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SUMMARY 

Computations are presented which show that the latent heat of 
freezing ice in equilibrium with sea water is less than that associated 
with freezing pure water at 0 C. The difference is due primarily to 
a temperature effect that is opposed to some extent by the effect of 
dissolved substances in the brine. The difference probably amounts 
to about 7 cal/ g of ice for a brine of about 150 o/ oo salinity, 
freezing at -8 C. When the effect of this difference in the total heat 
required to raise the temperature and melt sea ice is computed by 
Schwerdtfeger 1 s method, it is found to be of the order of 0. 5 cal/ g 
of sea ice for an overall ice salinity of 8 of oo and an initial tempera
ture of -8 C. The differences are small but significant and until 
true values are established, published values ofheats of freezing 
and melting and specific heats of sea ice should be used with 
discretion. · 
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by 

Duwayne M. Anderson 

INTRODUCTION 

In a USA CRREL Technical Note (unpublished) and in a communication to 
the First International Conference on Permafrost at Purdue University in 
November 1963, it was pointed out that there is reason to believe that the 
latent .heat of freezing of soil water is less than that of normal water and 
that, although for soils of high unfrozen water content the total difference in 
heat evolved on freezing might be negligible, this probably is not the case for 
soils of low water- content or for partially frozen soils. The example pre
sented illustrated what is no doubt an extreme case, but from it one can 
deduce that the total difference between heat actually evolved and that calcu
lated assuming the normal latent heat of freezing may be of the order of 
fifteen .calories per gram of soil. In most soils, of course, the difference 
is less. 

One may be inclined to.dismiss this as being t.oo smallto be of any 
significance; and in many situations -it may safely be neglected.- One- should, 
however, exercise discretion for it is not hard to visualize situations in which 
the difference may be of considerable importance. For example, in the 
phase change from liquid to solid during the formation of an ice lens in soils 
or in frost heaving, the possibility that the actual phase transition may occur 
at liquid water contents at which the latent heat of freezing may be virtually zero, 
that of normal water, or any value in between must be considered. At 
present, it is not possible, for want of data, to state what the heat effect 
during the formation of an ice lens during frost heaving actually is. 

The conclusion that the latent heat of freezing soil water is probably 
smaller than that of pure water was reach'ed. on the basis of simple thermo
dynamic arguments. Because of similarities between soil water and saline 
solutions, similar conclusions may be derived for solutions also. Applt"ed 
to sea ice, the trend. of the argument is similar in all respects to that applied 
earlier to soil water;· however, it becomes more involved when the available 
experimental data is evaluated .. 

ANALYSIS 

At a given constant composition of the saline liquid and at a constant 
temperature , chosen below the normal freezing point of pure water, con
sider the following transitions for water: 

(Hz 0) 
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~H 
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(Hz 0) 
supercooled 
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Qf· 
___ ..,._(saline solution)_t + (Hz 0) 
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. The subscripts refer to the physical state of the water, either vapor, 
liquid, or solid, and the Q' s and H' s denote heat effects and enthalpies, 
respectively. To be explicit, Oc is the heat evolved on condensing ·an 
infinitesimal amount of water from the vapor into the saline liquid, expressed 
per unit of water so transformed; Qf is the heat evolved on. ±:reezing an 
infinitesimal amount of water from the saline l~quid (assuming that the salts 
are excluded from the ice lattice during crystallization); .6.Hc is .the heat 
evolved per unit of water in condensing an infinitesimal amount of water vapor 
into the supercooled liql}id state; Om is the heat evolved per unit of water in 
tr(insferring. the same small amount of "vater from the super,cooled liquid 
state into the saline liquid; .6.Hf is the heat evolved-per unit of water when an 
infinitesimal amount of supercooled liquid water freezes isothermally and 
reversibly to ice; and .6.Hs is the heat evolved per unit of water when an 
infinitesimal amou!'!t of water vapor is condensed directly to the solid phase. 
Following convention., when heat is evolved the values of these quantities 
carry a: negative sign. 

