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FEATURE ANALYSIS Mm REDUCTION OF LAWS TEXTOR& MEASURE 

INTRODUCTION 

The Engineer Topographic Laboratories (ETL), Computer Sciences 
Laboratory (CSL), is investigating the problem of finding an inexpensive 
set of window operations that can be used to generate multicomponent data 
from digital or digitized imagery. The quality of this data must be such 
that it can be used effectively by a classifier to segment a scene on an 
image into feature categories. The effort is part of a comprehensive 
"feature extraction study" at CSL, which is taking a digital approach to 
solving the Defense Mapping Agency's production requirements for Mapping, 
Charting and Geodetic (MC&G) data. However, because of the preliminary 
nature of this part of the study, only simple feature categories such u 
forests, fields, buildings, and roads are considered. Also, the source 
images have so far been limited to digitized panchromatic and infrared 
aerial photographs. 

Previous experiments supporting the effort have been published. 1' 2 ' 3 

In these experiments, image descriptors were defined through window 
operations such as the Max-Min texture measure, edge texture measures, and 
a few simple "Ad-Hoc" measures (average gray shade, standard deviation of 
gray shades, and range of gray shades). These window operations were used 
to generate data from the various source images. The generated data was 
then processed in a few algorithms that estimated its information content 
and segmenting properties; the divergence measure and Bayes classifier 
were the primary tools in this analysis. In addition to test regions, a 
few complete scenes were classified using some of these descriptors. 

l M. A. Cromhie, R:. &. Rand, and- N. J. Friend, An Analysis of the- Ma~-Min 
Texture Measure, U.S. Army Engineer Topographic Laboratories, Fort Belvoir 
VA, ETL-0280, January 1982, AD-All6 768. 

2 M. A. Crombie, R. S. Rand, and N. J. Friend, Scene Classification 
Results Using the Max-Min Texture Measure, U.S. Army Engineer Topographic 
Laboratories, Fort Belvoir, VA, ETL-0300, July 1982, AD-Al23 496. 

3 M. A. Crombie, N. J. Friend, and R. S. Rand, Feature Component Reduction 
Through Divergence Analysis, U.S. Army Engineer Topographic Laboratories, 
Fort Belvoir, VA, ETL-0305, October 1982, AD-A123 474. 
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This research note discusses an experiment that was done to study 
another window-type operation, the Laws texture measure. 4 CSL's motivation 
for studying this texture measure is that it is particularly suited to the 
computer; the primary operations are convolution and moving-window 
functions, both of which are simple and fast. However, even though a 
large number of components can be generated quickly, the cost of 
processing these components also increases. Therefore, the feasibility of 
using this texture measure depends to some extent on the success in 
reducing the number of these components through some selection process, 
which might or might not require a coordinate transformation into some 
alternative representation. Because of this need to reduce components, 
considerable attention is given to methods of component reduction. 

DESCRIPTION OF EXPERIMENT 

Overview. The experiment is divided into two parts. In the first 
part, raw texture data is generated by a procedure developed by Laws and 
is then used directly by a Bayes classifier on test areas of five scenes. 
The results of this part are intended to measure the effectiveness of the 
data in image segmentation and to determine whether Laws texture is a good 
competitor with some of the other texture measures mentioned above, 
specifically the Max-Min texture and the two-component Ad-Hoc measure. In 
the second part, component reduction techniques are applied to the raw 
data and the resulting data is used by the classifier. Here, the results 
are intended to measure the effectiveness of alternative "reduced" 
representations of the data in image segmentation. As mentioned above, 
because of the large amount of data and the large number of computations 
involved, the feasibility of using Laws texture depends on the success in 
finding an effective "reduced" representation. 

4 Kenneth Ivan Laws, Textured Image Segmentation, Image 
Institute, University of Southern California, Los Angeles, 
USCIPI Report 940, January 1980. 
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In support of the second part of the experiment, two techniques of 
component reduction are considered--principal components and divergence 
analysis. Principal components are components of the feature vectors in a 
transformed coordinate representation. This representation has two 
notable properties: first, the energy flux (variance) of the data is 
contained within a few components, and second, the components are 
uncorrelated over the sample space from which they were derived. 

The divergence is a measure of information that is suitable for 
selecting the cpmponents with the most discriminating power. In this 
experiment, the divergence is used to define an "order of importance" for 
components in both the original representation (coordinate frame of the 
raw data) and in the principal component representation. Also, an order 
of importance is defined for the principal components using their energy 
compression property. By virtue of the technique from which they are 
generated, the first principal component contains the highest percentage 
of the variance, the second principal component contains the second 
highest percentage of the variance, etc. 

Three methods are considered for component reduction: Method I 
arranges the raw components in an order that maximizes the divergence, 
Method 2 uses the principal components in an order that maximizes the 
energy flux, and Method 3 arranges the principal components in an order 
that maximizes the divergence. In addition, another method--Method 4--is 
briefly considered; this method uses principal components generated by a 
different transformation technique and orders the components according to 
their energy flux (similar to Method 2). 

After defining sets of reduced components from these methods, a Bayes 
classifier is used to classify the areas of the scenes. Also, in the 
interest of reducing processing cost, additional classification runs are 
made to test the possibility of exploiting the uncorrelated nature of 
principal components. Since uncorrelated components have the property of 
diagonal covariance matrices, the use of this diagonal property in a 
classifier will significantly reduce the number of computations needed 
during implementation. 

A diagram_ that- illustrates- the- procedur-e- described above- is- shown in 
figure 1. 
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Test Images. Five digital subscenes, each containing 1024 by 1024 
picture elements (pixels), are used in the experiment as source data. 
These source images are panchromatic exposures digitized to 1-meter reso
lution and stored on disk with 8-bi t accuracy. Reference to the scenes 
are made as A, B, C, E, and H. Training regions for the scenes are 
selected to represent a building-road class and various forest, field, and 

1 

scrub classes. These regions were used in earlier reports, and although1 
it was later decided that some were not very good samples, they are used 
again here for consistency. Because the experiment is preliminary iljl 
nature, only the training regions used as samples are processed by 

1 
the 

classifier. At a later time--and if Laws texture is found to be feasible-
complete images will be processed. Figures 2 through 6 show the five 
scenes. The rectangular training regions are outlined on each scene~ and 
the classes that each will represent are listed below it. 

