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SUMMARY

The systematic packing of uniform spheres is generalized by
describing the primitive rhombohedral cell which characterizes
the arrangement between layers. Volume and porosity are found
to depend on only two angular parameters, a and (3:

V = 8R3 sin a sin (3

n • = 1 - 6 sin a sin (3

(3 is the angle between rows in a layer, and a is the altitude angle
between members of adjacent layers. An azimuth angle y deter
mines the position of the plane in which a is measured but does
not enter into the porosity calculation.

Four critical stacking arrangements are described, the
porosities of which may be written as functions of the single param
eter (3. The stable packings studied by Graton and Fraser (1935) are
special cases of the critical positions. Typically unstable packings
lie between these positions.

Tables and graphs are presented which give the porosity of the
primitive cell, as a function of a and (3, over the entire range from
open to close packing for every possible layer configuration.



SYSTEMATIC PACKING FROM THE STANDPOINT OF

THE PRIMITIVE CELL

by

Richard McGaw

INTRODUCTION

The study of systematic packing has contributed to our knowledge of
the structure of crystals, of granular media, and of simple liquids. Al
though most nearly akin to crystalline structure, systematic packing has
been utilized to provide clues to the geometry of disordered packing,
which has so far resisted direct formalization. The role of systematic
packing is no longer simply that of an analogy to crystallographic arrange
ment, but more importantly an analogy to particle packing. Since packing
is so often disordered, the emphasis is now on coordination in space and
the distances to neighbors; in short, on the degree to which space is oc
cupied by matter.

Investigations have come to the point where a knowledge of those fea
tures which are fundamental to all packings would be desirable. As a
step in this direction it would appear that a general treatment of the struc
ture of systematic packing would provide insight into packings which have
a similar porosity but a disordered, or chance, arrangement. A study of
the literature reveals that no simple theory has yet been derived by which
all intermediate variations of the regular packing of uniform spheres may
be conveniently described and studied.

The author has found that a general treatment of systematic packing
becomes possible when the analysis is reduced to the rhombohedral primi
tive cell. The primitive cell is the smallest representative crystallo
graphic unit, disregarding conditions of symmetry (Bragg, 1933). Buerger
explains it as a cell outline which has a partial cluster at each corner and
which therefore contains the equivalent of one total cluster (1942, p. 6);
he also states that one lattice point is associated with each primitive cell
(1956, p. 16). In systematic packing the primitive cell contains the parts
of precisely one sphere.

Accordingly, a generalization is developed here which utilizes the
angular relationships between rows and layers to describe the configura
tion of the elementary unit cell. A general equation for the cell volume
permits the computation of porosity in terms of two angular parameters,
a and (3. A third parameter, y, determines the plane in which a is meas
ured but does not enter into the porosity calculation. Values of porosity
for all systematic arrangements of uniform spheres, from open to close
packing, are tabulated and graphed.

Four kinds of critical position are distinguished: a nested position,
lower- and upper-saddle positions, and a summit position. For these
positions, porosity may be written as a function of the single parameter p.
The critical positions degenerate to only three distinct arrangements at
each of the limiting types of layer, namely, the hexagonal layer and the
square layer. These limiting arrangements are the six cases previously
studied by Graton and Fraser (1935).
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BACKGROUND

The study of regular arrangements of particles began in connection
with ideas on the structure of crystals.* In 1690 Huygens proposed a
theory which assumed calcite to be composed of small ellipsoidal particles
arranged or packed in a regular manner, by which he sought to explain the
double refraction and cleavage of the mineral. In 1784, HaCiy published a
theory, also based on cleavage, in which he viewed the crystal as being
made up of a large number of infinitesimally small rectangular cells, all
of equal size and shape, which were arranged in parallel order and which
completely filled space. Crystal faces were explained by the stepwise de
crease in extent of successive layers, the size of each step being so small
that the faces appeared smooth.

Fundamental to both these conceptions was the idea that some unit was
repeated in a three-dimensional pattern. Moreover, Huygens and Haiiy
each saw cleavage as the relative motion of layers of particles, the par
ticles themselves (and the layers) remaining undeformed. Their views
differed in one major respect: Haiiy's elementary units, because they
totally filled space, were required to have plane faces; Huygen's particles,
because they were given the characteristic of curvature, could in no way
be assembled to fill space without gaps.

Frankenheim regarded Haiiy's units as a geometric network of points
in space, concluding in 1842 that there were 15 symmetrical arrangements
of such networks. In 1848 Bravais corrected the number to 14, classifying
them according to the seven holohedral types of crystal symmetry; he was
unaware that Hess el in 1830 had already shown that there were in all 32
possible classes of symmetry for crystals based on space-lattices. Be
ginning in 1879, with the consideration by Sohnke of point-groups surround
ing lattice-points, the science of crystallography became increasingly con
cerned with the remaining elements of symmetry. The existence of a
total of 230 space-groups was established by Federov from 1885 to 1890,
followed closely by Schoenflies in 1891 and Barlow in 1894. Then in 1912,
Laue's discovery of the diffraction of X-rays by crystals opened an entirely
new area of research which today is still being investigated.

Haiiy's theory is generally regarded as the foundation of the science of
crystallography. On the other hand, Huygen's theory may rightfully be
considered one of the earliest descriptions of systematic packing, even
though his particles were not spherical. It was Barlow (1884) who first
suggested that the arrangement of atoms in crystals may be likened to the
packing of uniform spheres. In his paper of 1897, "A Mechanical Cause of
Homogeneity of Structure and Symmetry," he postulated that sphere-like
atoms of various sizes would pack together as closely as possible under the
influence of atomic attractions. In that paper he described a number of
close-packed structures which may1 be formed with spheres of one or several
sizes. Many of these structures have since been found to exist in crystals
of metals and of simple inorganic salts that have no molecular grouping.

