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FOREWORD 

One of the more jmportant phases of the study of the effects 
of waves on the shore is the modification of the wave trains as they 
approach the shore through shallow water. This report is on a the
oretical investigation of the transformation ( including energy loss) 
of Waves in shallow water by bottom friction, percolation, refraction, 
and shoaling. Using the dissipation functions introduced by PUTNAM and 
JOHNSON, (1949) and PtrrNAM (1949), derived from the theory of pro
gressive osci11atory waves of small ampljtude, a general solution of 
the steady state energy equation is obtained. This solution avoids 
the tedious process of successive approximations but does involve 
numerical integration for complex situations of bottom topography. 

For the case of a bottom of uniform slope and the case of a 
bottom of constant depth, the solutions are presented in convenient 
graphical form. The grarhs make it possible to obtain the reduction 
fa~tor due to friction or percolation for any bottom slope, depth, 
initial wave height or wave period, assuming the friction factor and 
permeability coefficient for the bottom are known. The use of the 
graphs is illustrated by checking the examples given by PUTNAM and 
JOHNSON (1949). An example which involves refraction is also pre
sented. 

Afield investigation on this subjpct has been underway at the 
Agriculture and Mechanical College of Texas under a Beach Erosion Board 
contract. The results of the field study will appear as Technical 
Memorandum No. 46 of the Beach Erosion Board. 

This report has been prepared at the Agriculture and Mechanical 
College of Texas in pursuance of contract DA-49-055-eng-18 with the 
Beach Erosion Board which provides in part for investigation and 
research on the transformation of Waves in shallow water. The 
authors, C. L. Bretschneider and R. o. Reid are, respectively, Research 
Engineer, and Associate Professor of Oceanography at that institution. 

Views and conclusions stated in the report are not necessarily 
those of the Beach Erosion Board. 

This report is published under authority of Public Law 166, 79th 
Congress, approved July 31, 1945. 



TABLE OF CONTENTS 

INTRCDUC TION ••••••••••••••••••••••••••••••••••• 1 

THEORY ......................................... 3 

1. Rate of energy dissipation for waves 
of small steepness .•••••••.••••••••••••• 3 

2. Differential equation of height trans
formation for a simple, continuous 
wave tram .••.•.•••..•.•.••••••••••••••• 4 

3. General solution for the wave reduction 
factor ....•.•••..•.•....•.•.•....•.....• 7 

4. Solution for constant bottom slope •••••• 9 
5. Solution for constant depth ••••••••••••• 11 
6. Further special cases of interest ••••••• 12 
7. General depth variation ••••••••••••••••• 14 
8. Long waves •••••••••••••••••••••••••••••• 14 
9. Equations for ascertaining the friction 

factor from wave data •••••••••••••..•••• 16 
10. General properties of the K factor •••••• 16 

EXAMPLE COHPUTATIONS ••••••••••••••••••••••••••• 17 

SUMi'Ud-iY PN D CONCLUSIONS ........................ 24 

ACKNOw~r:LGEMENTS ............................... 25 

H.r~FEfU~NCES ••••••••••••••••••••••••••••••••••••• 26 



F} , 

LIST CF SY11BOLS 

a = slope of the nth segment of the plot of log (~f Kp Kr) versus 
log (h/T2) 

A = fHo/mT2 

b = distance between any selected pair of wave rays at position x 

13 = 8 1T p/ ZI mT 

13 I:: p/lITJ 

C = wave velocity (or phase velocity) 

Co :: deep water w nve velocity (gT/2 7T) 

Df = energy dissipated by bottom friction per unit area at the bottom 
per unit time 

= energy dissipated by viscous percolation per unit area per unit 
time 

exp = exponential function, i.e" exp u. eU where e = 2.718 ..• 

E e mean energy per unit Burface area (averaged over one wave length) 

f = dimen~ion1ess friction coefficient for the bottom 

F2 = functions involving the friction and percolation parameters etc. 
eqs. (14a) and (15a) 

g = acceleration due to gravity 

h :: still water depth at position x 

H :: wave height at pom. tion x 

Ho :: deep water wave height 

HI :: wave height at position xl 

i = subscript denoting initial value of a parameter (also used to 
denote the ith term in a summation) 

K = the total wave height reduction factor due to energy dissipation 
(K fpr/Kr)* 

* The values of these coefficients are related to deep water condi tions ex
cept for the case of a bottom of constant depth, for which case the 
coefficients are considered as reI at) 'Te to conditions a t some initial 
position xl' 



Kfpr = combined friction, percolation, and refraction f~cto~~ 

}If : wave height reduction factor due to friction alone11-

Kp = wave height reduction factor due to percolation alone1l-

Kr = refraction factor* 

Ks = direct shoaling factor 

L = wave length 

Lo = deep water wave length (gT2/27T) 

m = bottom slope along wave ray (-dh/dx) 

M = dimenionless parameter in the expression for the relative fric
tional damping of long waves, eqs (34a) and (34b) 

n = ratio of group velocity to phase velocity of the Waves (n also 
used to denote nth term in- a summation) 

o : subscript denoting deep water conditions 

p = permeability coefficient of Darcy1 s law 

P • Wave energy transmitted in the direction of wave propagation 
per unit time through a verticcil section of unit width 

R • radius of curvature of the wave crests 

T = wave period 

ub = particle velocity of the water at the bottom 

V = group velocity of the waves (nG) 

x = distance measured along the wave ray in the direction of propa
gation of the waves 

9 = angle between two adjacent wave rays 

v = kinematic viscosity of the water 

7T = 3.1416 ... 

P = density of the water 

~f= function of h/T2 related to ~~e frictional damping process 

~p = function of h/T2 related to the percolation damping process 

¢ = probability integral function 

* The values of these coefficients are relative to deep water conditions ex
cept for the case of a bottom of co~stant depth, for which case the 
coefficients are considered as relative to conditions at some initial position 
Xl· 



MODIFICATION OF WAVE HEIGHT DUE TO BOTTOM FRICTION 
PERCOLATION, AND REFRACTION 

by 
C. L. Bretschneider and R. O. Reid 

Department of Oceanogruphy 
The Agricultural and Mechanical College of Texas 

INTRODUCTION 

The common method of dealing wi th the transformation of surface 
waves as they are propagated into shallow water is based essentially 
upon two assumptions: 

a. The significant period of the waves is invariant. 
b. The propagation of energy between two adjacent wave rays is 

conserved. 

The first of these assumptions implies essentially that there is no 
selective attenuation or amplification of the wave spectrum. The 
second assumption implies that addition of energy by surface Winds, 
dissipation of enerey at the bottom, dispersion of energy by diffrac
tion, reflection of energy by a steep slope, and loss of energy by 
breaking are absent. 

On the basis of these assumptions and the classical theory of 
progressive oscillatory waves of small steepness, (Lanb, pp. 363-384, 
1945) it follows that the wave height H at any depth, relative to 
the original deep water height Ho is 

~ : (~or2 (:0)12 (1) 
o 

where V is the group velocity of the "'aves, b is the distance between 
any selected pair of wave rays, and the subscript 0 refers to deep 
water conditions. The first factor on the right might be ca11ed the 
direct shoaling factor and is a function of the relative depth h/l,o 
only, h being depth and Lo the deep water wave l~ngth. The second 
factor in (1) represents the refraction factor and depends upon the 
configuration of the bottom, the initial orientadon of the waves in 
deep water, and the wave period. 