In all these expressions, the initial state of the water .and the final state 
of the ice, neglecting interfacial effects, is the same. Then by the first 
law of thermodynamics, if the heat effects are determined at constant pres:.. 
sure and .in such a way :that no work other than that of expansion against 
atmospheric pres_sure is done, 

.6.H + Q + Qf = Q + Qf = .6.H + .6.Hf = .6.H . c m c c s 
( 5) 

In terms of enthalpy it is seen in each case that the net change amounts to 
the difference in enthalpy between water vapor and ice at the chosen tempera-
ture. - , 

Fro~ eq 5 it is seen that if hciat is evolved on mixing water with the 
saline liquid, then the heat evolved on freezing must he less than the latent 
heat of ·freezing pure, supercooled wate.r; if heat is absorbed on mixing, 
however, then the reverse is true,j and'Pi inust be greater than .6.Hf. 
Generally speaking, there is always a heat effect on mixing liquids; it may 
be large or small, but rarely, if ever, is it totally absent; hence, in general, 
Qf is expected to be different from .6.Hf. · 

The dilution to infinite dilution of 0. 1 N sodium chloride ablution (con
centration of about 5. 8%) is accompanied by the evolution of 1. 4 cal/ g-NaCl. 
However, when solid sodium chloride is dissolved in water (58 g NaCl to 
2000 g H 2 0 resulting in a 30 o/ oo saline solution), about 1181 cal of heat are 

I 
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absorbed (Glasstone, 1950; Harned and Owen, 1963) .. Thus it appears t};lat 
the problem: then is not clear cut and a closer look is required before it will 
be possible to determine whether the heat effect on freezing ice from a 
sodium. ,chloride brine· fs larger or smaller than normal and ~o estimate the 
magnitude of the difference. In so doing, clo~e attention: must be paid to· de-· 
tails o_f the system, ~0 'units, and to certain definitions. . 

3 

In expressions 1, 2, 3, and 4 the heat effects are expressed in heat units 
per unit of water involved in the transition. This is both rational and con
venient for it is the change of stat~ of the water component that is being 
followed. In the exa:iriple'cited ·above, the heat effects were expressed in 
terms of the amount of solute, sodium chloride. This, too, is both rational 
and convenient for some purposes. However,· it is difficult fo quickly reduce 
that information and the information in expressions 1 through 4 to compatible · 
terms. To do this will require some ground work. First, however, it is 
desirable to be explicit in stating that the result desired is an estimate of 
the heat effect accompanying the freezing and melting of. sea water. Some 
estimates have already been given. The first evidently was that of 
Malmgren (Malmgren, 1927; List, 1951). In recent years, Anderson (1960) 
and Schwerdtfeger ( 1963) reexamined the problem an_d have given rather ex
tensive tables or graphs portraying the variation of the latent heat per unit 
weight of sea ice as a function of salinity .. * 

Ander son and Schwerdtfeger approached the problem from a practi.cal 
point of view; they wanted to state the quantity of heat required to melt a 
certain amount of sea ice. Immediately they realized that,.depending upon 
temperature and age, sea ice .contains variable quantities of occluded, .un
frozen brine; consequently, it has no definite melting point. As Schwerdtfeger 
put it: '.'One is thus forced to conclude that a latent heat, which ac<;ording to 
the usual concept implies a release or abso_rption of heat at constant tempera
ture, does not exist during the m~lting of sea ice. The apparent latent heat 
anomaly of sea ice is explained by the fact that, on initial freezing, the ice 
is in contact with sea water, from which, hpwever, the ice on the surface 
of a cover, or ice removed for observation, is usually isolated~ A true 
latent heat could be observed were ice to be melted while in contact with sea 
water of constant concentration. This, for example, occurs during final 
stages of the breakup o£ an ice cover, when small floes are awash in the 
sea~ ". They concluded, therefore, that the latent heat cannot really be 
separated from the specific heat of sea ice together with its occluded brine, 
and their results, as Malmgren's before them, give the total heat required 
to raise the temperature and totally melt the ice with its occluded brine. 
(Schwerdtfeger raises the issue of the heat of dilution but on the basis of 
handbook data (Lange arid Forker, 1952) for sodium chloride concludes that 
the effect is negligible. It will be shown· that, although this· conclusion may 
eventually be shown to be valid, it has yet to be justified.) 

