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Introduction 

CIRCULAR FOOTINGS ON VISCOELASTIC FOUNDATIONS 

by 

T.M. Lee 

_. 
-- .-

Foundation vibrations induced by vibratory loads from machinery or vibrating s,'tructures are 
transmitted to the supporting ground in the form of wave motion. To study the effect c-Or this type 
of loading on its surroundings, earlier investigators 2 , 7 10 considered the ground as an ideal elastic 
body, thus' enabling them to use elastic' wave theory for examining the disturbances due to propa-' 
gation of the energy contributed by these loadings. 'Reissner7 and Sung 10 ~particularlystudied the 
surface motion, of the supporting medium at the center of the applied ,vibratory loads in the form of 
several assumed pressure distributions. , ' 

Although under the assumption of wave propagation in a perfectly elastic material, the theor'y 
of these earlier workers indicated a decay of vibration amplitude caused by the "damping" effect 
from geometric dispersion of the energy. In considering machine foundation design,' Hsieh 1 extended ' 
the Reissner-Sung theory for evaluating this damping effect. Richart and Whitman, H in cooperation 
with the U.S. Army Waterways Experiment Station, conducted a field experiment to compare foot-
ing vibration test results with theory. Their findings showed good agreement between the two. 

To account for the damping produced in the, ground from its own dissipative properties, the' 
author conducted a study on wave propagation in a viscoelastic medium'" More recently, he ex
tended this study to examine the center vertical motionS in the loaded area of the half space. The 
loading conditions in this study were the same as those used by Reissner 7 ,and SunglO. 

These studies have led to a good understanding of the effect~ of vibratory loadings applied 
on the surface ofa supporting ground. However, in order to apply this knowledge to foundation 
design involving vibratory loads, the interaction of the footings that carry the loads down to the 
foundation and the foundation that'distributes the loads to its surroundings must be considered. 
In other wo~ds, the interactions of two mutually related problems, a loaded mass (the footing) 
vibrating on a viscoelastic foundation,and wave propagation in a 'half space (the foundation) caused 
by surface loads created by the vibrating mass (the footing). must be considered. 

The purpose df the present study was to incorporate these two problems. Some analysis is 
presented and from the results the dynamic response of footings under oscillatory loadings can be 
computed with the .aid of charts. To simplify the design procedure, the peak vibration amplitude 
and the resonant frequencies of certain footing sizes (in terms of dimensionless quantity) are pro
vided in graphic form. 

Basic considerations 

The author4 
5 investigated the response ofa viscoelastic half space to a 'surface pressure 

source distributed '1) uniformly over a circular area, 2) as a parabola, and 3) as the static reac
tion under a rigid plate (approximation). The surface displacement of the half space was found to 
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be a complex function of four parameters: the Poisson's ratio 1/ of the half space; its loss factors 
tan e /2- and tan 82 /2, relating to the dilatation and distortion (commonly known as shear) waves, 
respectively; and the dimensionless frequency a o := WfO/C2. which represents the ratio of the pro
duct of driving. frequency and the radius of the circle. Over the shear wave velocity. In particular, 
the scaled vertical motion at the center of the source can be expresseds in terms of two real 
funCtions gland g 2 in the following form: 

Vz (r, z) I 
r=O 
z= 0 

+ 

+ 

(1) 

where the origin of the coordinates rand z is taken as the center of the pressure source, with r 
positive radial outwards and z positive downwards. 

The factor used to- scale the center vertical displacement u z to the dimensionless amplitude 
Uz is given by 

Uz(O,O) 

where 

Po total load resulting from circular pressure source 

p- density of the medium 

r 0 radius 

c 2 shear wave velocity. 

Thus, in terms 01' the center displacement u , eq 1 can be rewritten as:* . z., 

The time derivative of eq 3 gives 

P . e icJJt 
o 

(()-----

(2) 

(3) _ 

(4 ) 

Multiplying eq 3- by g 1 Ct.) and eq 4 by g2' the difference between these equations becomes. 

P ei(JJt 
o (g~ : + ,g~) (5) 

* For simpliCity, the parentheses after u
z

' gl and g2 will be omitted, from now on., It is understood th,at U z 
represents the vertical surface displacement at the center of the clI'cle and that gland g2 are functIOns 

of the four parameters IJ, /l0' tan 0 112 and tan °2 /2. 
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which can be rearranged to read 

, 2 
P C 2 f O 

Uz Poeiwt 
. (6) 

w 

Thus, the total magnitude of the force P = foei(.tJt of the~pressllre source is transmitted to 
the viscoelastic half space in the form :oLtwo separate forces: one proportional to the center dis
placement, amI the other proportional to the center-velocity. This is ,similar tothe result-obtained 
by Hsieh1 for the -elastic case. The difference is-that the Junctions 11 and l2' real and imag-inary 
parts Of -the center displacement in the elastic case, are now replaced by theircounter:parts _g 1 and 
g2 -to include the dissipative _effect of the medium. 