Generation of Laws Texture Data. By following a procedure suggested 
by Kenneth Laws, 5 15 component vectors are generated as data for the 
experiments. A three-step procedure is used. The first step is to 
convolve the desired image points with 16 different masks, resulting in a 
convolved image plane for each mask. The set of masks are defined by the 
cross-product computations described in appendix A. In the second step, 
each point in the 16 convolved images is transformed to a measure of 
texture energy by a moving window operation that computes the standard 
deviation of the 15 by 15 points surrounding it. In the third step, the 
texture energy planes are ratioed to the first plane, resulting in 15 
invariant texture energy planes. The data is then converted to vector 
format. Once the data is in vector format, it can be used to develop 
statistical training models and processed in a classification algorithm 
(part I) or used to generate principal component data, which would then be 
modeled and classified in an alternative representation (part II). 

5 Kenneth Ivan Laws, Textured Image Segmentation, Image 
Institute, University of Southern California, Los Angeles, 
USCIPI Report 940, January 1980. 
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Class Label Characteristic Number of 
(Training ~egion) -Featur-e J>oints 

l Building and Roads 81 
2 Gray Field 72 
3 Rough Field 104 
4 Heavy Forest 84 
5 Light Field 63 
6 Light Forest 108 

Figure 2. Scene A, Panchromatic, Exp. 54. 
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Class Label Characteristic Number of 

(Training Region) Feature Points 

l Heavy Forest 121 

2 Scrub 99 

3 Field Building and Road 81 

4 Dark Field 77 

5 Light Field 117 

6 Light Forest 81 

Figure 3. Scene B, Panchromatic, Exp. 54. 
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· Glass Label Characteristic Number of 
(Training Region) Feature Points 

1 Heavy Forest (Light) 117 
2 Heavy Forest (Dark) 165 
3 Light Forest 104 
4 Light Field 84 
5 Gray Field 104 

Figure 4. Scene C, Panchromatic, Exp. 54. 
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Class Label Characteristic Number of 
(Training Region) Feature Points 

1 Dark Field 81 
2 Light Field 99 
3 Heavy Forest 153 
4 Scrub 81 
5 Building and Road 30 
6 Light Forest 81 

Figure 5. Scene E, Panchromatic, Exp. 54. 
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Class Label -Characteristic Number of 
(Training Region) Feature Points 

1 Dark Field 121 
2 Light Field 168 
3 Scrub 153 
4 Building and Road 90 

Figure 6. Scene H, Panchromatic, Exp. 54. 
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Statistical Models. Each task in this experiment--whether it is the 
generation of principal components, the divergence analysis, or the 
classification--requires the use of a statistical model. The generation 
of principal components uses the covariance estimate S or the correlation 
estimate R of the entire data set that is to be transformed. The 
divergence analyses and the classification runs require a statistical 
model for each of the classes (feature categories) that is defined. 

The models that are used for defining classes make the assumption that 
the corresponding populations are Gaussian, an assumption that implies 
that second-order statistics are sufficient to specify completely the 
class distributions. Each class is modeled with a multivariate normal 
distribution using the parameters lli as the estimate for the mean vector 
(with k-components) and Si as the estimate for the covariance matrix (with 
k x k symmetric elements). The dimension of the distribution is k, where 
k is the number of texture components. The estimates for the parameters 
are unbiased estimates for the parent populations, and because of the 
Gaussian assumption, they reduce simply to sample means and sample 
covariances. Therefore, 111 and Si are computed as 

111 
L n1 - (1) = n1 ~ Xfj 

J=l 

Sf 
1 ni 

<xij - Pi) <xij - Pi) T ( 2) = n1 r - 1 j=l 

where Xfj is the jth sample vector from class i, and ni is the number of 
sample vectors from class i. The samples used to create these models are 
extracted from the training regions discussed in the section on "Test 
Imagery" and are shown in figures 2 through 6. 

As will be discussed below, the principal components are generated 
using either the covariance estimate S or the correlation estimate R. 
Since the data set consists of the union of all the class samples, S can 
easily be computed using the individual class covariances s1 : 

N 
s = r wi si 

i=l 
where N is the number of- sample- areas and wi 1-s- a- we-tght- functi.une The
correlation matrix is extracted using the combined covariance matrix; 
elements of R are computed as 

(3) 

where oi and oj are the standard deviation for the ith and jth components, 
respectively. 
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Divergence Analysis. In two of the four methods of data reduction 
considered in this experiment, the texture components are arranged in an 
order of importance using a distance-type measure called divergence. 6 The 
divergence, J ( oi o j), is a measure of information that indicates the 
difficulty in discriminating between two classes, i and j. The value 
of J(ci Cj) is a scalar and measures the amount of discriminating 
information in the data. A large value suggests that it should be easy to 
discriminate between twio classes; whereas, a small value suggests that the 
discrimination will be difficult. The expression for the 
divergence J(ci cj) is 

(4) 

To compute this measure, one must know the class-conditional probability 
distributions p(x/ Ci) and p(x/ Cj)• These distributions, in general, are 
not usually known and are usually estimated according to some assumption. 
In the model of this experiment, the assumption is that the classes have 
multivariate normal distributions. Assuming such distributions, one can 
compute the divergence as 

J"'(ci,Cj)= 1/zTr(Ki - Kj)(Kj 1 - iq 1) +l!zTr(KI 1 + Kj 1)(iii - iij)(iii - iij)T 

( 5) 

The assumption of normality is made in this experiment recognizing 
that J"' (Ci Cj) will at best give only an approximation to the real 
solution J (Ci, C j). Although the distribution of a Gaussian population 
can be completely specified by the mean and covariance parameters, other 
distributions require either different parameters or higher order 
statistics. Therefore, fitting this model to any non-Gaussian population 
results in only an estimate. 

6 See books such as Harry Andrews Introduction to Mathematical Techniques 
in Pattern Recognition, John Wiley & Sons, Inc., 1972. 
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Classification Algorithm.. A Bayes classifier that makes the 
assumption of normality is used in the classification exercises. 7 The 
resulting decision function used to classify vector x is 

(6) 

where 

and N is the number of classes. The vector x belongs to the class i for 
which di = d. 

The parameter p(ci) is the a priori probability that a vector belongs 
to class i, and the parameters 11i and Si contain the class statistical 
elements discussed in the last two sections. However, the function d is 
shortened in the classification exercises by setting the a priori 
probabilities (P (ci); i = 1,N) equal. This has the effect of dropping 
the term ln p(ci) from the equations. 