During freezing the ice forming .is often bathed in saline water of nearly 
constant composition, as convection constantly mixes the surface sea water 
with that beneath. During the summer thaw, this is not the case and the 
·sea water bathing the melting ice is considerably less saline than normal. 
In certain situations it is often fresh enough to drink. Hence it is possible 
to envision a multitude of naturally occurring freeze..-thaw ·environments. 
As a first step, it is desirable to develop a thorough understanding of 
systems in true equilibrium, with the expectation that once this is attain~d 
reliable extensions to the variety of reai situations will become possible. . 
~s Fofonov ( 1962) put it, in a different context: "The continual exchange of energy 

*Thanks are due to Dr. A. Assur for information on the appearance of are
centpaper giving some data on the thermal properties of sea ice (Nazintsev, 
(1964). The paper, however, has not yet become accessible to this author 
and so cannot be included in this discussion. 
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and matter across the boundaries of the ocean prevents the establishment of 
complete thermodynamic equilibrium. In general, the transport of water, 
heat and salt by currents greatly exceeds that of molecular processes 
associated with the tendency for the ocean to approach thermodynamical 
equilibrium. However, at sufficiently small scales of motion, molecular 
processes become significant and even dominant. Hence it is necessary to 
formulate and examine the conditions under wh,ich equilibrium is attained 
and to determine the physical properties required to describe the equilibrium 
state. 11 

The study of systems in equilibrium is the province of classical thermo
dynamics. Thermodynamics, formulated as it is on the basis of the con
servation laws and in terms of certain usefully defined functions, has been· 
notably .successful in accomodating practically all the experimental data of 
chemistry {excluding kinetics). The particular thermodynamic function of 
greatest utility in this inquiry is the enthalpy, commonly called the heat con
tent. For systems of more than one component, the partial molal enthalpy 
has been defined in terms of the composition and enthalpy, to facilitate the 
expression of the heat effect when one component of a mixture changes 
phase. ~:~ Like the enthalpy of the whole system, the partial molal enthalpy 
of a constituent of the system also is a state function; which is to say, its 
value depends only upon the state of the system, no~ upon the prior or subse
quent history of the system. 

The enthalpy change of a system is exactly equal to the heat effect ac
companying that change so long as the change occurs at constant pressure. 
This is the reason that the enthalpy is often ca~led the heat content. The 
partial molal enthalpy is likewise a variable of state in the same sense but 
is different in that it refers to a given component in a mixture rather than to 
the mixture as a whole. To be. specific, if H is the enthalpy of a saline solution, 
(8H/8nw) = Hw is the partial molal enthalpy of the water in the mixture. The 
quantity. a~ denotes .an infinitesimal change in the number of moles of 
water in the solution; Hw is thus the instantaneous rate of change of enthalpy 
of the system on addition of an infinitesimal amount of water. When expressed 
per gram, ( BH/ 8fiw) is called the partial specific enthalpy and onw is ex
pressed in grams of water. 

It is not possible to determine the absolute magnitude of H for a sub
stance in a solution but it is possible to determine how much greater or less 
H is than the enthalpy of the same substance in some reference state. It 
is customary when dealing with water in aqueous solutions to choose pure 
liquid water as the reference state a:p.d denote its molal heat content by Hw. 
In an infinitely dilute aqueous solution H.;_, = H~. The difference· between the 
partial molal enthalpy and the molal enthalpy of the reference state for any 
substance. has been called the relative enthalpy, L; thus 

L = H - H o and L = H - H o ( 6) 
w w w solute solute solute · 

I 
The rather extensive experimental !data on heats of solution, mDang, and 
dilution of various substances are ~sually tabulated in these terms. 

I . 

~:~considerable confusion exists in the literature at the present time as to the 
representation and interpretation of the various thermal properties of 
solutions. To help remedy the situation, Pitzer and Brewer ( 1961) have 
discussed this topic in greater depth than usual. Glasston's ( 1950) text is 
also helpful. 
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When very small amounts of water are added to a large quantity of salt 
solutions of various concentrations and the heat effect is measured calori
metrically, values of Lw. are obtained directly from the slope of a plot of the 
observed heat effect versus concentration of salt.~:~ Randall and :Sis son 
( 1920) obtained these data for sodium· chloride solutions. Their results 
appear iri Table I. 

