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ABSTRACT: 

The mathematical model for a pneumatic tire described i� 
this paper is used to compute the horizontal and vertical forces 
tra.asmitted through the tire to the vehicle axle to provide re
alistic force inputs for modei studies of vehicie dynamics. The 
present model is valid for the case of a pneumatic tire tr�vers
ing nondeforming obstacles with zero slip. 

Static load-deformation characteristics and ciyna..�ic 
obstacle-traversal characteristics were obtained in laborato:..7· 
tests with 9.00-14 tires under several conditions of ply ratinG 
and inflation pressure. These data were used to calculate ,we.el 
parameters and to produce time histories of dynamic :..·espo�· • .:.c�. 

Computer implementation of the mathematical :.�odel pro
duced force ;md displace1nent tL�e histories simila:i.· to �hose o�
tained during the obstacle-traversal laboratory tests. The �oQ�: 
produced the essential features of the waveforws seen in the lab
oratory and is a valid representation of a pneur..atic tire for 
dynamic analysis of vehicles on nor..yielding terrain. 
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A MATHEMATICAL'MODEL FOR ':RAVERSAL OF 
RIGID OBSTACLES BY A ruEU?/.iATIC TIRE 

A. s. LESSEM AND A. J. GREEN
MOBILITY AND ENVIRONMENTAL DIVISION 

U • S. .ARMY ENGINEER WATERWAYS EXPERIMENT STATION 
VICKSBURG, MISSISSIPPI 

?ART I: INTRODUCTION 

Background 
• .... • I· ., -. ' The U. S. Army Engineer Waterways Exper::..:.:�e .. ·.:. ::;·.;..::..t ... o .. \ ,•,..:..:-; 

is active in a program of research in vehicle dynruiiics, as pr:..:..··v of 
the vehicle mobility research program under the sponsorship ru�� g�i�
ance of the Development Directorate, U.S. Army x�teriel Command.· 
One of the principal tools used in vehicle dynamics research is -�l:e 
mathematical model, whose main purpose is to pre<iict the dynar.-.i� pe:::
formance of vehicles. Idea.lly, this prediction takes place in� �o�
puting laboratory. The prediction may suggest certain vehicle design 

. modifications, and, in addition, can serve to guide the conduct of 
field and laboratory tests. 

The mathematical model for predicting the performance of a 
particular vehicle can be organized in several complementary sec
tions. One may be a model of the terrain profile and its capacity 
for deformation; another, the mechanical interaction of the various 
members of the vehicle body and suspension system; and a third, t�e 
dynamic properties of the traction elements--tires, tracks, or other 
devices. This paper is concerned with the modeling of traction ele
ments. Heretofore,* in mathematical models of vehicles, pneumatic 
xires have been represented by a simple, single spring, or a spring 
:and viscous damper. ResuJ.ts have shown that these are inadequate. 

Purpose and Scope 

The purpose of this work was to develop and verify a mathe
matical model that simulated the ability of a pneumatic tire to en
velop obstacles. The model was to be able to predict both the verti
cal and horizontal forces transmitted from the terrain through the 
tire to the vehicle axle. A realistic tire-terrain contact mechanism 

* .... �or e.xample,. (1), (2).
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.. 'that considers terrain features and vehicle mot.ions was to be made a 
:Part of the model. Only nondeforming terrain was considered. The 

: -: · : · ·· pneumatic tire model was to be verified by simulating laboratol"'J 
tests in which a tire was towed over a series of rigid obstacles, a.."ld 
comparing the output with the actual test results. 

PART II: TEST PROGRAM 

The laboratory program consisted of two series of tests: 
one, to obtain quasi-static load-deflection characteristics for pneu
matic tires under several conditions of ply rating (PR) and inflation 

;pressµre; the other, to generate dynamic performance data for a pneu
'matic tire towed across a series of rigid obstacles, under different 

·, : / , •- : .. :: ; .. :, /conditions of load,. inflation pressure, and speed.