In the last few classification exercises, a simplified Bayes 
classifier is tried on uncorrelated principal component data. The savings 
in computation by using this algorithm can be understood by looking at the 

T -1 term (x - 11i) Si (~ - 11i) in equation 7. This term must be computed N 
times for each point that is labeled, and the number of computations 
required by this term, if all the elements of the matrix si-l are 
included, is proportional to K(K+l)/2 (the number of elements in a 
symmetric matrix of order K), where K is the number of components. The 
simplified classifier, however, uses only the diagonal elements and is 
proportional to K. Letting Ks be the number of components used in the 
simplified classifier and K be the number in the original classifier, an 
efficiency saving factor can be defined as 

2 Ks 
e(Ks,K)=(l - K(K+l))x 100% (8) 

7 See books such as Duda and Hart, Pattern Classification and Scene 
Analyses, John Wiley & Sons, Inc., 1973. 
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The effectiveness of the simplified classifier, however, is good only when 
the off-diagonal elements are small compared to those along the diagonal, 
i.e. when the components have little correlation. Therefore, the purpose 
of the last few classification exercises is to study an algorithm's 
efficiency versus its effectiveness on principal component data. 

Generation of Principal Coaponent Data. The output from the Laws 
procedure is used as input to generate principal component data. The 
principal component data is used in the second part of the experiment to 
study methods of component reduction. 

The generation of these components is accomplished by an orthogonal 
transformation Xe = AT x, and it has the effect of rotating the original 
components "X" into a coordinate system, which is aligned in a direction 
that contains most of the data's energy (variance) in a smaller number of 
dimensions. It also has the effect that the transformed components are 
uncorrelated. These effects should allow equivalent classification 
results with a far less number of computations than that required from the 
higher dimensioned correlated data. 

The matrix A consists of the column vectors (a1, az, ••• an), which are 
eigenvectors of another matrix T. Component reduction Methods 2 and 3 use 
a matrix T=S to construct the matrix of column vectors A, where S is a 
matrix containing the covariance estimates for the data set population 
(the data set is taken to represent a scene as a whole and not individual 
classes). Component reduction Method 4 uses a matrix T=R to construct A, 
where R is a matrix containing the correlation estimates for the data. 
Whereas defining T as T=S will generate a set of principal components 
without considering the variation of scale in the original data, letting 
T=R will consider this variation and produce a set of standardized 
principal components. The principal components resulting from these 
methods are in general not the same, and the testing of the standardized 
components in Method 4 is made to check whether their use would improve 
classification accuracy. For a continued discussion of principal 
components, see a2pendix B. 

18 



PAR.T I OF EX.PERIMERT 

Numerical 'Results. Classification exercises are performed on scenes 
A, B, C, E, and H. For each scene, the test areas are used to train the 
classifier; the training is then followed by a classification on these 
same test areas. Table 1 shows the results as a confusion matrix for each 
scene. These matrices show the percentage of class labels assigned to 
each training area. The format of these results is consistent with that 
of previous ETL reports so that the Laws texture measure can be compared 
to the other textures considered by CSL--namely the Max-Min texture 
measure and the two-component Ad-Hoc measure. 8 , 9 Table 2 gives a 
comparison between Laws texture and these other two measures. 

Classification 'Results. The confusion matrices shown in table 1 offer 
a good way to rate the decision errors made during the classification 
runs. Two types of error associated with making a decision, type I and 
type II, are shown by these matrices. For each of the class labels, a 
type I error is made where the classifier rejects the label when it is a 
correct choice, and a type II error is made where the classifier accepts 
the label when it is wrong. Summing the non-diagonal elements across a 
row "I" gives the type I error for Ci; whereas summing the non-diagonal 
elements down across "I" gives the type II error for Ci. Note that 
although the rows of the matrices are normalized to 100 percent, the 
columns are not. This is because the elements for the column sum should 
really be weighted according to the number of points in the corresponding 
training areas. However, the qualitative nature of the discussion does 
not really require this; it should be enough to merely scan the columns 
for type II errors. 

8 M. A. Crombie, N. J. Friend, and R. s. Rand, Feature Component Reduction 
through Divergence Analysis, U.S. Army Engineer Topographic Laboratories, 
Fort Belvoir, VA., ETL-0305, October 1982, AD-A123 474. 

9 M. A. Crombie, R. S. Rand, and N. J. Friend, An Analysis of the Max-Min 
Texture Measure, U.S. Army Engineer Topographic Laboratories, Fort 
Belvoir, VA., ETL-0280, January 1982, AD-All6 768. 
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The percentages of class assignments in each training area are shown in 
table 1. 

Table 1. Autoclassification results 

Class 
Test 
Area 1 2 3 4 5 6 

1 84.0 4.9 7.4 o.o o.o 3.7 
2 1.4 70.8 4.2 8.3 12. 5 2.8 

Scene A 3 11. 5 1. 0 58. 7 4.8 7.7 16.3 
4 4.8 4.8 6.0 73.8 2.4 8.3 
5 1.6 9.5 4.8 3.2 79.4 1. 6 
6 8.3 1.9 11.1 1.9 2.8 74.1 

1 74.4 12.4 0.8 0.8 0.8 10.7 
2 13.1 74.7 3.0 o.o 2.0 7.1 

Scene B 3 4.9 7.4 72.8 2.5 3.7 8.6 
4 o.o 1.3 2.6 79.2 16.9 o.o 
5 o.o 4.3 12.0 10.3 71.8 1. 7 
6 7.4 14.8 1.2 o.o 1.2 75.3 

1 79.5 11.1 8.5 0.9 o.o 
2 14.5 72.7 11. 5 o.o 0.6 

Scene C 3 4.8 6.7 84.6 2.9 1.0 
4 o.o o.o 4.8 77 .4 17.9 
5 1. 0 1.0 3.8 11. 5 82.7 

1 92.6 4.9 2.5 o.o o.o o.o 
2 9 .1 86.9 3.0 1. 0 o.o o.o 

Scene E 3 2.6 0.7 77 .8 10. 5 1.3 7.2 
4 o.o o.o 4.9 86.4 3.7 4.9 
5 o.o o.o o.o o.o 100.0 o.o 
6 0.0 o.o 6.2 6.2 1.2 86.4 

1 66.9 14.0 14.9 4.1 
Scene H 2 13.1 78.0 8.9 o.o 

3 3.9 5.9 79.1 11.1 
4 o.o 1.1 4.4 94.4 
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A comparison of the Laws texture measure, the Max-Min texture measure, and 
the two-component Ad-Hoc measure is shown in table 2. 

