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ABSTRACT 

An analy.si.s is made of the rate of bubble coalescence in a def<;>rming ice ma;:;s •. A 
tota~ strain of at least 8 is required before appr~ciaole. coalescence occurs. Th~ analysis 
has been applied to defonning .ice shelves and ic~ sheets. No appreciable coalescence 
is expected in ice shelves but COaleScence should OCCl1r in ice sheets (or g!aciers) _if,
the shear ,strain rate at the bottom surface is of the order of 0.075/yr or larger~ M~asure:

ments of bubble concentration a.re capabl~ of setting limits on paleo-strain. r~tes of the 
present ice sheets. Bubble migration down temperature gradients presents complications 
to the study of bubble coalescence. 
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Introduction 

BUBBLE COALESCENCE IN ICE AS A TOOL FOR THE 
STUDY OF. ITS DEFORMATION HISTORY 

by 

J. Weertman 

If ice containing entrapped gas bubbles is deformed to large strains it is inevitable that the 
deformation will lead to coalescence of the bubbles. The coalescence process is illustrated in. 
Figure 1. Figure 1a depicts two bubbles whose vertical separation is less than their diameter~ 
Large shear deformation causes the two bubbles to collide, as in Figure lb. In Figure·lc the phen
omena of surface tension and diffusion have turned the coalesced bubbles into a spherical shape. 

The degree of coalescence of an initially random dispersion of gas bubbles in ice indicates a 
measure of the total amount of plastic deformation the ice has suffered. Therefore, an analysis of 
bubble coalesce'nce offers information concerning the deformation of ice which is partic~larly valu
able in the study of the total deformation of ice in glaciers and ice sheets. 

-

In this paper we will derive the equation for the rate of bubble coalescence. The change in 
bubble size caused by the application of hydrostatic pressure will be taken into account. We will 
also examine the complications arising from the fact that bubbles can migrate down temperature 
gradients. 

Theory 

Consider Figure 1 again. Let a be the average value of the radii of the bubbles at any given 
instant in time. Let C be the number of bubbles per unit volume and let V represent the total vol
ume of the bubbles per unit volume. Thus V = (1rr/3)Ca3• Let ( be the plastic (shear) strain rate. 
(If' u is the horizontal ice velocity and the vertical velocity is zero then £ = au/cJy). 

The average velocity of approach of two bubbles that can collide is of the order of (a. The 
rate ofcollision of any one bubble is (32/3)C£a3. The concentration C of bubbles decreases each 
time two bubbles coalesce. The time rate of decrease dC/ dt is simply 

dC/dt =. -(16/3)C 2 £a 3 = -(4/rr)VC (. (1) 

If the hydrostatic pressure P is constant so that V is a constant. the concentration decays ex
ponentially with total strain according to the equation 

0 
a. b. c. 

Figure 1. Bubble coalescence. (a) Before meeting. Up
per bubble moves to 'right with respect to lower bubble. 
(b) Just after meeting. ( c)./Atter spheroidization of ·co-

alesced bubbles. 
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(2) 
t 

where C 0 is the initial bubble concentration, E is the total strain (E = J ; dt) at a giv.en instant in 

t'ime, and Eo 'is the constant 0 

, fo = 77/4V.: (3) 

. ' . 

The characteristic decay strain Eo is a large number. If v = 0.1, Eo= 8' which is a total shear 
strain of 800_%. The coalescence is important only for plastic strains of this order of magnitude or 
lq,rger. · · 

. Applic.ation to ice sheets and ice shelves 

. The coalescence effect may be used to determine the total plasti& deformation of ice sheets, 
.ice shel~es and glaciers. Air bubbles are entrapped in the ice of sucfi:ice masses during the sinter-
ing of the firn layer. The analysis of the rate of coalescence is complicated by the fact that the 

:hydrostatic pressute does not remain constant. The volume ·fraction V of eq 1 should be replaced-;
by V0 P0 IP, where V0 is the fractional volume of the bubbles at the instant the pores in the firn 
layer close· off ftoin each other, and P0 is the overburden pressure plus the atmgspheric pressure 
p* at the instant this process occurs. If y represents the vertical distance of anc·1ce particle 'above 
the bottom of an ice mass the hydro$tatic pressure p acting on the ice particle is p* + pg(h- y ), 
where p is the ice density, g is the gravitational acceleration, and h is the total ice thickness. 
Th4s V is given b~ 

. = v0 (h * - y0 ) / (lr* - y) ( 4) 
-, 

where (h- Yo~ is the depth at which pores close off from each ·other in the firn layer and 
h* = h + p* I pg. . · 

. , . r 

Aiong the flow path of an ice particle the integral Jsdt, where S is the velocity in the verti-
o . 