* Acknowledgment is made of Sir Lawrence Bragg's review of the history
of crystallography, in The Crystalline State, Vol. I: A General Survey
(1933).
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Barlow's work appears to stand at a turning point in the historical
relationship between systematic packing and classical crystallography.
With no loss of generality, the regular packing of uniform spheres may be
analyzed in terms of the space-lattice of sphere centers, utilizing the
seven systems of highest symmetry for space lattices; when the point-
group is a sphere, it adds no further symmetry elements. Consequently,
by 1850 sufficient knowledge was already at hand to generalize sphere ar
rangement in terms of lattice symmetries. Barlow drew on this knowledge
in his 1897 paper. However, the new idea he contributed was that of
packing, in which particles impinge upon one another but cannot occupy the
same space.

W.L. Bragg in his historical review (1933) acknowledges the extent
to which Barlow*s packing structures aided his own early attempts to ana
lyze the results of X-ray diffraction; distortions due to molecular associa
tion in simple crystals were readily detected by comparison with his
drawings. But as crystallography became increasingly concerned with the
space-group variability of matter, what had been a crystallographic ana
logy began to be applied as a qualitative tool in fields concerned with the
disordered arrangement of impinging particles. As previously noted, the
most important applications of sphere packing outside crystallography have
been in connection with granular materials and non-polar liquids.

In 1899, two years after Barlow, Slichter studied the shape of the pores
formed by the regular arrangement of uniform spheres. He was particu
larly interested in the manner in which water flowed through granular soils.
Undoubtedly influenced by Barlow's work, Slichter was the first to view an
assemblage of uniform spheres as an ideal'soil. Later Haines (1930)
studied the capillary forces in moisture which partially filled the voids of
an ideal soil of close-packed spheres. From 1929 to 1933 Smith et al.
studied the distribution of moisture in ideal assemblages of spheres.

Then in 1935, Graton and Fraser undertook a detailed analysis of
those cases of systematic packing which they felt had a direct relation to
the porosity and permeability of granular materials. Their work remains
to the present time the most definitive in relating systematic packing to
granular materials. In fact, their paper has had such an impact on current
attitudes toward systematic packing that it merits further attention and is
discussed more fully in the next section. Shortly after, in an interesting
geometrical study, White and Walton (1937) computed the sizes of auxiliary
spheres which will just fit into the voids of the close-packed array.

The application of sphere packing to the study of monatomic liquids
has been very recent. In 1959, after deciding that many of the current
theories on the structure of a liquid were physically implausible, Bernal
re-examined a theory he had originally proposed some twenty years earlier
(Bernal, 1937a, b). This theory considered the neighbor relations in ir
regular assemblages of molecules and lent itself readily to analogies with
models of the packing of spheres. Since 1959 considerable interest has
developed along similar lines, much of which has been reported in Nature:
Bernal, 1959; Furukawa, 1959; Bernal, I960; Bernal and Mason, I960;
Scott, I960, 1962; Hutchison and Sutherland, 1965; Mason and Clark, 1965.
Related papers have appeared elsewhere0 At least two studies have been
specifically concerned with the formation of systematically packed regions
when randomly packed spheres are subjected to oscillatory shearing forces
(Scott, 1964; Bernal et al. , 1964).
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GRATON AND FRASER (1935)

Three decades ago, Graton and Fraser set out to discover whatever
similarities there might be between the regular arrangements of uniform
spheres and the disordered arrangement of granular materials. As they
stated on page 790 of their paper, they believed their analysis to be "of
more general nature and more complete from the geometrical standpoint"
than prior treatments had been. Perhaps because of this statement, but
more likely because of the detailed manner in which Graton and Fraser
approached certain aspects of systematic packing (the paper spanned 124
journal pages), their study seems to have left the impression that little
else could be added to the subject.

The fact is, Graton and Fraser recognized that their treatment was
not to be totally general, or in fact, complete. They chose to consider
only those packings which could be achieved "by various simple arrange
ments of either the square layer [Fig. 1] or the simple rhombic layer
[Fig. 2], such packing as may be designated simple systematic packing"
(p. 792). They acknowledged that there could be intermediate types of
layers (Fig. 3), but decided not to consider them in detail. Theyfurther
recognized that their six schemes of packing were only "special cases of
an infinite variety of possible packings lying between the extremes of Case
1 and Case 6",(p. 806). These latter cases are the cubic-open and hexa
gonal-close packings, respectively.

In this acknowledgment, Graton and Fraser were essentially repeating
what had previously been pointed out by Slichter (1899). Slichter had ex
pressed the idea (p. 307, 310) that there were rhombic layers of inter
mediate configuration. Moreover, he considered the loosest and densest
unit cells to be limiting cases of what he termed a "unit rhombohedron, "
built on a general rhombic layer and having three equal face angles of any
value between 60° and 90°. The unit rhombohedron could be assigned any
value of porosity from loosest to densest packing and was thought by
Slichter to be hydrodynamically equivalent to complex real soils.

Figure 1. Square layer,
P = 90°.

Figure 2. Hexagonal layer
(simple rhombic), (3 = 60°.
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2Rsin/9

Figure 3. Rhombic layer,
60° < (3 < 90°.

