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A GENERAL THEORY OF STRESSES AND DISPLACEMENTS 

IN ELASTIC AND VISCOELASTIC LAYERED SYST&�S 

Y. T. Chou 
U. s. Army Engineer Waterways Experiment Station

Vicksburg, Mississippi 

ABSTRACT. A multilayered, linear, elastic, and viscoelastic half 
space under stationary and moving axisymmetric loads is an�lyzed. Solu
tions are presented for normal stress, radial stress, tangential stress, 
shear stress, vertical deflection, and radial displacement at any point 
within the half space. The elastic.solutions are obtained by.Love's 
stress function and the Fourier-Hankel transform; the viscoelastic 
solutions, based on the elastic-viscoelastic correspondence principle, 
are obtained by applying the Laplace transformation to replace the time 
variable with a transformed variable. The time-dependent problem is 
then-�hanged to an associated elastic problem. Inversion of the solu
tion of the associated elastic problem into the real time variable solves 
the viscoelastic problem. By neglecting the inertia effect, the static 
viscoelastic solution has been extended to the moving load case. 

Numerical examples are given to illustrate the response of the 
materials to a normal point load. Such an analysis is believed to be 
an essential step. in the development of a rational method for designing 
airport and highway flexible pavements. 

INTRODUCTION. A rational design method �or airport an9 highway 
flexible pavements requires knowledge of the stresses and displacements 
w.i.tld.u Lh� layered systems. Once these quantities are numerically 
determined, other design criteria, such as fatigue and failure c�nsidera
tions, can then be taken into account. 

This paper presents an analysis of linear, elastic and viscoelastic, 
multilayered systems under both stationary and moving axisymmetric loads. 
These loads were comprised of normal point load, uniform and parabolic 
normal loads, and tangential load, which are commonly found on pavements. 
Expressions for stresses and displacements under stationary loads at 

• points within the systems were developed by Love's stress function! 

and the Fourier-Hankel transform. Expressions were developed for visco
elastic cases under stationary and moving loads, based on the elastic
viscoelastic correspondence principle. 2 This was accomplished by
applying the Laplace transform to replace the time variable with a
transformed variable p. The time-dependent problem was thus changed
to an associated elastic problem. Inversion of the solution for the
associated elastic problem into the real time variable solved the
viscoelastic problem. Inertial effects were not considered in the
derivation of equations for moving loads.
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In deriving equations, a "rough" interface was assumed; i.e.·, the 
displacement in the horizontal direction and the shearing stress were 
continuous across the interface. These conditions were felt to be 
better descriptions of the actual conditions of flexible pavement 
structures. 

STATIC ELASTIC SOLUTION. The elastic solution for two-and three
layered systems was developed by Burmister3 and later extended to 
multilayer systems by Mehta and Veletsos. 4 An n-layer elastic system, 
subjected to an axisymmetrically distributed load, is shown in Figure 1. 
Cylindrical coordinates are used to facilitate the solution of the 
problem, since axial symmetry exists. The general �ethod of analysis 
involves the determination of a stress function that satisfied the 
governing differential equation

in which 
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for each of the layers. The stresses and displaceme,ltS for the various 
layers are expres�ed in terms of the stress function +. 1

Consider a stress function of the form: 

where 

Gj(z) • a function of depth z only,

J
0

(mr) • the Bessel function of the first kind and order of 0

m • a parameter 

Subscript j • the quantities corresponding to the jth layer

Substitutions can easily verify that 

• • 
j 

2 

(2)



th is a stress function for the j layer that satisfies equation 1.
where 

A. B, C, D • integration constants

• r/H

• z/H

p 

A 

H • the distance from the surface to the upper boundary
of the lowest layer 

The stresses and displacement� determined from the stress functions
are: 

(a:*>
j 

• -m J
0
(mp) {[A

j
-C

j
(l-2v

j
-mA)] exp[-m_(A

j
-A)]

+ [B
j 

·+ D
j
(l-2v

j
+mA)] exp[-m(A-A

j-l)]}

. J (mp) 
(a:*)

j 
• [mJ

0
(�p) - l

p ] {[A
j
+C

j
(l+mA)] exp[-m(A

j
->.)]