Putnam and Johnson (1949), and Keu1egan (1948), have shown that 
dissipation of energy by bottom friction and/or percolation can bring 
about significant loss of wave energy with a possible reduction of 
wave height, particularly for high .laves of long period which are pro
pagated into a sha110w region of very gentle bottom slope. The analyses 
of Putnam and J ohnson (1949) concern oscillatory waves and are presumably 



valid for the modification of waves up to a point several wave lengths 
seaward of the breaking point (a restriction which is the same as that 
imposed upon equation 1). Keulegan (1948) on the other hand, considered 
the dissipation of energy in solitary waves, and his results may be 
applicable to the surf zone. 

The rapid attenuation of energy by bot~om friction for waves of 
long period can be explained qualitatively as due to the fact that the 
long waves effectively "feel" bottom sooner than the short period waves 
and consequently are subject to frictional dissipation over a greater 
distance. In a complex wave group this seJective attenuation could 
produce, under certain conditions, a shift in the peak of the power 
spectrum towards lower periods, as the waves travel towards shore. There 
is some evidence to support this in the shallow, flat Atchafalaya Bay 
region of the G~lf coast where a smaller significant period has been 
observed inshore compared with s imul taneous measurements offshore. 
However, this is not conclusive since distortion of the power spectrum 
with a consequent change of significant period can also result when no 
energy is lost as Pierson, et.al. (1953) have shown on the basis that 
each component of the spectrum has a different shoaling and refraction 
factor. 

This paper represents largely an extension of the work of Putnam 
and Johnson (1949) with the aim of developing formulas and graphs for 
facilitating the computation of wave height changes resulting from the 
combined effects of friction, percolation and refraction together with 
the direct shoaling effect. To this end, a formal solution of the 
differential equation governing the wave height transformation is derived. 
By means of this formal solution the actual integration is carried out 
for two classes of bottom configuration of special interest. These are 
the case of constant slope and that of constant depth. The latter 
situation approximates certain regions of the Gulf of Mexico shelf. 
Evalua tion of the wave height for more complex situations involves 
direct numerical evaluation of the integrals indicated in the formal 
solution. 

The dissipation functions employed in this paper are the s arne as 
those introduced by Putnam and Johnson (1949) and the application of the 
results are therefore subject to the same restrictions. The major 
assumption in the theory is that the friction coefficient and the per
meability coefficient of the bottom material are independent of wave 
height and distance along the wave rays, and that the waves can be re
garded as simple sinusoidal progressive waves with a unique period. 
In application, it is considered justifiable to regard the significant 
waves in this way and retain assumption (a) as a first approximation. 
Another restriction is that imposed by the use of the linear wave theory 
which implies that wave height must be small compared with the wave 
length and/or depth. 

A discussion of the influence of local winds in water of limited 
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depth is beyond the scope of the present report. This falls in the 
category of generation of waves in shallow water, subject to the effect 
of bottom frict~on, and is treated by one of the authors in a separate 
report (Bretschneider, 1954). 

THEORY 

1. Rate of Energy Dissipation for Waves of Small Steepness 

Putnam and Johnson (1949) have shown for sinusoidal waves of small 
steepness (assuming that the Airy theory is valid in the presence of a 
frictional boundary layer at the bottom) that the amount of energy, Df' 
dissipated per unit area at the bottom per unit time (averaged over a 
wave length) is given by 

4 P f H3 
Df = ..,-- 77"2 

J I. 21T
t

h):3 T\Sinh 

(2) 

where T is the wave period, L is the wave length, h is the still 
water depth, H is tbe wave height, P is the density of the water, and 
f is a dimensionless parameter representing the friction coefficient for 
the bottom. It was assumed in the derivation of equation (2) that the 
bottom stress is given by the expression Pfl ub I ub where ub is t~e 
particle velocity of the water at the bottom as given by the classical 
Airy wave theory. This value of ub is presumably applicable just above 
the thin frictional boundary laye~ adjacent to the bottom. 

Bagnold (1947) has demonstrated through laboratory tests that, for 
a sand bottom, f depends upon the wave conditions, since the ripples 
in the bottom material (which essentially determine the magnitude of 
the drag) adjust their characteristics according to the wave situation 
present. Putnam and Johnson (1949) give a summary of Bagno1d's (1947) 
findines. Laboratory tests have been carried out at the Beach Erosion 
Board, for ascertaining the amount of wave energy loss due to friction 
in a sand bottom tank. The above tests, (Savage, 1953) reveal that 
during the stages of ripple development, the frictional loss varies con
siderably and is actually greater during the transient stA.ge as compared 
wi th the final state. 

It would appear that if f is to be treated as a constant, for a 
sand bottom the wave conditions m~~t be steady if a stable condition of 
ripples is to exist. It will be assumed that this is the case in the 
present analysis. Furthermore it is apparent that if the bottom material 
changes along the path of the waves, then the path should be divided 
into discrete intervals according to the bottom type and each interval 
should be analysed separately, usine a friction factor appropriate to 
the type of material present, e.g., clay, silt, sand, gravel. 

Putnam (1949) has examined the oscillatory percolation of water 
through a permeable sea bed, associated with sinusoidal waves of small 
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arnpli tude in the overlying water. The amoW1t of energy, Dp , dissipated 
by viscous forces in the permeable bed per W1it area of the bottom per 
unit time (averaged OVEr a wave length) is given by 

D = P 
( 27TLh)2 L cosh 

for a permeable bed whose depth is greater than 0.3L. The additional 

(3) 

terms introduced here are: g, the acceleration due to gravity; the 
~inematic viscosity of the water; and p, the permeability coefficient 
of Darcy's law. If the depth of the permeable bed is less than 0.3L 
then a more complicated form must be used (see reference paper). It 
will be assumed here that the condition on equation (3) is satisfied 
in "t-l1ose cases where dissipation by percolation is significant. In 
the case of sand bottOMS, the effect of percol£ltion can be significant , , 
particularly in coarse sands; however for a mud or clay bot-:-om, percola
tion presumably plays a very minor role, and frictional effects are 
dominant. 

In the above equations (2) and (3), L is related to hand T 
through the equation 

L -
27Th 
-L-

which is subject to the same restriction as the preceding equations; 
i.e., tl1at H/L and/or H/h are small. 

(L: 

2. Differential Equation of Height Transformation for a Single, Con
tinuous Wave Train 

Let P represent the energy propagated per unit time through a vertical 
area of depth h and unit width (normal to the wave ray) averaged 
over one wave length. The, total power (or energy transfer per unit 
time) between two wave rays of horizontal spacing b is consequently Pb. 
Under steady conditions, this power would remain constant for given 
wave rays in the absence of dissipation, reflection, breaking, and 
latera] dispersion of energy. However, in the presence of bottom friction 
and/or percolation, the value of Pb decreases slowly from one wave to 
the next in shallow water. 