But Slichter did not explain his
ideas on systematic packing very well;
the general treatment to be derived
shortly helps- greatly in rendering
Slichter's Chapter 1 understandable.
Therefore, it is not surprising that
Graton and Fraser were not quite cer
tain as to what Slichter had proposed.
Misrepresentations crept into their
paper which, considering its wide dis
tribution, it seems appropriate to rectify.

It is not generally known that
Graton and Fraser were in error when

they ascribed the term rhombohedral,
for hexagonal closest packing, to
Slichter (p. 802). The term does not

once appear in Slichter's paper, his only name for this arrangement being
the "most compact" packing. Graton and Fraser were evidently misled by
the fact that Slichter spoke of "the (unit) rhombohedron" in describing this
packing. However, a comparison of the captions to Slichter's Figure 58
(p. 309) and Figure 61 (p. 312) clearly shows that he was considering the
most compact cell as a special member of the more generalized cells hav
ing equal face angles.

Again, Graton and Fraser incorrectly assumed that Slichter considered
the unit rhombohedron to be geometrically general; they refer to his
specialized cell as a "general rhombohedron, " but this is their own desig
nation. Slichter actually made no claim to its generality, believing only
that it was geometrically equivalent in a hydraulic sense. By his own
words (p. 305) he was looking for no more than an approximately correct
expression for the influence of porosity on fluid flow and was evidently
unconcerned that the unit rhombohedron did not specifically include all
varieties of systematic'packing.

Because the unit rhombohedron with equal face angles did not, in fact,
include four of the six cases analyzed by Graton and Fraser, these authors
took Slichter to task. They also believed (p. 807) that he had been in error
when he stated that if the spheres are not in tightest packing each will touch
only six neighbors. This statement is actually true for Slichter's unit
rhombohedron. On the other hand, Graton and Fraser were indeed correct
when they affirmed that this rhombohedron was not general. As to how the
general case would be developed, however, they were apparently undecided.
Otherwise they would have better understood Slichter's partial generality.

It can be shown that the equiangular rhombohedron of Slichter and the
six cases of Graton and Fraser are all special cases of a truly general
rhombohedral packing of uniform spheres. Slichter's specialized packings
lie for the most part in the large realm of gravimetrically unstable pack
ings; the cases of Graton and Fraser are the end points of the four kinds of
critical (stable) packing. As often happens, the generalization of system
atic packing can be developed in a comparatively simple manner.



6 SYSTEMATIC PACKING

THE GENERAL PRIMITIVE CELL

It is clear that systematic packing may be thought of as similar layers
stacked one upon another. The general systematic cell may be derived
most simply by considering the characteristic arrangement between any
two representative layers. As previously pointed out, the general cell
will be primitive, in that it will contain precisely one space-group (the
sphere) corresponding to a single lattice-point (the sphere center). In
general, it will not contain within itself the symmetries corresponding to
the several crystallographic systems. Nevertheless, its geometry will be
sufficiently general as to be representative of any space-lattice that can
be constructed from systematically packed uniform spheres.

The first step involves the consideration of the arrangement within a
layer. A layer is formed by two intersecting sets of mutually parallel rows
which lie within a single plane. Spheres of equal diameter are aligned
along both sets of rows; the sphere centers lie in the row axes and are
spaced at the common interval of 2R, where R is the sphere radius. The
spheres are therefore without exception in contact along both sets of rows.
Such an arrangement may be designated as normally systematic and is
the kind usually implied by the term "systematic packing. " It is obvious
that more general systematic arrangements are possible, in which the
interval along one or both sets of axes is other than 2R, but these will
not be considered here.

Figures 1 and 2, previously referred to, picture the familiar square
and hexagonal layers from which the most open and the most compact pack
ings may be constructed. The edges of the regular quadrilaterals formed
by adjacent sphere centers are segments of the row axes. As shown, the
rows intersect at. an angle (3; this angle characterizes the pattern through
out an entire layer. If |3 is always taken to be the acute angle formed by
intersecting rows in a layer, it may be verified that (3 varies only between
60° and 90°.

Figure 3 shows one example of an intermediate, or rhombic, layer for
which 60°<(3<90°. As illustrated, the distance between adjoining rows (in
either set) is given by 2R sin |3. This result corresponds to any value of (3,
and is therefore general for normally systematic layers. The area of the
general rhombus shown in Figure 3 is given by

A = 2R • 2R sin (3

= 4R2 sin (3. (1)

The general rhombus corresponding to eq 1 will be taken as the base of the
general rhombohedral systematic cell. The basal rhombus has sides of
2R and an acute angle (3. (3 may therefore be termed the base angle of the
general rhombohedral cell.

The second step in the development of the general cell involves the
placement of identical layers into a sequence perpendicular to the plane
of the first layer. For normal systematic packing certain conditions are
imposed on this placement:
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Figure 4. Interlayer dis
tance, h = 2R • sin a.

(1) The planes of adjoining layers will be
parallel.

(2) Rows in adjoining layers will be mutual
ly parallel.

(3) A given sphere will touch at least one
other in each of the adjoining layers.

(4) The sphere centers in successive
layers will lie in parallel planes.

(5) The distance between all pairs of layers
will be the same.

Conditions 4 and 5 are required to ensure
that the resulting packing is homogeneous
(regular) over any number of layers. On the
other hand, the first three conditions govern
the packing arrangement between any two

layers; the primitive cell may be derived on the basis of these conditions
alone.