Load-Deflection Tests 

The tires used in the load-deflection tests were mounted on 
' ··· : a rigid axle-hub assembly and loaded by raising a motor-d:ri ven plc,-;

; form against the stationary tire, at.various speeds. Quasi-sta�ic 
:load-deflection curves were obtained for 9.00-14, 2-, 4-, and 8-PR, 
;treadless pneumatic tires at inflation pressures of O, 10, 20, 30, 
: and 40 psi. A representative set of curves is shown in fig. 1. T.:e 
'. curves represent severa.+ cycles of loading a."ld unloading and sl:o,; 
;pronounced hysteresis. It becarae apparent early in the test se�ies 
;that there was no significant difference between the load-deflection 
l curve r·ecorded at the slowest vertical speed (0.022 in./sec) of the
;platform and that recorded 'at the fastest speed (0.143 in./sec), so
:al1 subsequent tests were conducted at the fastest platform speed.

Rigid-Obstacle Tests 

: Under several combinations of load, inflation pressure, and 
]speed, a pneumatic tire was towed over a series of rigid obstacles on 
I a nondeformable base. The test carriage and a .portion of the ob-
j stacle course a.re shown in fig. 2. Tests were conducted. using a 
.9.00-14, 2-PR- tire inflated to 10, 20,·and 30 psi. The tire was 
;loaded to 500, 1000, and 1500 lb and was towed at speeds of l, 2, 
; and 3 ft/sec. Vertical axle acceleration, vertical displacement, 
;and horizontal. restraining force were recorded. 

PART III: MATHEMATICAL MODEL 

, The model that has been used often in vehicle dynamics 
: studies to represent a pneumatic. tire is shown in fig. 3. The spring 
; element represents the ability of the tire to recover its original 
: shape in the absence of �eforming forces; the dashpot element (when 
: it is included) represents the dissipation of energy in the tire by 
means of viscous damping. Forces a.re transmitted through the tire to 

· the axle in the vertical. direction _only. Contact between tire and
. terrain takes place at a single point.

2 
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The basic idea for the tire model described herein is to 
represent the tire by many spring elements, as shown in fig. 4. T'c.is 
accounts for the physically sig:nificn...-it contributions of horizo�tal 
forces transmitted to the axle. It was anticipated that a model ca:n-

·posed of only spring elements would be adequate for high i .. :latio�
pressures and low speeds, since accompariying dashpot elements, al

.though important to a truly realistic representation of tire co�p:i
·ance, were not included in the present model. It may oe necessary to
include dashpot elements in the model to achieve the �esired tle�ee

·of model accuracy for low inflation-pressures ar.d high speeds.
When the pneumatic tire is represented by many spr�n3 ele

ments, the displacement forcing function for one spring ele�env need
not be the same as that for the neighboring spring. This feat��e
permits small-size terrain features witr. abrupt changes in s:o�e to

. be "envelope_d" by the model. As each spring el.err.e;:-.t is de::"'.:.c.::·.:.e:d,
the spring force produced and transmitted to the ve�icle axle��
determined. K.'lowledge of the magnitude and location o: t�is fcrc0
permits a. force vector to be computed and resolved into horizont�:
and vertical components. The contributions o-: the �r.di vidua.: ele-.
ments are swnmed vectorially and used as inputs to t1;.e ;;;iathe�-::at;:.ctl
model that represents the vehicle dyna..-nic characteristics.

To convert the basic idea :tor the tire mod.el into :•:.·a.::"�ica.l 
·form, procedures were developed for division of the pneu.�atic �i�e
·into segments, calculation of spring coefficients for tne sc.:;u0nts,
;and conversion of terrain profiles into separate displacement forc��s
•functions for the segments.

Division into Segments 

As a. vehicle traverses irregular, obstacle-ridden terrain, 
the tires contact the g-.cound through "contact areas" that cha.-ige in 
size as the tire-vehicle system goes through dynamic displacements. 

:That portion of the tire carcass that undergoes flexing and deforma
tion at any instant is identified as the "active region" (see fig. 5). 

