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FOREWORD

This report is the fifth in a series presenting results of studies
conducted to determine the magnitude and distribution of stresses under
moving vehicles. The study reported herein was conducted at the U. S. Army
Engineer Waterways Experiment Station under the sponsorship and guidance of
the Directorate of Research and Development, U. S. Army Materiel Command,
as part of DA Project 1-V-0-21T01-A-OL46, "Trafficability and Mobility
Research, " Task 1-V-0-21701-A-046-03, "Mobility Fundamentals and Model
Studies."

The tests were conducted by personnel of the Army Mobility Research
Branch (AMRB), Mobility and Environmental Division, under the supervision
of Messrs. W. J. Turnbull, Technical Assistant for Soils and Environmental
Engineering; W. G. Shockley, Chief, Mobility and Environmental Division;

S. J. Knight, Chief, AMRB; and D. R. Freitag, Chief, Mobility Section. Mr.
A. J. Green, Jr., had the primary responsibility for conduct of the tests
and the preparation of this report. Mr. H. B. Boyd participated in the
conduct of the tests. Mr. N. R. Murphy, Jr., assisted in the preparation
of this report.

Directors of the Waterways Experiment Station during the course of
the investigation and the preparation of this report were Col. Edmund H.
Leng, CE, Col. Alex G. Sutton, Jr., CE, and Col. John R. Oswalt, Jr., CE.
Technical Director was Mr. J. B. Tiffany.
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SUMMARY

This report presents the results of a study conducted to determine
the magnitude and distribution of stresses normal to the tire-soil inter-
face of an 11.00-20, 12-PR, smooth pneumatic tire towed in an air-dry sand.
Data such as the induced stresses in the soil mass and the deflected shape

of the moving tire were also obtained.

Seven pressure cells in the tire carcass measured the magnitude of
stresses at the tire-soil interface. The results indicated that the stress
distribution patterns are strongly related to the shape of the moving tire
and that the shape (deflection) of the tire was influenced by load, infla-
tion pressure, and soil strength. Peak stresses induced in the soil mass
by the moving tire occurred well shead of the axle. The total load on the
wheel had the greatest influence on the magnitude of the stresses deep

within the soil mass.

The average stress waves for a tire-soil system such as used in this
study can be expressed mathematically in terms of a Fourier series. Ap-
plication of the Fourier series in stress wave analysis is discussed in
Appendix A.






STRESSES UNDER MOVING VEHICLES
DISTRIBUTION OF STRESSES BENEATH A TOWED PNEUMATIC TIRE
IN AIR-DRY SAND

PART I: INTRODUCTION
Background

1. One of the research programs being conducted under the Traffic-
ability and Mobility Research projects is directed toward the attainment
of a better understanding of the interaction of vehicle running gear and
soft soils. This understanding should lead to the improvement of military
vehicles from the standpoint of their ability to travel across natural
terrain.

2. Knowledge of the magnitude and distribution of stresses and
strains in soil yielding under a loaded pneumstic tire would be a major
advance in the study of tire-soil relatiocns. Studies have been conducted
at the Waterways Experiment Station (WES) on the deflection of pneumatic
tires on yielding and unyielding surfaces.l* Direct measurement of the
stresses imparted by the moving tire to the soil mass on which it travels
has also been attempted using pressure cells embedded in the soil, but pre-
cise measurement of stresses proved difficult.2 Pressure cells installed
in soft soil move with the soil as it yields under traffic, and it is vir-
tually impossible to determine the exact orientation of the cells when
pressures are being registered.

3. It was considered that cells installed in the carcass of the tire
would provide more accurate stress measurements at the tire-soil interface,
since the orientation of these cells can be determined by means of deflec-
tion gage measurements of the shape of the deflected cross section and
circumference of the test tire.

k., A pilot study of stress distribution beneath pneumatic tires was
conducted with cells placed in & smooth, nonyielding surface. These mea-

surements are reported in reference 2d.

* Raised numerals refer to similarly numbered items in the Literature
Cited at end of text.



Purpose and Scope

5. The primary purpose of the investigation reported herein was to
determine the magnitude and distribution of stresses normal to the surface
of a towed pneumatic tire operating in an air-dry cohesionless soil. Of
secondary importance during the investigation were the measurement of the
stresses within the soil mass, the determination of the shape of the moving
tire, and the collection of data on towed force, sinkage, and slip of the
tire.

