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SUMMARY

The only available table of the relative optical air mass as a
function of solar altitude was computed by Bemporad (1904, 1906, 1907),
using values of the vertical air density profile up to 10 km height as they
were known at that time, and taking the refractive index of the air at
ground level n0 = 1.000293; this index refers to light of wavelength
0. 54 (x (peak of the visible spectrum) and to air of temperature 0C and
pressure 1013. 25 mb,

A new table is presented which is computed from the air density
profile of the ARDC Model Atmosphere, 1959, up to 84 km height; no =
1.00027 6 is taken corresponding to air of 15C and 1013.25 mb (ground
level values of the ARDC Model Atmosphere, 1959) and to the wavelength
0.7 \x. This wavelength is more representative for the whole solar
spectrum than 0. 54 jx because it divides the solar spectrum into two
parts of equal energy.

A new approximation formula for the relative optical air mass m
as function of solar altitude v [deg] is presented also. The equation is
m(y) = [sin y + a(v + b)"c]_1 in which a = 0. 1500, b = 3.885, c = 1.253
are empirical constants. These constants were calculated from the
new tabulated values of m(y) by successive approximation, applying the
method of least squares to obtain each approximation.

The values of the relative optical air mass calculated from the
approximation formula are in very good agreement with the tabulated
values. The deviation is less than 0. 1% for y>4 deg. The highest
deviation, 1. 25%, occurs at y = 0. 5 deg.

The approximation formula can be applied as well to the old Bemporad
table and to the table of the relative optical water vapor mass computed
by Schnaidt (1938); then the constants have the values a = 0. 6556, b =
6.379, c = 1.757, and a = 0. 0548, b = 2. 650, c = 1.452, respectively.



Introduction

A NEW TABLE AND APPROXIMATION FORMULA

FOR THE RELATIVE OPTICAL AIR MASS

by

Fritz Kasten

Extraterrestrial monochromatic solar radiation I0\ is attenuated along its path
through the atmosphere according to

1\ = xoX exp [-axm(v)] (1)
where I\ = monochromatic direct solar radiation received at the earth surface at solar
altitude v, a\ = monochromatic extinction coefficient of the whole atmosphere at vertical
incidence (v = 90 deg), and m(v) = relative optical air mass at solar altitude y, which is
a measure of the extension of the optical path with respect to the path at -y = 90 deg.

The absolute optical air mass m^g is defined by

=1mabs = J P ds U)
o

where ds = geometrical path element of the light ray from the sun, and p = air density
at ds. When the sun is in the zenith, the light path goes straight downward and ds equals
the height element dh. Thus

i, v jmabs, v ~ J P dh- <3)
o

This is the mass of a vertical air column of unit cross section, or its weight divided
by the acceleration of gravity. Since weight per unit area = pressure, we have

I p dh = Po/g0 (4)

where p0 and g0 = air.pressure and acceleration of gravity, respectively, at ground
level. Equation 4 is often written

I dh = PoH (5)

where p0 = air density at ground level and H = p0 /(g0p0) = scale height (height of a
homogeneous atmosphere of density po)» The relative optical air mass m is defined as

r> oo p oo n oo

m =,mabs/mabs, v = J Pds/j P dh =J P ds/p0H.
o

(6)

The absolute and relative air masses mainly depend on the solar altitude v.
Neglecting the curvature of the atmosphere and atmospheric refraction, ds = dh/siny
and, therefore, from eq 6:

m = 1/sinv. (7)

This approximation holds for y > 30 deg within 0. 25%. Considering the curvature of
the atmosphere, the expression for ds is more complicated and leads to

dh
(8)

0 /] ( R ) 2Po

'rti;cos^
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where R = mean earth radius and h = height above the earth surface. Taking into
account atmospheric refraction, eq 8 finally becomes

•oH J
dh

fi rtf J \-£)coa y
(9)

where n = refractive index at height h, n0 = refractive index at ground level (h = 0),
and now y = apparent (observed) solar altitude (see, for example, Linke, 1958).
Bemporad (1904, 1906, 1907) used this equation and the then known values of the air
density distribution with height to calculate the relative optical air mass m as a func
tion of y. These tables, sometimes called Bemporad function, are still used (List,
1951; Moller, 1953).

Recently, more accurate values of the air density up to great heights have become
available through radiosonde, rocket, and satellite measurements, and are compiled in
the so-called "Standard Atmospheres. " From the ARDC Model Atmosphere, 1959,
Ely (1962) calculated absolute air masses maDS using the integral in eq 8, i.e. neglec
ting atmospheric refraction. Therefore we have computed new values of the optical
air mass, also using the ARDC Model Atmosphere, 1959 (Minzner, Champion, and Pond,
1959), but taking atmospheric refraction into account.

