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SUMMARY 

This research is a symbiosis of modern and classical physical and satellite geodesy 
under consideration of relevant theoretical and practical considerations. It is based on 
methods, results, and conclusions obtained by several members of the international 
geodetic community and a series of studies conducted by the author for the Depart
ment of Defense. The equations and ideas presented permit the establishment of use
ful computer programs under utilization of a good amount of available data for a bet
ter determination of the earth's anomalous gravity potential and its partial derivatives. 
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FOREWORD 

The author has performed this study as part of a broad research effort in systems 
analysis, physical and satellite geodesy, inertial navigation, and meteorology. He feels 
indebted to Professor Helmut Moritz, Technical University of Gr~, and to Professor 
Helmut Wolf, University of Bonn, who made themselves available for discussions in 
June 1972 ar_id who endorsed the basic ideas of his work. This research, which has 
been supported by the U.S. Army Engineer Topographic Laboratories, is simultaneous
ly a contribution to the work of the Special Studies Group "Mathematical Methods in 
Physical Geodesy" of the International Association of Geodesy. 
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THE DETERMINATION OF THE ANOMALOUS GRAVITY POTENTIAL 
FROM SATELLITE AND TERRESTRIAL DATA 

UNDElt UTILIZATION OF MODERN GRAVIMETRIC THEORY* 

After a review of related work, a first order connection between a spherical har
monics presentation of the disturbing potential at a height of 9 km above sea level and 
the l}nomalous potential at the earth's physical surface based on the theories of Pellinen, 
Moritz, and the author is facilitated. This is achieved by a topographic correction term 
applied to the potential at 9 km above sea level, which permits an analytical continua
tion between the thus modified potential and that expressed by Faye anomalies at the 
earth's physical surface. In this way, the problem of analytical continuation of free air 
gravity anomalies is avoided. Furthermore, it is possible to reduce the remaining poten
tial or gravity anomaly variance at 9 km above sea level, associated with higher order 
harmonics, by corresponding topographic corrections. 

I. Introduction. During the last 15 years, a good deal of effort has been spent 
on the development of models for the determination of the earth's disturbing gravity 
potential. Lately, however, the emphasis has shifted to the data problem which has 
been present for a long time because of the insufficient availability of gravity anomalies 
on the earth's surface, particularly in oceanic areas. The utilization of satellite observa
tions and, increasingly, the combination of this data with mean gravity anomalies, has 
facilitated the computation of spherical harmonics coefficients up to about order and 
degree 15. Adjustment methods involving a gravity anomaly covariance theory based 
on the assumption of a rotation invariant stochastic process are playing a considerable 
role in this effort. Due to the incorporation of mean anomalies for blocks of size 
5°x5°, the underlying models for the disturbing potential have been essentially Stokes' 
and Molodensky's linear approximation; i.e., analytical continuation of mean gravity 
anomalies down to the reference sphere is implicitly assumed. A conceptual exception 
is the approach by Koch and Morrison, who employ a generalized surface density of 
the Molodensky type. 

With the advent of satellite altimetry and, hopefully, increasing availability of 
gravity anomalies on the continents, mean anomalies for 2°x2° blocks and possibly for 
1°xl0 blocks, could be formed. Unfortunately, Stokes' and Molodensky's linear solu
tions are not adequate for these relatively small scales since the topographic influence 
on the disturbing potential, and particularly on its partial derivatives, becomes more 
pronounced with growing wave number. In conjunction herewith, statistical estimation 
based on stationarity assumptions or homogeneity, respectively, are less satisfactory. 
The objective of this study is to overcome these difficulties. 