The interpretation of Table I is straightforward and simple. From the 
definition of (Hw-H~) = Lw in eq 6 as the heat absorbed in taking an infini
tesimal amount ·of. water from its reference state to a :new state in solution, 
the positive values for Lw .meap that heat is ·absbrbed at all stages in the 
dilution of saline solutions for which values are gtven (the sign ·actually 
changes at concentrations lower ·th~n 16. 2 o/ oo but the· .. effect is negligible). 
The heat effect ranges from a few tenth~·-of a calorie per m.ole of water 
transferred at low salt contents to a makimum of 21. 4 ·cal/mole, or a little 
more than one cal/ g of water transferred. To apply these data note that, 
.for a small increment of water at constant composition and at a suitable 
constant temperature, 

.L w. 
(Hz 0)1 + ( NaCl ) 

solution . H -H 0 

w w 

+ ( NaCl ) . 
solution 

This is a process iri which a small amount of pure,· supercooled water is 
added to a solutiun of sodium chloride and then is frozen out as pure ice, 
all at constant temperature and composition.. If desired the sai:ne net 

( 7) 

· change. of state could be attained by simply freezing the small quantity of 
supercooled water directly to ice:. ' . . 

(H -H 0 
) 

s w 
(H2 0) . 

s 
(8) 

Choosing as our system the small quantity of water, since the change in 
state is the same, neglecting inte:r.facial effects and other relatively minor 
influences, it follows that 

(9) 

~:~To verify this statement, imagine: a saiine solution of a certain concentra
tion at a given temperature, T, and pressure, P, ahd denote its enthalpy 
by H. ·The solution is made up of n1 moles of water and n 2 moles of salt 

. and before they are mixed thetr total enthalpy is n 1 Hf + n 2 H2. The enthalpy 
change which is measured as a heat effect on .mixing is, therefore, 
.6.H = H - (nl Hf + n 2 H2 ). Differentiating this ·equation ~t constant salt 
content, n2 '· yields. · 
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Table I. Relative partial molal enthalpy of water in sodium 
chloride solutions. 

Salinity, o/oo 

0 
16.2 
21. 6 
32. 1 
46.2 
68.9 
90.4 

124.5 
162.5 
201.2 
270.0 
324.2 
356.5 

Molality 

0 
0.278 
0.370 
0.555 
0. 793 
1. 110 
1. 632 
2.13 
2. 78 
3.47 
4. 63 
5. 55 
6. 12 

Lw, cal/mole 

0 
0.2 
0.3 
0.9 
2.4 
4.0 
7.3 

11. 0 
15.9 
20.0 
21.4 
15.6 
11.5 

To illustrate the consequence, consider eq 7 and 8 at T = - 5C. b.Hf at - 5C 
is given by Dorsey (1940) as -73.6 cal/g which amounts to -1329 cal/mole. 
The salinity of the freezing mixture at -5C is about 90 o/oo for which we . 
see from Table I that Lw is about +7 cal/mole (we assume for want of other 
data that the values in Table I apply at -5C). Therefore by eq 9, Qf is 
(-1328- 7) =- 1335 cal/mole-water, or about74.0 cal/g H 2 0. The differ
ence is about 1 I 2o/o and for practical purposes may be considered negligible 
although it is large enough to be detectable. If similar data were available 
for the dilution of sea water, this approach cotild be utilized to assess the 
magnitude of the effect of Lw on the heat of freezing and melting. Unfortu
nately these data apparently are yet to be obtained. C.ertainly they should 
be determined and with the emphasis now being given to oceanography they 
no doubt'- soon will be available. In the meantime, there is another approach 
that also will yield an estimate. 

For simplicity, although it is not actually necessary, let us accept Fofonov 1 s 
( 1962) justification and treat the dissolved substances in sea water as a single 
solute; then one can regard the thermodynamic state of a sea water - water 
vapor system as dependent upon the three independent variables:· pressure 
P, temperature T and salinity rr. (Salinity may be expressed. either in the 
customary way in parts solute per thousand parts of sea water, or as 
Assur (1960) has advocated, in parts solute per part of solvent.) The total 
derivatives of the Gibb' s free energy for the systems: sea water and water 
vapor are; respectively, 

dF = (~n dT + (BFi) dP + (~:) do- ( 1 0) 
w a PI 

dF = (~~) dT + (aF) dP. ( 11) 
v aP . 