Table 2. Comparison of laws texture with alternate texture tm!asures 

Scene Texture Measure Class (percentage of correct hits) 

1 2 3 4 5 6 

A Laws 84 71 59 74 79 74 
Max-Min 68 89 61 95 82 60 
2-Component 63 81 90 99 78 90 

B Laws 74 75 73 79 72 75 
Max-Min 97 59 79 95 75 64 
2-Component 78 34 42 96 86 58 

c Laws 79 73 85 77 83 
Max-Min 96 78 77 88 89 
2-Component 

E Laws 93 87 78 86 100 86 
Max-Min 96 89 80 80 90 96 
2-Component 

H Laws 67 78 79 94 
Max-Min 69 86 81 90 
2-Component 
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The error rate for each of the class labels differs considerably over 
the five scenes. The type I errors were fairly high and ranged from 14 to 
28 percent for forest-type classes, 7 to 33 percent for field-type 
classes, 14 to 25 percent for scrub-type classes, and 0 to 27 percent for 
buildings/roads-type classes. Forest classes were confused mostly with 
other forests and with scrubs. Field classes were confused mostly with 
other fields, buildings/roads (on Scene B), and with scrubs (Scene H). 
Scrub types were confused mostly with other forests and with buildings/ 
roads (Scene H). Depending on the scene, the buildings/roads class was 
confused with either forests, fields, or scrubs. The type II errors were 
also fairly high and showed similar confusion. 

One exception to the high error rate occurs for the buildings/roads 
class in Scene E and Scene H. Scene E shows a particularly good response 
from the classifier. The classifier labels all 30 points in the 
buildings/roads training area correctly (0 percent type I error) and 
maintains a very low type II error rate. Scene H also shows a good 
response with 5 percent incorrect labeling, although the type II error, 
labeling 11 percent of the scrub area as buildings/roads, is somewhat 
high. Observing that Scene E has a very tightly controlled training group 
compared to the other scenes (particularly Scene B) and noticing the 
classifier's excellent response in this area, as well as its good response 
on Scene H, an important conclusion can be made--Laws texture is an 
excellent descriptor to identify a buildings/roads class. 

A comparison of three texture measures listed in table 2 shows that 
Laws texture is more effective on the buildings/roads class than the 
others. However, except for this, Laws is not as effective. Generally, 
the type I errors are lower using the other measures. A comparison of the 
confusion matrix results between the Max-Min texture and the Laws texture 
(see earlier report for Max-Min results 10 ) also shows type II errors are 
lower when using the Max-Min texture. 

lO M. A. Crombie, R. S. Rand, and N. J. Friend, An Analysis of the Max-Min 
Texture Measure, U.S. Army Engineer Topographic Laboratories, Fort 
Belvoir, VA, ETL-0280, January 1982, AD-All6 768. 
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PAl.T II OF EXPERIMERT 

Huaerical Results. As mentioned earlier, four methods of component 
reduction are attempted. Scenes A, B, and E are used in this part of the 
study. In beginning the study, covariance results for both the raw 
component data and the principal component data, as well as histograms for 
the first and second principal components, are reviewed. This information 
is shown for Scene B in tables 3 and 4 and figure 7. The covariance 
·results are reviewed to check the relationship between texture components. 
The histograms are reviewed to check the validity of the Gaussian 
assumptions made in subsequent models. 

Following this, component reduction is attempted using four different 
methods, which resulted--for most of the scenes--in four different sets of 
eight components. The order of the components in these sets is given in 
tables 5 and 6. This order for Method 1 is shown in table 6a as a 
function of the original raw components where, for example, on Scene B the 
divergence has placed the 14th raw component in the 1st position, the 5th 
raw component in the 2nd position, etc. The order of components in Method 
2 is the same order in which they were produced, according to variance, 
and table 5 shows the percentage of accumulated variance. For example, in 
Scene B, 86 percent of the variance occurred in the 1st principal 
component, and 90 percent of the variance occurred in the 1st and 2nd 
principal components. The new order of the components for Method 3 is 
shown in table 6b as a function of the principal components generated by 
Method 2. The order corresponding to Method 4 is the same as that for 
Method 2, and since the energy compression results were almost identical 
to those in table 5, the results are not shown. 

After a set of components is defined and ordered according to one of 
the four methods of reduction, the divergence is used to measure the 
discriminatory power between classes as a function of the number of added 
components. Table 7 shows the results of the divergence exercise on Scene 
E in detail. Similar exercises were done on Scene A and Scene B. This 
table and the corresponding tables for Scene A and Scene B (tables for A 
and B are not shown) are simplified in table 8. 
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Table 3. Covariance results for untransformed components, Scene B 

I{ Class 1 Class 2 Class 3 Class 4 Class 5 Class 6 Average 

K11 .0002 .0002 .0010 .0007 .0011 .0001 .0006 
K22 .0003 .0003 .0006 .0004 .0007 .0002 .0004 
K33 .0001 .0001 .0003 .0002 .0004 .0001 .0002 
K44 .0000 .0001 .0001 .0001 .0002 .0000 .0001 

K12 .0002 .0003 .0007 .0004 .0008 .0001 .0004 
K13 .0001 .0002 .0005 .0003 .0006 .0001 .0003 
K23 .0001 .0002 .0004 .0003 .0005 .0001 .0003 
K14 .0001 .0001 .0003 .0002 .0004 .0001 .0002 
K24 .0001 .0001 .0003 .0002 .0004 .0000 .0002 
K34 .0001 .oooo .0002 .0001 .0003 .oooo .0001 

Table 4. Covariance results for principal components, scene B 

I{ Class 1 Class 2 Class 3 Class 4 Class 5 Class 6 Average 

K11 .01407 .01813 .05030 .03378 .05761 .01067 .03077 
K22 .00082 .00147 .00149 .00206 .00163 .00117 .00144 
K33 .00092 .00189 .00127 .00149 .00143 .00079 .00130 
K44 .00063 .00086 .00104 .00216 .00190 .00058 .00120 

K12 -.00004 .00005 -.0039Q • 00073 .0029 5 .00027 .00000 
K13 • 0012-5 .00354 --.00202 --.00177 -_.OD2D8 • 00108 .00000 
K23 -.00007 -.00025 -.00010 .00002 .00018 .00022 .00000 
K14 -.00008 -.00061 -.00028 .00062 .00097 -.00062 .00000 
K24 -.00024 -.00060 -.00038 .00081 .00069 -.00028 .00000 
K34 -.00009 -.00026 .00039 .00003 .00012 -.00019 .00000 
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FIGURE 7. Histograms for the training areas in Scene B. 
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Table 5. Energy coapression for principal coaponents 

Method 2: The percentage of variance that is accumulated as principal 
components are added is tabulated below. 