*Presented at the International Symposium on Earth Gravity Models and Related Problems, St. Louis, Missouri, 
August 1972. 
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In Paragraph 2 the appropriate fundamental model, based on a combination of 
modern gravimetric theory and classical methods, is described. Paragraph 3 deals with 
an extension of this model for a height of 9 km above sea level in order to achieve a 
combination with a potential derivable from satellite observations which is expressable 
in terms of spherical harmonics. It becomes apparent that this extended model con
sists of two distinct parts, one of which permits analytical downward continuation to 
the Bjerhammar sphere. In Paragraph 4, a modified combined satellite-gravimetric so
lution along the lines of Koch and Morrison is contemplated which, if applied to a 
somewhat smaller scale than those under consideration at the present, would yield 
some improvement. In addition, the topographic part of the disturbing potential for 
a height of 9 km above sea level can be developed independently to any desired order 
and degree. Paragraph 5, involving general statistical considerations, is very important 
from the standpoint of gravimetric theory, including adjustment methods and the esti
mation of field variables in view of the existence of two processes. One of them is rea
sonably, though not optimally, homogeneous. In Paragraph 6, a solution for the regu
lar or nontopographic part of the disturbing potential under utilization of satellite, 
gravity, and satellite altimetry measurements for land areas is attempted. Finally, in 
Paragraph 7, the employment of isostatic anomalies from the standpoint of an optimal
ly homogeneous rotation invariant process is considered. This approach offers many 
advantages in the reduction of gravity anomaly and deflection of the vertical variances 
down to block sizes between 1°xl0 and 2°x2°. 

2. First Order Theory for the Anomalous Gravity Potential. A first order solu
tion for the earth's disturbingpotential based on the a_p_proaches of Pellinen [1,2], 
Moritz [3], and Baussus von Luetzow [4] is 

with 

T= 4~ ff<AgT +Gi)S(iJJ)da+c5T-- T 

a 

G = R2ffi~A -bh+3c5T-) h-3hpd = R2ffi~A +3c5T,_) h-hpd 1 21T gT 2R Q a 21T gB 2R Q3 a 
I o 0 

a a 

(1) 

(2) 

As to nomenclature, T is the disturbing potential at the earth's physical surface, R = 
6371 km, ~gT = ~g + Tlr is the topographically corrected or Faye anomaly with Tlr as 
the terrain correction, S(l/I) is the ordinary Stokes' function, o is the surface of the unit 
sphere, l>T,.., is the standard Bouguer gradient involving the topographic mean density 
p = 2.67 g cm"3 , his the height of a variable point of the earth's surface, hp the height 

of a computation point on the earth's surface, £
0 

= 2R sin ~ , 1/1 is the angle between 
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the radius vectors t and tp referring to the variable surface point P and the fixed P 0 , 

~gB is the Bouguer anomaly, and 

T : b~; ff Q~ da 

a 

(3) 

As to some relatively insignificant refinements, reference is made to Baussus von Luet
zow [4) and Moritz [3] the latter of whom suggests to neglect also the term involving 
ST...., in eq. ( 2) within a planar approximation. Both authors have emphasized the ad
vantages of solution (1) over a free-air anomaly solution corresponding to 75 = 0, par
ticularly with regard to the deflections of the vertical ~ and fl. 

The computation of the last two terms in eq. (1) can be facilitated in the form 

(4) 

with 

3. Modified First Order Solution for a Height of 9 Kilometers. We extend solu
tion (1) to one for the anomalous potential T 9 at 9 km above sea level; i.e., to a level 
surface beyond the height of the Mount Everest. A suitable form for later applications 
IS 

T9 = 4;Jf[t:i.gT+°::T {9km-h)J S{l/l)da 

a 

Rf!R
2 ffi( l§L...) h- hp + 47T 21f }} ~- bh + 2R ~ da S(l/I) da + e + 71T (9 km-h) 

(5) 

a a 

where 

(6) 
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In this formulation, eq. (5) can also be written as 

(7) 

I\ 

with T 9 expressable in terms of spherical harmonics involving relatively smooth .6gT 
anomalies and T 9 top as an independently computable topographic component of T 9 . 

A 

It is both important that T 9 permits analytical downward continuation to the surf ace 
of the Bjerhammar sphere and that the topographic component of T 9 can be developed 
in spherical harmonics: 

n 

I: (Cnm cosmX + Snm sin mX) P nm (sin1P) 
m=O 

(8) 

where C and Sare fully normalized coefficients and PNMare fully normalized Associat
ed Legendre Functions. 

It has to be emphasized that spherical harmonics with n < 2 are to be expected both in 
A 

eq. (8) and with reference to T 9 of eq. (7) since only a development of T 9 + T 9 top 

starts with n = 2. 