For steady state conditions, the rate at which the total power is 
altered per unit distance along one of the wave rays is given by 

( 5) 

where x is the distance measured along the wave ray in the direction 
of propagation of the waves (see Figure 1). This equation assumes that 
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all losses are due to friction and/or percolation, that no generation 
of energy at the surface is present, and that no diffraction occurs 
(i.e., no lateral dispersion of energy across the wave rays). Steady 
state implies that the distribution of wave height with x is independent 
of time. 

The power, P, per unit width can be expressed as the product of 
the mean energy, E ,per unit surface area (averaged over one wave 
length) and the group velocity V, hence 

If Df = Dp = 0, then EVb is constant and equation (1) follows provid
ed that E is proportional to H2. 

( 6) 

The latter condition obtains for sinusoidal waves of small amplj
tude, in which case 

E : -+- P g H2 

is an adequate approximation. Furthermore, for such waves 

27Th 
V • DC = nCo tanh -L-

where 

1 r, + (4 7T h/L) ] 
n = 2~ sinh C47T h/l) 

(8) 

is the fraction of energy propagated with the phase velocity C(=L/T), 
and 

#T 
is the deep water phase velocity. 

1-
The dimensionless quantity (VO/V)2 which appears in equation (1) 

will be encountered frequently and it is suggested that this be given 
the symbol Ks, denoting the multiplying factor related to the direct 
shoaling effect. TPu~ in the absence of dissipation and refraction, 

(10) 

~o = Ks :: (V~ r~C~~ r2 

(11) 

This height ratio is sometimes denoted by H/Ho' ; for example; Wiegel's 
. Tables (1954). The quantity (bo/b)"2 of equation (1), representing the 
_ refraction factor, will be denoted by the symbol Kr • 

. In the presence of energy loss, the power ratio Pb/Pobo for a 
given wave train is less than unity as is evident from equation (5), and 
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decreases steadily as the Waves advance into shoal water. If the latter 
is denoted by the symbol K2 then it follows from equations (6) and (7) 
that 

(12) 

where K < 1. The quantity K represents the wave height reductionl 
factor due to energy dissipation. Making use of equations (2) through 
10) inclusive and employing the definition of K as given essentially 
by (12) it can be shown that the power equation (5) assumes the form 

.<!Ii + F K2 + F K = 0 
dx I 2 (13) 

where 
fHo cP 

CPt 641T
3 

( Ks Y FI = Kr""'T4 f = 
39 2 sinh 21Th 

L 

(14ac.:b) 

and 

F, - P cP CPr ~ 
Ks2 

2 - vT3 P 
9 sinh 41Th 

L 

05a&b) 

The quantities CPt and CPP are functions of the parameter h/L and 
hence of h/T2, the latter being a convenient measure of the relative 
depth. A plot of CPf versus h/T2 is given in Figure 2, and curves of 
the dimensionless quantities cP 

(;2)2 K: and ;2 CPP 

as a function of h/T2 are shown in Figure 3. The functio~s are given 
in this form since the range of values on a log plot for the desired 
range of h/T2 is thereby reduced. 

3. General Solution for the Wave Reduction Factor 

It will be supposed that Fl and F2 are any two integrable functions 
of x consistent with equations (14a, b) and (15a, b), as determined 
perhaps graphically from a wave refraction diagrool for a given Ho and 
T (the depths along a given wave ray being known). The solution of equation 

(13) for K can be obtained in general form in ten~s of integrals involv-
ing the functions Fl and F2 as outlined below. 

Equation (13) is put in linear form by dividing by K2. The result 
is 

(16) 

Now in the special case of no bottom friction, Fl = 0; and the solution 
for K, which will be denoted by Kp in this case, is simply 

7 
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(17) 

where the condition Kp = 1 at the deep water position Xo has be~n 
used to evaluate the constant of integration. This solut~.on is an inte
grating factor of the general equation (14), for 'if the latter equation 
is mult.iplied by Kp it is found upon collecting terms that 

d~ (K-
1 

Kpl = FIKp (18) 

or 
K = Kp[1 +{\ Kp dj-I (19) 

where the 
implied. 

condition K = 1 at the deep water position (x • xo) is again 

Since Fl is proportional to the factor Kr , it is evident that K is 
not independent of refraction.. Consequently it is logical to incorporate 
the entire effect of refraction with the term K in equation (12), and 
introduce a new factor Kpfr (the product of K and Kr) such that 

(20) 

The combined percolation, friction, refraction factor can be shown to be 

where 

K = pfr 
1+ 

Kp ~ e{ v~,J,: q,pd'] 

( 21) 

(22) 

Equation (20), (21) and (22) represent the formal solution of the 
wave height transformation of a simple vmve train of given period. In 
application to real waves it is suggested that Hand T be interpreted 
as the significant height and period. 

4. Solution for Constant Bottom Slope 

The slope of the bottom at a given position will be defined by 
dh 

m = - dx (23) 

where x is directed towards shore along a wave ray passing through the 
given position. Equation (23) together with the following ~~eful trans
formation 

th = 2nd~t) (24) 
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can be employed to change the parameter of integration in equations (21) 
and (n) to h/l. It can be flhown f rom equationfl (10), (11), (2'3) and (2L) 
that 

dx = -~~ -h d(~) 
2 rr m Kfl 

Consequently for the case of confltant m 

whence 

[

32rr2P ,h/L d(h/Ll] 
Kp = exp ZI mT :J sinh 4rr h/L 

(h/Llo . 

[tanh 27fh/L JB (C )B 
Kp = Ltanh 2rr(h/Llo = Co 

B = 8rrp 
vmT 

( 25) 

( 26) 

(27) 

(28) 

Since (h/L)o> 0.5, for the true deep water initial condition, the de
nominator of equation (27) reducefl to unity. The reflulting relation 
for Kp ifl given by equation (B-2a) of Table B. 

The general solution for the combined facto r K fr for the case of 
confltant bottom slope is obtained by employing the ~rnnflformation 

dx:; 
T2 (29) 

m 

and (B-2a) in equation (21). The reflult is given by (A-la) or (A-2a) 
of Table A. The absol ute value signs in these equations are inserted 
merely to emphasize th.e f ac t that the term referred to is always 
positive. The term Kr is strongly dependent upon the details of the 
bottom topography and a numerical evaluation 0 f the integral of equation 
(A-la) ifl indicated as the most expedient procedure when refraction is 
present. 

The numerical integration may be carried out by means nf equation 
(A-)). This e9uation is developed on the bSflis that the graph of the 
quantity log UPf K K ) as a function of log (h/T2) can be represented 
by a consecutive s~ri~s of N short straight line~,-for the range of 
h/T2 concerned. The quantity(~ is simply the slope of the nth segment 
of the plot of log (CPf Kp K ) versus log (h/T2). The formula (A-)) has 
been found to be more su~taEle than other means of numerical integration 
in regard to (A-2a) since the number of intervals, N, required to achieve 
a reasonable accuracy is not excessive. 

