x+ = s+ to x+ = £+, we have 
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or 

aa + 
-- dx • 
at+ 

The right-hand side can be shown to be equal to 

A simple expression will be assumed such as 

. + + 
8 = a + b X + C (x )Z. 

(35) 

(3 6) 

(3 7) 

(38) 

The coefficients a, b and c are to be determined by the compatibility require
ment. These are 

e + 1 , X 

e 0 , X+ = f+ 

ae + 
= 0, X 

ax+ 

Combining eq 38-41, we have 

e 

Combining eq 42 and 37, we have 

Com·bining eq 43 with the boundary conditions given by eq 26 gives 

From eq 42 

I 2 

·Equation 44 becomes 

(39) 

{40) 

{41) 

(42) 

(43) 

{44) 

(45) . 
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where 
+ y 

Also, one can rewrite eq 26 as 

1 
~ [

R (S+)~O. 085 (h. ) _ ~ J. 
aT kz + y 

{46} 

{47} 

{48} 

The problem is now reduced to the solution of a pair of first order differential 
equations {eq 46 and 48}. The initial conditions are given as 

+ y +=f+-1. = y c c 

{49} 

{50} 

fc + is th.e initial thermal boundary layer thickness at t+ !:: tc +. This can be 
obtained by matching eq 27 with eq 42 at t+ = tc+. It should be noted that eq 27 is 
an exact solution while eq 42 was obtained on the concept of "heat balance integral." 
It is, therefore, not possible to have an equivalence of these two equations. One 
can only a~tempt to have an approximate agreement between these two expressions. 
In the present investigation, the melting rate is of greater interest. Consequently, 
we will require that the temperature gradient at the interface be the same from 
both expressions. This gives 

2 X. J~ exp {- ~ x_Z) 
2 2 

= ---= -y:rr . a~ !!z 
f 

+ - 1 + 
eric I [~X. J c Yc 

or 

+ = J!!z_1T (_!_) erfc (J~! A) exp (~ Az )- {51) yc a.I X. 

Solution and discussion 1: 

Numerical solutions of eq 46 and 48 for the system of ice-water were obtained 
because of the importance of this syste:..n in various applications. 'The physical 
properties of water and ice {in C. G.l S. units) used in this computation are 
s·ummarized as follows: J 

Water Ice 

PI . = 1. 00 Pz = 0.92 
c = 1. 00 c = 0.502 

PI Pz 
ki = 0.00144 kz = 0.0053 
G.J: 0.00144 <lz o. 0115 

L = 80 
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The actual computation begins with the evaluation of X. from eq 2 for variations 
of <j> and RA T• For the ice-water system, eq 2 becomes 

exp (- x_Z) 
erf X. 

0.0053 
0.00144 

J o. 00144 
o. 0115 

F (x.) <~: ~~2 > 
_t_ 
RAT 

1 . 
{- '- z 0. 0 0 144 ) 

exp 1\. 0 ... 0115 

RAT [ .;o. ooi44 J 
e rf c X. 0. 0 11 5 

Because of the difficulty involved in obtaining values of X. in terms of RAT 
and <1> directly,. instead, values of <j> were calculated for given values of RAT and 
X.. By interpolation, values of X. were obtained corresponding to the desired value 
of <j>. A summary of the results is given. in Table I. 

RAT 

Table I. Numerical values of X.. 

T - T 
s m. 

Tm- To 

0.1250 
0.1667 
0.2500 

. o. 2500 
0.3333 
0.3333 
0.5000 
0.5000 
o. '5000 
0.6667 
0.6667 
1.0000 
1.0000 
1.3333 

- 2. 0000 
2.0000 
2.0000 

4.00 
5. 33 
4.00 
_8. 00 
5.33 

10.66 
4.00 
8.00 

16~ 00 
5.33 

10.66 
16. 00 
32.00 
1 o. 66 
8.00 

16. 00 
32.00 

0.06955 
0.08413 
0.12164 
0.10450 
0.14175 
0.11770 
0.20147 
0.16755 
0.13341 
0.22665 
0.18315 
0.20080 
0.15213 
0.27411 
0.37640 
0.29304 
0.22083 

Once these values of X. are available, the initial co-ndition Yc + can be obtained 
readily from eq 51, and eq 46 and 48 are solved numerically using the Runge-Kutta 
method. The results give values of s+ andy+ as functions oft+. The temperature 
profile in the solid phase can be estimated from these values and eq 42. Numerical 
results were obtained from s+ up to approximately 50, although the values 
beyond s+ = 39 are considered unreliable. A more detailed discussion on this 
point will be given later. Results are graphically represented in Figures 2.-7. 