Figure 4 shows a plane taken perpendicular to the plane of the rhombic
layer of Figure 3. One sphere in each of two layers is shown. Although
the spheres may be any two that are in contact, it is convenient to con
sider the lower sphere in Figure 4 as the lower right-hand sphere in Fig
ure 3. The plane of Figure 4 includes the sphere centers and the point of
contact. As shown, the interlayer distance, h, may be expressed as a
function of an altitude angle a;

h = 2R sin a (2)

which is analogous to the distance between rows in a layer. For a given
layer configuration, a can vary from a minimum value for tightest pack
ing (nested) to 90° for loosest packing (summit).

Figure 5 shows the general systematic cell obtained by combining the
basal rhombus with the interlayer distance. The form is that of a regular
rhombohedron with a sphere center at each apex. The rhombohedron en
closes the parts, of exactly one sphere. Because the twelve edges are all
of length 2R, the three angles shown are sufficient to determine the con
figuration. (3 and a have been previously explained; y lies in the plane of
a layer and determines the position of the plane in which a is measured.
Because in certain instances y can vary from 0° to 360°, it has been desig
nated the azimuth angle.

A theorem in solid geometry states that the volume of a parallelepiped
is the area of any face multiplied by the perpendicular distance to the plane
of the opposite face. A related theorem states that the volume of a prism
is the area of one base multiplied by the perpendicular distance to the other
base. By either theorem, the volume of the primitive rhombohedral cell
is given by the product of the area of the basal rhombus, A, and the inter
layer distance, h. Utilizing eq 1 and 2, the volume of the primitive cell
is thus • -•

V = A • h

- 8R3 sin a sin (3 . (3)
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Figure 5. General rhombohedral
primitive cell, a = altitude angle,
(3 = base angle, y = azimuth angle.

If Vs is the volume of a sphere, the porosity of the primitive cell is given
by

n = ^£ , ! _l£ = ! .1 .TTR3
V (4)

Substituting for V, the general equation for porosity becomes

n = 1 -
6 sin a sin (3 (5)

It will be observed that there are only two variables pertinent to volume
and porosity: the angles a and p. The azimuth angle y does not enter into
either the equation for volume or the equation for porosity. This circum
stance arises because, as shown in Figure 5, a variation in y will not af
fect the value of the interlayer distance h, or consequently the volume,
once a and p are fixed. In general, there are many possible orientations
of the cell corresponding to the same volume or porosity.

The azimuth angle is not without some restrictions, however. These
restrictions are related primarily to the altitude angle. Figure 6 illus
trates the situation when p is 70. 5 degrees (cosine P = j). A plan view of a
layer is shown, with the projection of the center of a reference sphere in
the next upper layer shown in contour form. The contours are labeled
with the altitude angle corresponding to a constant interlayer distance,
which in turn corresponds to a constant porosity. The legend gives the
porosity pertaining to several important values of the altitude angle. These
values are calculated for the positions of the reference sphere labeled A,
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B, C, and D, which may be designated the
summit, upper-saddle, nested, and lower-
saddle positions, respectively.

It will be observed that the upper-
saddle position (B) coincides with both the
60° contour and the trace of the sphere
outlines; this will be the case for all val
ues of p. Similarly, the summit position
(A) coincides both with the 90° contour
(a point) and the trace of the sphere center.
Between these limits the azimuth angle is
unrestricted, meaning that the contours
for 60° < a<90° are continuous through a
full 360 degrees of arc.

Figure 6. Contours of equal
altitude angle (a) and poros

ity (n).
A Summit a=90. 0° n=44. 5%

60.0° 35.9%
52.-3° 30.0%
54.7° 32.0%

Below the 60° contour the reference
sphere lies in the hollow formed by the
spheres in the next lower layer. The
lowest points of this hollow are the two
nested positions (C), and the somewhat
higher lower-saddle position (D); for

these positions y is restricted to the single value p/2. In the remainder
of the hollow the azimuth angle has a small range of freedom.

Because of symmetry in the configuration of a normally systematic
layer, not all values of y are required in order that the primitive cell be
fully general in orientation. Only those combinations of a and y are nec
essary which place the center of the upper reference sphere over a single
quadrant of the basal rhombus. Such a quadrant is A, D, E of Figure 7.

B U. saddle

C Nested

D L. saddle

a. b.

Figure 7. Required range of azimuth angle.

In the right-hand portion of the quadrant the lower reference sphere has
its center at point A; in the left-hand portion its center is at point E. As
shown in Figure 7b, it is convenient to specify an auxiliary azimuth angle
y' in this latter portion of the quadrant, y' being taken counterclockwise;
y' is identical to -y measured counterclockwise from line A-E at point A.
The required range of the azimuth angle is then expressible in terms of
two acute angles:

0<y<|; 0<y' <90 - | . (6)
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THE FOUR CRITICAL POSITIONS

The four positions labeled A, B, C, and D, in Figures 6 and 7 have
special properties. In the first place, they possess critical stabilities
relative to forces normal to a layer. The degree of stability is indicated
by the number of contacts with neighboring spheres.

In all but the hexagonal layer there are four contacts per sphere within
the layer itself. In the summit position there are two additional contacts
with the adjoining layers; in the upper- and lower-saddle positions there
are four interlayer contacts; and in the nested position there are six inter
layer contacts for each sphere. In the general case, there are consequently
a total of six contacts per sphere in the summit position, eight contacts
in the two saddle positions, and ten contacts in the nested position. Inas
much as the hexagonal layer adds two more contacts within the layer, the
total number of contacts per sphere in packings built upon this layer will
be two more in each position than those listed.