If we now denote the coefficient for .the porti-On 'of P for.ce_proportional to the displacement 
:u z-by k and that proportional to -uzbY c, --eq '6 can be expressed in a more suitable -form for -the 
derivaHons to follow: - -

(7) 

where 

-k 

and 

C -(8b) 

- -

It -may -be noted that k oandc are similar to the -spring constant and -damping coefficieniin the 
one-degree-of-freedom vibration analysis. But in eq 8a and 8b lheyboth vary with -the-driving fre
quency. Also,c is :oftencalled the mechanical resistance n S

; this accounts for the -damping charac
ter-isticsof the medium in the mechanical impedance method of analysis. :k is the product -of the 
dimensionless frequency a,oand the mechanical-reactance X associated with -the stiffness of the 
medium. -

The -quantities inside the parentheses in eq8a and 8b maybe further-denoted by* 

G1 

-g 1 

,2 2 
gl + g2 

:(9a) 

G2 
g2 

2 2 
gl + g2 

- (9b) 

* This is strictly for the convenience of abbreviating the terms involvinggland g2' 
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From eq 7 and 8, we approach our present problem with an analysis similar:to that used in the 
one degree of freedom in the spring-dashpot vibration system. Also, for the sake of convenience 
in setting up the analysis, we assume that the footing is a rigid block oscillating vertically on the 
surface of the half space. and creating a pressure p between the base of the rigid block (the footing) 
and the surface of the half space (the foundation). To make use of .the results in early studies," .'I 7 10 

we further assume that this pressure p may be approximated by the static reaction under a rigid 
plate. The analysis can also be extended to cover the other two types of pressure distributions: 
uniform and parabolic .. As indica,ted by Richart and Whitman,' the re'sults of field, observations fall 
within the range between ·the theoretical'curves representing a rigid base and the parabolic pres-
sure distribution' .. Therefore,. this 'effort seems to be justified . 

. Ri~d base analysis 

Suppose P = Po eiu)t is the total force of the pressure p acting on the base of "a, rigid block 
of mass m .. The· block ,i$ ose'illating vertically on -the surface ,of a viscoelastic :half 'space due to 
a vertical ,harmonic force Q = Q o.eiwtapplied on top of the rigid mass (Fig. la). ; Then, consider
ing the block alone, it is seen that the vibration of the rigid mass is produced by the two forces 
P and Q (Fig. 1b). 

Therefore, the equation of motion for the rigid mass referring to the coordinate W is 

(10) 

Tl:le forces P and. Q are considered in phase since there is no damping assumed in the rigid block. 

Using eq 7 and the fact that W at the center of the rigid block is the same as the displacement 
u z at the base of the block, eq 10 becomes 

mW + cW + kW = Qoeiwt (11) 

which is identical to the equation of the forced vibration of a one degree of freedor!l in the spring -
dashpot sY,stem.. .' 

Thus,it is not difficult to ~;how that the vibr~tion of the rigid mass' is also harmonic"and is 
expressible' in the form 

w (12a) 

with 

w (12b) 

Using the values of k and c as defined by eq 8a and 8b and introducing another dimensionless 

parameter 

b 
m 

:3 
pro 

'(13) 
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m 

(0) 

w 

(b) 

Figure 1. Sketch of a rigid 

footing on viscoelastic foun
dation. 

which is called the mass ratio, the vibration amplitude of the mass, 
eq 12b can be rewritten in terms of the dimensionless quantities 
relating to the driving frequency, mass of the footing, and proper
ties of the foundation . , 

Qo gl. 1-' g2 J
-- ·2 f:: 

(14) 

When the frequency w~O {Le. ao~O}, Po becomes the resul
tant forceaf static pressure beneath a rigid plate under static IGad 
Q 0 and W approaches the static displacement at the surface of 
the half space/ 1* Thus,in the limit ofao~O, we have 

lim (W) 
~o .... o 

Qo {1 --v) 

2 4 
P c 2 rO 

(15) 

Let As ·be the scaled amplitude ratio of Wand VI st. t Then 

2 2 
-W 4 gl + g2 

A (16) s 1-v Hi (1 + b g 1 a~}2 + (bg2 a~)2 st 

_.Thus,when As is computed fromeq 16, the dyn'amicTesponseof a footing under vibratory.load 
Qoe1wt is obtained from the product of As and the static deflection resulting from a static load Q O. 
This thus suggests a way of finding dynamic response through static measurements and the problem 
becomes one of finding the best (the .easiest) means of determining A s from eq 16. 