. . . . . I 

cal dir'ection, is equal to (h- y). Here i the time t is measured from the instant the ice particle was 
deposited at the upper surface. Alongi the flow path dyldt = S. With the use of this relationship 
eq 1 can be rewritten as 

dC/dy = 0/77)( V0 C(h* -10 ) /S(h*- y) (5) _ 

where the derivative on the left-hand slide of this equation is understood to be taken along the flow 
path of the ice particle. If Cis indep~ndent ·of, or only weakly dependent on, the horizontal dis-
tance this derivative is an ordinary detivative. · 

. ! 

'I' Langway (1958) has measured the pressJre within ice bubbles in ice taken from cores of the borehole in the 
·Greenland ice sheet at Site 2. The deepe~t core came. from a depth of 360-m. He showed that the pressure 
in the bubbles was always 3.t~ ·4 kglyin2 l~s~ thaa the sumof the overburden pressure plus the atmospheric 
pressure. He found that the pores closed off from each other at a depth corresponding to an overburden pres
sure of the order of 3 to 4 kg/ cm2

; · These Observations can be taken into account in the equations of this 
paper by redefining h* to be h*= Yo+ p*lpg. ·According to Langway's data the product V0(h*-Yc)~l.O m. 

Gow (in press) has shown that the lag of 3 to 4 kg/cm2 in the pressure of the gas bubbles is reduced to 
1 kg/ cm2 at a depth of 200 m in the case of cores taken from a borehole at Byrd Station, Antarctica. 
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. Ice shelf .. It will be shown now that coalescence effects are unimportant in the case of float
ing ice shelves. Consider an ice shelf on which ice is neither being melted from nor frozen to the 
.bottom surface. Let A be the accumulation rate on the top surface. Then S = -Ay /h. The longi
tudinal strain rate is Alh for an ice shelf restricted to motion in only one 'horizontal direction. The 
effective shear strain rate is ( = 2A/h. Inserting these last two expressions into eq 5 and integrat
ing gives 

log(CofC) = [(2/rr)V0 (h*-y0 )/h*]log[(li*-y)y0 /y(h*-y0)]_. (6) 

This equation predicts that C = C 0 everywhere except in an infinitesimally thin layer at the bottom 
surface of the ice shelf. 

We can arrive at this result in another way. In the previous section it was seen that coales
cence effects are unimportant until the total shear strain is at least of the order of 8. At a time t 
after deposition an ice particle in an ice shelf has undergone a total shear strain (AI h) t. At ·time 
t the same particle has descended to the vertical distance y given by, t = (hi A)log(hly). The value 
of y at which (Aih)t = 8 is hexp ( -8). We can conclu~e that coalescence of bubbles caused by longi-
tudinal strain rates in ice shelves, as well as -in glaciers and ice sheets, is negligible. 

Ice sheet. Consider next the coalescence of bubbles within an ice sheet at a point well re
moved from its center. "Assume again that no melting or freezing occurs at the bottom surface. The 
ice velocity Sin the vertical direction is approximately -Aylh. The shear stress a at .Y is approxi-

" mately pg(h- y)a, where a is th!3 slope of the upper surface. According to Glen (1955) the cre.ep 

rate is proportional to an, where n ·is a constant whose value lies in the range 3 to 4. If E- 0 is the 
shear creep rate at the bottom surface ( = t-

0
[(h-y)/h]n. Inserting this expression for ( and the 

previous expression for Sinto eq 5 and integrating. gives · . 