At constant solute content, do-= 0 so that only the first two terms of these 
expressions remain. The two partial derivatives (8F/8T) and (8F/8P) are 
known respectively as the negative molar entropy -S and the molar volume 
v. 
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Differentiating with respect to nw, the number of moles of water , one 
obtains: · 

8( dF
1

) 
= -(:::) dT (~) on + on . 

w w 
dP ( 12) 

a(dF ) (:::) dT + (:~:) v 
an - -

w 
dP. ( 13) 

These ·partial derivatives are identified as 

dn = -S d T + V dP r-w w · w ( 14) 

d~ = -S dT + V dP v v v 
( 1 5) 

in which ~w and ~v are the chemical potenti~ls of _!!le water in: the liquid and 
the vapor phases respectively. Similarly, S and V are the partial molal 
entrC)PY a~d the partial molal volume of the water in the two phases .. 

At equilibrium the chemical potentials of the water in the sea water and 
the vapor are equal so that 

-S dT + V dP v v 
(16) 

which on rearranging is 

. ( 1 7) 

Assuming that w~ter vapor is the only gas present in the vapor, P may be 
identified as the water vapor press:ure_,p, of the solution. Neglecting the 
volume of the water in comparison with the volume of the vapor, and 
assuming ideal behavior on the part of the gas, eq 17 becomes 

( 18) 

The entropy change (Sv-8
1

) is defined as Qrev/T, the reversible heat effect 
of the phase change divided by the temperature at which the change occurs. 
In the case of vaporization, carried out at a definite temperature and con-

. centration of sea water, Qrev is identified as the latent heat of vaporization. 
In this cas~ Qrev is equal to (Hv-Hw) where Hv is the enthalpy of the water 
vapor and Hw is the partial molal ~nthalpy of the water in the sea water. 
Then we .have 

d ln p = 
(H -II ) dT v w ( 19) 

or in integrated form, assuming ..O.H can be taken as constant over the tempera
ture range considered, 
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(H -H ) 
v w = . 4. 576 ( 20) 

The factor 4. 576 arises as the product of the logarithm: conversion factor 
2. 303 and the value of R(l. 987 cal/mole-log). 

We can write ( Hv-Hw) as the sum of the two terms (Hv-H~) and 
( H~-Hw) . The first is simply the latent heat of vaporizati-on of the super
cooled pure water and the second is the negative of the relative partial 
molal enthalpy, Lw, of eq 6. Thus it b~comes evident that if the variation 
of the water vapor pressure of sea WCl.ter with temperature is available at 
various values of the salinity it is possible to estlmate Lw from eq 20 and. 
apply eq 9, as before, to estimate the heat effect on freezing or melting ice 
in equilibrium with sea waters of various concentrations·. Alternatively, an 
estim~te of the heat of freezing ( H 8 -Hw) can be obtained by comparing 
( Hv-Hw) of eq 20 with eq 2, 4, and 5 from which it appears that the heat of 
freezing is 

(H-H) = (H-H 0
) -(H -H)=(H·-H

0

)+(H-H). (21) s w s v. w v s v v w 

Although the variation of the water vapor pressure of sea waters with 
temperature had been rep_orted by Higashi et al. ( 1931) for temperatures 
ranging from 25 to 175C it was not until Arons and Kientzler1s( 1954) de
terminations that these data became available for temperatures between 
freezing and 25C. They combined their smoothed data with the smoothed 
data of Higashi et al. (1931) for temperatures ranging from 25 to 175C at 
brine concentrations ranging from zero to 160 o/oo. These- data used in 
conjunction with eq 20 yield_( Hv-Hw) at various temperatures and brine 
concentrations. The results are given in Table II. By means of a least 
squares linear regression, the values of (Hv-Hw) in Table II were used to 
expres~ ( Hv-Hw) as. a function of temperature. These results are shown 
in Figure 1. 

Before commenting on Figure 1, it- should be noted that there is con
siderable scatter in the original data of Arons and Kientzler. They attribute 
it to random experimental errors 1ahd finally estimate an error of about · 
2o/o in their smoothed curves; the ~catter in their raw data, however, is 
actually greater than this. In view of the possibility of comple~ ion associa
tions that may be highly sensitive to solute concentrations in sea water, not 

-to mention the possible subtle changes with concentration of simple ion 
hydration numbers, it may be that a _more elaborate study would. reveal that 
some of what appears to be scatter iri the data is a real manifestation of 
abrupt changes in the properties of sea water as the concentration is changed. 
This has been implied by Drost-Hansen (1963). · 