Before doing this, let us first examine the factors that affect the response of a footing. Recall 
.that bothg land g2 are functions of four dimensionless parameters: If, aO' tan 8 l2and tan 82 /2. 
Thus, including the newly added dimensionless mass ratio b,' the scaled amplitude ratio As is now 
a function of five basic parameters. It is not hard therefore to imagine that the response of certain 
footings can .be totally different even under the same applied load. Here, we shall try to provide 
some information on the magnitude of the influence of these factors. This is presented in graphic 
form by plotting As versus ao, b, and tan 82/2 for v lIZ 0.25 and 0.33 and tan 8/2 -0 and 0.1; and 
As versus.a o' b, and tan 82/2 for 1/ = 0.50 and tan 812 0::0. 

The peak (maximum) vibration amplitude increases with mass ratio b, while the corresponding 
resonant frequency decreases with larger masses., The vibration amplitude at resonance in the 
elastic case is Jinite** because of the damping effect of geometrical energy dispersion. WhEm in-' 
ternal damping is.-involved in the half space, the, magnitude of As is further reduced. Thus, the 
response includes the damping from both the dispersive and the dissipative effects in the medium. 
Also, Figures 2a-e indicate that the damping effect of the loss factor tan 82 /2 is somewhat more 
severe than that of tan 8/2. Furthermore, a large Poisson's ratio tends to reduce the response of 
Jootings at resonance and shift their resonant frequencies to higher values. 

* Here again, it implies that Wand uzhave the same magnitude. 

t It is also called the amplitude magnification factor. 

** In this respect, it is different from the response Qf. the analogous one degree of freedom in the spring-dashpot 
system. 
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Suppose we now try to rewrite eq 16 in the form: 

4 1 

1 - v 
(17) 

where Co' C 2, andC 4 are coefficients to ~e determined. 

When comparing eq 17 with eq 16, we find that 

(18a) 

C2 (
g) 

2b •.. gi +1 g~ (18b) 

(l8c) 

In .general, the mass ratiob can .bechosen from experience -or through requirements. Thus, to 
make use ofeq 17, we need only to know Co and C2 from the relationships given :by e-q 18a and b, 
as C4 depends only on b. 

For this purpose, the values of C.o andC 2 are computed fromg 1 and g 2 for a range of magnitudes 
.of tan 61 1/2 and tan 61 2/2 and the three values of Poisson's ratios used earlier. They are presented 
as families of curves in Figures 3a-f. 

We now employ certain' design problems to illustrate the procedure .using the -curves of Co' C 2 
and eq 17.' . 

1.' Suppose the design fr.equency is known and a proper footing size is to be determined so 
that the vibration amplitude of the footing (or the 'supporting structure) is smaller than an allowable 
magnitude. 

First, the given frequency w is converted to aoand the values of C o and C 2 are determined from 
the curves in Figures 3a-f.Then, the magnitudes of As are computed from eq 17 using several 
assumed mass ratios. Fin~lly, the footing size is determined from the mass .ratiothat has a vibra
-tionamplitude within the tolerance. 

2. Suppose, as often happens, the design frequency is not a single fixed value, but varies 
through a range of values. 

As in the preceding solution, the responses for s.everal frequencies within the design range 
are computed and checked for .several possible mass ratios. However, the computations may -be
come very 'extensive if the resonant frequencies of some of the chosen footing sizes fall within the 
frequency range. -To avoid this kind of problem, mass ratios whose resonant frequencies are clearly 
out of the design frequency range may be used. Otherwise~ abetter means of determining the 
resonant frequencies and the maximum vibration amplitude for a .given mass ratio than eq 17 may 
have to be ,found. 

3. Suppose the footing size (e.g., for an existing footing) is known and the load carrying 
capacity of the footing and the response within some frequency range are to be determined. 
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To find the response, eq 17 can still be used to compute A s fo~ several chosen values of a o 
within the chosen frequency range. Suppose Wa represents the allowable vibration amplitude for 
the footing. Then its load carrying capacity may be determined from 

W a 
2 

.4 p c2 rO 
(19) 

(1 - v) 

where As is the largest response for the chosen values of a o .. 

Note that eq 19 is for the harmonic oscill~tory force. Also, to make certain that A s. used in the 
equation is the largest response, the possibility of whether resonance of the footing could be occur
ring within the frequency range must be checked: 

However, neither eq 16 nor 17 can provide' a quick and easy access to finding the maximum 
vibration amplitude at resonance. As discussed in problems 2 and 3. a better way to obtain this 
information is needed. For this purpose, the resonant frequencies and- the maximum vibration am
plitudes were computed for a number of mass ratios. Theil' relationships are .presented in Figures 
4a-c. Using any given mass ratio b, and values Qf tan e 1 and tan °2 , values for the resonant fre
quency aDO and the maximum peak amplitude (As)max can be r-ead from the plots, choosing 
Poisson's ratios of 0.25, 0.33 and 0.50. . 