Jl(mp) 
p 

3 

(la) 

(3d) 



where 

** 

(w )j • 
1 +v

j
Ej 

- [B
j 

+ Dj (2-4vj+m.>.) l exp[-m(.>.-.>.j_1)]}

1 +v
j 

Ej J1 (mp) {[Aj + Cj (l+m.>.) l exp[-m (.>.j-.>.))

+ [B
j

'- Dj(l�m.>.)] exp[-m(.>.-.>.j_1)]}

(3e) 

(3£) 

a, o ,  and 08 • stresses in z, r, and 8 directions, respectively.z r 
w and u • vertical and horizontal displacements, respectively.

• Bessel function of the first kind and order of 1.

The double asterisks indicate that these quantities are not the 
actual stresses and displacements due to the actual load, but are those 
due to a vertical load, -mJ

0
(mp), and a horizontal shearing force, mJ1(mp).

From equations 3a and 3d, at the upper surface (j • 1, .>. • 0), o • -mJ (�p)
Z 0 

and trz • mJ1(mp), when the respective expression in the brackets is
taken as unity. 

The boundary and interface conditions are: 

a. At the upper surface, j • 1 and .>.• 0
** 

(o )1 • -mJ (mp)
Z 0 

** 

<.trz > 1 • mJl (mp)

I (4a) 

(4b) 

** 

If the influence of normal loads is considered alone, then (trz )1 • 0
• in equation 4b; if only the horizontal force exists, then (oz**>1 • 0

in equation 4a. In the following discussion, the effects of normal and 
horizontal loads are considered separately.· 

b. At the interface,
** 

• (oz >j+l
** 

• (trz ) j+l

4 

(Sa) 

(Sb) 



** 

(w ) j+l
** • (u )j+l

Since the stresses and displacements must vanish as A 
infinity, it can be concluded from equation 2 that for the 
layer (i • n), A • C • O. 

n n 

(Sc) 

(5d) 

approaches 
lowermost 

The remaining 4n-2 integration constants can be evaluated from the 
4n-2 simultaneous equations obtained by satfsfying equations 4 and 5 for 
each of the n-1 interfaces. After the integration constants are deter
mined, they can be substituted into ·equation 3 to get the stresses aad 
displacements due to loadings -mJ0(mp) or mJ1(mp).

To find the stresses and displacements due to various types of 
surface loading, the Hankel transform is used. For a normal load of 
constant intensity q distributed over a circular area of radius a: 

where 
-
f

a 

f(m) qp J (mp)dp • 
0 

0 

a •

The Hankel inversion of f(m) is 

qa 

m J1 (ma)

. q(p) _f 
0 

f(m) mJ
0

(mp!dm • qa 1• J
0

(mp) J1(..,)dm

0 

If Y* is the stress or displacement in equation 3 due to th� 
vertical loading -mJ (mp) and Y is that due to the load -q, then: 

0 

y - qa[
0 

For a concentrated normal load -q:
0 
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f(m) • 
-qa

-q

lim [ Jl (mo)] = 0

a-iQ 
m

2 nH2 

00 

-q 
J mJ

0
(mp)dm qo(p) • 0 

2 11'H2 

0 

00 

y -

qo f Y* dm
2 11'H2 

0 

For a parabolically distributed normal load over a circular area of 

r2 

radius a with q (r) • -q(l - - ) : 

-

a2 

q 

- 2

q(p) • f. f(m)mJ
0

(mp)dm 
0 

y 

1 2 
[ - J1(ma) - J (ma)] J (mp)dmm am o o . 

(7) 

(8) 

For a horizontal shear force of constant intensity T distributed over 
a circular area of radius a: 

· f(m)

-
f

a 

0 
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For a given value of m, f(m) can be found by numerical integration. 

T(p) • r I (m) mJ
l 

(mp) elm 

0 

y • r I (m) Y* dm 

0 

(9) 

Similarly, the same procedure may be employed for other types of 
axisymmetric loads. 