For the purpose of simplicity, the correction term k5M mentioned by Heiskanen and 
Moritz [ 5] has been neglected throughout. R 

4. Combined Satellite - Gravimetric Solutions. For combined solutions of 
higher degree and order than those presently available, which will be attempted in the 
future, it might be worthwhile to utilize partial derivatives of the function T 9 top (r, A, lfJ), 
which are immediately obtainable from eq. (8). This has two advantages, namely the re
duction of a residual variance and the determination of statistically more appropriate sig
nal and gravity anomaly covariance matrices. 

Employing the nomenclature of Koch and Morrison [ 6], we would arrive at the follow
ing normal equations: 

[
AT~L-1 A+ ~K -1 

. T -I 
B ~L A 

(9) 

Here, A and B are matrices involved in the observation equations 
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[ ~Ke ] [A, B] ~ ~ +v2 (10) 

Furthermore, aKr i~th]e vector of unknown parameters describing a differential gravity 
t:,.r . 

potential, ~e = -..fl the vector comprising initial condition improvements, L2 the 
t:,.ro 

vector of observations, and v2 the vector of residuals. 

First, corrections <SL to the former observation vector L1 by means of T 9 top (r, X, I{)) 
have to be computed so that 

-1 

(11) 

In addition, ~ based on statistically more satisfying covariances associated with 
L -1 

~gT -mean anomalies have to be determined. These covariances also enter into ~ K 

As a consequence, the adjustment model is a better one and the residual variance be
comes smaller. 

The adjustment model outlined above is based on Kaula's [7] original approach. An 
improvement is, of course, also to he expected in the more general model developed by 
Moritz [8] which includes signal and noise covariance matrices. The signal, in terms of 

A-

UnknOWn potential coefficients, is again smoother with reference to an expansion of T 9 

with r > R + 9 km than with reference to T 9 (r, X, lfJ). 

T 9 top (r, X, lfJ) should he developed, at best, up to the degree and order desired for a 
combined satellite-gravimetric solution. According to Rapp [9], a presentation of the 
external potential that considers the short wa:elength variations of the gravity field will 
be needed. The better the representation of T 9 becomes, particularly by means of satel
lite altimetry, the greater is the need for the incorporation of T 9 top (r, X, lfJ). A signli
cant decrease of the influence of high wave numbers may be expected pertaining to T 9 • 

This is, however, not the case for T 9 top. It is, of course, the partial derivatives of poten
tial differences which matter and not differences of disturbing potentials. 

5. General Statistical Considerations. According to Krarup [ 10], it is very diffi
cult to combine the set of satellite data with the set of gravity measurements on the 
earth's surface: "It is curious that geodesists who are accustomed to use and perhaps 
misuse adjustment methods in geometrical geodesy have not been able to find an adjust
ment method that can combine these two sorts of data." The only way to achieve this 
is by a separation of T 9 into a "regular" and a topographic part. Only for the regular 
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part, i.e., for T 9 , is it possible to represent the disturbing potential as a rotation invari-
ant stochastic process which gives reasonable results a~d where an extension to the 
Bjerhammar sphere is possible as well. It is true that T 9 plus T 9 top allows the determi
nation of a correlation function for r;;;;;, R + 9 km. This function, however, does n~t 
represent a reproducing kernel in Hilbert space for the total region outside the Bjer
hammar sphere. In addition, it can be shown that the collocation method in physical 
geodesy has accuracy and scale limitations. 

Equation (9) and, in more detail, eq. (5) show that there are two underlying proc
esses involved. According to Meissl [ 11] a single realization isotropic process is only 
reasonably isotropic if the gravity anomalies are fairly homogeneous all over the world. 
This appr<~ximation is evidently only approximately valid with respect to the process 
involving T9 = T 9 (~gT) and more justified in the case of isostatic anomalies, considered 
in Paragraph 7. For this reason, an analytical continuation of T 9 with R ~ r < R + 9 km 
would lead to singularities, particularly in case of a high degree and order development 
in spherical harmonics. The convergence of series of spherical harmonics in this case is 
indeed, to speak with Kramp [10], such an unstable property that it has no physical 
meaning at all. 