With the aid of "these curves, it is not hard to find which' b values (mass ratios) have a resonant 
frequency within the design frequenc~ range. Simultaneously, the corresponding peak vibration 
·amplitude can be read from the same figure.· Thus, tl~e proper footing size that would have peak 
response within the allowable' limit can be determined. 

Uniform and parabolic pressure distributions 

In the previous sections, the analysis was based upon a rigid mass oscillating OB the sUl'face 
of a half space and the resulting surface pressure was approximated by the static reaction under a 
rigid plate. As mentioned before, field data presented by Richart and Whitman' showed an over
lapping of the theoretical curves representing a rigid plate and those representing the paraholic 
pressure distribution. Therefore, it seems worthwhile to discuss the other two .types of assumed 
surface pressures: uniform and parabolic pressure distrihutions .. 

For these-types of pressure distributions. eq 16 takes different numerical factors. * Thus 

2 . -2 
17 g lu + g2u 

A ---su 1 -- 1/ 2)2 (bg a 2)2 + bg 1u a o + 2u 0 

(20) 

and 

2 2 

A 
377 glp g2p 

sp 4 (1 - v) (1 2 2 2 2 
-f- bg1pa O) (bg

2p
Cl O ) 

(21 ) 

where the additional subscripts u and p refer to uniform and parabolic pressure distributions. 

The plots of As u or, As p versus a o and ot?er parameters would givecUl'ves similar to those 
presented in Figures 2a':'e. Since these curves are only for illustratton purposes, they are not 
presented here. 

* See the limiting static cases for these two pressure distributions given by ref. 10 and 11. 
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Equations 20 and 21 can also be reexpressed in terms of coefficients Co and C 2 

TT 1 
1 - v 

(22) 

and 

3TT 1 

4 0- v) 
(23) 

These coefficients are related to their corresponding functions gland g 2 through the same re
lationships expressed by eq 18aand 18b. Therefore, they can also be computed from gl and g2 
and presented in graph form. Curves for these values are given in Figures 5a-d and 6a-d. 
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Figure 5. Coefficients Co and C 2 at uniform pressure and different Poisson's ratios. 



Figure 6. CoefficientsC 0 and C 2 at parabolic pressure distribution 
and different Poisson's ratios. 

Finally, to determine the resonant frequencies and maximum vibration amplitudes for known 
mass ratios, curves similar to those for the previous rigid -plate case are also provided for the uni
form and parabolic pressure distributions (Fig. 7a-c and8a-c). 

Procedures for applying these curves to design problems would be the same as those outlined 
-in the previous section. 

Summary and discussion 

1. The interaction ofa footing with its supporting foundation was examined. To account for 
the energy dissipation in the foundation, the foundation was assumed to be~ave as a viscoelastic 
half space. The response of the footing was found to be affected by five parameters~ the mass 
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ratio b, dimensionless frequency a o ==. w f o/c 2 , the Poisson's ratio v, and~ th~ two loss factors 
tan 0 l2 and tan 02/2 of the .foundation. 
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2. Curves for computing the scaled amplitude ratio As were obtained. These were based on 
the results of earlier work on the three assumed surface pressure distributions. 

3. When As of a. footing under given loads is determined, its dynamic responses can be .esti
mated from the static. deflection under the same magnitude of load; or if preferred they may be 
computed directly- from . ' ., 

w . (FPD) 

where F PD (factor of pressure distribution) 

(1 .- v) 

4 

(1 .- v) 

17 

4 (1- v) 

3 17 

for rigid plate approximation 

for uniform pressure distribution 

for parabolic pressure distribution. 

(24) 

4. For all practical purposes, the quantity p c~ can be regarded as the shear modulus G of 
the foundation. The magnitudes of G and the two loss factors tan 0 l2 and tan 0 212 may he deter
mined by the methods. suggested by the author 3. <4 and the technique and apparatus developed' by 
Stevens.' For rough estimates, the effect of internal damping may be neglected. 

5. Design procedures_ for some expected design applications were reviewed. The steps are 
summarized: a.- Convert the given design frequency w to ao :-:-: (JJ fO/C 2 , b. Find the coefficients 
Co and C2 corresponding to this a o' c. Choose a mass ratio band check* to see if the vibration 
amplitude under the given load is within limitations. d. Determine the proper f-ooting size fromb. 

6.,\£or",footings involving a Tange of design frequencies. it is suggested that the curves re
lating the mass ratios directly to their resonant frequencies and maximum vibraEion amplitudes be 
used. Thus, we can determine what mass ratios would have theiT resonant frequencies within the 
design frequency r4nge and what would be the maximum vibration amplitude. A proper mass mho 
(and the footing size) can then be selected. 

7. A comparison of results obtained assuming an elastic half space and a viscoelastic half 
space should be the subject of a future report. 
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