Because it is not possible to fully explain the scatter in the original 
data and since the validity of the S:moothed data is not well established, it 
does not seem profitable to examihe the results of Figure 1 in detail. Linear 
regression lines are drawn through data points that, though they appear 
roughly linear, may actually be more complex. Drawing only the crudest 
conclusions, it can be said that at a given temperature (Hv-Hw) decreases 
with increasing salinity. At any given temperature the maximum decrease 
appears to be roughly 140 calories per mole of water. This means that at 
a given temperature the heat required t~ vaporize water from the sea 
brines is somewhat less than that required to vaporize pure water at the 
same temperature. Recalling that 



Table II. 

Chlorinity (o/oo) 32.5C 

0 10450 

5 10450 

10 10477 

20 10450 

30 10450 

40 10450 

50 10422 
. 60 10422 

70 10422 

80 10394 

90 10422. 

100 10337 

110 10337 

120 10365 

130 10337 

140 10450 

'150 10337 

160 10337, 

,. 
~ 

The latent heat of vaporization of sea water~ 

(H -H ) cal/mole v w 

27. 5C 22. 5C 17.5C 12.5C 7. 5C 2. 5C 

10515 10555 10595 10656 10690 10781 

105i5 tds55 10595 10633 io7i2 10781 

10515 10555 10595 10656 10712 10760' 

10515. 10555 10595 10633 10734 10760. 

10515 10529 10607 10656 10668 10738 

10488 10529 10604 10633 10668 10802 

' 10488 10529 10570 10586 10646 10800 

10477 10504 10546 10610 10623 10760 

10434 10478 10522 10610 10623 10717 

10462 10453 10546 10540 . 10623 10696 

10408 10426 10522 ' 10493 10623 10611 

10434 10401 10497 10516 10579 10696 

10380 10426 10472 10493 10512 10633 

10462 10401 10447 10446 10579 10633 

10408 10453 10497 10516 10556 10611 

10462 10426 10522 10493 10489 10654 

10462 10375 10619 10516 10646 10696 

'1 0 542. 1042.6 10595 10540 10688· 10654 

-2.sc -7. 5C ::r:· 
M 

10778 10844 > 
1-3 

0 
l'lj 

l'lj 
~ 
M 
M 
N 
1-1 z 
Cl 

10758 > 
10718 z 

t1 
10758 ~ 

M 
10758 tot 

1-3 
10738 10787 1-1 z 
10677 10730 Cl 

10698 10806 
0 
l'lj 

10659 10806 ·Cil 
M 

10718 10730 > 
1-1 

10677 10883 
() 
M 

10596 10691 

10798 10730 
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30 --::: 

0~ 
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--100 
.-'------90 
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--120 

::::::::-150 
140 
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T ( °K) 

Figure 1. Latent heat of J
1
aporizing sea water as function of 

te.mperature at various satinities {computed from vapor pres-
1 sure data) • 
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(H -H ) = (H -H 0 
) + (Ho -H ) 

v w v w w w 

ahd that Lw was defined as (H -H 0 
) 

w w 

L = (H -H 0 
) - (H -H ) . 

w v w v w 

11 

(22) 

( 23) 

The first term on the right-hand side of eq 22 is shown in Figure 1 as the 
line corresponding to a· salinity of zero; the second term may in principle 
also be read from Figure 1 for brines of any given concentration except as 
uncertainty in the data may interfere. The first term is seen to be the 
smallest of the two at low salinities but the largest at salinities above 40 
ol oo; the maximum difference between the terms oc_Eurs at high salinities and 
amounts to about 140 cal/mole or about8 cal/g; here Lw is positive and is 
a?out 8 cal/g H 20 in brines of about 130 o/oo salinity. 

Rearranging and rewriting eq 9 in terms of enthalpies results in 

Q = (H -H ) = (H -H 0 
) - L . f- s w s w w 

(24) 

The first term on the right-hand side of eq 24 is the latent heat of freezing 
pure, supercooled water isothermally and reversibly to ice. Values of this 
term given by Dorsey ( 1940) are shown as a function of temperature in 
Figure 2. Notice that the values are negative but become less negative 
(showing that less heat is evolved) as the temperature is lowered. 