Yo 
log(C

0
/C) [4V0 (h*-y0 )t-()/rrA][h/h*] J [0-y/h)n/yO-y/h*)]dy. · (7) 

y 

If terms in (h*- h)l_h or higher are dropped this equation reduces to the follo~ing for n = 3: 

tog(C0/C) ,;, [4V0 ~h* -Yo )(0/rrAl[log(y0 /y)- (2/hHy()-y) + (l/2h2 )(yg:-y 2)]. 

(8) 

Jl~igure 2 shows plots of C/ C0 versus ylh for the case in which y0 = h; V0 (h*- y0 ) = 1 m (ob
tained from data of Langway, 1958); A= 0.35 m/yr; and E- 0 has e.ach of the following values: 
0.751yr, 0.0751yr, and 0.00751yr. 

It can be seen from this figure that if the concentration of pores is to be reduced significantly 
the strain rate E-0 must be of the order of 0;0751yr·or larger. The strain rate .£0 of an ice sheet or 
glacier that does not slide over its bed can be estimated from the horizontal surface velocity and 
the ice thickness. It is approximately equal to (n + l)u/h, where u is the horizontal ice velocity 
measured at -the upper ice surface. Thus; the ice velocity must be at least of the order of 
(0.075/yr)h/(n+1) before the bubble concentration-changes by a measurabie amount. For ice thick
nesses of 500,.1000, 1500, and 2000 m the horizontal ice velocity must be at least of the order of 
9, 18;/25, and 36· m/yr, respectively. 

The degree of bubble coalescence offers a ~ensitive means· for setting llmits on the paleo
strain rates of existent ice sheets. For example, it is estimated that ( 0 for the Green] and ice sheet 
at Camp Century (Weertman, 1968) is of the order of 0.015/yr. (The surface velocity there is 
about 3.3 m/yr. and the ice thickness is almost 1400 ·m.) T~us, according to Figure 2 virtually no 
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Figure 2. Normalized bubble concentration (C/C~) versus 
normalized distance from bottom surface (y /h). Curve 1 
for strain rate i 0 = 0.75/yr; curve 2 for (0 = 0.075/yr: and 

curve 3 fori 0 = 0.0075/yr. 

bubble coalescence.should have taken place. However, if over the past 5000 to 10.000 years the 
velocity of ice at Camp Century were aetually an order of magnitude greater than it is now appreci- . 
able bubble coalescence should have occurred. Measurements of the bubble concentration in cores 
from the C<Ullp Century borehole thu.s w/ill set an upper limit on past ice velocities. (From a study 
(Weertman, 1968) of the temperature profile of the Camp Century borehole it was concluded that 
past ice velocities could not have beerl appreciably greater than the present day ice velocity.) 

Effect of bubble migration. The pireceding calculations were made under the assumption that 
the bubbles do not move with respect to the ice matrix. This assumption is not correct. Hoekstra. 
Osterkamp and Weeks (1965a; 1965b) hkve shown that small brine pockets Jnigrate down temperature 
gradients in cold ice. (The pockets mdve from colder to. warmer temperature regions.) Hoekstra 
and Miller ( 1965) showed that small indlusions surrounded bv a thin water film also drift in a tem
perature gradient. Air bubbles in cold /ice will migrate in th~ presence of temperature gradients. 
This fact has been shown. theoreticall~ by Shreve (1967) and experimentally by Stehle ( 1~67). 
Shreve's equation leads to the prediction that air bubbles near the bottom of the Greenland ice 
sheet at Camp Century (t.he temperatur~ gradient there is 1.77 x 10-4C/cm (Hansen and Langwa~·. 
1966) and the pressure is of the order ~f 140 bars) will migrate downwards at velocities of the order 
of 10- 6 em/yr. This velocity is such ab extremely low one that it could not .lead to any significant 
modification of the bubble density that was calculated in the last section. 
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Summary 

The analysis of this paper shows that bubble concentrations within an ice mass are potential 
sources of information concerning the total deformation suffered by the ice mass. The analysis 
was made under the assumption that no melting or freezing occurs at the bottom ice surface. The 
generalization of the results to cover the case of melting or freezing is obvious. Essential to the 
analysis is the assumption that the processes causing spheroidization of the bubbles act so fast 
that bubbles are never elongated or flattened hy the deformation. At very fast strain rates this as
sumption obviously will break down. 
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