In contrast, packings intermediate to the four critical positions have
but six contacts per sphere (a property anticipated by Slichter), with the
exception of those built on the hexagonal layer, which have eight. Without
exception there is but one contact per sphere with each adjoining layer, for
all intermediate packings. Unlike those of the summit position, the inter
layer contacts of the intermediate packings are not situated on a line nor
mal to the layer. Consequently, all packings which do not describe a
critical position are typically unstable against forces normal to a layer;
their stability will depend upon active support at the boundaries.

The critical positions are special in yet another way: their porosities
may be expressed in terms of the single parameter p. For these positions
the configuration of the layer determines the orientation and volume of the
primitive cell; in other words, the value of p determines the values of y
and a. From Figure 7b it is obvious that the choice of critical position
determines y (or y'). Specifically, the azimuth angle for the critical posi
tions may be expressed as one of two values: y = 0, or y = p/2 . Similar
ly it will be shown that the altitude angle may also be expressed as either
a constant or a function of p.

a. b.

Figure 8. Summit position (all), a.5 = 90°.
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As already mentioned, a is uniquely 90° and 60° for all summit and
upper-saddle positions, respectively; Figures 8 and 9 illustrate why this
will be so. On the other hand, for the lower-saddle and nested positions
a will depend upon the distance between the two spheres that form the
short diagonal of the basal rhombus.

h=R/T

a. b.

Figure 9. Upper-saddle position (all), ayg = 60°.

Figure 10 shows the lower-saddle position for a general rhombic
layer. Because the vertical section drawn in Figure 10b is exactly
similar to one-half the basal rhombus, Figure 10a, it is immediately

evident that the altitude angle for this case is equal to 90° - y . It may

easily be verified that for the limiting hexagonal and square layers, a
will be 60° and 45° respectively for the lower-saddle position.

h =R^/2(l +cos/3)

h=2R cos •=-

a.

Figure 10. Lower-saddle position (rhombic layer), cu g = 90° - y .
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Figure 11 illustrates a nested position for the same rhombic layer.
This position represents the tightest packing for any given layer configura
tion. There are two similar nesting points in the layer shown. In general,
as a hexagonal layer evolves to a square layer, the two nesting points
previously shown in Figure 2 persist, but the distance between them pro
gressively decreases (Fig. 3). Finally, as preaches 90°, the points de
generate to a single central point (Fig. 1). In the square layer the nested
and lower-saddle positions are coincident; in all other layers they are
distinct.

i =R V4-sec2 —

a. b.

Figure 11. Nested position (rhombic layer), aN = cos_1(y sec y).

A study of Figure 11 will verify that for the nested positions the alti
tude angle is given by

1 p
cos q]\j = y sec y (7)\

aN attains its maximum value (54° -44' -08") for nested hexagonal layers
and its minimum value (45°) for nested square layers. An interesting
feature of the nested positions is that the upper angle in Figure lib is a
right angle independently of the value of p. This fact may be verified in
terms of the half angle P/2 by showing that h2 = ATT • CF. Consequently,
in any nested packing there is at least a dormant rectilinear relationship
in one direction. The relationship is not wholly evident when the same
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nesting site is occupied on opposite sides of a single layer, as in hexa
gonal-close packing (Fig. 12). But when diagonally opposing sites are
occupied, as in cubic-close packing (Fig. 13), there arises a definite
rectangular appearance.

13

Figure 12. Nested hexagonal layers,
P =. 60° (hexagonal-close packing).

Figure 13. Nested hexagonal layers,
P = 60° (cubic-close packing).

Equation 5 indicated that the porosity of any primitive cell is deter
mined if sin a and sin p are known. For the four critical positions, sin a
may be expressed as either a constant or a function of p (Table I). Ac
cordingly, the porosities of the critical positions rnay be calculated from
a knowledge of P alone. The results of these calculations are given in the
next section.

Table I. Critical values of sin a.

Nested

L. Saddle

U. Saddle

Summit

VI +2 cos~p"
2 + 2 cos p

VI + cos p
2:-

VT
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RESULTS

The variation of porosity with the base angle is graphed in Figure 14.
Hexagonal layers are to the left, square layers to the right. The graph
shows the complete range of porosity possible with systematic packing of
the ordinary kind. The summit curve is an absolute maximum, while the
nested^/urve is an absolute minimum. No normal systematic packings lie
outside these limits.

Porosity values for the points shown in Figure 14 are given in Table
II; the corresponding volume of the primitive cell is given in Table III.
All values are rounded to the fourth place.

0.48

0.45

0.40

POROSITY
n

0.35

0.30

0.25
70" SO-

BASE ANGLE, 0

90"

Figure 14. Variation of porosity with the base
angle.
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Table II. Critical porosity.

65° 70° 75° 80' 85'

15

90«p=60<

Summit 0.3954 0.4223 0.4428 0.4579 0.4683 0.4744 0.4764

U. Saddle .3019 .3329 .3566 .3741 .3861 .3931 .3954

L. Saddle .3019 .3150 .3198 .3167 .3059 .2871 .2595

Nested .2595 .2826 .2966 .3018 .2982 .2848 .2595

Table III. Volume of the primitive cell (multiples of R3).

P = 60° 65° 70° 75° 80° 85° 9?J

Summit

U. Saddle

L. Saddle

Nested

* Maximum volume (respectively) = 8.000, 6.9282, 6.1584, and
6. 000 (see text).