·The active region was assumed constant in siz� and large enough to
. include most anticipated fluctuations in contact area. In reality,
the size of this active region varies with time just as does the tire 

· contact area.. As the tire rotates, different portions of the carcass
: are swept into, and out of, this active region. Thus, instead of
: focusing attention on a particular portion of the tire as it rotates
; a.bout the axle, a nonrotating area between the terrain and axle is
;monitored. It is this nonrotating active region that is divided into
· segments (see fig. 5). These segments are fixed in position with
· respect to one another, and ma.y be regarded as boundaries through
:which the physical tire pa.sse& �uring rotation.

Calculation of Segment Spring Coefficients 

The load-deflection curves shown in fig. l represent condi-
: tions for which large-scale carcass flexing occurs, so that as more 
· load is applied, a. larger area of carcass is involved in restrainir.g

3 
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this load. The load-deflection curves can be regarded as the resuJ.t

of joint contributions of ffia.ny segments acting together. Thus, frorr. 
. · · •· · · these curves the small-scale flexural properties of a:ny one segment 

in the active region can be inferred. 
A concept of "effective radial deflection" was developed as 

an aid in calculating segrnent spring coefficients. In this concept, 
illustrated in fig. 6, the actual segment deflection encountered 
during a load-deflection test is replaced by a fictitious uni�orr;� 
radial deflection, 6 .  The effective ·radial deflection of each sec
ment varies as the deflection varies at the vertical reference posi
tion (VRP). 

 The flexure property of the tire carcass contained wi 'thin 
.....  each segment boundary is represented by a linear spring with coef.fi

. cient K that is the same for all segments. The spring is :.,os:i.-
,. . :_, .. , , , · tioned along the radial center line of each segment. With tr.c 

· location of each segment with respect to the VRP known, tile r.�nc-:.!.\,\.:.c..e
and line of action of the force due to deflection of each sp�inc c��1 

. be determined •. In the experimental setup for recordi�g quasi-stat!.c 
• load-deflection curves, the load cell registered the toto.l ver��co.1 
. force exerted by the deflected tire carcass. �e linlt between��� 
: ana:cytic representation of the tire and the physical reality of its 
: load-deflection curve can be made by using an ec;,uation of sta:'.;!.� 
: equilibrium as follows : 

1 where 

n 

F = 2 L K 61 cos 11
i=l 

F = Load cell reading, lb 
K = Segment spring coefficient, lb[in. 
t::. = Effective radial deflection, i vh segment, in.
�=Force direction angle, 1th segment, radians 

. n = Number of segments.each side of VRP. 

(1) 

i To app]¥ this ana.J..yti� repreqentation to a specific tire, one point 
. on the load-deflection curve for that tire must be used to calculate 
I K in equation l. If a value of carcass deflection at the VR?, o , 

is selected (for instance, o = l in.), and if the load cell output 
i corresponding to this selection, Fi, is read from a load-deflection 
: graph, then K can be computed as: 

F l K = ----------
n 

2 [ 6. cos f
i=l 1 1 

(2) 

In this equation, the values of 6i corresponding to o = l in. ai·e 
read from a graph (fig. 7) of effective radial deflection versus car
cass deflection, and the values of cos 11 are fixed by section 
geometry. 

4 
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Once K is calculated, this value can be used in equation 
; l to define the analytical load-deflection curve. Thus, any ot:.er 
8 may be selected and corresponding 6i obtained from the eff'ective 
radial deflection graph. These values of 6i , together with t:1e 
known values of cos f'i, a.re put into equation l to compute the load 

: corresponding to the selected deflection. Used in this mar .. "'ler, 
· equation l produces a concave-upward load-deflection curve typical of
. pneumatic tires. In fig. 8 an experimental load-deflection curve is
; compared to several points produced by equation 1 using a K v�lue
. determined at 8 = 1 in. This value was chosen on the ascendinc
· portion of the experimental load-deflection curve. The use of�
, linear, constant-coef:f'icier.t spring as representative of the :::"la;..i:::-�.s
· of a segment of tire carcass appears to be reasonable. T'ae basica.:.::r
· eysteretic characteristic of the deflecting tire has been igr.orcd fo�
. the present.