Refractive index of the air for solar radiation

A gas of density p has a refractive index n for monochromatic light which is given
by

1 n2 - 1
- ^-^ = const. (10)

Since n is little greater than 1, we can set up

n = 1 + 6 (11)

with 0 < 6« 1. Substitution of eq 11 into eq 10, neglecting quadratic 6-terms, yields

6/p = (n- l)/p = const. (12)

If the refractive index n0 for a certain density p0, at ground level for instance, is known,
the constant in eq 12 is determined:

(n- l)/p = (n0 - l)/Po (13)

or

n = 1. +. 60 (p/p0) (14)

where, according to eq 11, 60 is defined by n0 = 1 + 60 . In the air mass formula eq 9
we have to know the quantity (n0 /n)2. Using eq 14 and again neglecting quadratic terms
of 6 and 60 , one obtains:

(n0/n)2 = 1 + 2 60 [l-(p/p0)]. . ' (15)

Now the dependence of n on the wavelength \ of the incident light must be investigated.
Bemporad computed his air mass table mainly for astronomical purposes; the air mass
was used as a measure of the decrease of the visual brightness of stars with increasing
zenith distance. Therefore the refractive index for light of wavelength X. = 0. 54 (jl, the
peak of the visible spectrum, was selected, which amounts to n0 = 1.000293 for air of
temperature 0C and pressure 7 60 mm Hg (1013. 25 mb).

Considering the air mass with regard to the total solar energy transmitted through
the atmosphere, the mean refractive index for visible light only is not appropriate but
has to be replaced by a value representing the whole solar spectrum. A representative,
wavelength for the total solar spectrum is that wavelength \s which divides the spectrum
into two parts of equal energy. For any black-body radiator the relation

T \s = 4. 10 x 103 (16)
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holds (Hofmann, 1955), where T is the temperature in K and Xs is in p.. The sun can
be conceived as a black body QFtemperature 5793K (Geiger, 1961) which, according
to eq 16, yields a representative wavelength \_ of the total solar radiation of approxi
mately 0. 7 |jl.

Campen, Cunningham, and Plank (1961) tabulated the quantity
N = 106 (n- 1) = 106 6 (17)

as a function of wavelength of light and temperature of the transmitting air for ground
pressure p0 = 1013. 25 mb. The ARDC Model Atmosphere, 1959, assumes a tempera
ture at ground level of 15C and also a ground level pressure of 1013. 25 mb. For this
temperature and Xs = 0. 7 p., the table of Campen et al. gives N0 = 276. More decimal
places would be meaningless because of the approximated value of the wavelength \s-
however, the rounded value N0 =276 covers the refraction in the wavelength range from
0. 64 through 0.73 p. anyway. Thus we take 60 = 2. 76 x 10"4 or

n0 = 1.000276 (18)

as the refractive index of the atmosphere at ground level, which is representative of
the total energy spectrum of the direct solar radiation.

Integration of the air mass formula

The air mass formula eq 9 is rewritten by replacing (n0 /n)2 from eq 15 and p0H
from eq 5:

pdh) \ pdh (19)
0 J0 VI - {l + 260 [l-(p/Po)]}{(R/R+h) cosy}2 *'

where p0 ^ air density at ground level of the ARDC Model Atmosphere, 1959, =
1.2250 kg/m3 and R = me an earth radius = 6371.229 km (Heiskanen and Peoples, 1961).
The integration was performed with solar altitude y as parameter, using the air densi
ties p tabulated in the ARDC Model Atmosphere, 1959. The integration was done on
the basis of Simpson's rule by means of an electronic computer. The programming
system used (Intercom 1000 Double-Precision) allows for an accuracy of 12 significant
digits. As the upper limit of the integral, h =84 km was chosen; at this height, pX
10" kg/m3, which is one power of ten lower than the last decimal of Po = 1. 2250 kg/m3
given by the ARDC atmosphere. The step width in height h was chosen as Ah = 0. 1 km
for 0 < h < 19. 6 km, Ah = 0. 2 km for 19. 6 < h < 50 km, and Ah = 0. 5 km for 50 < h
< 84 km. ~

The absolute vertical air mass mabs> v was also computed by numerical integration
on the basis of this model and amounts to

p84 km
mabs, v =J P dh =10,330.7 kg/m2. (20)

This value is slightly lower than the exact mass of the atmosphere per unit area which
is

Po/go = 10,332.3 kg/m2 (21)

where p0 = 1013.25 mb = ground level pressure at 15C and g0 = 980. 665 cm/sec2 =
acceleration of gravity at ground level and 45 deg geographical latitude. Nevertheless,

r\ oo

the value given in eq 20 was used for J p dh in eq 19 because it is; consistent with the

computation of the other integral; in particular, m(90 deg) = 1 is guaranteed by using
this value.