Principal CA>mponents 

Scene 1 2 3 4 5 6 7 8 

A 86 91 94 96 98 99 99 99 
B 86 90 94 97 99 99 99 100 
E 81 87 92 96 98 98 99 99 

Table 6. Q>mponent selection using divergence 

Eight components are arranged in order of importance using the 
divergence measure as a criteria. 

a. Method 1: Untransformed components are arranged in order according to 
divergence. 

Order 
Scene 1 2 3 4 5 6 7 8 

A 12 2 15 4 3 1 7 11 
B 14 5 6 10 9 3 15 7 
E 3 4 7 15 1 2 10 9 

b. Method 3: Transformed components are arranged in order according to 
divergence. 

Order 
Scene 1 2 3 4 5 6 7 8 

A 1 11 2 4 5 7 12 9 
B 1 3 7 8 5 4 6 2 
E 1 4 6 5 14 15 2 3 
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Table 7. Divergence results during component reduction, scene E 

The divergence measure for each class pair as a function of the number 
of components tabulated is below. 

a. Untransformed components were selected using divergence as the 
criteria. 

Nuaber of Class Pairs 
Co•ponents 1-2 1-3 1-4 1-5 1-6 2-3 2-4 2-5 2-6 3-4 3-5 3-6 4-5 4-6 5-6 

1 .06 8.5 25 29 30 9.6 28 33 33 2. 7 6. 3 1. 7 1.2 .73 4.3 
2 .82 12 39 31 39 11 37 33 38 3.4 8.5 2.4 1.8 2.4 8.0 
3 1.2 16 46 77 48 12 41 79 43 4.0 18 3. 0 4. 7 2. 5 12 
4 1.5 16 46 87 51 14 43 100 50 4.2 25 4.1 10 3.2 15 
5 1.7 18 55 110 53 16 52 130 52 4. 7 27 4.4 12 3. 7 17 
6 2.0 19 57 170 57 17 54 200 59 5.6 43 6.4 15 4.7 24 
7 2.3 20 63 190 60 18 65 230 61 7.3 48 6.9 16 6.3 29 
8 3.3 22 68 250 65 20 71 280 64 9.0 53 7.1 19 7.3 33 
15 9 .1 35 110 610 87 29 110 620 87 17 150 13 60 16 120 

b. Transformed components were selected using variance as the criteria. 

Hum.her of Class Pairs 
Components 1-2 1-3 1-4 1-5 1-6 2-3 2-4 2-5 2-6 3-4 3-5 3-6 4-5 4-6 5-6 

1 • 16 5. 1 14 26 15 7. 7 20 33 21 2.3 8.2 1.0 1.9 .92 6.2 
2 .71 9.0 21 30 27 8.7 22 38 30 2.7 9.9 2.4 3.6 1.3 10 
3 .86 13 30 45 31 13 31 52 34 3.0 11 2.5 4.3 1. 6 11 
4 1.2 18 50 58 44 16 51 67 45 4.3 13 3.1 5.2 3.5 12 
5 1.6 18 53 71 46 17 53 92 48 4.6 21 3.6 10 3.7 17 
6 1.7 19 57 110 50 19 57 160 51 6.0 35 4.1 13 4.6 24 
7 2.1 21 60 130 53 19 59 170 53 6.6 38 4. 5 16 5.0 30 
8 2.7 23 64 140 58 20 62 180 59 7 .2 42 6.8 17 6.4 31 
15 9 .1 35 110 610 87 29 110 620 87 17 150 13 60 16 120 
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c. Transformed components were selected using divergence as the criteria. 

Number of Class Pairs 
Components 1-2 1-3 1-4 1-5 1-6 2-3 2-4 2-5 2-6 3-4 3-5 3-6 4-5 4-6 5-6 

1 .16 5.1 14 26 15 7.7 20 33 21 2.3 8.2 1.0 1.9 .92 6.2 
2 .36 11 25 34 31 12 30 41 34 3.0 9.2 1.8 2.1 2.7 7.4 
3 .42 12 32 80 33 13 40 110 38 4.0 23 2.2 4.4 2.9 14 
4 • 77 13 34 95 35 14 42 140 41 4.2 32 2.6 9.8 3.1 19 
5 1.2 13 38 120 36 15 48 180 43 5.0 44 2.8 12 3.6 25 
6 2.4 14 41 190 37 15 50 250 48 5.3 66 3.7 18 4.0 44 
7 3.4 18 48 200 47 17 53 260 53 6.0 71 4.9 22 4.5 51 
8 3.8 21 68 240 55 21 67 300 58 7 .4 77 5.6 25 5.8 56 
15 9.1 35 110 610 87 29 110 620 87 17 150 13 60 16 120 

Table 8. Summary of divergence results 

The mean "D" and standard deviation of divergence values over the 
C( 6, 2) = 10 class combinations "Sn" are listed below for three scenes 
(A,B,E) and four different methods (1,2,3,4). 

a. Divergence results for four components: 

Method Used To Generate Components 

Scene 1 

A D 7 
SD 5 

B D 17 
SD 16 

-E 1) ~1 

SD 31 
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2 

6 
4 

15 
14 

-zo 
23 

3 

7 
5 

15 
15 

32 
38 

4 

16 
15 

16 
24 



b. Divergence results for eight components: 

Method Used To Generate C.Omponents 

Scene I 2 3 4 

A D 13 12 13 
Sn 9 8 9 

B D 25 26 26 26 
Sn 21 20 20 21 

E D 65 48 67 43 
SD 85 51 87 40 

After constructing the sets of reduced components and estimating their 
effectiveness using divergence, classification exercises are performed 
similar to those done in Part I. Each scene consists of six test areas, 
which are first used to train the classifier as a six-class segmentor and 
then used as the data to be classified. The scenes are classified using 
2, 4, 8, and 15 components for each of the three methods (Method 4 is not 
included), and the results are shown in table 9. 

As an additional part of the analysis, the results were allowed to 
improve by combining similar class types. The confusion matrices gener
ated by the above classifications "(like those in Part I, but are not 
shown) are used to combine similar forest types and to combine similar 
field types. This combination process allows the effectiveness of the 
various component sets to be studied under less strict and possibly more 
realistic requirements. Table 10 lists the test regions that are combined 
into new classes, and table 11 shows the classification results after such 
a combination process is applied. A final classification exercise is made 
that uses a simplified Bayes classifier. This exercise is motivated by 
the observation that although principal components are in theory 
uncorrelated, in practice they are only nearly uncorrelated, as is shown 
in table 4. However, it shourd- stiTI be possible to eliminate the off
diagonal components in the covariance computations with little effect on 
classification accuracy. Therefore, the purpose of this last exercise is 
to look at this effect on accuracy when such computations are eliminated. 
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Table 9. Classification results during component reduction 

The percentage of correct hits in each training area as a function of 
the number of components is tabulated for three methods of component 
reduction. 