In this connection it should he mentioned that according to Moritz [ 12], system
atic effects, such as nonzero average and dependence on topography, should he removed 
from the gravity anomalies in order to fulfill the conditions of approximate homogene
ity and isotropy. This is exactly what we have done. We also agree with Moritz [12] 
that least sguares estimation complements, rather than replaces, the conventional meth
ods. It is particularly well-suited for interpolation ana short range exlrapoiation as well 
as estimation of errors and where the covariance matrix has a manageable size. 

As far as the inadmissahility of certain low harmonics is concerned, we face the 
same problem pertaining to T = T 8 in eq. (1), where the subscript S denotes surface, or 
with respect to T9 in eq. (7), as Molodensky and Brovar. Krarup [10] has emphasized 
this problem in regard to Molodensky's solution. Fortunately, solutions for the normal 
part of the potential corresponding to T 9 are available from satellite observations. Ulti
mately, a first order harmonic and the coefficients of P~ 0 (sincp), P11 (sincp) cos>.., 
P11 (sincp) sin>.., P21 (sincp) cos>.., and P21 (sincp) sin>.. must vanish. This presupposes, of 
course, an analytical continuation of these low order harmonics. So far, this problem 
has been avoided in adjustment methods since Stokes' solution, Molodensky's linear 
solution, and Moritz's gradient method have been utilized or contemplated, respective
ly, instead of eq. (1). For 5°x5° block anomalies analytical continuation does not ap
pear to be problematic, although this approach has serious limitation~ with respect to 
higher harmonics and the determination of deflections of the vertical in mountainous 
areas. 
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The adjustment method involving statistically stationary least squares estimation 
advocated by Kramp [10] fails if applied to unmodified point anomalies on the earth's 
surface. The nonstationary behavior of the topography reflects itself even in the topo· 
graphic component T 9 mp of T 9 , mentioned above. 

Linear interpolation of Ag in strongly mountainous regions would be satisfactorily 
possible within a high resolution grid only. Since Ag anomalies for such grid will hardly 
become available, MolQ_densky's problem would have to be solved for a smoothed to· 
pography h involving Ag anomalies composed of estimated Agr- and compute4_ ~T data. 
Furthermore, Ag would in general require a higher degree approximation than h. For 
this reason, the solution ( 1) for T =Ts in connection with a grid Ax= Ay ~ 5 km 
would provide about the same accuracy as Molodensky's formally more rigorous model. 

6. Solution Involving Satellite, Gravity, and Satellite Altimeter Measurements. 
We assume the availability of T w - and Ag data for a certain block size, say 3°x3°, with 
T w computed from satellite altimeter measurements. We have T w - and Agw data for 
ocean areas and AgL data for land areas. 

In order to compute TL for the land areas, we perform the following: 

I\ 

a. Transformation of T w into T w (AgT) = T w by means of eq. (5). 

b. Transformation of AgL into A~L by means of TlrL. 

I\ I\ 

c. C0-mputation of T)2> ilom_ ~ -,_Ag,.w-, and adjacent AgTL data under 
utilization of correlation techniques. 

d. Estimation of AgTL mean anomalies in "empty" areas from consistent 
satellite anomalies and adjacent mean anomalies by statistical techniques. 

I\ 

e. Determination of AgTw(2) from T ) 2> by inversion of Stokes' formula 
I\ 

which is, of course, incomplete since TL is not known. 

After these preparations we arrive at 

T (1) = .!. rrt:..gTL S(l/I) da +~ 
L 47T jj' 47T 

fft:..gi'] S(l/l)da+ 4~ //t:..ftTLcfdS(l/l)da (12) 

aL aw aL 

I\ 

with AgTL derived from TL satellite data. 

An improvement to T L(l) can easily be computed as 
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S(l/l)da (13) 

UL 

The procedure outlined above is in agreement with the findings or conclusions of 
/\ 

Rapp [13] and is supposed to yield good TL data involving only small aliasing errors. 
The advantage is again the possibility of employing correlation techniques free of top~
graphic effects. A modification of eq. (12) for ocean areas under consideration of avail
able AgTw data is possible, hut it is not recommended in view J)f the present relatively 
sparse coverage. 