6. The investigation was limited to tests with an 11.00-20, 12-PR,
smooth pneumatic tire towed in an air-dry, coarsé-grained soil. Most of
the tests were conducted on soil at three strengths that can be categorized
by the cone index ranges 15 to 17, 25 to 28, and 55 to 60. Inflation pres-
sures of 15, 30, and 60 psi were employed at wheel loads of 1500, 3000,
and 4500 1b for each soil condition. ‘

Definitions

T. Certain spécial terms used in this report are defined below, and
some of them are illustrated graphically in fig. 1.

Cell mount. The housing for a pressure cell or group of pressure
cells.

Contact '‘area. The portion of the tire in contact with the supporting

surface. Interruptions of the contact area due to tread patterns are con-
sidered part of the contact area. (Synonyms are contact patch and tire-
soil interface.)

Contact length. Maximum length of the contact area, measured paral-

lel to the plane of rotation of the tire.

Contact width. Maximum width of the contact area, measured perpen-

dicular to the contact length.

Tire deflection. Any displacement of & point on the tire surface

from its position on the inflated but unloaded tire.
. Tire deflection
Deflection (percent). Carcass section height X 100 .

Maximum hard-surface deflection (SMH). Difference between carcass

section height and loaded carcass section height (see fig. 1).

10
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Maximum in-soil deflection (SMS). Maximum deflection measured on

the center line of the cross section of the tire as it moves in the soil.
Its magnitude depends upon load, inflation pressure, and soil strength.
Towed force (Pp). Pull at the towed condition.
Sinkage (z). Maximum depth to which the wheel penetrates the soil

relative to the original soil surface.

Rut depth. Depth of rut, relative to the original soil surface,
after passage of the wheel. (May differ from sinkage because of soil re-
bound or fill-in.)

Travel ratio. Ratio of the actual wheel advance per revolution to

the theoretical advance per revolution.

Slip. Unity minus the travel ratio where the theoretical wheel
advance per revolution is taken as the hard-surface rolling circumference.
Slip is usually expressed as percentage.

Reference plane (vertical). A vertical plane through the center line
of the axle of the test wheel.

Reference plane (horizontal). A horizontal plane tangent to the

lowest point on the circumference of the deflected test tire.

12



PART II: TEST FACILITIES, EQUIPMENT, AND TECHNIQUES

Type of Soil Used

8. The soil used for these tests was an air-dry, poorly graded,
medium-to-fine mortar sand, subangular in shape, and classified as SP in
the Unified Soil Classification System. Gradation and classification data

for the soil are shown in fig. 2. The average moisture content during the

tests was 0.2 percent. The sand was placed in an open pit approximately

h-l/2 't wide, 100 ft long, and 3-1/2 £t deep, that had been lined with
waterproof membrane.

U S Standerd Swve Openings in Inches U S Standard Seve Numbers Mydrometer
%0 40 30 100 14
100 17 ’['. - m T ‘%'-‘ln L B °
4 - — — 1N —
% 10
80 20
H). |
7 L ‘ »
1 { .
£ Il
I L
fo | ol
B
H |
§ %0 50 5
£ |
£ | “3
30 \ )
204 ©
10 ~+1 1+ 11 - —-Kﬁ : %
§
[ i 100
100 50 10 1 05 o1 0.08 001 0008 0.001
Grain Size in Millimeters
I GRAVEL T SAND ] SILT or CLAY J
| Coarse I Fine 1 Coarse Medium T Fine 1

Depth [ LLPL| P Classification

MAX DENSITY |MIN DENSITY

MORTAR SAND

SAND (SP} 106 1 87 4

Fig. 2. Soil gradation and classification data

Soil Preparation Procedures

9. The sand was placed in the test pit in quantities sufficient to

result in layers approximately 6 in. deep after being leveled. ILeveling

13



of the respective layers was accomplished with a section of grader blade
or a 2- by 8-in. timber attached to the test carriage. The placing

and leveling were repeated until the pit was filled, after which process-
ing and compaction were accomplished as follows. The sand was tilled with
a multiple-tooth harrow (scarifier) that was pulled back and forth through
the pit until adequate loosening of the sand was attained. Meaximum til-
lage depth was 36 in. The sand was compacted by towing a vibrator on a
steel sled back and forth over the surface until the desired soil strength
profile had been produced. The depth of tillage and the amount of com-
paction necessary for each test varied, depending both upon the soil
strength required and upon the existing strength after previous traffic

on the pit. The tools used for tilling and compacting (scarifier and
vibrator) were attached to the test carriage and towed at a uniform speed
(about 1.0 fps). The goal of the soil processing was to obtain a strength
profile such that the strength increased uniformly with depth and was con-
sistent along the length of the test lane. Cone index measurements were
made before each test to evaluate the effectiveness and uniformity of

the processing. Average cone index-depth profiles for the high- and low-
strength sands tested are shown in fig. 3.