Scene A 

METHOD 1 METHOD 2 METHOD 3 

Class Muaber of Coaponents Number of C.Omponents Number of C.Oaponents 

2 4 8 15 2 4 8 15 2 4 8 15 

l 70 72 76 84 68 68 78 84 70 69 75 84 
2 50 49 62 71 51 57 57 71 32 47 58 71 
3 22 29 50 59 23 35 49 59 8 29 36 59 
4 14 62 61 74 27 43 64 74 36 45 64 74 
5 38 51 62 79 33 37 57 79 43 36 62 79 
6 68 53 58 74 61 60 60 74 69 57 57 74 

Scene B 

METHOD 1 METHOD 2 METHOD 3 

Class Number of C.Omponents Number of C.Oaponents Number of C.Omponents 

2 4 8 15 2 4 8 15 2 4 8 15 

1 33 57 63 74 50 65 65 74 62 52 65 74 
2 39 38 50 75 25 39 58 75 17 47 58 75 
3 37 43 51 73 5 47 59 73 42 47 59 73 
4 78 70 73 79 75 74 62 79 78 77 62 79 
5 17 32 55 72 30 40 53 72 20 28 53 72 
6 60 59 60 75 58 68 57 75 68 53 57 75 
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Scene E 

METHOD 1 METHOD 2 METHOD 3 

Class Num.ber of Components Num.ber of Components Number of Components 

2 4 8 15 2 4 8 15 2 4 8 15 

1 62 72 76 93 43 68 74 93 47 57 86 93 
2 70 66 78 87 73 73 76 87 69 59 77 87 
3 50 52 62 78 56 57 57 78 46 52 64 78 
4 52 60 80 86 44 59 70 86 49 58 74 86 
5 83 90 100 100 80 83 100 100 80 93 100 100 
6 56 67 81 86 52 67 73 86 64 72 78 86 

Component Reduction Techniques. The covariance results in tables 3 
and 4 show immediately an advantage to utilizing a principal component 
representation. Because the off-diagonal covariance elements of the 
original representation are of the same order of magnitude as the diagonal 
elements, indicating that the original components are highly correlated, 
the off-diagonal elements of the principal component representation are of 
a lesser order of magnitude. The smaller the off-diagonal elements, the 
smaller is the error introduced by a simpler classifier, which does not 
take the covariance into account. In the Bayes classifier, for example, a 
considerable amount of computation can be eliminated by using only the 
diagonal elements of the covariance matrices "Si", and making use of the 
approximation might be worthwhile if the corresponding errors were smaJ.1. 
The results of some classification exercises that make this approximation 
and show its effect on accuracy are discussed later in this section. 
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Note that although the off-diagonal covariance elements of the 
original representation are reduced in going to principal components, they 
are not eliminated, even though the covariance of the test scenes were 
diagonalized. This is easily explained. Al though the data for a pa rt ic
ular test scene as a whole is uncorrelated, a subset of this data need not 
be. This explanation is shown to be true by averaging these non-zero 
elements over the six class samples, as is done in the last column of 
table 4. 

The histograms for the raw components and the principal components, 
taken over each of the classes, show the distribution to be, at best, only 
approximately normal. The effect of this situation is that neither the 
divergence measure nor the classifier used in this experiment is optimal. 
Even if the populations corresponding to the class samples are normally 
distributed (which is not known), the corresponding mean and covariance 
estimates for these populations are not very good. Therefore, at least 
some of the loss in the separability of classes and in classification 
accuracy must be attributed to this less-than-optimal situation. One 
example of the histograms that is typical of both the original and the 
principal components is shown for the first and second principal 
components of Scene B in figure 7. 

The selection and ordering of the new components by either Method 1 or 
Method 3, shown in table 5, are found to be different over the three 
scenes. This difference shows that the methods of ordering by divergence 
are scene dependent. Neither Method 1 nor Method 3 can establish one set 
of components that would be valid over all the scenes. The reason is that 
the discriminating ability of each component is dependent on the class
pairs that are being measured, and a number of these class-pairs are 
different over the three scenes. 

The selection and ordering of components by Method 2 and Method 4 are 
the same. These components are selected in the order in which they are 
generated, an order that maximizes the accumulated energy (variance). The 
Energy Compression results, listed in table 5, show that at least 81 
percent of the data's variance is found in the first component and that at 
least 96 percent of the variance is found in the first four components. 
These results are also consistent over the three scenes. The Energy 

·Compression results of -Method 4 a-re almost i.tlenti.~al to that of Method 2; 
therefore, these results are not shown. 
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The divergence results for some of the exercises are presented in 
tables 7 and 8. These tables show that as a whole--there is no clear 
advantage of using one method or another. Also, the divergence values as 
a function of the number of components converge slowly to the final values 
of the 1 S-component vectors, regardless of method. However, focusing 
attention on Scene E and on the buildings/roads class--the area of 
strongest performance for Laws--shows a different trend. Although the 
values do not converge any faster to the final values, they do approach a 
more acceptable value within a few components. For this class, Method 3 
shows a definite. advantage over the other methods. Averaging values for 
four components over class-pairs containing buildings/roads results in 
divergence values of 47, 31, and 59 for Methods 1, 2, and 3, respectively. 
Averaging values for eight components over these class-pairs gives the 
values 127, 82, and 148. Note that in table 8, Method 4 shows no 
advantage over the other three methods. Because of the increased number 
of computations in the method and its lack of significant improvement over 
the others, Method 4 is dropped from consideration at this point in the 
experiment. 

Tables 9 and 11 present the classification results (percentage of 
correct hits) for the three scenes as a function of the number of 
components. In table 9 few of the results of the reduced sets converge 
acceptably to those of the 15-component vectors. If some of the similar 
classes--such as forest-type classes or field-type classes--are combined 
according to the definitions in table 10, classification accuracies are 
improved, and many of the reduced component sets become acceptable. Table 
11 shows that most of the eight-component sets converge acceptably and 
that a good number of the four-component sets are also acceptable. The 
worst exception to these cases is the poorly defined buildings/roads class 
in Scene B. 