/\ 

An improvement for TL is possible by further iteration, possibly with an over-
relaxation factor slightly smaller than one along the lines described by Baussus von 
Luetzow [14]. In addition, eq. (6) may be prudently utilized. The topographic part 
of T8 or T9 can he easily computed from eq. (5) where fir (9 km-h) has to be neg
lected with respect to T 8 . 

7. Solution Involving the Use of Isostatic Anomalies. It is generally recognized 
that in the foreseeable future the data problem will be the predominant one and that 
every effort should he made to reduce the dependence on measured gravity anomalies 
as much as possible. In Paragraph 5 w~ concluded, in agreement with Krarup"and 
Meissl, that the separation of T 9 into T 9 + T 9 top permits the presentation of T 9 or AgT, 
respectively, as a rotation invariant stochastic process. The question still arises whether 
it is the most homogeneous process possible. The answer has to be in the negative since, 
with AgL as the isostatic gravity anomaly, 

(14) 

where c5g, has to he determined from 

var A~ = var ( Ag8 + f) = Min. (15) 

The constants of a topographic function f satisfying the condition of eq. (15) may 
be formed by correlation techniques. The topography can, of course, only be satisfac
torily correlated out under the assumption of isostasy. It should, however, he remem
bered that the isostatic anomaly has, as a signal function, both minimum variance and 
an increased microscale X,, i.e., 

oAgB oAgB af af 
var~s + 2 cov -- - + var ~s 

u OS 'as u 

var Ag8 + 2 cov (Ag8 , f) + var f 

1 
<>..2 

T 

where the microscale AT corresponds to AgT and s = Q
0

• 
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In this way, AgL or TL are statistically the most homogeneous, and isotropic esti
mation techniques are, therefore, the most promising. Only for blocks with length 

d < AL would it be necessary to return to Ag1 anomalies. According to a pseliminary 
3 

analysis, this would only be required for a spherical harmonics representation signifi-
cantly exceeding degree and order 90. 

In accordance with the preceding considerations, we write eq. (17) as 

Ii. 
= T9 + oT, + T9 top 

with c5TL = T9 (Agr) -T9 (AgL) 

and 

Returning to eq. (5), we find immediately 

~ R 
T9 --

47T 
J J [Ilg, + a~, {9 km - h)] S(o/)da 

a 

R. ff[ Clog, ] oT, = - 47T JJ og, + oh (9 km- h) S(l/l)da 

a 

where ATL, like T9top, is computable from the earth's topography. 

(17) 

(18) 

(19) 

Although the term ( c5T L + T 9 top) is similar to the indirect effect in an isostatic so
lution involving the determination of the geoid and an associated cogeoid, our solution 
has been derived in a different and less hypothetical way and has not been changed by 
the introduction of the isostatic anomaly AgL, which serves only as a better signal func
tion than AgT. In this connection it should be pointed out that the applicability of 
models involving AgT, or even Ag together with Stokes' function, is inherently based 
on the assumption of a more or less pronounced isostatic equilibrium as indicated by 
Moritz [ 15]. 

8. Conclusions. From a theoretical and practical point of view, solutions for the 
gravity disturbing potential and its partial derivatives under utilization of satellite and 
gravity information related to the earth's surface require a model which consists of a 
regular part expressable in spherical harmonics and a topographic part, the latter of 
which can sufficiently describe the fine structure of the gravity field. The regular part 
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permits, with some limitations, the application of homogeneous and isotropic colloca
tion methods. A modified regular part involving isostatic gravity anomalies is optimally 
homogeneous and of practical significance pertaining to adjustment and extrapolation 
methods. The availability or immediate computability of the topographic components 
related to the use of Faye or isostatic anomalies offers a great advantage. Determination 
of higher resolution gravity fields in the foreseeable future requires an approach consist
ent with the methods and results obtained above. Benefits with respect to inertial navi
gation, geodetic satellites, space vehicle trajectories and close satellite orbits, including 
separation of gravity and drag effects, would be a logical consequence of such endeavor. 
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