In order to facilitate the computations, a plot of Kp ver sus the 
dimensionless parameter p/vmT for different values of T2/h (in 
flec 2/ft) ifl given in Plate IIA for the cafle of constant m. Note that 
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the quantity p/ll has the dimensions of time. Plate IIA together with 
Fim1re 2 and the pertinent refraction diagram can be used to evaluate c,-' 2 
CPf Kp Kr versus hiT • 

For the limitin~ case of m = 0 a separate analysis must be made. 
This is ~he situation of constant depth discussed next. 

S. Solution for Constant Depth 

Certain regions of the northern shelf of the Gulf of Mexico can 
be approxim:cted by the condition of nearly constant depth over liini ted 
distances. 

In this case the factor Ks is constant and if Kf r is interpreted 
as the wave height factor reI ative to the height HI a~ the position Xl 
on the wave ray, then at some other position 

The term ~p is independent of x for a given period, for the case of 
constant h, consequently the factor Kp relative to conditicns at Xl 
is 

where 

B' -
p 

---;TT 

(30) 

(31) 

(32) 

A graph of Kp versus p 6.x/ IIhT with isolines of T2/h (in sec 2/ft) for 
the case of constant depth is given in Plate lIB. The term 6. x is equi
valent to x - Xl. 

In the region of constant depth, the wave rays are straight, however 
they are not necessarily parallel, since the direction of individual 
rays depends upon the conditions of topography leading up to the constant 
depth zone. The initial angle between adjacent wave rays at the position 
Xl will determine the variation of Kr with x in the region of constant 
h. The quantity ~f however is constant for this case and the resulting 
relation for Kfpr is given by equation (A-lb) or its equivalent (A-2b) 
of Table A. 

The initial angles of the Wll.ve rays may be such as to produce either 
convergence or divergence of the waVe energy. In the case .01' divergent 
refraction, it is po~sible to carry out the integration indicated in 
(A-]b) analytically. This is done by expressing the refraction factor 
as 

Kr = ~ -R-+---",(-x;:.;,R __ -
X
-
l
-) (33) 
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where R is the initial horizontal radius of curvature of the wave crests 
at the pORi tion xl' Thus if 9 is the angle between two adjacent wave 
rays at xl then bl is simply R9 (for small 9). At distance (x - xl) 
from the initial point, b is (R • x - Xl) 9 , since 9 is constant 
in the region of constant depth. Thus (33) follows directly, if Kr 
is regarded as the refraction factor relative to the wave height at 
position xl' 

If (33) is inserted in (A-lb), where it is to be recalled that ¢p 
is independent of x in this case, the integration can be carried out by 
employing a, sui table change of variable. The results are given by equa
tions (A-4) of Table A, which are expressed in terms of the quantities 
Kf' Kp and Kr rather than R, x'¢f '¢P etc. The quantity Kf re
presents the effect of friction in the absence of percolation ~d re
fraction and is given by equation (B-lb) of Table B, for the case of con
s~ant depth. A graph of this factor as a function of fH1 6x/h2 and 
T /h (in sec 2/ft) is giver. in Plate lB. L 

Equations (A-h) are \ alid only for divergent refraction. For con
verging rays, one must return to (A-lb). 

6. Further Special Cases of Interest 

Up to now, the discussion has concerned the combined effect of 
friction, percolation, and refraction. There are situations where one or 
more of these effects are negligible, and the relations for the wave 
transformation can thereby be simplified. The case of no friction or 
percolation is well known and is in essence the problem of wave refrac
tion and direction shoaling effect given by equation (1). This can be 
an adeCiliate a!Jproximation for bottom slopes of the order of 1/10. 

The case of percolation only (no friction or refraction)leads to 
H = Ks Kp Hi ,where Kp can be determined for constant bottom slope 
or co~stant depth using Plates IIA or lIB, respectively. The height Hi 
is s iInply the initial height, 1. e., Ho in the case of constant m or 
Hi in the case of constant h. 

In the case of friction effect in the absence of refraction and 
percolation, the height at any position is H = Ks Kf'Hi where Kf is 
given by (3-1a) or (B-lb) for constant bottom slope or constant tlepth 
respectively. The integration indicated in (B-la) can be carried out 
once and for all by num8rical procedure. A plot of the dimensionless 
quantity 

hIT2 

h/T2 ;:: ¢ f d(h/T2) 

verstlS h/T2 is given in Figure 4. Tr.e factor Kf is given as a function 
of the dimensionless para!7leter fHo/mh for different values of T2/h 
(in sec2/ft) in Plate lA. For constant oepth Plate IB is applicable. 
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The results for other special cases nre summarized in Table B. 
These include expressions for the K factors for combined friction and 
percolation, friction and refraction, and percolation cmd refraction. 
The symbols KfD , Kfr, Kpr, are used to represent the above special cases 
of the general' factor K fRro Each of t..l-}ese is analysed for the cases of' 
constant bottom slope ana constant depth. A plot of Kfp/Kf Kp versus 
K f for different values of Kp is given in Plate III. Tl-}is applies 
strictly speaking to the case of confltant depth, but may be used as an 
approxL~ation for a v3riable depth if the Kf and Kp are evaluated for 
the latter case. Plate III demonstrates t hat as long as Kp is greater 
than 0.8 and Kf is greater than 0.5 then the product Kp Kf is a reason
able measure of Kfp, the discrepancy being less than 6 percent. 

The expres~ion for Kfr given by (B-4b) is developed from (A-2b), 
for the case of Kp .. 1, on the basis t.l-}at Kr is given by (33). Equation 
(B-4b) holds for both diverging and converging wave rays (R > 1 and 
R<l respectively, or Kr<l and Kr>l respectively). However it must 
be kept in mind that for converging rays, the theory breaks down at a 
caustic formed by the wave rays since Kr becomes unbounded along fluch a 
curve, ?.nd the approximation of the linear w;)Ve theory is hardly valid. 

A plot of Kfr/KfK:&'l a function of Kf and Kr for t..lJ.e case of con
stant depth is given in Plate IV. The use of this ~raph might be ex
tended as an approximation to the case of variable depth as well, provided 
that Kf and Kr are the va]ues applicable to the variable depth. 

7. General Depth Variation 

If ~l-}e bottom slope varies over the path of integration then a 
modification of equation (A-3) may be employed for numerical evaluation 
of hpfr. All that is required is to include the slope m os a variable 
in the numerical integration. This can be done by interpreting the 
factor a of (A-3) as the slope of the nth flegment of a plot of log 
(CPf Kp K/m) verflUS log (h/T2). Equation (A-3) may then be employed pro
vided that the factor A is rep1aced by fHo/'l'2 and CPr l<p Kr is replaced 
by-cp f Kp Kr/m. . 

8. Long Waves 

When T2/h exceeds about 10 sec2/ft (corresponding to a wave length 
greater than abo'lt 20 times the depth), then the equations for Kf , Kp 
and Ks can be simplified, w~en referred to conditicns at Xl (where 
T2/hl also exceeds 10 sec2/ft). The relative friction K factor is 

Kf 1 
----= 
(K f)l 1 + 11 

where 

(34-a) 
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for constant bottom. slope, and 

2 
M = 

for constant depth. The relRtive percolation factor is given by 

K h 47TP 
'p ( ) vmT 

npTl = hl 

for constant bottom slope, and 

4 p6x 
- 7T Th 

e 11 
= 

for const,clOt depth. Finally the direct shoaling effect from position 
xl :DS 

" 

= (h~)~ 

for any gradual variation of depth between xl and x. Equations (34-b) 
and (35-b) lead to the limitinG curves (those for very large T2/h) 
given in Plates IB and lIB. 