To facilitate comparison of the results, the solar altitude y, which is the parameter
in the second integral in eq 19, was varied by the same step widths as used in Bempo-
rad's table of air masses as published by Moller (1953) (see Table I).
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Table I. Step widths Ay of solar altitude y used in
computation of the relative optical air mass m(y).

y-range (deg) y (deg)

0-3 0. 5

3-20 0. 1

20-30 0.2

30-50 0.5

50-75 1

75-90 5

The computation of m(0 deg) requires special attention because, for the lower limit
h = 0 of the second integral in eq 19, the integrand becomes infinity in the case of y = 0,
so that numerical integration is not possible. This difficulty is overcome by the method
outlined in Appendix A.

Results of the numerical integration

The results of the new computations are listed in Table II. They are rounded off to
the fourth decimal place. The fourth decimal is uncertain and should be considered as
a rounding digit only. The air densities of the ARDC Model Atmosphere are given with
four decimals, and the air mass formula eq 19 contains practically a ratio of two densi
ties which doubles the relative error. The absolute optical air masses can be obtained
from Table II by multiplying the values by the factor mabs, v = 10» 330. 7 kg/m2.

For comparison, Table III shows the relative optical air masses for a few selected
solar altitudes from the present computations, after Bemporad, and according to Ely.
Ely calculated absolute air masses and presents them graphically. Therefore, the
obtainable values are rather inaccurate; they were converted into relative air masses by
dividing them by p0 /g0 = 10, 332. 2 kg/m2. The function 1/siny which is the relative
optical air mass of a plane-parallel non-refracting atmosphere is also listed

As expected, the differences are greatest at low solar altitudes and diminish for
increasing y; from y = 40 deg on, the values are practically identical. The air masses
from all three computations* are always smaller than 1/siny because the geometrical
path of the sun rays is shorter in a curved than in a plane-parallel atmosphere of the
same thickness, although a certain extension of the rays due to refraction is taken into
account in Kasten's and Bemporad's values.

Table III shows, furthermore, that up to a solar altitude of about 30 deg, the air
masses from the present computations are always smaller, whereas Ely's air masses
are always greater than Bemporad's, with the exception of y = 0 deg where the air mass
calculated by Ely's method is the smallest.

One should expect our air masses to be always greater than Ely's because both the
air masses are based on the same model atmosphere, but in the case of our air masses
the light path is extended due to refraction. This expectation is verified only for y =
0 deg and for low solar altitudes up to about 4 deg (not listed in Table III). Indeed, at
low solar altitudes refraction is most significant and influential on the air mass. But
Ely's values for higher solar altitudes appear too large. Possibly the step widths in
height chosen by Ely for the numerical integration are slightly too large. Too large
step widths in the Simpson method would yield too large absolute air masses, and the
error would increase as the solar altitude decreases so that the relative air masses,
m = mabs/111 abs, v> also come out too large. For very low solar altitudes, y < 4 deg,
this effect is hidden, because here the refraction makes the air masses after Kasten
greater than the air masses after Ely.

The fact that our air masses are always smaller than the Bemporad values can be
explained, apart from differences between the air densities used, by the lower refrac
tive index at ground level used in our computations.

* Keeping in mind that the third decimal places of Ely's values are rather inaccurate.
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Table II, Relative optical air mass m(y) as a function
of solar altitude y, computed on the basis of the ARDC
Model Atmosphere, 1959. Underline indicates figure

was smaller than 5 before rounding.

y[deg] m(y)

0 36.2648
0.5 31.3898
1 26.3150
1.5 22.4570

2 19.4601
2.5 17.0884

3 15.1796
3. 1 14.8427

3. 2 14.5189
3.3 14.2076

3.4 13.9080
3.5 13.6196
3. 6 13.3419
3.7 13.0743

3.8 12.8162

3.9 12.5673
4 12.3271

4. 1 12.0951

4.2 11.8710

4.3 11.6545

4.4 11.4451

4.5 11.2426

4.6 11.0466

•4.7 10.8568

4.8 10.6731

4.9 10.4950
5 10.3224

5.1 10.1551

5.2 9.9927

5.3 9.8352

5.4 9.6822
5.5 9.5337
5. 6 9.3894

5.7 9.2492

5.8 9.1129

5.9 8.9804

6 8.8514

6.1 8.72 60
6.2 8.6039
6.3 8.4850

6.4 8.3692
.6.5 8.2564

6.6 8. 1464

6.7 8.0392

6.8 7.9347

6.9 7.8328

y[dej m(y)