The analysis of elastic layered systems can, therefore, be 
summarized in the following steps: (a) assign successifve values of 
m to any one of equations 6 to 9, depending upon the surface loading 
conditi.ons, starting from zero to a rather large positive number until 

. Y converges; (b) for each value of m, establish the simultaneious 
equations from equations 3, 4, and S, and solve for the constants of 
integration; and, (c) substitute the constants into equation 3 to obtain 
Y* and determine Y from one of equations 6 to 9 by numerical integration. 

To illustrate - the vertical displacement w at the surface, the 
0 

vertical displacement w8, and the vertical stress 08 at a point 2h1
below the surface for an incompressible, two-layer elastic system due 
to a vertical load -mJ (mp) are 

where 

w 
0 
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-
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J (mp) V 
0 0 

. 2 1+4Nm exp(-2m) - N exp(-4m) 
V •------

2
,----.---�

2
-----

o l-2N(l + 2m ) exp(-2m) + N exp(-4m)
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(1+2m) exp(-2m) -N(l-2m
2
) exp(-4m)

V8 • (1-N) ----------------

1-2N(l+2m
2
) exp(-2m) + N

2
exp(-4m)

V • m.V a B

N • 

The corresponding expressions w
0

, w
8

, and aB due to a normal point

load -q
0 

can be obtained from_ equation 7:
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J 
0 

CD 

J 
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J ·(m.p) \I dm
0 0 

J
0

(mp) VB 
dm

J (mp) V dm 
0 

where V ,  V
B
, and V are the same as in equation 10. 

o a 

The expressions for stresses and displacements at any point in 

(lla) 

(llb) 

(llc) 

the layered system induced by other axisymmetric normal loads have the 
same form as shown in equation 11. For example, equation 11 for a 
uniform circular load -q can be written: 

w -
0 

ga 

2G
1 

qa 

2G
2

1· 
0, 

J 
0 

J (mp) 
0 Jl (ma) V dm

m 0 

J (mp) 
0 J

1
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8 
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where V , v
8

, and V are the same as. in equation 10. ·
o a 
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Note that singularity exists in surface displacement w under a 

normal point load, as shown in equation lla. The value of the Bessel 
function becomes 1 when the value of� is zero, and the value of V 
converges to 1 when m becomes larger than 10. 0

When the number of layers is increased, the equations for stresses 
and displacements have the same form as equation 11; but the terms V , 

0 

VB, V0 , which contain expressions for material properties of the components

of each layer, become more complicated. 

STATIC VISCOELASTIC SOLUTIONS. The viscoelastic stres·s-stra!.n 
relations used throughout this paper are based on the principle of 
elastic-viscoelastic correspondence µeveloped by Lee2 and are·defi�cd 
by linear differential operators with respect to time. For a lit:ear, 
homogeneous, and isotropic material, the stress-strain relation can be 
represented by two pairs of operators, one of which relates the deviatoric 
stress to the deviatoric strain, the other the mean normal dilatational 
stress to the mean normal strain. Thus: 

where 

P"o - 3Q"e ii ii

l 
s

1j 
• deviatoric stress• oij - 3 o

KK
oij

e1j • deviatoric stress • c ij - ½ 6 KI<oij

: stress tensors 

• strain tensors

• Kronecker delta; i.e., o
1j - 1, 1 - j, o

1j 
- o, 1 � j

The analogous equations. for the elastic solid are: 

CJii = lK ii 

where G is the shear modulus and K the bulk modulus • 

. 9 

(13a) 

(13b) 

(14a) 

(14b) 



· Compare equations 13 and 14

G • (15a) 

(15b) 

n 

where Q', P', Q", and P" are linear operators of the form 

The coefficients ar and the integer n are, in general, different fo� esch
operator. Linearity requires that a be independent of stress and strain, 

r 

and the assumption of homogenity and isotropy eliminates the dependence of 
•r on location and orientation of stress within the system. The Young's
modulus E and the Poisson's ratio v are related to G and K by the formulas

E • _.,,.. ..... 9 .... 1<!...,G_3K + G 

V • 
3K - 2G 
6K + 2G 

(16a) 

(16b) 

In elastic problems, K. G, E, and v are time-independent constants; but 
in v1scoe1ast1c problems, they are not constants, but are ltnear dif
ferential operators, as shown in equation 15. 