(J4-b) 

OS-a) 

OS-b) 

(6) 

Equation (36) is consistent with Green's law (Lamb, 1945, p. 273-275). 
If t'le re is a sudden change in depth compared with the wave length then 
partiRl ref]ection of enerQr will occur. This can be taken into account 
for long waves by the method of Lamb (1945, p. 262-3) which has been 
extended by Cochrane and Arthur (1948) to cover the case of plane waves 
incident to an&brupt shelf at an arbitrary angle. The propagation of a 
tsunami across the continental slope is a case in point. 

The above equations (34) to (6) are restricted to progressive 
oscillatory waves as are all the preceding equations; they are therefore 
not applicable t~ solitary waves. The equations for Kf and Ks can serve 
af' an approximation for tsunami waves on the continental shelf provided 
that the basic assumption in regard to the dissipation function Df 
is satisfied - that is, that the bottom stress is proportional to the 
square of the particle velocity near the bottom. The expression for Kp 
is not applicable to tsunami waves because the condition underlying 
the dissipation func tion Dp in reGard to the relative depth of the per
meable bed will be transcended for such waves. However, percol~tion is of 
minor consequence in regard to very long waves. Bottom friction on the 
other hand can be significant in the modification of tsunamis on the 
continental shelf as the fol1owing calculations indicate. If one takes 
T = 900seconds, h = 20 feet, hl = 600 feet, m ~ 1/200, f = .01, and 
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H - LI feet, then equations U4) and 04-a) yield Kf = 0.86, and 
(136-) 4 Eives Ks = 2.3. Hence if there is ho refraction, the wave height 
at a depth of 20 feet should be 8.1 feet. If there were no friction, the 
height would be 9.4 feet. 

9. Equations for Ascertaining the Friction Factor from Wave Data 

The value of f can be ascertained by means of observations of H 
and T at two or more positions along the wave path. If HI and H2 
are the wave heights at positions Xl and xz' then it can be shown 
from (A-2a) that f is Given by equation (C-la) of Table C for a simple 
wave train. This equation allows for the combined effect of percolatibn 
and refraction as well as of friction a nd direct shoaling in the case 
"Jhere the bottom slope is constant between the two stations. Special 
cases of (C-la) are given in Table C. 

If the bottom is of sensibly uniform de})th between the position XJ. 
and x2 then equations (C-lb) or one of the special cases given in the 
last column of Table C may be applicable. In the C8se of constant depth, 
the factors K~ and Kr are to be considered relative to the position 
xJ. while Ks 1.S based upon the value of h/T2 , end is thus constant but 
different from unity. 

10. General Properties of the K Factors 

The factor ~s is always greater than or at least equal to 0.913 
and the refraction factor can take on any value greater than zero. The 
factors Kf and Kp and the quantity Kfpr/Kr, however, aN always 
less than or at most equal to unity. The quantity 1 - (KrPr/Kr)2 is a 
~€asure of the fr2ction of wave energy lost due to the comb1.ned dissapa
t:Lon effect of friction and percolation while 1 - Kf 2 and 1 - Kp2 
represent the fractional energy losses due to friction and percolation 
respectively, taken individually. 

In reg8rd to the individual effects of friction and percolation, 
an ins~ection of Plates lA through lIB wi~l reveal that there are two 
importont differences. In the first place, Kf is dependent upon the 
initial wave height, unlike Kp and all of the other factors. In the 
second place the factor Kf decredses with increasing T and eventually 
becomes independent of T for t.he condition of T2/h > 10 sec2/ft, as 
equations (J4a,b) reveal. The coefficient Kp on the other hand may be 
reduced or increased by an increase of T (other factors remaining the 
same) depending upon the value of T2/h. 

It can be shown that for the case of constant m the derivative 
oKp I aT is zero for T2/h = 7.7 sec2/ft and for the case of constant h 

the derivative vanishes for T2/h • 1.5 sec2/ft. Thus for a given site 
there exists a finite period for which the waves are subject to a maximum 
dissipation by percolation. For a site located at the 20 foot depth 
position in water of constant bottom slope, the waves which are subject 
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to the greatest percolational damping are those with a period of 12.L 
seconds. If the period is very much different from this value there will 
be virtually no percolational damping. 

Since Kf depends upon initial wave height as well as period it 
therefore depends upon initial wave steepness which is defined as 
HolLo. The quantity Ho/T2 serves as a convenient measure of the steep-
nes:; since 

= 

In order to show the dependency of Kf on initial steepnes:;, Plate V 
has been included. This is simply PlAte lA in another form where Kf 
is given as a function of [(f/m) (Ho/T2D and h/T2. For a given h/T2 
and f/m, it will be noted ~hat Kf decreases with increasing steepness. 

EXA;"JPLE COMPUTATIONS 

Five examples are given of the use of the graphs and formulas 
presented above. The first three cases are identical to examples ana
lysed by Putnam and Johnson (1949) and serve as a check on the metho~~. 
These examples include the case of frictional damping only, percola
tional damping only, and combined frictional and percolational damping 
over a bottom of constant slope with no refraction. 

The fourth example deals with the combined effect of friction 
and refraction for an actual situation in the Gulf of Mexico. The 
bottom sediments in this example are composed largely of fine mud for 
which percolation exerts a negligible effect compared with bottom fric
tion. 

The fifth illustration is a comparison of the relative effects of 
frictional danping of waves reaching two different stations along the 
Gulf coast, in order to demonstrate the importance of the bottom profile 
(above and beyond the effect of refraction) as a governing factor in the 
probabili ty of occurrence of waves of given proportions at a particular 
station on the Gulf shelf. 

The results of the computations are summarized in Tables I through 
VI along with a statement of each protlem and a brief discussion of the 
mode of solution. 
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£AAMPL£ 1 - Bottom friction Loss Unly. Given f = .01 m = 1/300 

Ho = :; feet. and 'J' = 12 seconds. Plate I-A gives the solution to the 

problem uirectly. however. equation (:)-la) was used tp make computations 

to the third decimal place. The results of this example are t>resented 

l"n Table I below and are compared with the results obtained by PL1TNt\~1 

and JOHi\SON [1949) 