7 7.7334

7. 1 7.6364

7.2 7.5417

7.3 7.4492
7.4 7.3589
7.5 7.2707

7. 6 7. 1845

7. 7 7.1003

7.8 7.0179
7.9 6.9375
8 6.8587
8. 1 •6.7817

8.2 6.7064

8.3 6. 6327

8.4 6.5605

8.5 6.4899
8.6 6.4207

8.7 6.3530

8.8 6. 2866

8.9 6.2216

9 6. 1579

9.1 6.0955
9.2 6.0343

9.3 5.9743

9.4 5.9154

9.5 5.8577

9.6 5.8011

9.7 5.7456

9.8 5.6911
9.9 5. 6376

10 5.5851

10.1 5.5336
10. 2 5.4829
10.3 5.4332

10.4 5. 3844

10. 5 5.3365

10. 6 5.2894

10.7 5.2431

10.8 5.1976

10.9 5.1529
11 5.1089

11. 1 5.0657

11.2 5.0232

11.3 4.9814

11.4 4.9403

11.5 4.8999
11.6 4.8602

11.7 4.8210

11.8 4.7825

11.9 4.7446

y[deg] m(y)

12 4. 7073

12. 1 4.6706
12.2 4. 6345

12.3 4.5989
12.4 4.5639
12.5 4. 5294

12. 6 4.4954

12. 7 4.4619
12.8 4.4290

12. 9 4.3965
13 4. 3645

13. 1 4.3329
13.2 4.3019
13.3 4.2712

13.4 4.2410

13.5 4.2113

13.6 4. 1819
13.7 4.1530

13.8 4.1245

13.9 4.0963
14 4.0686

14. 1 4.0412

14.2 4.0142

14.3 3.9876
14.4 3.9613
14. 5 3.9354

14. 6 3.9098

14.7 3.8846

14.8 3.8597

14.9 3.8351

15 3.8108

15. 1 3. 78 68

15. 2 3.7632

15.3 3.7398

15.4 3. 71 68

15. 5. 3.6940
15. 6 3.6715

15. 7 3. 6493
15.8 3.6274

15. 9 3. 6058

16 3. 5844

16. 1 3.5632

16.2 3. 5424

16.3 3.5217

16.4 3.5014

16.5 3.4812

16. 6 3.4613

16.7 3.4416

16.8 3.4222

16.9 3.4030
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Table II. (Cont'd) Relative optical air mass m(y) as a
function of solar altitude y, computed on the basis of the
ARDC Model Atmosphere, 1959. Underline indicates

figure was smaller than 5 before rounding.

y[deg] m(y) y[deg. m(y)y[deg] m(y)