One of the important factors in carrying out o.umerical solutions of this ty~e 
of problem is the selection of the increment size of the independent variable (t ) 
since this directly determines the accuracy of the results. In this work, various 
increment sizes of t+ up to 0. 4 were used and the respective results were compared 
in Table II. 
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-- APPROX. SOLUTION 

<%>=32 

500 1500 .2000 2500 

Figure 2. Relationship ·between s+ and t+ - tc + from exact and approximate 
solutions for <f> = 32, Rd T = 1, 2, and 4. 

50~-------------------------~--------------------~~------------------------------~~--------------------~~-----~----------~ 

40 <I>= 16 

s + 

20 

500 1500· 2000 2500 

!'igure 3. Relationship between s+ and t+ - tc + from exact and approximate solutions 
for <f> = 16, RdT = 0.5, 1 and 2. 
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50r-----------~----------~------------~~--------~~~--------, 

1500 2000 2500 

Figure 4. Relationship betw:een s+ and t+ - tc + froiD: exact and approximate solutions 
for ·<I> = 1 O. 66, RaT = O. 333, 0. 667 and 1. 333. 

~=8.00 ~r•2 

500 1500 2000 2500 

Figure 5. Relationship between s+ and t+ - tc + from ex·act and approximate solutions 
for <j> = 8, RaT = 0. 25, 0. 5 and 2. 
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!f,7 =a667 

<I> =5.333 

Figure 6. 

500 1500 2000 2500 

Relationship between s+ and t+ - tc + from exact and approximate solutions 
for <I>= 5. 333, R~T' = 0.167, 0. 333 and 0. 667. 

50------------------~------------------~------~~---.--------------~-.---------------~ 

// 

Figure 7·. 

/ 
/. 

500 

_,/ 
/ 

1500 

/// 

2000. 2500 

Relationship between s+ an~ t+ - tc +from exact and approximate solutions 
for <I>= 4, RAT = Q. 125, 0. 25 and 0. 5. 
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Table II. Comparison of numerical solutio~s s+ using different 
dimensionless time increments for the case 

t+ - t + c 
o.oooo 

65.1000 
121.1000 
329.9000 
533.2000 
684.8000 
836.7000 

1192.6000 
1448.4000 
1705.8000 
2016.8000 
2.329.9000 
2539.8000 

RaT = O. 5, <I> = 8. 

at+ = o.'1 
1.0000 
2.0009 
3.0008 
7.0006 

11.0016 
14.0003 
17.0009 
24.0018 
29.0003 
34.0000 
40.0012 
46. 000~9 
5o.ooob 

at+ = o. 4 

1.0000 
. 2. 0026 
3. 0027 
7. 0027 

11.0039 
14. 0012 
17.0043 
24.0006 
29.0040 
34.0001 
40~0070 
46. 0021 
50.0045 

Although eq 46 and 48 are nonlinear, the exponent of th.e nonlinear term. is 
rather small. For reasonably smalls+, therefore, one can assume (s+)- 0 • 085 to 
be equal to unity. Equations 46 and 48 be'c~me 

[ 2 ( ly++ <j>) k . J - RaT (~) . 

By direct integration y+ is found to be 

ln 
2 ( 1 + <I>) - .R A T (},) y c + 

2 { 1 + <I>) - RaT { 2--) y + 
2 

(52) 

(53) 

3R 
--Ta~T-· (t + - t +) cp c . 

{54) 

(55) 

Numerical solutions for these approximate expressions were also obtained. 
Comparisons between the exact and approximate results are shown in Figures 2-7. 