Again to illustrate the consequence, consider an extreme case; let us 
choose a brine that freezes· at -8.3C having-a salinity of 150 o/oo. From 
Figure 2 we find (Hs-H~) at 8. 3C to be -69. 5 cal/mole. Then from Figure 
1 we find (Hv-H~) ~ 10,855 and (Hv-Bw> at 150 o/oo ~10, 725 so that by 
eq 23 Lw must be about +130 cal/ mole or about 7. 2 cal/ g. 

From eq 24 then 

Qf = -69.5- 7. 2 = -76.7 cal/g H 20. ( 25) 

Thus it appears that, even though sea water has a positive relative partial 
molal enthalpy, Lw, because the brine has a depressed freezing and melting 
temperature the latent heat of freezing is greater than that of supercooled 
water at -8. 3C but less than that of pure water freezing at the normal .. 
freezing point. In sea water, apparently the temperature effect and the 
effect of the dis solved substances on the latent heat of freezing oppose each 
other. 

The question arises, what is the practica~ consequence of these con
clusions? This is best appreciated by reconsidering the methods of the 
earlier investigations. Malmgren's method was to calculate the heat re
quired to raise the temperature of the ice and its occluded brine from the 
original temperature t to the melting temperature ts, and the heat required 
to- melt the pure ice phase. These heats were then simply added together. 
The first ofthese he approximated by 0.·5 (ts-t) and the latter by 
80 [ 1-S( 1-At>] in which At is the weight of pure ice in 1 g of sea ice of 
1 o/ 09 salinity at temperature t. Now At is equal to 1 - 1 /St; where St 
is the salinity of the brine at t, so that he finally wrote 

U = 80(1 - S/St) + 0. 5(ts-t) cal/g sea ice. (26) 
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T°C Hs-H~ 

0 -79.7 
-5 -73.6 

-10 -67.8 
-15 -62.4 
-20 -57.6 
-22 -55.9 

Hs-H: 
-70 

cal/gH20 

INITIAL SLOPE~ -1.25 

-20.0 -10.0 0 

TEMPERATURE, °C 

Figure 2. Latent heat of freezing supercooled water. 

Values computed from this. equation are the ones that appear in the 
Smithsonian tables. Evidently the same equation was used by Nelson and 
Thompson to extend the Smithsonian tables (1\.nderson, 1960). The most 
recen.t treatment is that of Schwerdtfeger who, although profiting frorri the 
phase relationships given by As sur ( 1960) and using more refined conc.epts, 
still· adopted essentially the same approach as that of Malmgren. 

Schwerdtfeger's equation comparable to that of Malmgren's is 

em 

== s [-~ L. + 
9D a ff 1 

which when integrated becomes 

0'" 

a.e < c -c.) + c. ] de 
W I 1 . 

o-(C -C.). 
Q == (L. - c.eo) ( 1- ~) + w I 

m 1 1 a. eo. a. 
ln 0'" 

a. eo 

( 2 7) 

(28) 

(provided 9m is taken as o-/a., a highly questionable assw:nption) and values 
calculated from it are not greatly different than those calculate.d from 
Malmgren's equation. In eq 27 and :28 Qm is the heat required to completely 
melt sea ice ·initially at a temperature eo; 9m· is the temperature of final · 
melting; o- is the. salinity of the sea ice expressed in grams solutes per gram 
of sea ic~; Li is the latent heat of p~re ice, taken as 79. 67 cal/g; Ci is the 
specific heat of ice·taken as 0.48 ca~l/g- deg C; Cw is the specific heatof 
water, taken· as l.O cal/ g - deg C; q is the proportionality· constant defined by 
the generally accepted linear relationship between e and the relative salt 
concentration of occluded brine, and has the value -0. 018 per deg C. In the 
derivation of this equation the specific heat of the dissolved salts was 
explicitly pegl~cted as were the heat effects accompanying th~ concentration 
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or dilution of the brine and the crystallization or dis solving of salts. Equa
tion 28 results from integrating eq 27 with respect· to temperature assuming 
Lj_ is constant. Let us now examine the consequences of considering Li 
(Schwerdtfeger' s:·notation for the latent heat of freezing, not to be confused 
with Lw) to be a function of both temperature and salinity. 