�-

To eliminate the time variable t, the Laplace transform with respect 
to t can be applied to equation 13. The transforms of stresses and 
strains are denoted by an asterisk on the corresponding function. If 
the system is initially undisturbed; i.e., with initial stress and strain 
conditions equal to zero, and the operator in a/at merely becomes the 
same function of the transformed variable p,2 equation 13 becomes: 

P'(p)S * • 2Q'(p) e � 
ij ij 

(17a) 

P"(p)a * • 3Q"(p) t *
ii ii 

(17b) 

where P'(p), Q'(p), P"(p), and Qn(p) are polynomials of the form 

10 



• 

If the Laplace transforms of the stresses and strains are considered, 
and if G* and K* are defined as follows: 

s
iJ 

* Q' (p)
G* • .. 

.2e1j
* P' (p)

(18a) 

* Q"(p)* 011
K - = 

3E11
* 

P" (p) 
(18b) 

then by replacing G, K, and load q · (or q, T) in the elastic equations 
0 

* for stresses and displacements with G*, K*, and q t respectively, the 
0 

equations for the Laplace transforms of stresses and displacements are 
obta�ned. These equations are functions of the transformed variable, p, 
and their inversions give the stresses and displacements in terms of the 
time variable, t • 

The corresponding equations in the transformed domain for equation 11

are: 

00 

* 
l 

J
* 

w -

4� 2 J (mp) V dm (19a) 
0 0 0 

1 0 

* 1 (0) 
J (mp) 

* 

(19b) W
B 

-

2 J 
VB am 

0 41rh1 6 

fl) 

l

J * 

(mp) (19c) 
O'B 

- - J V dm 2 0 a 21rh1 0 

where 
* � * 2 

* qo 1+4N m exp(-2m) -(N) exp(-4m) 
V -

* * 
(20a) 

0 
G

l
l-2N 2 * 2 (1+2m ) exp(-2m) + (N) exp(-4m) 

* * 

q (l-N ) 0 
* 2(1+2m) exp(-2m) -N (l-2m ) exp(-4m) 

* 2 * 2 l-2N (1+2m ) exp(-2m)_+ (N) exp(-4m) ·

11 

(20b) 



* 
N • 

* * 

* 2 (1+2m) exp(-2m) -N (1-2m ) exp(-4m) 

G1 and G2 ., which characteri�e the material properties, can be

(20c) 

(20d) 

(20e) 

obtained from the linear differential operators as shown in equation 18a. 
For a given mechanical model that properly characterizes the shear be
havior of the material, the transformed shear modulus G* can be substituted 
into equation 20. V *·, v

8
•, and V * will be found to be the ratios of two 

0 0 

polynomials, the polynomial in the denominator having degrees higher than 
that in the numerator. Consequently, V0

*, v
8

•, and V0* can be partial-

fractioned, and the direct Laplace inversion can be applied. By sub
stituting V

0
, v
8
, and V

0 
into equation 11, the viscoelastic solution can

be obtained. The.resulting inte§rals can be evaluated numerically by
the Gaussian quadrature formula. However, when the polynomial is of 
such a high degree that finding its roots becomes very tedious, the 
collocation method is suggested, which will be explained later. For 
other types of surface loads, similar procedures can be us�d to obtain 
solutions. 

i MOVING LOADS. Since the speeds of the loads of vehicles traveling 
on pavements are much less than the speeds of the shear and compression 
waves propagated in the pavement structures, inertial effects can be 
assumed negligible. The system is assumed to be at rest initially. 
For time greater than zero, the surface of the system is subject to an 
axisymmetrical loading moving along the x-axis with constant velocity v. 
A point load -q (t) is shown in Figure 2. At any instant the stresses 