Seg1hent Displaceme�t Functions 

With the rotating tire matnematically represented �y � 
stationary segmented active region, the nondeform�ble terrai� ,�o�i�e 

'. encountered by the tire is represented as a displacement r"\..."1c�.:.io:: 
, that traverses the active region. The segments are d.0f:ccte(:, :.:: 
sequence, by the displacement function. T'nese sequen�ial de:":i.ec·.;,::.0�·.s 

· are illustrated in fig. 9. The time of application and the c.e:;.':�c-
; tion amplitude a.re different for each segment. T'ne applicaticr. �.;,:.,;�-..:.:.
: shown in the figure are calculated using dimensions of the active
'region and number of segments.

The computer implementation of the model must provide for 
:generation of a terrain profile function. This function must be 
· shifted in time to account for its sequential encounters with the
; segments, and it must be changed in amplitude to account for ���ic
motions of the tire-vehicle system. Computer capacity allocated to 
the tire model determines how accurately these requirements are met. 

PART IV: APPLICATION TO TRAVERSAL OF RIGID OBSTACLES 

Obstacle Test SL�ulation 

The tire model was combined with a model for a test ear
l riage, and the overall model was used to predict the responses re-
; corded in the obstacle tests. Study of the physical structure of the 
'test carriage suggested the composite tire-carriage model shown in 

. : fig. 10. 
, . The model of the pneumatic tire was organized with the 
: active region divided into 10 segments, and the segment spring co
: efficients were calculated for several inflation pressures. · 

Numerical val.ues for the carriage spring and damping coef-
ficients were obtained by repeating the obstacle tests using a riGid 

• aluminum wheel, thus revealing the dynamic properties of the carriage
, a.lone. The va.lues obtained were reasonably independent of carriage

speed. 

5 
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In the writing of the equa�ions of motion, it was ass�ued 
· that (a) the obstacle does not deform, (b) there is no slip between
'. tire and obstacle under towed conditions, (c) no �orces are ge�erated
· parallel to the wheel axle, (d) the carriage towing speed remains
: constant, and (e) the pneumatic wheel load remains constant. ':':ie
nanenclature used in the equations is as follows : 

BH Horizontal carriage damping coefficient, lb/in./sec
By Vertical carriage damping coefficient, lb/in./sec 
Fo Pneumatic load applied to tire in excess of, or in 

opposition to, deadweight load 
g Acceleration of gravity 
Hri Threshold height of ith segment in eq�ivalent rigi�

wheel, in. 
K Segment spring coefficient, lb/in. 
KH Horizontal carriage spring coefficient� lb/in • 
m . Inertial mass of test carriage, lb sec�/in. 
x Horizontal axle displacement, in. 
Yi Vertical obstacle height beneath 1th segment, in. 
z Vertical axle displace�ent, in.· · • ·•··· ·· 6 Center-line static deflection, in. 
�

1
·. Deflection of 1th segment, 

�i Location angle for 1th segment 

'where 

The equations of motion are as follows: 

10 

mz • I> e.,_ cos p/1 - By Z - g ( m ! i) 
i=l 

10 

mx = L K -6.i sin >31 - BH x - 11i x
i=l 

/\.... = l. ri [
Y. -H -

-:-1 
0 

z ,Y
1
.-H.ri 

, y� -H . -... ri 

(3) 

(4) 

(5) 

Equation 3 is used to calculate the resultant vertical force, equa
tion 4 the resultant horizontal force, and equation 5 the deflect:.on 
of each segment. This segment deflect.ion, 6.j_ , is permitted to have 
positive values on4'"; negative values are replaced by zero. This 
corresponds to an assumption that the tire mey only be compressed by 
the obstacle and not stretched by it. 