17 3.3840 24 2.4461 40 1.5535

17. 1 3.3652 24. 2 2.4273 40. 5 1.5377J

17. 2 3.3467 24.4 2.4088 41 1.5222

17.3 3.3283 24. 6 2.3907 41. 5 1.5072

17.4 3.3102 24.8 2.3728 42 1.4926

17.5 3.2923 25 2.3552 42.5 1.4784

17. 6 3.2745 25.2 2.3379 43 1.4646

17.7 3.2570 25.4 2.3209 43.5 1.4511

17.8 3.2397 25. 6 2.3042 44 1.4380

17.9 3.2225 25.8 2.2877 44.5 1.4252

18 3.2056 26 2.2715 45 1.4128

18. 1 3.1888 26.2 2.2555 45.5 1.4007

18. 2 3.1722 26.4 2.2398 46 1.3888

18.3 3.1558 26. 6 2.2243 46. 5 1.3773

18.4 3.1396 26.8 2.2091 47 1.3661

18. 5 3.1235 27 2.1941 47.5 1.3552

18. 6 3.1076 27. 2 2.1793 48 1.3445

18. 7 3.0919 27.4 2.1648 48. 5 1.3341

18,8 3.07 63 27. 6 2.1505 49 1.3240

18.9 3.0609 27.8 2.1363 49. 5 1.3141

19 3.0457 28 2.1224 50 1.3045

19. 1 3.0306 28. 2 2. 1087 51 1.2859

19. 2 3.0157 28.4 2.0952 52 1.2682

19.3 3.0009 28. 6 2.0819 53 1.2514

19.4 2.9863 28.8 2.0688 54 1.2354

19. 5 2.9719 29 2.0559 55 1.2202

19. 6 2.9576 29. 2 2.0431 56 1.2057

19. 7 2.9434 29.4 2.0306 57 1. 1918

19. 8 2.9294 29. 6 2.0182 58 1.1787

19.9 2.9155 29.8 2.0060 59 1.1662

20 2.9017 30 1.9939 60 1.1543

20. 2 2.8746 30.5 1.9645 61 1.1430

20. 4 2.8481 31 1.9361 62 1.1322

20. 6 2.8220 31. 5 1.9087 63 1.1220

20.8 2.7965 32 1.8822 64 1.1123

21 2.7714 32. 5 1.8565 65 1.1031

21. 2 2.7469 33 1.8317 66 1.0944

21.4 2.7227 33.5 1.8076 67 1.08 62

21. 6 2. 6991 34 1.7843 68 1.0784

21.8 2.6758 34. 5 1.7617 69 1.0710

22 2.6530 35 1.7398 70 1.0640

22.2 2. 6306 35.5 1.7186 71 1.0575

22.4 2.6087 36 1.6980 72 1.0513

22. 6 2.5871 36.5 1.6780 73 1.0456

22.8 2.5659 37 1.6587 74 1.0402

23 2.5450 37. 5 1.6398 75 1.0352

23. 2 2. 5245 38 1.6216 80 1.0154

23. 4 2. 5044 38. 5 1.6038 85 1.0038

23. 6 2.4846 39 1.5865 90 1.0000

23.8 2.4652 39.5 1.5698
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Table III. Relative optical air mass m(y) for selected
solar altitudes y and for a plane-parallel non-refracting

atmosphere (1/siny). Last decimal places of
Ely's values are uncertain.

m(y) after -

yfdeg] Kasten Bemporad Ely 1 /siny

0 3 6.2 65 39.7 35.8

5 10.322 10.40 10. 54 11.474

10 5. 585 5. 600 5.66 5.764

20 2.902 2.904 2.95 2.924

30 1.994 1.995 2.01 2.000

40 1.553 1. 553 1.55 1.556

50 1.304 1.304 1.30 1.305

60 1. 154 1.154 1. 15 1. 155

For numerical integration of eq 19 by the electronic computer, the atmosphere
had to be divided into six layers with the boundaries of 0, 9. 6, 12.4, 22, 34, 50 and
84 km height. This procedure permitted calculation of the percentage of the total
absolute air mass which is contributed by each of the single layers (Table IV). For
each solar altitude y, the lowest layer,, which roughly represents the troposphere,
yields more than 70%, and the atmosphere between 34 and 84 km (mesosphere) con
tributes 0. 5% or less to the total absolute air mass. The.layers from 9. 6 through
34 km represent approximately the stratosphere. With increasing solar altitude, the
percentage contributed by the troposphere decreases, while that of all the other layers
increases but, above y = 30 deg, all percentages remain constant.

Approximation formula for the relative optical air mass
The analytical form of the relative optical air mass is given by the integral in

eq 19, which cannot be expressed by elementary functions because the air density p(h)
is not an analytical function but is given by a table. Therefore it is desirable to express
eq 19 by an empirical approximation formula containing elementary functions only, so
that the air mass can easily be computed numerically.

The approximation formula f(y) must meet the following requirements: 1. f(y)
approaches 1/siny for increasing solar altitude y; 2. f(0) has a finite value. The,first
postulate suggests a function which contains 1/siny and some kind of correction term.
The second postulate requires this correction term to compensate for 1/siny tending
toward infinity for y —* 0.

Several trial calculations showed that it is impossible to approximate m(y) by a
function with only two constants if reasonable accuracy is wanted. Finally, the function

f(y) = l/[siny + a(y + b)"C] (22)
was selected. The constants a, b, and c have to be determined empirically from the
tabulated (m; y) pairs. The conventional Gauss method of least squares is applicable
only to equations which are linear in the coefficients to be determined, but a nonlinear
method can be used if approximative values a0 , b0 , and c0 , the so-called zero approxi
mations, are known (Baur, 1953), see Appendix B.

By means of this method, the relative optical air mass computed on the basis of
the air densities of the ARDC Model Atmosphere, 1959, was approximated by formula 22.
The same formula was used to approximate the relative optical air mass according to
Bemporad's table and the relative optical water vapor mass computed by Schnaidt (1938)
by an equation analogous to eq 19. Schnaidt did not compute water vapor masses for
solar altitudes y > 30 deg, but assumed these values equal to 1/siny. Consequently,
the water vapor masses were approximated up to y = 30 deg only, but values of 1/siny
in the range 74 deg < y < 90 deg were included to make sure that the approximation func
tion approaches 1/siny for high solar altitudes y. The values of the constants a_, b, and
c for the three approximations are listed in Table V.
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Table IV. Contribution of the single layers of the atmosphere
to the total absolute air, mass., . in %, for different solar alti
tudes y. . h = 0 - 9. 6 km: "troposphere"; h = 9. 6 - 34 km:

"stratosphere"; h = 34 - 84 km: "mesosphere. "