0 

and displacement at the point (x, O, z) directly under the path of the 
' load in the elastic problem with this point load are given in equation 11 

with r replaced by (x-at), since the directions of x and r are the same 
at the point in question, and the radians of the point (x, O, z) relative 
to cylindrical coordinates based on the load axis is (x-vt).. Equation 19 
·for·the case of a moving load can be written:

* 
w -

0 

12 

* * 
{q J [m(X-VT')l} V elm 
· 0 0 0 

(21a) 



* 
1 

WB 
-

4m 
2 

1 

* -1

OB 
-

2m 
2 

1 

c» 

J 
0 

J
c» 

0 

* * (q J (m(X-Vt')l} VB dm
0 0 

* * 

{oq J [m(X-Vt'}]} V dm 
0 0 CJ 

(21b) 

(21c) 

X * * where X • Ht V
0

, VB , and V * are the same as shown in equation 20,a 
except that q * does not 

0 
appear in the expression. 

Moreover, the viscoelastic solution can be obtained by using the 
convolution integral. After the exchange of integrals we have: 

• 

w -
0 

w (t) =
0 

t 
41r 1 

J w - -w (t) ... -B . q B h 2o 1 0 

1• J
0 

(m(X-Vr')J V
8

(t-,')dadr'

0 

t 

h
l
2J 

l 0 0 

aJ [m(X-Vt')]V (t-i:')dmd,:' 
o a 

where t' is time varying from zero to t, and the expression (t - t') 
mPAnci

. 
t:h -?t . V

O
• VB. .a�d V 

0
::1rc f uncti.-:., • .s c,f ( t - l ').

(22a) 

(22b) 

(22c) 

Mathematically, the exchange of integrals is possible because the 
inner inteirals of equation 22 are uniformly convergent in the range 
0 < t'< t. This exchange is desirable, since it greatly reduces the 
- -

computation time. 

The value of V, v8, and V in equation 22 can be obtained by
0 0 

inverting V *, V
B

*, and V *, as in the case of a stationary load: For 
, . o a 

cases of incompressible two-layer systems, where the material in each 
layer is characterized by simple models, the direct inversion method may 
also be used. To solve the double integral shown in equation 22, the inner 
integral can be evaluated by the Gaussian quadrature formula, and the 
outer integral by Simpson's rule. In equation 22, the dimensionless 

factor X(ax/B).cannot be factored out of the Bessel function J [m(X-V ')], 
0 t · 

as in the case of the load q; therefore, a value should be assigned to X 
in numerical computations. 0 

13 



The singularity that exists in equation 22a can be treated by 
separate consideration of the conditions where the load approaches the
point and those where it moves away from the point. Equation 22a can 
be written: 

w -

0 

+J

t 

··t 
�l+E) O 

V (t-t' )dmd T
O ·  

J [m(X-Vt')] V (t-t')dmdt' 
0 0 

:,; ·. where � is any positive number less than unity. 

(23) 

Equation 22 is for two-layer systems under point load; the same 
procedure can be applied to obtain stresses and displacements for other
types of surface loads. 

COLLOCATION METHOD. For multilayer systems or compressible material, 
the mathematical work required for the direct inversion method beco�es 
very tedious, and. the polynomial that results is of such a high degree 
that its roots are almost impossible to find. Therefore, the direct 
inversion method is used mainly when equations can be reduced to a sum 
of simple partial fractions. For multilayer or compressible material, 
an approximate method is developed. This method was original� proposed 
by s�h�J:),-ry. 7 ,8 ba!l'!'tl on re�ults obto.i�cd from, irrev.arsiblc: tlu.::.:1uvuyuc11il.i.�::.
and variational principles. Schapery concluded that the class of problems 
to which the elastic-viscoelastic analogy may be applied has time-d°ependent
solutions of the form: 

where it,• and l/1" are constants with respect to time, and At(i(t) is the
ttansient component of the solution defined as 

00 

61J,(t) • J 

0 

t ♦(,') exp(--,-) dt'
T 

(24) 

(25) 