The rigid-wheel threshold height, Hri , is illustrated. :-:.n. 
fig. ll. Each Hri gives the height of the 1th segment contact
point above the ground when the tire has no static deflection. Tne 
H-i"i concept serves two purposes: first, to permit the tire model 
to displey- realistic static de.flections by invoking as many segi:.ents 

. as needed to restrain an applied load, and second, to modify the 

6 
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height of obstacle displacement functions as required by the height 
of the contact point of ea.ch segment • 

Computer Implementation 

The tire-carriage model was rur. on a genera:-purpose aualog 
computer. The overall organization of the computing elements is 
shown in block-diagram form in fig. 12. The segmented spring cor.�puter 
diagram is shown in fig. 13; · the vertical and horizontal corr.puter 
.diagram for the carriage dynamics, in fig. 14. 

The generation of segment obstacle functions required. t1:e 
shifting process discussed previously ·l.lllder the heading "Segment 
Displacement Functions. " This was accomplished by using the txack
hold capability of the analog computer. The shifting interval co.:
trols the accuracy of the quantizing o-: the inpilt obstacle i'ur.ct::.c.: • 

. Hence, a trade off between allocated computer space and desir0� 
quantizing accuracy is generally necessary for t11::.s type of p1·0::i:..0:; •• 
A chain of 34 track-hold am11lifier pairs was used in t:1is stucy; ·v::0 
organization is shown in fig. 15. A representative ccr;,puter o'l;.t __ ;::.."v 
is shown in fig. 16. The upper trace shows the time ::istory o-: c:,
stacle heights as seen by the active region of the tire. 

Comparison of Computed and Observed i�es· .. :J.:t,s 

Some computed dynamic motions and their laboratory �o·..::.ter
parts are compared in fig. 17. This figure shows responses to tr�
versal of a 2- by 8-in. rigid rectangular obstacle. The particular 
responses shown are the horizontal restraining force exerted on the 
·ax1e by the carriage and the vertical displacement of the axle.

The comparison of computed and observed responses was es
sentially qualitative. This was consistent with the use of the c1··...,c.e 
linear representation of the test carriage.· The most desired �eature 
of the composite tire-carriage model, the ability to reproduce the 
basic features of the response wave shapes as seen in the laboratory, 
was realized; the composite model, through the segmented representa
tion of the pneumatic tire, was capable of producing responses with 
realistic wave shapes. The positively and negatively directed hori
zontal restraining forces and the vertical axle displacements were 
displayed with basically correct form. If a point-contact model had 
been used, the response time would have been identical with the ti:.--1e 
for the point to traverse the obstacle. The multiple-contact model 
under discussion produces responses whose durations are realistically 
extended beyond the corresponding obstacle durations. A point-contact 
model would have been incapable of producing the horizontal forces; 
the multiple-contact model does so in a natural way. 

A quantitative comparison of the computed and observed re
sponses revealed several discrepancies that were related to the simple 
linear model of the test carriage and to the finite number of seg
ments in the tire model. These can be overcome by more refined 
modeling ( 3) • 

7 



LESSEM and GREEN 

PART V: SUMYJ\RY 

The data shown indicate that a mathematical representation 
of a pneumatic tire, in terms of the deflections of ma."lY radial seg
ments, successfully displays the essential feature of horizontal a."1.d 
vertical forces transmitted throuch the tire. It is indicated f'l..r
ther that the segmented tire model enables realistic predictions to 
'be made of the displacement and force time histories for a pr.eur.:atic 

• .. tire towed over a rigid obstacle.
The success of the·segmented wheel model suggests that tl:e 

energy dissipation properties of the tire can be segmented in the sxae 
'manner as the deflection properties can be segmented, that the model 
can be refined and enlarged to properly represent a powered wheel 
. traversing deformable obstacles, and that representation oi the co;.-.-
. pliance of other types of traction elements (e.g. tracks) by a realis
tic series of segments may be possible. 

.2. 
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Fig. 5. Segmented, nonrotating, 
active region 
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