The classification exercises using the simplied Bayes classifier (see 
section entitled Classification Algorithm) demonstrate that the classifier 
is both effective and efficient on certain component sets. Comparing the 
results in tables 12 and 13 with those in tables 9 and 11, there are a 
number of cases where there is savings in efficiency with little effect on 
accuracy. For example, comparing the eight-component results of the 
simplified classifier using the data base created by Method 2 with the 
four-component results of the unsimplified classifier using the same data, 
the classifications are approximately equivalent; however, the 
factor e(Ks ,K)with Ks=8 and K=4 shows that the simpler classifier is 20 
percent more efficient using twice as many components. 
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Table 10. Combination of training regions 

A new set of classes, which require less discriminatory power, can be 
defined by combining training regions. Two such sets were defined for 
scenes A, B, and E; the new features, the regions used in the new 
combinations, and the number of points in the resulting regions are listed 
below. 

Class 
Label 

1 
2 
3 

Class 
Label 

1 
2 
3 

Class 
Label 

1 
2 
3 
4 

New Features 

Building and Road 
Forest 
Field 

New Features 

Building and Road 
Forest 
Field 

New Features 

Building and Road 
Forest 
·Field 
Scrub 

Scene A 

Old Regions 

1 
4,6 
2,3,5 

Scene B 

Old Regions 

3 
1,2,6 
4,5 

Scene E 

Old Regions 

5 
3,6 
i,2 
4 

34 

I of Points 

81 
192 
239 

I of Points 

81 
301 
194 

I of Points 

30 
234 
TRO 

81 



Table 11. Component reduction results for combined classes 

The classification results were combined according to the new set of 
classes listed in table 10. The percentage of correct hits of each new 
class for the three methods of component reduction on Scenes A, B, and E 
are shown below. 

METHOD 1 

Class Number of Co•ponents 

1 
2 
3 

2 4 8 15 

70 72 76 84 
66 77 71 79 
67 69 77 80 

METHOD 1 

Class Number of Components 

1 
2 
3 

2 4 8 15 

37 43 51 73 
95 94 94 97 
74 70 81 88 

METHOD 1 

Class Number of Components 

1 
2 
3 
4 

2 4 8 15 

83 90 100 100 
75 76 80 88 
93 96 97 97 
53 61 80 86 

Scene A 

METHOD 2 MEmOD 3 

Number of Components Number of Components 

2 4 

68 68 
68 71 
68 71 

Scene B 

8 15 

78 84 
73 79 
74 80 

MEmOD 2 

2 4 

70 69 
75 71 
57 69 

8 15 

7 5 84 
73 79 
70 80 

METHOD 3 

Number of Components Number of Components 

2 4 8 15 

5 47 59 73 
90 95 96 97 
83 84 84 88 

Scene E 

METHOD 2 

2 4 

42 47 
95 93 
77 77 

8 15 

59 73 
96 97 
84 88 

METHOD 3 

Number of Components Number of Components 

2 4 8 15 

80 83 100 100 
74 81 79 88 
87 98 98 97 
44 59 70 86 
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2 4 8 15 

80 93 100 100 
80 82 83 88 
94 92 98 97 
49 58 74 86 



Table 12. Results for simplified bayes classifier, scene B 

The components generated from Method 1 and Method 2 were processed in 
a Bayes classifier that used only the diagonal elements of the class 
covariance matrices. The percentage of correct hits in each training area 
as a function of the number of components is tabulated below for Scene B. 

Class 

1 
2 
3 
4 
5 
6 

METHOD 1 

Number of Components 

2 4 8 15 

39 42 33 25 
20 22 18 23 
10 9 4 7 
75 74 78 77 

9 21 18 20 
47 69 74 72 

METHOD 2 

Number of Components 

2 4 8 15 

52 65 65 62 
26 19 37 45 

7 49 51 48 
77 70 71 73 
30 36 43 43 
54 68 60 65 

The classification results shown above were combined according to the 
new set of classes listed in table 10, and these combined results are 
shown below. 

Class 

1 
2 
3 

METHOD 1 

Number of Components 

2 4 8 15 

10 9 4 7 
85 89 99 90 
66 76 76 76 

METHOD 2 

Number of Components 

2 4 8 15 

7 49 51 48 
89 91 95 95 
82 82 81 79 
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Table 13. Results for simplified bayes classifier, Scene E 

The components generated from Method 1 and Method 2 were processed in 
a Bayes classifier that used only the diagonal elements of the class 
covariance matrices. The percentage of correct hits in each training area 
as a function of the number of components is tabulated below for Scene E. 

Class 

1 
2 
3 
4 
5 
6 

The 
new set 
below. 

Class 

1 
2 
3 
4 

METHOD 1 METHOD 2 

Number of Components Number of Components 

2 4 8 15 2 4 8 15 

10 27 32 32 43 59 72 81 
50 68 67 64 72 73 71 76 
46 51 49 52 57 61 61 65 
11 41 39 51 44 56 58 57 
63 73 77 80 77 80 90 90 
59 64 56 54 47 60 69 70 

classification results shown above were combined according to the 
of classes listed in table 10 and these combined results are shown 

2 

63 
79 
60 
11 

METHOD 1 

Number of Components 

4 

73 
82 
79 
41 

8 15 

77 80 
77 78 
82 81 
40 ~1 

37 

METHOD 2 

Number of Components 

2 

77 
71 
86 
44 

4 

80 
81 
97 
56 

8 

90 
79 
97 
58 

15 

90 
78 
96 
57 



DISCUSSION 

Considering the simplicity and the effectiveness of the previously 
studied two-component Ad-Hoc image descriptor and the lack of overall 
improvement in performance of Laws texture measure, the use of the Laws 
measure by itself as an image descriptor is not feasible. Laws texture 
measure offers a clear advantage for only one class, the buildings/roads 
class. However, because of the importance of targeting this class, the 
Laws texture should not be dismissed. A possible alternative is to 
combine the two-component Ad-Hoc measure with a reduced set of Laws 
texture components. 

Component reduction Method 3 (arranging a set of principal components 
in an order that maximizes the divergence) is the most effective technique 
for defining a reduced set of components, if not for all the class-pairs, 
at least for the class-pairs containing the buildings/roads class. The 
ordered component sets constructed by this method are scene dependent, but 
this is possibly due to some of the different classes that are used on the 
scenes. If instead of maximizing the divergence over all the class-pairs, 
the divergence is maximized over only the class-pairs common to all the 
scenes, the component sets might be made scene independent. However, 
considering the importance of the buildings/roads class in determining the 
feasibility of Laws texture, another alternative may be more advantageous. 
Since this texture measure does not offer any advantage in discriminating 
class-pairs other than the ones containing buildings/roads, why not 
restrict the process to maximize the divergence on only those class
pairs. This restriction would improve discrimination between such class
pairs at the expense of the others, but the additional use of other 
simpler texture measures--such as the two-component Ad-Hoc measure--might 
easily replace this loss. 