Height of air layers (km)
v(deg) 0-9.6 9. 6-12.4 12.4-22 22-34 34-50 50-84

0 88.3 419 5. 7 1.0 0. 1 0.0

0.-5 86. 7 5.6 6.4 1.2 0. 1 0.0

1 84. 6 6.4 7. 5 1.4 0. 1 0.0

1. 5 82. 7 7. 1 8.4 1.6 0. 2 0.0

2 81. 1 7. 6 9.3 1.8 0.2 0.0

2. 5 79.8 8. 1 9.9 2.0 0.2 0.0

3 78. 7 8.4 10. 5 2. 2 0.2 0.0

3.5 77.8 8.7 11.0 2.3 0. 2 0.0

4 77. 1 8.9 11.4 2.4 0. 2 0.0

4.5 76. 5 9.0 11. 7 2. 5 0.2 0. 1

5 76.0 9.1 12.0 2.6 0.2 0. 1

5. 5 75. 6 9.2 12. 2 2. 7 0. 2 0. 1

6 75.2 9.3 12.4 2.7 0.3 0. 1

6.5 75.0 9.3 12. 5 2.8 0.3 0. 1

7 74. 7 9.4 • 12.6 2.9 0.3 0. 1

7. 5 74. 5 9.4 12.8 2.9 0.3 0. 1

8 74.3 9.5 12.9 2.9 0.3 0. 1

8. 5 74.2 9.5 12.9 3.0 0.3 0. 1

9 74. 1 9.5 13.0 3.0 0.3 0. 1

9.5 74.0 9. 5 13. 1 3.0 0.3 0. 1

10 73.9 9.5 13. 1 3. 1 0. 3 0.1

11 73.7 9.6 13.2 3. 1 0. 3 0. 1

12 73. 6 9.6 13.3 3. 1 0.3 0. 1.

13 73. 5 9.6 13.3 3. 2 0.3 0. 1

14 73.4 9.6 13.4 3.2 0.3 0. 1

15 73.4 9.6 13.4 3.2 0.3 0. 1

16 73. 3 9.7 13.4 3. 2 0.3 0. 1

18 73. 2 9.7 13. 5 3. 2 0. 3 0. 1

20 73. 1 9.7 13. 5 3.2 0.4 0. 1

25 73.0 9.7 13. 5 3. 3 • 0.4 0. 1

30 73. 0 9.7 13. 5 3. 3 0.4 0. 1

35 72. 9 9.7 13. 6 3.3 0.4 0. 1

40 72.9 9.7 13. 6 3.3 0.4 0. 1

50 72.9 9.7 13. 6 3.3 0.4 0. 1

60 72.9 9.7 • 13.6 3.3 0.4 0. 1

90 72.9 9.7 13.6 3. 3 0.4 0. 1.

Table V. Numerical values of the constants a, b, and c in the approximation
formula f(y) = [siny + a(y + b) ]" * for the relative optical air mass after
Kasten and after Bemporad, and for the relative optical water vapor mass
after Schnaidt.

a =

b =

c =

Air mass after

Kasten

0.1500

3.885

1.253

Air mass after

Bemporad

0.6556

6. 379

1/757

Water vapor mass
after Schnaidt

0. 05480

2. 650

1. 452
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Table VI. Relative deviations ri = (f^ - mi)/mi [%] of the values fj_
approximated by eq 22 with the corresponding constants from Table V,
-with respect to the tabulated values mi of the air mass after Kasten (K)
and after Bemporad (B), and of the water vapor mass after Schnaidt (S).

V(deg) (K). (B) (S) y(deg) (K) (B) (S)