CONE INDEX
80 100 120 140 160 180 200

DEPTH IN INCHES

~
/\8\ \\.\
| AVERAGE VALUES — ~ ~
~ ~ ~
RANGE > \\\\\\\\ h
L N

Fig. 3. Average cone index profiles, low- and high-strength sands
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Pressure Cell Installation in Soil

10. Three commercially available pressure cells of the deflect-
ing diaphragm type, 0.5 in. in diameter, were used to measure the stress-
es produced in the soil mass during the passage of the wheel. The maxi-
mum rated capacity of this type of cell is 25 psi, and the manufacturer
states that the calibration of the cell is linear within 19.6 percent
throughout this range. The calibration factor for this type of cell
is approximately 310 microinches per psi, or a total deflection of
T750 microinches when the applied pressure is 25 psi. Brass mognts

The

cells were buried beneath the center line of the intended tire path at

3 in. in diameter and 1 in. thick were used to house the cells.

various depths. Since results of earlier programs led to the conclu-
sion that cells that are displaced with the soil during traffic gave
results that were difficult, if not impossible, to evaluate, the cells
were installed at depths where stresses were expected to be of measur-
able magnitude, but not high enough to cause significant cell movement.
In the earlier tests, the cells were installed in the testing area after
construction of the pit was completed. They were buried beneath the
center line of the intended tire path at various depths ranging from 12
to 24 in. with the minimum horizontal spacing between the cells being

3 ft. After the cells had been placed, the soil above them was replaced
and compacted manually. However, this practice was found to destroy the
uniformity of the test section and was therefore discontinued. The next
procedure used involved placing the cells in the desired position,
loosely replacing the sand above them, then processing the entire test
section, and conducting a tire test without further checking the cell
position. When this procedure was first used, the cells were uncovered
after each test (including one during which large tire sinkage occurred)
and it was found that they had not moved. Therefore, in the latter part
of the program the cell positions were checked only after every fifth
test. During the entire period of using this procedure, the cells were
buried beneath the center line of the intended tire path at a depth of

18 in., with a minimum horizontal spacing of 3 ft.

15



Single-Wheel Test Dynamometer

Test carriage

11. The test carriage used in these tests can accommodate wheels
up to 56 in. in diameter and 26 in. in width. The carriage controls the
path and alignment of the test wheel and is designed to isolate and mea-
sure the resultant horizontal and vertical forces and the torque at the
wheel. Devices for determining degrees of tire rotation, forward travel
of the test carriasge, and vertical movement of the hub of the test wheel
are part of the system. Fig. 4 shows an overall view of the test carriage.
Details of the instrumentation necessary to measure the forces are pre-
sented in another report.3

Sinkage-measuring device

1l2. The sinkage-measuring device consisted of a circular potenti-
ometer with a threaded pulley affixed to its shaft. Several turns of steel
wire were wound onto the pulley to prevent slippage; one end of the wire
was attached to a small weight to produce tension in the wire, while the
other end was attached to the innermost frame (containing the wheel) of
the test carriage, near its center point. The rotation of the potentiom-
eter was calibrated to record the linear movements. This sinkage-measuring
device was used to determine the vertical displacement of the axle of the
wheel during the test.

Event markers

13. A photoelectric event marker was used to determine the car-
riage position and speed. For each foot that the center of the test
wheel axle traveled, the event marker produced a mark on the oscillo-
gram. Since the oscillogram was automatically marked at intervals of
0.1 sec, the position and speed of the carriage (and the test wheel
axle) could be determined for any instant. Another photoelectric event
marker was used to determine the angular position of the test tire.

For each 15 degrees of tire rotation, the event marker produced a mark
on the oscillogram. The two event markers also made it possible to
refer the location of all stress and deflection measurements to a com-

mon datum.