6.9282 7.2505 7.5175 7.7274 7.8785 7.9695 8.0000*
6.0000 6.2791 6.5104 6.6922 6.8230 6.9018 6.9282*
6.0000 6.1150 6.1580*6.1306 6.0352 5.8758 5.6569
5.6569 5.8389 5.9546 5.9996* 5.9689 5.8568 5.6569

Each of the four curves in Figure 14 possesses a point of maximum
porosity. For the summit and upper-saddle positions the maximum is
reached at the square-layer intercept. For the nested and lower-saddle
positions the maximum occurs at an intermediate value of the base angle.
These locations are found by differentiating the proper expression for the
volume of the unit cell and setting equal to zero.

For the nested maximum,

8V _ d
8p dp

from which it is found that

BH>.inPViTT^]s °

<1 +2-P>[T^c^] -\'

(8a)

(8b)

Equation 8b may be solved algebraically, with the result that at the maximum
nested porosity,

cosp = -r . (8c)

The value of p is 75°-31'-21" (75.523°); the volume of the unit cell
is a maximum at precisely 6R3. The maximum nested porosity is found
to be 0. 3019, which is the same as for the saddle positions in the hexa
gonal layer. The altitude angle, which is neither maximum nor minimum,
is 50°-46'-07" (50.769°), being the angle whose sine is V3/5.
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For the lower-saddle maximum,

from which

8V

9P - ^[8R>-i-PVIIPE"]-

cos p _ 1
1 - cos p " 2 '

(9a)

(9b)

Again solving algebraically, it is found that at the maximum lower-saddle
porosity,

COS P = y (9c)

The value of p is 70°-3r-44M (70. 529°) which is also 180 degrees \
minus the tetrahedral angle (109° -28' -16"). The volume of the unit cell
is a relative maximum at (32R3)/(3%/3), the corresponding porosity being
0.3198. The altitude angle, whose sine is VT/T, is 54°-44'-08" (one-half
the tetrahedral angle), which is the value previously found for nested hexa
gonal layers.

It may be demonstrated that the packing at the lower-saddle maximum
is precisely that of body-centered cubic. The major diagonal of the basal
rhombus (line F-A of Figure 15) is one of the face diagonals of the cubical
cell. Body-centered cubic packing is consequently an example of a com
mon packing that is composed of intermediate rhombic layers, rather than
of hexagonal or square layers. This packing is not one of the six cases
studied by Graton and Fraser. It is also the least dense of any systematic
packing in the lower-saddle position.

Figure 15. Body-centered cubic pack
ing (lower-saddle maximum).
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Figure 16 is a plot of the altitude angles implicit in Figure 14. The
curves of constant a were plotted from the list of values given in Table
IV, in which porosities corresponding to combinations of a and P have
been calculated. All values are rounded to the fourth place.

Table IV. Porosity of the primitive cell.

p= 60° 65° 70° 75° 80° 85' 90<

a

90° 0.3954 0.4223 0.4428 0.4579 0.4683 0.4744 0.4764

85° .3931 .4201 .4407 .4559 .4663 .4724 .4744

80° .3861 .4134 .4342 .4496 .4601 .4663 . .4683

75° .3741 .4019 .4232 .4388 .4496 .4559 .4579

70° .3566 .3852 .4070 .4232 .4342 .4407 .4428

65° .3329 .3626 .3852 .4019 . .4134 .4201 .4223

60° .3019 .3329 .3566 .3741 .3861 .3931 .3954

55° .2619 .2947 .3198 .3383 .3510 .3584 .3608

50° - - - - . 3060 .3139 .3165

45° - - - - . - - .2595

0.48

0.45

0.40

POROSITY
n

0.35

0.30

0.25

60 70" SO-

BASE ANGLE,$

90"

Figure 16. Variation of porosity with base and
altitude angles.
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As predicted by eq 5, the azimuth angle y does not appear in Figure
16. The range of y at a given point on the graph could be indicated by an
ordinate drawn perpendicular to the plane of the graph. As previously
shown, x would be unrestricted in the region above the upper-saddle
curve, its range becoming increasingly restricted toward the nested
curve. The possible variation in the azimuth angle at each point repre
sents the range of variation in the configuration of the primitive cell when
the layer angle, the interlayer distance, and the porosity are all held con
stant. The curves for the critical positions may therefore be thought of as
the signatures of all configurations which have the same base and altitude
angles, and porosity, as points on the curves.

Figure 17 is an alternate method of presenting the data of Figure 16.
Here, the critical positions have been plotted with a and P as coordinates.
On such a graph all but the nested curve become straight lines (the summit
curve is the top of the graph). Lines of constant porosity appear nearly
circular; these curves correspond to the values of a given in Table V,
which were obtained by first calculating the value of sin a (Table VI).

,0.3954

70° 80°
BASE ANGLE, /9

#0.4764

Figure 17. Variation of porosity with base and
altitude angles.
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Table V. Angular value of a (degrees).

65° 70° 75° 80° 85'

19

90'

n

.4764 90.00

.4600 - - - - 79.92 76.73 75.84

.4400 - - 84.27 75.47. 71. 70 69.82 69.23

.4200 - 84.93 73.88 69. 17 66.45 64.99 64.52

.4000 - 74.34 68.23 64.62 62.39 61. 17 60.77

.3800 77.20 68.72 63.99 60.97 59. 04 57.97 57.62

.3600 70.85 64.52 60.53 57.88 56. 18 55.21 54.90

.3400 66.36 61.08 57.59 55.22 53.67 52.78 52.50

.3200 62.77 58.17 55. 03 52.86 51.43 50.62 50.35

. 3000 59.73 55. 62 52.75 - 49.42 48. 67 48.42

.2800 57. 15 - - - - - 46. 65

.2600 54.78 - - - - - 45.03

.2595 54.74 - - - - - 45. 00

n

. 47 64

.4600

.4400

.4200

.4000

.3800

.3600

.3400

.3200

. 3000

.2800

.2600

.2595

p = 60'

0.97516
.94469
.91606
.88912

.86371

.83972

.81703

.81649

Table VI. Value of sin a = y^- .