0. 0 0. 68 -0. 21 0. 03

0. 5 -1. 25 0. 22 -2.96
1. 0 -0.02 0. 19 0. 10

1. 5 0.36 0.07 -0.01

2. 0 0.41 -0.04 0.08

2. 5 0.35 -0.09 -0. 11

3. 0 0. 26 -0. 14 -0.09

3. 5 0. 17 r0. 13 -0.05

4. 0 0. 10 -0. 15 -0.07

4. 5 0.05 -0. 10 0.03

5. 0 0.01 -0. 10 -0.00

5. 5 -0. 02 -0.05 -0.03

6. 0 -0.05 -0.05 0.01

6. 5 -0.06 -0.06 0. 02

7. 0 -0.07 -0.04 0.04

7. 5 -0.08 0.01 0.05

8. 0 -0.08 0. 02 0.05

8. 5 -0.09 0.06 0.04

9. 0 -0,09 -0.00 0.04

9. 5 -0.09 0. 13 0.05

10 -0.09 0.06 0. 04

11 -0.08 0.08 0.06

12 -0.08 0.09 0.05

13 -0.08 0.08 0.03

14 -0.07 0.08 0.02

15 -0.07 0. 08 -0.02

16 -0.07 0. 10 -0. 01

17 -0.07 0.07 -0. 00

18 -0.06 0. 07 0.03

19 -0. 06 0.05 0.05

20 -0.06 0.07 0.06

21 -0.06 0.08 0.04

22 -0. 06 . 0. 09 0.03

23 -0. 06 0.08 0. 00

24 -0. 06 0. 07 -0. 01

25 -0.06 0.03 -0.01

26 -0.06 -0.02 -0.00

27 -0.06 0.05 -0.01

28 -0.06 0.05 0.02

29 -0.06 0.07 0.01

30 -0.06 0.01 0.03

32 -0. 06 0.07 -

34 -0.06 0.06 -

36 -0.06 0.04 -

38 -0.06 0.07 -

40 -0.06 0.05 -

42 -0.06 0.06 -

44 -0.06 0.01 -

46 -0. 06 -0.00 -

48 -0.06 0.04 -

50 -0.06 0.04 -

52 -0. 06 0.09 -

54 -0.06 0.03 -

56 -0.06 0.05 -

58 -0.06 0.05 -

60 -0.06 0.01 -

62 -0.06 0.01 -

64 -0.06 0.01 -

66 -0.06 0.02 -

68 -0.06 0.01 -

70 -0. 06 -0. 02 -

72 -0.06 -0.08 -

74 -0.06 -0.00 -0.01

76 -0.05 -0.07 -0.01

78 -0.06 0. 01 -0.01

80 -0.06 0.02 -0.01

82 -0.05 -0.04 -0.01

84 -0.05 -0.07 -0.01

86 -0. 05 -0. 02 -0.01

88 -0. 05 -0.02 -0.01

90 -0.05 -0.02 -0.01

Table VI contains the relative deviations r^ = (f^ - m.i)/m.i [%] of the approximated
values fi with respect to the tabulated air or water vapor masses m^. Generally, the
relative deviations are of the order of 0. 1% or less. Only ior y < 4 deg do errors up to
1% occur, with the exception of y = 0. 5 deg where the error reaches 1. 25% for the
air mass and 3% for the water vapor mass. The course of r^ with y is very smooth
for the air masses computed in this paper, whereas the r^ referring to the Bemporad
and Schnaidt values scatter. This is considered to be a consequence of the lower
numerical accuracy of the last decimal places in the tables of Bemporad and Schnaidt
who did not have an electronic computer at their disposal.

Conclusions

Table II is proposed as the new standard table of the relative optical air mass m(y)
for terrestrial solar radiation. Equation 22 with a = 0. 1500, b = 3.885, and c = 1.253
is a convenient approximation formula of high accuracy to calculate m(y) for any solar
altitude y(deg). The same formula may be used to approximate the old Bemporad
function and the relative optical water vapor mass after Schnaidt by substituting the
corresponding constants ji, b, and £ from Table V.
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APPENDIX A:

COMPUTATION OF THE AIR MASS FOR SOLAR ALTITUDE 0"

The second integral in eq 19 is split into two parts, from 0 to 0. 4 km and from
0. 4 to 84 km. The second part is integrated numerically. Considering the first part,
inspection of the ARDC Model Atmosphere, 1959, shows that the air density p can be
interpolated linearly within a step width of Ah = 0. 1 km for the range 0 < h < 0. 4 km.
Denoting the lower limit of the interval Ah by hL, the upper limit by hu, and the
corresponding air densities by pL, pu> we have

P - PL _ PU -PL # (23)
h - hL ~ hy-hL

With the definition

PU" PL p' (24)
hD - hL r

eq 23 becomes

p = (pL- p'hj + p'h. (25)

The right integral in the air mass formula eq 19, taken over the interval hj^. . .
hu and specialized for y = 0, is now called J_ and can be rewritten as

T- rhu P(r +h) dh (26)
4iL V(R +h)2- {1 +2 60 [1 -(p/p0)]}R2

Substituting from eq 25 for p gives, after some algebraic transformations,

fhU (Ah2 +Bh +C)dh (27)
^hL -7ah2 +bh +c

where the new symbols stand for the following constants:

A = p',
B = (pL-p'hL) +p'R,
C = (pL-p'hL) R.
a = 1,
b = 2R [1 + 60 (p'/p0)R,
c * R2- {1 + 2 60 [1 -(pL-P,hL)/po]} R2.

The integral eq 27 can be solved exactly; making .use of a - 1,

J = [(A/2)h + (i)(4B- 3Ab)] \/hz + bh + c -

- [(Ac/2) + (b/8)(4B - 3Ab) - C] x In |h + (b/2) + Vh2 + bh + c | (28)

which has to be taken between the limits hj^ and hy.