Although the data in Figure 1 may not fully justify it, as an approxima
tion and for argument assume a roughly linear dependence upon both tem
perature and the salinity of the occluded brine. For convenience let us as
sume that the. linear r-elationship holds when the brine salinity is expressed 
as the fractional salt content as defined by Assur and adopted by Schwerdtfeger. 

· The relationship between the fractional salt content, S, and the brine salinity, 
<rb' in grams salt per· gram brine is 

s = 
(Tb 

l-o-b . 

From Figure 1 and eq 25 we found for a brine salinity o-b = 150 o/ oo 
(S=O. 177) that Li (our-.Qf) was about 7. 2 cal/g less negative than that of 
pure supercooled water at the same temperature. Assuming a roughly 
linear relationship 

(29) 

( 30) 

in which Li ( e) is the temperature dependent latent heat of freezing of pure 
supercooled water. Now, since it has been established (Assur, 1960) that 
for -8C ~ e~oc 

s = a e ( 31) 

where a ~ 1. 8 X 10-z , it is possible to write 

L.~ L~(e) +0.74 e. 
1 1 

( 32) 

An estimate of Li (e) can be. obtained from the slope of the curve of Figure 
2. When this is done, it is found that 

L~ ~ -1. 20 e - 79. 7. 
1 

( 33) 

Equations 32 and 33 both apply simultaneously since eq 31 has been adopted. 
Combining them one obtains 

L.~- o.46 e- 79.7. 
1 . 

(34) 

Although this equation has been roughly derived, it is seen that when com
pared to the result obtained for U"b = 150 o/ oo and e = -8. 3 the results 
agree to within 1 calorie per gram of water. For better agreement the 
equation can be altered slightly to 

L. ~ - 0. 4 e + L ~ 
1 10 

(35) 
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where Li_0 refers to the latent heat.of freezing of pure water at OC, which· 
we have been taking as 79. 7 cal/ g. If eq 35 may be accepted for the moment 
and introduced into eq 2 7,- an assessment of the error in Schwerdtfeger 1 s 
values resulting from neglecting the solute and temperature effects on the 
latent heat of freezing sea water can be made. 

We then have 

Q 
m ( -~ (79. 7 + o. 4 e) + ~ (C -C.)+ c.] de z . . ae w 1 1 

- ne . . . . 
(3 6) 

after changing the sign of eq 3 6 to give heat absorbed on melting as a positive 
quantity. After integration and, as did Schwerdtfeger, using the relation
ship 9m = o-/a this becomes 

o-{C -C.) 
Qm = (L~ +C. So) ( 1- ~) + w 

1 

. 10 1 a So a 

+0.4o- ln-o--
a a So 

ln-o-- + 
a So 

(37) 

to be compared with eq 28 .. The difference is the last term; for an ice 
salinity of 8 o/ oo at -8C it amounts to 0. 5 cal/ g. This is a significant 
difference, considering that published values of Qm are given to a hundredth 
of a calorie per gram. · 

CONCLUSIONS 

It has been shown that the latent heat of freezing ice in equilibrium with 
sea water is less than that associated with freezing pure water at OC. The 
difference is principally due to a temperature effect that is opposed to some 
extent by the effect of the presence of dissolved substances· in the brine. 
The difference probably amounts to about 7 cal per gram of ice for a brine 
of about 150 o/ oo salinity freezing at -8C. When the effect of this difference 
in the total heat required to raise the temperature and melt sea ice is com
puted by Schwerdtfeger 1 s method, it is found to be of the order of 0. 5 cal/ g 
sea ice for an overall ice salinity of 8 o/ oo and an initial temperature of -8G, 
These a,re s::mall but significant differences and until true values are estab
lished, published values of heats of freezing and melting and specific heats of 
sea ice should be used with discretion. · 

Many of the assumptions and procedures used in the above computations 
may be questioned. Among them are: the adequacy of assuming· ~ = o-/a in 
integrating eq 2 7 and 36, the adequacy of the specific heats assumed for the 
ice and its occluded brine, the neglect of heats of solution and precipitation 
of salts in brines at low temperatures, and neglecting the ~ffect of. selective 
salt pre,cipitation or. dis solution on the behavior of the remaining brine during 
freezing and thawing, for example. i The lack of suitable d~ta do not permit 
assessment of these problems at the present time. The rie-ed. for obtaining · 
suitable data to improve the reliability of deductions made herein and to permit 
extensions thus becomes obvious. · · 
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