Percent 
iJistancc-

0.0 

20.7 

41.3 

S1.7 

62.0 

66.1 

70.3 

72.1-

74.1-

76.4 

7fL 5 

80 . 5 

82.6 

84.7 

86 . 8 

88.8 

90.8 

93.0 

95.0 

97. 1 

99. 1 

T ABLE I 

Percent 
Loss 0 f 

Wave lleight 

Percent Loss 
from PUrNAM 
and JOHNSON 

,------ -- ,----------.. ----- -------,- -
2.56 

2.05 

1. S4 

}. 28 

1. 02 

0.922 

0.819 

0.768 

0.717 

0.666 

0.614 

0.563 

0.512 

0.461 

0.410 

1.000 

1. 000 

1. 000 

0.999 

0.998 

0.997 

0.996 

0.995 

0.991 

0.993 

0.9n 

0.990 

0.937 

0.984 

0.9RO 

0.358 0.973 

0 . 307 0.965 

0.256 0.952 

0.205 0.931 

0.154 0.909 

0.102 0.R33 

o 
o 
o 
O. 1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

1.0 

1.3 

1.6 

2.0 

2.7 

3.5 

4.8 

6.9 

9. I 

16.7 

o 
o 

o 
o 

0.2 

0 . 2 

0.1-

0.4 

0.7 

0.7 

0.9 

1.1 

1.3 

1.7 

2.1 

2.5 

3.2 

4 . 5 

6.2 

9.3 

15.8 

~g~~ ______ __ ~~7_9 ___ _ , _____ .!}:_?~~ _____ ~~:_~ _____ 2_0_' 8 __ 

- Distance measured from point where d/L = 0.5 to theoretical breaking 

point with no losses 
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EX,U:['/.E II - Perc()latwn Loss Unly. Given 

p = 1.063 x 10-~ square feet (100 Darcysl, 

m = 1 /'WO.1 :: 1'2 sec (J II J s , 
- 5 ') . 

al\d !) = l.n4 x In' ft~/sec. 

Plate II-A Or equation (B-2al gives the solution to the problem uirectly. 

rh ere sui t s 0 f t his e x amp 1 ear e pre sen ted i n r a i; 1 e II below and nrc 

compared with the results oGtaincu u)' ;Jl1P;\\\ (1').19]' 

Percent 

Distance· 
- - -.-----------------

0.0 

20.7 

4·1. 3 

51.7 
62.:) 

66. 1 

70.3 

72. ,~ 

H. '~ 

76.:J. 

78.5 

80.3 

84.7 

86.8 

GR.a 
90.R 

93.0 

95.0 

97 . 1 

99.1 

100.0 

2.56 

2.05 

l. S4 

1. 28 

L 02 

0.922 

CJ.319 

D.768 

0.717 

~) . 6 If) 

O.6H 

0.563 

Ci. S12 

0.461 

0.410 

0.358 

0.307 

0.256 

0.205 

O. 1:l4 

0.102 

0.079 

fAJLt II 

Percent Percent Loss 
~p Loss of from PUr~~M 

. ___ ._._._\',·_a v_c_l~e i ~ n_t ___ [1') 4 ') ] .. 

1.0 ,)0 

0.999 

0.997 

0.9% 

\).992 

0.991 

0 .n9 

0.987 

0.9R6 

0.98 ·1 

0.983 

:).981 

G.97[\ 

0.976 

0.973 

0.969 

Q.965 

0.960 

0.954 

0.946 

0.934 

0.927 

0.0 

O. 1 

0.3 

().4 

0.8 

(J.9 

1.1 

1. 3 

1.4 

1.6 

1.7 

1.<:1 

2.2 

2.4 

2.7 

3 . 1 

3.S 
4.0 

4.6 

5.4 

6.6 

7.3 

0 .0 

J.a 
,). 2 

8.6 

0. 7 

J.9 

1 . 1 

1.3 

1.3 

l. . 5 

1.8 

2.0 

2 . 2 

2.4-

2.8 

3.3 

3.4-

4.3 

4.5 

5.4 

6.6 

7.1 

Uistancc measured [ro:n point where d/L = n.5 to theoretical oreak

lng p:JinL wlth no losses . 

... rhe computations of ?UL\Av\ are based upon a wave of initial dect> 

water hei;~ht of 5 feet; it has Leen shown In t:1C previous sect 1.011 

that tlle value of Kl' is indepenuent of i fo sO the a00ve table 

applies to any initial iteig-ht as well as :> feet. 
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fXAVPL~ III - Combined Losses of Bottom Friction and Percolation. Given 

conditions of examples I and II. (H o ::: 5 feet, r::: 12 seconds, m::: 1/300 

rill::: 1.32 x 10- 4 seconds, f::: .01). Equation {D-3a} uSlng Figure 2 or 3 

and ?late IlA are used to evaluate Kpf' ?l ate III can be used to obtain 

M approximation for the combined losses directly from the values of k f 
and 1\ which arc already tabulated in Tables I and II respectively. p 

DIe results of the above computations are presented In fable III and are 

compared with the resul ts obtained by Pl1TNAM [1949). The approximate 

methvd 61ves· B sl ightly greater loss In the shallow regIon. 

Pet. 
Dist
ance 

0.0 

20.7 

41.3 

51. 7 

62.0 

66.1 

70.3 

72.4 

74.4 

76.4 

2.56 

2.05 

1. 54 

1. 28 

1. 02 

0.922 

0.1319 

0.768 

0.717 

0.666 

78.5 0.61<1-

30.5 0.563 

fl2.lj 0.512 

84.7 
n6.8 

88.n 

90.H 

93.0 

95.0 

97.1 

99. 1 

100.0 

0.461 

0.110 

0.358 

0.307 

0.256 

0.205 

O. 151 

0.102 

0.079 

0.000391 1.000 

0.00337 1. 000 

()'0130 1.000 

0.0295 0.999 

0.0673 0.998 

0.0964 0.997 

0.139 0.9% 

0.170 0.995 

0.209 0.994 

0.253 0.993 

0.311 

0.392 

0.505 

0.666 

0.1391-

1. 244 

1. 805 

2.757 

4.629 

9.309 

~3.51 

41. 76 

o 992 

0.990 

0.987 

0.984 

0.980 

0.973 

0.965 

0.952 

0.931 

0.909 

0.833 

0.785 

TABLE III 

1. 000 

0.999 

0.997 

0.996 

0.992 

0.991 

0.989 

0.987 

0.986 

0.984 

0.983 

0.981 

0.978 

0.976 

0.973 

0.969 

0.965 

0.960 

0.954 

0.94·1j 

0.934 

0.927 

1. 000 

1.000 

1. 000 

1. 000 

1. 000 

1. 000 

1. 000 

1. 000 

1. 000 

1. 000 

1. 000 

1. 000 

] .000 

1. 000 

1. 000 

1. 000 

1. 00 1 

1. 001 

1.0 

0.999 

0.996 

0.995 

0.990 

0.988 

0.935 

0.982 

0.980 
0.977 

0.975 

0.971 

0.965 

0.960 

0.953 

0.943 

0.932 

0.915 

0.0 1.0 

0.1 0.999 

0.4 0.996 

0.5 0.995 

1.0 0.990 

1.2 0.9R8 

1.5 0.985 

1.13 0.982 

2.0 0.980 

2.3 0.977 

2.5 

2.9 

3.5 

0.975 

0.971 

0.964 

4.0 0.960 

4.7 0.952 

5.7 0.943 

6.8 (J.933 

8.5 0.919 

o 
O. 1 

0.1-
0.5 

1.0 

1.2 

1.5 

1.8 

2.0 

2.3 

2.5 

2.9 

3.6 

4.0 

4.8 

5.7 
6.7 

8. 1 

0.0 

0.0 

0.2. 