It is also interesting to consider the situation s+ > 39. In such an event, • 
the correlation given by Silveston and O'Tqole is no longer applicable. Consequently, 
expression 22 is no longer v~lid. A different hea,t flu.x expression should be used 
instead. The two surfaces become so far apart that one can no longer talk about 
a confin~d space, but must consider these two surfaces separately. The heat flux 
to the solid phase can be estimated from the following expression 
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{56) 

where h 1 is the heat tl'ansfer coefficient for a heated plate facing upward and h2 
that for a cold plate facing downward. Tb ·is the bulk temperatur of the liquid. 
From existing correlations {McAdams, 1954; O'Toole and Silveston, 1959), h 1 
and h2 can be estimated, provided Tb i's known. The actual procedure 1s a tr~al 
and error one. A value of Tb is assumed. h1 and h2 ca~.', therefore, be estimated 
and the equality of eq 56 can be checked. Since. T s and Tm are constant for a 
given situation, H{t) in this case also becomes constant. The melting problem 
reduces to one with constant heat input and continual removal of the melting liquids 
which can be solved by the method established previously (Goodman. 1958). 
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APPENDIX A: NOT A TION 

heat capacity 

temperature distribution given by eq 19 

gravitational acceleration 

heat flux 

dimensionless heat flux given by eq 33 

thermal conductivity 

heat transfer coefficie'nt 

characteristic length 

·latent heat of fusion 

Prandtl number 
t 

dimensionless parameter given by eq 34 

Rayleigh number 

critical Rayleigh number 

= solid-liquid it,1terfac~ position 

dimensionless solid-liquid interface position defined as S/Sc 

transitional melting front 

time 

dimensioqles s time, defined by eq 31 

temperature in the liquid and solid phase respectively 

bulk liquid temperature 

melting temperature 

initial ice temperature 

temperature at the hot surface 

distance 

dimensionless distance defined by eq 3 0 

defined as .r+ - s+ 

thermal diffusivity of liquid and solid respectively 

thermal expansion coefficient 

dimensionless thermal boundary 1a:yer thic·kness 

dimensionless parameter defined by eq 32 

density 

constant defined by eq 2 

viscosity 

dimensionless temperature difference ratio defiT;led by eq 27 

15. 





Pnclas sified 
Security Classification 

DOCUMENT CONTROL DATA - R&D 
(Security claeeilication ol title, body ol abstract and indexing annotation must be entered when the overall report is classified) 

1. ORIGINATING ACTIVITY (Corporate author) 2a. REP.ORT SEC URI TV CLASSIFICATION 

U.S. Army Cold Regions Research and Unclassified 
Engineering Laboratory, Hanover, N.H. zb. GRouP 

3. REPORT TITLE 

AN ANALYTICAL INVESTIGATION OF A MODIFIED STEFAN PROBLEM. 

4. DESCRIPTIVE NOTES (Type ol report and inclusive dates) 

Research Report 185 
s. AUTHOR(S) (Last name. lirst name, initial) 

Yen, Yin-Chao and Tien, Chi 

6· RE.PO RT DATE 

March 1966 
8a. CONTRACT OR GRANT NO: 

b. PROJE:C T NO. 

c. 
DA Task IV014501B52A02 

d. 

10. AVAIL ABILITY /LIMITATION NOTICES 

20 [

7 b. NO ... OF REFS 

. 6 
7a. T-OTAL NO. OF PAGE~ 

9a. ORIGINATOR'S REPORT NUMBER(SJ 

Research Report 185 

9b. OTHER REPORT NO(S) (Any other numbers that may be assigned 
.this report) 

·Distribution of this document is unlimited 

11. SUPPLEMENTARY NOTES 

U. ABSTRACT 

12. SPONSORING MILITARY ACTIVITY 
. I 

U.S. Army Cold R·egions Research and 
Engineering L~boratory 

App'roxirnate solutions of temperature distribution and melting rate of ice 
have been obtained for the case where the mode of heat transfer is natural 
convection due to the thermal instability caused by the heate.d lower surface. 

·Extensive numerical solutions were obtained for the ice-water system 
corresponding to various thermal conditions in terms of parameters -defined 
as RAT= {T - T )/(T - T ) and <P;; L/C {T ·- T- ), where T. is\he 

~ s m m 0 .. pm 0 s 
temperature of the heat source, Tm i's.the melting point of ice, T is the 

. 0 
initial temperature of ice, L is the latent heat of fusion, and C is the heat 

p 
capacity of ice. 

DD FORM 
1 JAN 64 1473 Unclassified 

Security Classification 



Unclassified 
Security Classification 

14. LINK A LINK 8 LINK C 
KEY WORDS . 

ROLE WT ROLE WT ROLE WT 

Ice--Thermal properties-~Mathem1atical analy:ds 
--Melting 
--Thermal conductivity 

INSTRUCTIONS 

1. ORIGINATING ACTIVITY: Enter the name and address 
of the contractor, subcontractor, grantee, Departmer)t of De
fense ilctivity or other organization (corporate autho-r) issuing 
the report• 

2a. REPORT SECUmTY CLASSIFICATION: Enter the over
all security classification of the report. Indicate whether 
"Restricted Data" is included. Marking is to be in accord
ance with appropriate· security regulations. 