The function ♦(t'), referred to as a spectral function of the variable 
t', may consist either entirely or partly of Dirac delta functions. If 6�(t) 
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is expressed approximately by a Dirichlet series of decaying exponentials, 

Alli • 
0 

n 

r (26) 

Since viscoelastic materials have exponential stress-relaxation 
characteristics, equation 26 allows a wide spectrum of relaxation times; 
e.g., a reasonably large number of springs and dashpots may be incorporated
in the material representation. Values of �i are positive -constants pre-

scribed in such a way as to provide adequate coverage of the time spectrum, 
and the s1 are unspecified coeffici�nts to be evaluated by minimizing the

total square error between the actual A1p(t) and A.,,0, as given by the series •
. . , The minimization process will result in the expression: 
.  

-J (27) 

0 0 

Equation 27 essentially means that, for the mean square error of the 
approximation to be a minimum, the Laplace transform of the approximation 
aust equal the Laplace transform of the exact function, at least at the 
n points p • 1/yi' i•l,2, ••• n. Therefore, n relations are available for

the Laplace transforms of A1p(t) and evaluated at p • 1/v1; i.e.,
r 

* * 
A•'· • A•1• 

., (1/y
1

) .,D
(l/Y
1
)

A more convenient form is obtained by multiplying these by 1/Y1 which
yields: 

i:1,2, ••• n 

Since 6.,, (t) was assumed to be of the form indicated by equation 26, · 
equation 29 reduces to the series of equations: 

n 

(p6�*(p))
p•l/yi

• . l
j•l

15 

(28) 

(29) 

(30)



which constitutes a set of simultaneous equations for different values 
. o� p, which are solved for s1

• Thus, the collocation consists of
'fl • 

. ·matching the summation on the left-hand side of equation 30 with the 
c·atculated values of p�.:,*(p) for various values of real, positive p. 

� Hence, the inversion procedure consists essentially in being able to 
.. 

. determine the values of the transform all along the positive real p-axis. 

The constants 1'1' and ip" in equation 24 are determined from given 
initial and boundary conditions. For the special case of a moving load, 
the viscoelastic pavement system is assumed to be initially undistrubed, 
and at infinite time; i.e., the load bas passed over the station for a 

· very long time, the stresses and displacements induced by the moving
load approach zero. Therefore, the constants 1'1' and i:," are equal to
zero.

If we are interested in the time interval between zero to 1000 
· < '. seconds for the moving point load case, 10 values of p, i.e. , 100,
· 0.1, 0.055, 0.031, 0.018, 0.01, 0.0055, 0.0031, 0.0018, and 0.001,

may be used; so equation 11 with p replaced by (X-Vt) becomes

♦(t) • s1 exp(-lOOt) + s
2 

exp(-0.lt) + s3 exp(-0.055t)

(31) 
+ ••••• + s10 exp(-0.00lt)

Take the Laplace transform of equation 31 and then multiply by p:

plj,(p)* -
s1 + s2 +

S3 + ••••• +

510

1 + !.Q.Q. l +2.:1. l +
0.055 l + '0.001

p p p p 

By assigning successively p • 100, 0.1, 0.055, 0.031, 0.018, O.Ol, 
0.0055, 0.0031, 0.0018, and 0.001 in equation 32, 10 equations are obtained, 
which will give a solution to the 10 unknowns, s1 through s10•
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1 1 1 s2 -------- -

i +hl 0.1 l + 0.055
0.1 l + 0.001

0.1 

___ 1 ___ ------ -- _..; - ---- - ------- s3 ·-

1 0.1 + 
0.055

l 
------- -------

�
---------------

l 

1 + 
100 

0.001 l + 0.001 
0.001 

P!ll(p) * p•l00

plJ>(p) *p•O. l

( '* Pv ?J pa:0.001

The values of p used in the example are quarter decades, spaced in 
the timP. intprvA) bet�een 10 �nd 1000 sec�nd51• na�ically, tne accuracy 
of the inversion can be improved by adding more terms to the series in 
equation 26, but "ill condition" may be encountered in solving the'
simultaneous equations if the p values selected are too close to each 
other. 