The computational handicap of increasing the number of components by 
adding two or more texture measures might not be worth the expense. 
However, as shown by using the simplified classifier on uncorrelated data, 
this handicap might not be as bad as it might at first seem. If the 
additional components can be computed quickly and if they are close to 
being uncorrelated, they may be worth processing in this or some other 
simple classifier. 
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IDNCLUSIONS 

1. The Laws texture measure is an excellent descriptor for separating 
class-pairs that contain the buildings/roads class; however, it is lacking 
f.or most other class-pairs. 

2. The use of t.he · Laws texture measure by itself as an image descriptor 
is not feasible when recognizing the simplicity and effectiveness of the 
two-component Ad-Hoc image descriptor considered in an earlier study. 

3. A component reduction method that transforms the original components 
into principal components and then arranges the new components in an order 
that maximizes the divergence is the most effective of the four proposed 
methods. 

4. The use of many uncorrelated components in a simplified classifier can 
be just as effective, but more efficient, than a lesser number of 
correlated components in a standard classifier. 
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APPENDIX A. Laws Texture Data 

The authors generated sets of texture data by using the Laws technique 
that was developed in 1979. This method combines both spatial and statis
tical pixel information; spatial information being a pixel's relation to 
its immediate neighbors and statistical information being a comparison of 
a pixel to statistics compiled over a large area of the image. The 
technique involves three steps: 

1. A local convolution for spatial information. 
2. A standard deviation computation for statistical information. 
3. Normalization. 

Step 1. Sixteen .5-by-5 convolution "masks" or windows were moved across 
the image. These windows resulted from all cross-product combinations of 
the following four five-component vectors: 

L: ( 1 
E: (-1 
S: (-1 
R: ( 1 

4 
-2 

0 
-4 

6 4 1) 
0 2 1) 
2 0 -1) 
6 -4 1) 

The letters stand for level, edge, spot, and ripple; and their vectors 
performed the best out of a series of such vectors for Laws, also 
outstripping three-component and seven-component alternatives. 
Multiplying one vector by a transpose of another (or the same) vector 
produces the sixteen .5-by-5 windows. When moved across all possible 
pixels on an M x N image, an (M-4) by (N-4) convolution image results; 16 
windows produce 16 convolutions. 

Step 2. A standard deviation image was created from each convolution 
using a 15 by 15 window of points surrounding each pixel. Each (M-4) by 
(N-4) convolution image becomes an (M-T8) -by (N-18) standard deviation 
image. These images measure the texture energy of each of the 16 
convolution windows. 
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Step 3. The LxLT window was used for normalization since its standard 
deviation values will be larger than any of the other 15 planes. Each of 
the other 15 planes was divided by the "LL" plane, resulting in 15 texture 
energy planes with values between 0 and 1. 

As a final step, the data was converted from separate planes 
(containing one component for each pixel) into a data set containing 
multiple components for each pixel. If all 15 planes are used, each pixel 
will become a 15-component vector; if less are used, the number of 
components will also be reduced. 11 

ll Kenneth Ivan Laws, Texture Image Segmentation, Image 
Institute, University of Southern California, Los Angeles, 
USCIPI Report 940, January 1980. 
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APPERDIX B. Principal Component Data 

The objective of using principal components is to make an attempt at 
decreasing the number of components necessary to describe image points 
without eliminating essential information. Letting each vector describing 
an image point be composed of N components, this method attempts to select 
a new coordinate system in which M components--where M is substantially 
less than N--can be used with little loss in descriptive information. If 
the new components are then used, for example, in a classification 
exercise, it should be possible to eliminate the remaining (N-M) 
components without causing objectionable error in classification. 

In order to eliminate (N-M) components and simultaneously optimize the 
amount of retained information, it is necessary to construct an orthogonal 
transform using some error criterion, usually the mean-square error 
criterion. The transformation matrix "A" that accomplishes this consists 
of columns composed of eigenvectors of another matrix "Kx". The matrix Kx 
can be either the covariance matrix of the image (Kx • S) or the 
correlation matrix of the image (Kx = R). If the matrix Kx = S is used, 
the transformation A performs a diagonalization of the covariance matrix, 
such that the covariance matrix of the transformed image, Ky = ATKxA, is a 
diagonal matrix where elements are eigenvalues of Kx arranged in 
descending order. If a component is deleted, then the mean-square error 
increases by a value proportional to the corresponding eigenvalue. Thus, 
the set of M components with the largest eigenvalues should be selected 
and the remaining (N-M) components discarded. 

In order to get a better understanding of the physical meaning of the 
matrices Kx and A, consider the following. Let M=Kx be an N by N matrix 
operator that transforms the N-dimensional vector X into the N-dimensional 
vector Y through the equation 

Let the matrix 
system (X1 , x2 , 

(Xe l' Xe2' • • • 

Y = M x 

A be an operator that transforms 
••• XN) to the coordinates 
Xe ) through the equation 

n 

X =AX 
i ei 

(Bl) 

the coordinates of one 
of another system 

(B2) 

Figure Bl shows a two-dimensional example of such an operaJor AA when A is 
an orthogonal,. matr,.ix (AT = A- 1) that rot~tes the axis Xel' Xe by an 
angle 0 from (Xlt X2) such that the axis Xe is aligned in the ~irection 
of maximum variance. Substituting equation h2 into equation Bl for any i 
= l,N gives AYe= MAXe• Solving for Ye, with Kx=M, gives the result 
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Ke = ATKxA can be shown to be diagonal if A is a matrix whose columns are 
the unique eigenvector solution of the matrix Kx· 

If the matrix Kx is a matrix containing the covariance estimates of an 
image, that is Kx=S, then, the matrix Ky is a diagonal matrix of 
eigenvalues whose values are the variances of the new transformed 
vectors (Xe = ATX). Since the covariance elements of Ky are zero, the 
components are uncorrelated. 

Reference to the •method of principal components can be made in a 
number of books on statistical pattern recognition. 12 

Figure Bl. Alignment of Principal Qnaponent Data. 

12 One such example: Harry Andrews, Introduction to Mathematical 
Techniques in Pattern Recognition, John Wiley & Sons, Inc., 1972 • 
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