2b. GROUP: Automatic downgrading is specified in DoD Di
rective 5200.10 and Armed Forces Industrial Manual. Enter 
the group number. Also, when applicable, show that optional 
markings have been used for Group 3 and Group 4 ·as author
ized. 

3. REPORT TITLE: Enter the complete report title in all 
capital letters. Titles in all cases should be unclassified. 
If a meaningful title cannot be selected without classifica
tion, show title classification in all capitals in parenthesis 
immediately following the title. 

4. DESCRIPTIVE NOTES: If appropriate, enter the type of 
report, e. g., interim, progress, summary, annual, or final. 
Give the inclusive dates when a specific reporting period is 
covered. 

5. AUTHOR(S): Enter the. name(s) of author(s) as shoJn on 
or in the report •. :Enter last name, first name, mi.ddle initial. 
If militMy, show rank and branch of service. The name! of 
the principal author is an absolute minimum requireme~t~ 

6. REPORT DATE: Enter the date of the report as day, 
month, year; or inontn, y~ar. If more tnan one date appears 
on the report, use date of publication. · 1 

7 a. TOTAL NUMBER OF PAGES: The total page count 
should follow normal pa,ginafion procedures, i.e., enter the 
number of pages contairling information. I 
7 b. NUMBER OF REFERENcES: Enter the total number of 
references cited in the report. I 
Sa .. CONTRACT OR GRANT NUMBER: If appropriate, enter 
the applicable number of the contract or grant un~er which 
the report was written. . 

8b, &, & 8d. PROJECT NUMBER: Enter the appropria
1
te 

military department identification, such as project numb~er, 
subproject number, system numbers, task number, etc. 

9a. ORIGINATOR'S REPORT NUMBER(S): Enter the offi
cial report number by which the document will be identified 
and controlled by the originating activity. This number must 
be unique to this report. 

9b. OTHER REPORT NUMBER(S): If the report has been 
assigned any other report numbers (either by the ori~inator 
or b-y the sponsor), also enter this number(s). 

10. AVAIL ABILITY /LIMITATION NOTICES: Enter any lim
itations on further dissemination of the report, other than those 
imposed by security classification, using standard statements 
such as: 

(1) "Qualified requesters may obtain copies of this 
report from DDC. '' 

(2) "Foreign announcement and dissemination of this 
report by DDC is not authorized." 

(3) "U. S. Government agencies may obtain copies of 
this report direct! y from DDC. Other qualified DOC 
users shall reque~st through 

( 4) "U. S. military agencies may obtain copies of this 
report directly from DDC. Other qualifie<i users 
shall req·uest through 

(5) 11 All distribution of this report is controlled. Qual
ified DDC users shall request through 

If the report has been furnished to the Office of Technical 
Se~vices, Department of.Commerce, for sale to the public,_indi
cate this fact and enter the price, if known. 

11. SUPPLEMENTARY NOTES; Use for additional explana-
tory notes. . 

. 12. SPONSORING MILITARY ACTIVITY:· Enter the name-of 
tfie departmer\tal project office, or laboratory sponsoring (pay
ing for) the research and development. Include address. 

13. ABSTRACT: Enter an abstract giving a brief and factual 
summary of the document indicative of the report, even though 
it may !ilso appear el,se-~h:ere in the b()dY of the technical re
port. If additional space is required, a continuation sheet 
shall be attached. 

It is highly desirable that the abstract of classifled re
ports be unclassified. Each paragraph of the abstract shall 
end with an indication of the military security classification 
of the information in the paragraph, represented as (TS), (S), 
(C), or (U). 

There is no limitation on the length of the abstract. How
ever, the suggesteci length is from 150 to 225 words. 

14. KEY WORDS: Key words are technically meaningful terms 
or short phrases that characterize a report and may be used as 
index entries for cataloging the report. Key words must be 
selected so that no security classification is required. lden
fiers, such as equipment model designation, trade name, '11ili
tary project code name, geographic location, may be used as 
key words but will be followed by an indication of technical 
context. The assignment of links, rules, and weights is 
optional. 

Unclas sifl.ed 
Security Classification 