0.6 

0.9 

1.3 

1.5 

1.8 

2.0 

2.2 

2.6 

2 . 8 

3.5 

3.8 

4.4 

5.4 

6.5 

8.0 
1.002 0.090 11.0 0.897 10.3 10.2 

1.003 0.862 13.8 0.863 13.7 13.8 

1.006 0.783 21.7 0.797 20.3 20.3 

_!.:..0~.:2~4_2~_Q..:2~~ .. 25.'.-L .. ..2~: . ~ 
* Percent loss of the wave height whic" would be achieved without dissi

pation. 
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EXAMPLE IV - Typical Computation of Effect of friction and hefractioTl for 

the Atchafalaya Bay Region of the Gulf of Uexico. Given Ho = 5.0 feet, 

r = 6 seconds. f = .01, and the Kr values shown on the refraction dia

gram,Figure 5. In this case it 1S assumed that the effect of percolation 

15 negli;;ible for tile mud l.Jottom. Equation (B-3 a ) together with Figures 

2 alld 5. are used to evuluate the solution numerically. 

::)ectlon 6x 
No. Ut} 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

Hi 

17 

18 

73,000 

48,000 

10,000 

16,000 

11,000 

ll,OOl! 

6.900 

16,700 

16,700 

10,700 

11.000 

11.000 

5,450 

5,000 

4,800 

8,300 

8,000 

Average 
11m 

2.21:\0 

2,000 

1,670 

1,333 

-11,000 

-11.000 

-3,450 

8,350 

9.000 

'21,408 

-22,000 

-22,000 

1,560 

2,000 

2,400 

4, 150 

8,000 

h 
( ft) 

92 

60 

36 

18 

17 

18 

20 

22 

20 

18.5 

19 

19.5 

20 

16.5 

14 

12 

10 

9 

fAJLE IV 

hlT2 
H 

(ft) 
-----~-----... --.. - .... -

1. 000 

1. 00 5 

1. 0 15 

2· 55 

1. 67 

1. 00 

0.0004 1.000 

0.0088 0.993 

.1)91 4.96 

4.75 

O.OH 

1.025 0.50 0.543 

1.000 0.,*72 0.<635 

0.91:\5 0.50 0.543 

0.975 0.55~ 0.410 

0.915 0.612 0.317 

0.935 0.555 

0.745 0.513 

0.610 0.528 

0.528 0.542 

0.480 0.555 

0.450 0.458 

0.430 0.389 

0.416 O. J 33 

0.405 0.278 

0.390 0.250 

21 

0.410 

0.510 

0.470 

O.BS 

0.41 

0.69 

I. 03 

1. 62 

2.33 

2.95 

0.918 .917 4.35 

0.887 .934 4·:14 

O. 663 . 940 3 .. 12 

0.S7~ .934 2.71 

0.511 .927 2.37 

0.483 .921 2.23 

0.393 .927 

0.367 .933 

0.2[\0 .930 

0.220 .928 

0.184 .927 

0.164 .942 

0.154 .961 

0.138 .982 

0.123 1.010 

() . 110 1. 026 

1. 85 

1. 71 

1. 30 

.82 

.86 

.77 

.7.1 

.68 

.62 

.57 



Example V - Comparison of Bottom Friction Effect at Two Stations On The 
Gulf Coast. 

The relative effects of oottom friction are compared for waves 
reaching the Pure Oil Company platform in the Atchafalaya Bay, Louisiana 
and for waves reaching the Sun Oil Company pier ate aplen, Texas Crable V). 
The situation investigated is for waves approaching from the south. The 
bottom profiles along a N-S line through these stations a re shown in 
Fif,ure 5. The analysis waf; carried out by dividing each profile into 
four sections of constant slope as shown by the numbered dashed lines 
in Figure 5. Plate IA Was applied to each section in order to compute 
the relative loss for each section a nd the final Kf factor was thl.:reby 
determined for the two sites. The fo:..'mula for the final Kf factor 
at the end of the nth section of a total of n constant slope sectior£ 
can be shown from equation (B-la) to be 

where (Kf)i is a fictitious value of Kf from Plate IA at the end of 
section i based on the bottom slope for that section, while (Kf')i 
is a fictitious value of Kf from Plate IA at the end of section i 
baRed on the bottom slope for the section i + 1. 

The calculations of Table V do not take refraction into account. 
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The refraction factors for 12 second waves having a deep water direction 
of 1800 from north are 0.73 and 0.69 for the Sun and Pure sites, respec
tively. The corrected heights for the 12 second period waves, taking 
refraction into account are given in Table VI. These values were obtain

ed by use 0 f Plate IV and are therefore approximate. 

Observations of waves at the two sites seem to bear out the quali
tative result that the swell at the Pure site is subject to considerably 
more damping than that at the Sun site. 

TABLE V 

Computed VR]ues of H in Feet (Uncorrected for He fraction) 

Sun eil Site Pure Oil Site 

Ho T(sec) 4 6 8 10 12 4 6 8 10 12 
iill 
2 1.e 1.7 1.6 1.5 l.S 1.3 1.0 1.0 1.0 0.9 
4 3.5 3.1 2.7 2.2 2.2 2.0 1.3 1.1 1.1 1.1 
6 5.0 4.3 3.6 2.7 2.6 2.6 1.4 1.3 1.2 1.2 
8 6.4 5.3 4.2 3.0 3.0 3.0 1.6 1.3 1.3 1.2 
10 7.9 6.1 4.6 3.3 3.1 3.3 ].7 1.4 1.4 1.3 
12 9.1 6.7 5.0 3.4 3.2 3.6 1.8 1.5 loS 1.4 
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Ho 
(ft) 

2 
4 
6 
8 
10 
12 

TABLE VI 
Computed Values of H in Feet for 12-Second Waves Corrected 

for Refraction 

Sun Oil Site Pure Oil Site 

1.1 .7 
1.7 .9 
2.J. 1.0 
2.h 1.0 
2.5 1.1 
2.6 1.2 

SUMMARY AND CONG],USIONS 

A general solution of the steady state wave height transformation 
equation (wave energy equation) which ta¥es into account the effects of 
friction, percolation, refraction and change of £roup velocity is pre
sented in the form of equations (20), (21) and (22). This solution 
requires the evaluation of an integral along the wave rays which, for 
complex topographic conditions, can be carried out numerically. For the 
simple bottom ccnditions, those of constant slope or constant depth, the 
integration is carried out for the individual effects of friction and 
percolation and for certain combin2tions of friction, percolation, and/or 
refraction. The equations for these special solutions are given in 
Tables A and B and graphs of the different solutions are presented in 
Plates I to V. Equations for the limiting case of 10ng waves are also 
presented in section 8. Finally in Table C equations for the evaluation 
of the friction coefficient from measured height changes are given. 

The major assumptions underlying the present theory are: 

(1) The waves are considered as simple oscillato~ waves of 
unique periodicity whose properties are given by the classical Airy 
theory for waves of small steepness and small height-to-depth ratio. 

(2) It is presumed that the period is conserved during the trans
formation. 

(3) Diffraction, reflection, and supply of energy are not con
sidered in the present theory. 