65» 70° 75° 8JT 85'

0.99609
.96289
.93182
.90270

.87535

.84960

.82533

0.99500 0.96798

96069
92867
89871

87063

84424

81941

79600

.93460

.90345

.87430

.84698

.82132

.79716

0.98457 0.97333

94941

91667
88612

85753

83073

80556

78187

75953

.93857

.90621

.87600

.84777

.82125

.79636

.77294

.75086

90'

1.00000

0.96963
.93500

.90276

.87266

.84451

.81813

.79333

.77000

.74800

.72722

.70757

.70711

Figure 18 is a graph of the critical positions plotted against the cosine
of the base angle. The appearance is similar to Figure 16, but the maxi
mums to the nested and lower-saddle curves have shifted to the mid- and
third-points, respectively. The nested curve is now perfectly symmetri
cal. It therefore appears that the structure of systematic packing is better
characterized by the cosine of p rather than the angular value of p.

Also shown in Figure 18 are the locations of the six cases proposed
by Graton and Fraser (1935) and the special rhombohedron proposed by
Slichter (1899). It will be observed that at each of the extreme values of
p the four critical positions degenerate to but three distinct limiting posi
tions. These are precisely the six "limiting" packings studied by Graton
and Fraser, the boxed numerals corresponding to their numbering system.
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As these authors pointed out, when a two-layer unit cell is considered,
packings 2 and 4 are identical, as are packings 3 and 6.

The position of Slichter's "unit rhombohedron" with equal face angles
is shown by the dashed curve. As Slichter realized, this rhombohedron
lies generally in the range of packings which have but six contacts per
sphere. Consequently, these packings would have a lower degree of
stability than any of the critical positions unless active lateral support were
provided.

Slichter's example encompasses packings intermediate to the six cases
of Graton and Fraser; nevertheless it represents only a small portion of
the many configurations which lie between the limiting cases. It is clear
that a great variety of packings are possible under the ordinary systema
tic scheme. The purpose in this paper has been to classify these packings
in such a way that their existence and general form may be anticipated.

0.45

0.40

POROSITY
n

0.35

0.30 --\

0.25
J_ L
3 ' 6

COSINE 0

Figure 18. Variation of porosity with cosine of
the base angle, showing comparison with Slichter !s
unit rhombohedron (dashed curve) and the six
cases of Graton and Fraser (boxed numbers).
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SUMMARY AND CONCLUSIONS

It has been found that the ordinary systematic packing of uniform
spheres may be generalized in terms of three angular parameters which
describe the configuration of the primitive rhombohedral cell. The volume
and porosity of the general primitive cell may be written by utilizing only
two of these parameters, a and p. p determines the form of a layer, while
a determines the interlayer distance. A third angle, r» determines the
plane in which a is measured but does not enter into the porosity calcula
tion.

There are found to be upper and lower limits of porosity for any given
arrangement in a layer. These limits correspond to the maximum and
minimum interlayer distances between similar layers.

The maximum (summit) interlayer distance is 2R for all layers. The
minimum (nested) interlayer distance decreases continuously as a hexa
gonal layer evolves to a square layer. It is an absolute minimum for
nested square layers, which have but one nesting position in the unit cell.
All other layers have two identical nesting positions.

The summit and nested types of packing are found to have special
geometrical properties and critical stabilities, owing to the number of con
tacts between adjacent layers. There are two other such critical positions,
which have been named the upper-saddle and lower-saddle positions.
Porosity for each of the four critical positions can be written in terms of
the single parameter p.

The interlayer distance is a constant for all summit and upper-saddle
positions, regardless of the form of a layer. Consequently, the maximum
porosity for these positions occurs with the square layer, for which the
base area of the unit cell is a maximum; these porosities are respectively
47. 64 and 39.54%.

In the lower-saddle and nested positions the interlayer distance de
creases as the base area increases; for each of these positions the volume
and porosity of the unit cell are maximum with intermediate forms of *•
layers. The maximum porosity in the lower-saddle position is 31.98%;
the corresponding packing arrangement is that of body-centered cubic.
The maximum porosity in the nested position is 30. 19%; the corresponding
packing is equivalent to Case 5 of Graton and Fraser (1935).

The four critical positions degenerate to only three different forms
when built on a hexagonal layer; three other forms occur with the square
layer. These six limiting forms are found to be precisely equivalent to
the six cases previously studied by Graton and Fraser. As these authors
also found, the six limiting forms actually represent but four distinct
arrangements.

Over the entire range of porosity from densest to loosest packing,
comparatively unstable packing arrangements lie between the critical
forms. These arrangements have only six contacts per sphere. The
specialized "unit rhombohedron" with equal face angles, proposed by
Slichter (1899) as an ideal soil, is found to represent a special case of
these intermediate packings.



22 SYSTEMATIC PACKING

LITERATURE CITED

Barlow, W. (1884) Nature, vol. 29, p. 186, 205.

(1897) A mechanical cause of homogeneity of structure and
symmetry, Proceedings of the Royal Dublin Society.

Bernal, J. D. (1937a) Transactions of the Faraday Society, vol. 33, p. 27.

(1937b) Proceedings of the Royal Society, Series A, no.
163, p. 320.

(1959) A geometric approach to the structure of liquids,
Nature, vol. 183, p. 141-147.