The most basic aspect of viscoelastic response is that the complete 
time history of the event must be taken into consideration to determine the 
present state of the material. Therefore, the criterion for the selection 
oJ, an effective solution range is that the p-multiplied transform, i.e. 
p6�*(p), should go from a constant value (before any actual response takes 
place), through its 11transition11 range, to a final (long-time) constant 
value. Since the solution at any given time is basically a function of 
the value of the Laplace transform throughout its entire range, the time 
span of the solution should be as wide as possible. 

NUMERICAL EXAMPLES A.�D DISCUSSIONS. The effect of E1/E2 on vertical

stress and vertical displacement for a two-layer incompressible elastic 
system under a stationary normal po�nt load is shown in Figure 3; E1 and E2

17 

(33)



a�e the Young's moduli of layers 1 and 2, respectively. When E1/E2 is

less than unity, the stress and displacement decreases slowly with 
increasing values of El/ E2; but when E1/E2 is greater than unity, the
stress and displacement decrease rapidly, and the stress decreases faster 
than the displacement. 

The stress factors in the same elastic system are listed in Table 1. 
The stress factors, SB, are compressive when the distance, R, is less
than 7.5, and oscillate between compression and tension when the values 
of Rare greater than 7.5. 

The stress and displacement in a viscoelastic two-layer incompressible 
system are shown in Figure 4. The r�sponse of the material in. each layer 
to deviatoric stress is characterized by a simple Kelvin model. The 
displacement has a very small value initially, but the value increases 
slowly with time. The stress, on the other hand, has a value about one
third.its maximum at 0.1 second; the value then increases slowly with 
time.· At longer times, the stress and displacement factors reach the 
elastic solutions having the ratio G1/G2 = 10.

The values of the stress factor, SB, in an incompressible viscoelastic
two-layer system at a point 2 ft. below the surface are shown in Table 2. 
T, a dimensionless time factor, is the ratio of the real time, t, to the 
retardation time, .t2, of the bottom layer. For longer periods of time,
i.e., T • 100, values of the stress factor, SB' for a viscoelastic case
approach the elastic case values. Also, interesting is the fact that
the stre�s factor, s8, for a given value of R may either os=illate in
sign between compression and tension, or decrease in value when the 
time factor, T, increases ·from O to 100. 

The effect of the speed of a moving point load on the displacement 
at a point 2 ft. below the surface of a viscoelastic half space is shown 
in Figure 5. The displacement decreases as the speed of the load in
creases. At low speed of the load, the displacement curves rebound as 
soon as the load moves away from the station; as the speed of the load 
increases, the displacement subsequently increases as the load moves 

'away from the station. 

Th� surface displacement for an incompressible two-layer viscoelastic 
system under a moving point load is shown in Figure 6. The discontinuities 
shown in the figure are caused by the singularity that exists when the load 
is acting directly over the point under consideration. The shapes of the 
curves are similar to those in Figure 5. 

In multilayer systems, the collocation method replaces the direct 
inversion method. The former method requires long_ computer time to 

18 



evaluate the stresses or displacements in their transformed domain. The 
collocation method was used to obtain the displacement at the second 
interface in a viscoelastic incompressible three-layer system under a 
moving point load, with each layer having the same material properties. 
The solutions obtained were then compared with those for a viscoelastic 
semi-infinite solid. The computed results, with five collocated points, 
are shown in Figure 7. The collocation method is applicable to moving 
loads on multilayer systems. 

SUMMARY. An analysis of a multilayered, linear, elastic, and 
viscoelastic half space under stationary and moving axisymmetric loads 
has been made. Solutions have been presented for the normal stress, 
a , radial stress a , tangential stress, 06 , shear stress, t ,

z r . rz 

vertical deflection, w, and radial 'displacement u, at any point within 
the half space, in terms of integral equations. Numerical exa�ples have 
been given for ill�stration. 
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Table 2 

Stress Factors s8 in a Two-Layer Incomp�essiole Viscoelastic
System Under a Stationary Point Load 
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