(4) It is presumed that the energy loss by bottom friction and 
percolation iSID accord with the dissipation functions given by Putnam 
and Johnson (1949). 

(5) It is presumed that the friction coefficient and permeability 
coefficients are constant. 

(6) Steady state conditions of transformation have been presumed. 
In view of assumptions (1) and (2) in particular it is evident that the 
theory can be, at best, only an approximation wh~n applied to real waves 
where Hand T are identified with the significant values of these 
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parameters in the actual spectrum of waves. A theory which takes into 
account the complex spectral characteristics of real waves would be re
quired in order to investigate the possible change of significant period 
due to selective attenuation. It is not po<>sible to conclude anything 
in respect to selective attenuation of a complex wave group from the 
present theory because the non-linearity of the process of dissipation 
makes individual analyses of the different oscillatory components of 
the wave spectrum meaningless. At the present stage one can deal only 
with the gross effects of dissipation by presuming an effective period, 
such as the significant period, as applicable to the wave group as a 
whole. 

In view of ass~~ptions (1) and (4) it is not possible to carry the 
transformation up to the breaking point. Therefore it has not been 
attempted here to draw any conclusions in regard to the effect of dissi
pation in altering the position and height of breaking for a wave train 
of given deep water steepness. In order to deal with this problem 
properly, one must take into account the effect of finite height of the 
waves near the breaking point and the associated net transport of water, 
which will certainly alter the conditions of dissipation. 

Finally the assumption (5) is presumably heavily dependent upon 
the condition (6). Transient conditions of the waves, particularly the 
stage of rapid increase in wave height during the onset of a storm will 
have a twofold influence. First the value of f will not be conserved 
during the transient stage because of the changing conditions of bottom 
ripples. The other effect is that a term of the type ~(Eb)/at must 
be added on the left side of equation (5). 
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TABLE A 
EQUATIONS FOR COMBINED EFFECT OF BOTTOM FRICTION, 
PERCOLATION AND REFRACTION FOR TWO BOTTOM CONDITIONS 

BOTTOM OF CONSTANT SLOPE BOTTOM OF CONSTANT DEPTH 
------------~~~~~~~~~~~~~~--~--------------------------------~ 

COMPLETE EQUATION 

,H 
Where A· ~ 

mT 

do 114,,· [ K. 
", " --:;-::r 311 Sinh l..zz..b.. 

L 

Kr " .,fb./b 

REDUCED EQUATION 

B " .!.II.£. 
YmT 

• J FiO· 2 

(A - 10) 

(A - 20) 

SEE SPECIAL SOLUTIONS OF EQ. A-Ia TABLE B 

NUMERICAL INTEGRATION FORMULA (A - 3) 

Where a" 

NOTE: ,. ',iction foetor (dimen,ionl .. ,) 
p "permeability coefficient (aquare fut) 

COMPLETE EQUATION (A -Ib) 

I A':.' !~-n.(X-"1 Krd.1 + I 
, 

W~o'e A' . ~ B' • -L 
T V T' 

0. . 64 TT' K: 
FiQ. :3 

IISinh~ 
L 

Kr . .fb,/b H . H, K'pr 

REDUCED EQUATION (A-2b) 

Kp Kr 
Ktpr ' "":":"'A'-" Ia':'!"-f-=-' ------

K' KpKrdx + I 
a I, 

SEE SPECIAL SOLUTIONS OF EQ. A-Ib TABLE B 

FOR DIVERGENT REFRACTION I>K,>O (A-4) 

I 

Where F.(K K' I ./4"K~ ~r,t.' 
I Po,.' KpV(I-If,)ln IIK/ l'- 'J 

W~e,e ~ (t) • ~ [:-..lJ2d-.., Probability Intoo,al 

and t. ';2 In ".Kp 
1- Kr 

.rn;:c; 
Ka"V ~ • tho direct a~oolino focI or ; oiven ,n Wioool'8 Tobles In column loboled H/H~ 
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SUMMARY OF 
HEIGHT DUE 

CONDITIONS 

FRICTION LOSS ONLY 

PERCENT REDUCTION • 
100(1-1<,1 

PERCOlATION LOSS 
ONLY 

PERCENT REDUCT ION • 
10001-K.) 

COMBINED FRICTION 
AND PERCOLATION 
LOSSES 

PERCENT REDUCTION' 
100(1- Kf~) 

COMBINED FRICTION 
LOSS ANO REFRACTION 

PERCENT CHANGE • 
100(I-K,,) 

COMBINED PERCOLATION 
LOSS AND REFRACTION 

PERCENT CHANGE • 
10(){1- K.,) 

TABLE B 
SPECIAL SOlUTIONS OF EQUATIONS FOR CHANGE IN WAVE 

TO BOTTOM FRICTION, PERCOLATION AND REFRACTION 

BOTTOM OF CONSTANT SLOPE BOTTOM OF CONSTANT DEPTH 

I 
(B -10) I 

(B - Ib) K, • _tT' K,. I!I I A 1.', d(II/TI) I + I .!!.!!J ~ X + I 
PLATE IA 1<1 PLATE IB 

H • H.K.K, H • H, 1<, 

• 
K.' [TOllh 2~"] (8-20) I< • e-·· .. • x 

(B - 2b) • 
PLATE nA PLATE ns 

H • H. K.I<, H • H, 1<. 

K~ (B-30) K!I<~IIII/K~ 

1<,.' I f·IT
' I K,.- (I-K,)(I K.l + K,III 11K. (8-3b) 

A • rI,l<. d(II/T') + I 
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H • Ho K. 1<,. H" H, 1<,. 

1<[ 
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_ e-····.Ixl< (B-5b) , 

H " H. K. K,," Ho 1<. K. K, H • H, K.," H,K.K, 



J> 

I\l 

o 
&>0 

o 

'" 

o 
en 
w 

TABLE C 
SUMMARY OF EQUATIONS FOR DETERMINING FRICTION 
FACTOR BE T WEEN TWO STATIONS IN SHALLOW WATER 

CONDITIONS BOTTOM OF CONSTANT SLOPE BOTTOM OF CONSTANT DEPTH 
HI (I( t K[ K.1. _ I H 

COMBINATION OF HI(KpKr KJ. i:ft<, K.la- I 

BOTTOM FRICTION, 
f • 

I HI 1~ "I (C -10) f· ~ ~ (C - Ib) 

PERCOLATION, AND 
. (K.l,1I'I rl K, K, d (h IT) T K 1 K, K, dx 

!il (I<., Krl, • 0 REFRACTION 

SEE TABLES A 6 B FOR DEF INITIONS SEE TABLES A a B FOR O(FINITIONS 

NOTATIONS (i) ANO ~ REFER TO 
STATIONS CD AND 0 Rt: SPEC TIYE LY 

Path of wave trov,1 is f,am station CD to ~ 

COMBI NATION OF 
BOTTOM FRICTION HI (I(~ Kill _I H, 
AND PERCOLATION 

f HI(K~ K.h (C-20) f 
Ht~,.)-I 

(C -2b) = I H, i® · I = 
~(~) (K) TI (lt~ d(h/T ) 

• 1
m 0 lK., T K. In 11K I 
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f 
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