(I960) Geometry of the structure of monatomic liquids,
Nature, vol. 185, p. 68-70.

and Mason, J. (I960) Coordination of randomly packed
spheres, Nature, vol. 188, p. 910-911.

Bernal, J. D. ; Knight, K.R. and Cherry, I. (1964) Growth of crystals
from random close packing, Nature, vol. 202, p. 852-854.

Bragg, W. L. (1933) The crystalline state, Volume I: A general survey.
London: G. Bell and Sons, Ltd. (reprinted with corrections, 1949).

Buerger, M.J. (1942) X-ray crystallography. New York: John Wiley and
Sons, Inc.; London: Chapman and Hall, Ltd.

^_^_ (1956) Elementary crystallography. New York: John
Wiley and Sons, Inc. ; London: Chapman and Hall, Ltd.

Furukawa, K. (1959) A structural model for monatomic liquids including
metallic liquids, Nature, vol. 184, p. 1209-1210.

Graton, L.C. and Fraser, H.J. (1935) Systematic packing of spheres -
with particular relation to porosity and permeability, Journal of Geol
ogy, vol. 43, no. 8, p. 785-909.

Haines, W. B. (1930) The hysteresis effect in capillary properties and the
modes of moisture distribution associated therewith, Journal of Agri
cultural Science, vol. 20, p. 97-116.

Hutchison, H. P. and Sutherland, D.N. (1965) An open-structured random
solid, Nature, vol. 206, p. 1036-1037.

Mason, G. and Clark, W. (1965) Distribution of near neighbors in a ran
dom packing of spheres, Nature, vol. 207, p. 512.

Scott, G. D. (1960) Packing of spheres, Nature, vol. 188, p. 908-909.

(1962) Radial distribution of the random close packing of equal
spheres, Nature, vol. 194, p. 956-957, with Discussion by Bernal,
J. D., Mason, J. and Knight, K.R. , p. 957-958.



SYSTEMATIC PACKING 23

LITERATURE CITED (Cont'd)

Scott, G. D. (1964) Journal of Chemical Physics, vol. 40, no. 2, p. 611.

Slichter, C. S. (1899) Theoretical investigation of the motion of ground
waters, U.S. Geological Survey 19th Annual Report, Chap. 1, p. 305-
THT.

Smith, W.O. (1932) Capillary flow through an ideal uniform soil, Physics,
vol. 3, p. 139-146":

; Foote, P.D. and Busang, P. F. (1929) Packing of homo
geneous spheres, Physical Review, vol. 34, p. 1271-1274.

(1930) Capillary retention of
liquids in assemblages of homogeneous spheres, Physical Review, vol.
36, p. 524-530.

(1933) The final distributions
of retained liquid in an ideal uniform soil, Physics, vol. 4, p. 425-
438.

White, H.E. and Walton, S. F. (193 7) Particle packing and particle shape,
Journal of the American Ceramics Society, vol. 20, p. 155-166. ~~



Unclassified
Security Classification

DOCUMENT CONTROL DATA -R&D
(Security classification of title, body of abstract and indexing annotation must beentered when the overall report is classified)

—"Tr1 .., ___..«.-_. Ian. REPORT SECURITY CLASSIFICATIONt. originating activity (Corporate author)

U.S. Army Cold Regions Research and
Engineering Laboratory, Hanover, N.H.

2a. REPORT SECURITY CLASSIFICATION

Unclas sified
2b. GROUP

3. REPORT TITLE

SYSTEMATIC PACKING FROM THE STANDPOINT OF THE PRIMITIVE CELL

4. DESCRIPTIVE NOTES (Type of report and Inclusive dates)

Research Report
5- AUTHOR(S) (First name, middle Initial, last name)

Richard McGaw

6. REPORT DATE

Dec 1967
8a. CONTRACT OR GRANT NO.

b. PROJECT NO.

DA Task 1VO14501B52A02

10. DISTRIBUTION STATEMENT

7a. TOTAL NO. OF PAGES 7b. NO. OF REFS

27 25
9a. ORIGINATOR'S REPORT NUMBER(S)

Research Report 201

9b. OTHER REPORT NO(S) (Any other numbers that may be assigned
this report)

This document has been approved for public release and sale; its distribution
is unlimited

II. SUPPLEMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY

U.S. Army Cold Regions Research and
Engineering Laboratory

13. ABSTRACT

The systematic packing of uniform spheres is generalized by describing the
primitive rhombohedral cell which characterizes the arrangement between
layers. Volume and porosity are found to depend on only two angular param
eters, a and (3:

V = 8R3 sin a sin (3

n = 1 - 6 sin a sin (3

(3 is the angle between rows in a layer, and a is the altitude angle between
members of adjacent layers. An azimuth angle v determines the position of
the plane in which a is measured but does not enter into the porosity calculation.
Four critical stacking arrangements are described, the porosities of which
may be written as functions of the single parameter (3. The stable packings
studied by Graton and Fraser (1935) are special cases of the critical positions.
Typically unstable packings lie between these positions. Tables and graphs
are presented which give the porosity of the primitive cell, as a function of
a and (3, over the entire range from open to close packing for every possible
layer configuration.

DD
FOtM

f MOV •»1473
MPLACII OD FORM 147S. 1 JAN S4. WHICH IS
oaeoLKTK row Am*v use.

Unclassified
Security Classification



TT-n^laggifJgH
Security Classification

Systematic packing
Spheres
Porosity

KEY WORDS

ROLE WT ROLE WT ROLE WT

Unclassified

Security Classification