Equation 28 was evaluated by the electronic computer for each pair hj^,, hy of the
four h-intervals 0-0.1, 0.1-0.2, 0.2-0.3, and 0. 3-0. 4 km; the sum of these four values
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constitutes the integral from 0 to 0. 4 km. This is added to the integral from 0. 4 to
84 km integrated numerically. Dividing by maks v gives the relative optical air
mass m(0 deg) =36.2648.

The exact integration is possible only in the lower atmosphere because linear
interpolation of the air density is not permissible at higher levels; a trial calculation
for y = 90 deg gives an absolute air mass of 10, 356. 3 kg/m2 instead of 10, 330. 7 kg/m'
as computed by the Simpson method (eq 20).



APPENDIX B.

DETERMINATION OF THE CONSTANTS IN THE APPROXIMATION

FORMULA BY A MODIFIED LEAST SQUARES METHOD

Let a0 , b0 , and c0 be the so-called zero approximations, and a.x = a0 + a, bx = b0 +
(3,, .and cx = c 0 + L, are the "corrections", which have to be small. Then the function
f (y) given by eq 22, but with the constants of the first approximation, can be extended
into a Taylor series:

f(l)(y; a0 +a, b0 +S, c0 +U =f(o)(y; a0 , b0 , c0 )

Qr(o) af'o) Qf'o)
+V0 +irP +ir^ +- (29»

Now we set up the "error equations"

f[l] - mi =vi (i = 1, ... , n) (30)

where m^ = true value of the air mass for yj_, v^ = "error, " and n = number of (mj;
yi) pairs used in the approximation. Substituting eq 29 into eq 30 we obtain

9f(o) 8f.(o). 9f(0)
io)^* + ^P+-^+(fi -mi)=vi. . (31)

With the abbreviations

8f(o) diio) d£{o) , ,
_i_ =a.; -i— = B.; —* =C; f o) - m- = Lt (32)

8a i 9b i 8c i i 1 x

eq 31 becomes

A. a + B.S + C.C + L.•= v.. (33)
i r i ii

These equations are linear in a, 8, Z, so that the well-known Gauss method can
now be applied: Equations 33 are first squared and then summed; partial differentia
tion with respect to a, 3, t, and equating to zero makes the sum of the squares of the

errors, i v2 , a minimum. The three following so-called "normal equations" result:

AA

AB

AC

a + [AB]S + [AC]£, + [AL] = 0
a + [BB]B + [BC]t, + [BL] = 0 (34)
a + [BC](3 + [CCH + [CL] = 0

where the symbol [AA] stands for f A^, [AB] stands for j_ AiB^, etc. From this
system of three equations, the "corrections" a, (3, t, can be determined, so that the
first approximations a1} b: , cx are known. Now the whole process is iterated with aj,
b1} Ci taking the place of a0 , b0 , c0 .

In both the conventional and the "nonlinear" least squares methods, the absolute
errors vi are more or less evenly distributed over the whole range of the function to be
approximated. This is disadvantageous for functions as the air mass m(y) where the
absolute accuracy of the given values is not constant over the whole range of solar
altitude y. Therefore, we modify the method outlined above by introducing the relative
errors
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r. = v. /m. (i = 1, • . . , n)
111.

into eq 31:

mi 8a mi 8b

Using the abbreviations

(o) f(o)

(35)

(36)

9f(o) . , afU) ., , 9f-o) * f!o) " mi *
J_ _I_ - A* -L -i- = Br, — -i- = C-, - = Li (37)
-a- 8a x' mi 8b i mi 8c mi

eq 3 6 takes the form

A* a + B* (3 + Cr£ + Li* = *i
which are analogous to eq 33. They lead to a system of normal equations analogous to
the system eq 34 but with the asterisk attached to the respective quantities.

This method, which may be called "method of least squares of the relative errors
applied to equations being nonlinear in the coefficients", was programmed _for computa
tion on the electronic computer. The "corrections" a, (3, £, obtained after one approxi
mation cycle are added to the coefficients a, b, c resulting from the cycle before, and
these new a, b, c are used to begin the next iteration. The calculations are iterated
until the next"cycle does not improve the coefficients obtained in the previous cycle.
The resulting "last" approximations of a, b, £ are rounded to four significant digits
and given in Table V.

With these final constants, the function f(y) is computed once more according to
eq 22 for all y being used in the foregoing least squares calculations, and the relative
"errors" ri = (fi - mi)/mi determined. They are the relative deviations of the air
masses approximated by eq 22 from the tabulated air masses and are listed in Table VI.

(38)