16
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Test tire

1k. The tire used was an 11.00-20, 12-PR, NDCC military tire from
which all tread had been removed by buffing. In buffing the tire, only
the thickness of the lugs was removed so that the tire's carcass thick-
ness and shape were very near the original thickness and shape. Deflec-
tion gages were mounted inside the tire to determine transient changes
in shape of the cross section in the contact area during operation.
Stress cells were placed in the tire so that their diaphragms were flush

with the tire's outer surface, in order to measure normal stresses at
J
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the tire-soil interface (fig. 5).

Stress cells

15. Seven, specially con-
structed, deflecting diaphragm cells,
0.75 in. in diameter and 0.25 in.
high, were mounted in the face of the
tire. A protective steel cup around
each cell prevented the tire from
exerting pressure on the cell's side
walls, a necessary precaution since
it was found that such a pressure
caused the diaphragm to deflect and
indicate a stress. The cup walls
and bottom were 1/16 in. thick, and
its inside radius was 1/32 in. larger
than that of the cell. A semicon-
ductor strain gage constituted the
pressure-sensitive element of each
cell, and resistors were used to

complete a full Wheatstone bridge

A

circuit. Since the semiconductor
Fig. 5. Cells in the tire carcass gage was 50 to T5 times more sensi-
tive than an ordinary strain gage, the deflection of the cell's diaphragm
could be relatively small. The maximum rated capacity of these cells is
50 psi. The calibration indicated that the cells were linear within +1.0
percent throughout the pressure range. The calibration factor for these
cells is approximately 11.0 microinches per psi, or a total deflection of
approximately 550 microinches when applied pressure is 50 psi. Fig. 6 is
a schematic drawing of the cell and the electrical circuit from the cell
to the recorder. Because the temperature changes during a specific test
were relatively small, it was not necessary to design the cell for tempera-
ture compensation. Duplicate wires were connected to each end of the
strain gage rather than the usual single wire, and in addition these wires
were coiled so that they would bend without breaking as the tire flexed.
This procedure greatly reduced the likelihood of a cell being rendered

18
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Fig. 6. Electrical schematic drawing of WES stress cell and amplifier

inoperative during a test because of wire damage.

16. Seven holes, each large enough to accommodate the cell and cup
described in paragraph 15, were cut in the tire's outer surface; then slits
were cut to contain the lead wires of each cell. The seven cells were in-

stalled along a diagonal line across the face of the tire (see fig. 5) to
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avoid serious weakening of the tire in a single cross-sectional plane. The
total depth of the cell and cup was approximately equal to the thickness of
the rubber over the outermost layer of cord, and for this reason extreme
care had to be taken when cutting the tire to avoid damage to the cords.
The bottom of the cup was bonded to the tire with a latex-base adhesive.
The area between the outer walls of the cup and the tire was backfilled
with a pliable rubber-base compound. The cell was fastened to the cup with
a thin layer of bituminous-base adhesive so that the cell would stay in
place during traffic but could be removed easily for calibration or repair.
A strip of thin rubber membrane was used to cover the entire cell area to
prevent damage of the cell's diaphragm and to prevent sand from getting in
the area between the cup and the wall of the cell. The membrane was fas-
tened to the tire with a thin plastic adhesive tape that would deflect with
the tire without providing additional stiffness to the tire carcass.

Deflection gages

17. Three types of deflection gages were utilized in this study

(fig. 7). Types 1 and 2 measured only linear movement, whereas type 3 was

BASE OF GAGE

CIRCULAR
POTENTIOMETER

POSITIONING
STRINGS

LINEAR
POTENTIOMETER

Fig. 7. Deflection gages

20



capable of measuring both translational and rotational movement of a point
on the tire's inner surface. (Type 3 gages are referred to as linear-
angular gages.) The linear and circular potentiometers used in these gages
register a resistance change as the shaft of the potentiometer is moved.
Five deflection gages were used during this study, and the location of each
of the gages in the tire cross section is shown in fig. 8. The gages were

RIM
ANOLUOLINTITIRTITTIITRNESY

REMOVABLE
FLANGE

INSIDE CROSS SECTION
OF TIRE

C/IRCULAR MOVEMENT
IN A CLOCKWISE
ODIRECTION IS NEGATIVE

GAGE 3 (TYPE 1)
GAGE 2 (TYPE 2)

LINEAR MOVEMENT OUTWARD
FROM ORIGINAL POSITION
1S NEGATIVE

}
3
* GAGE | (TYPE 1)

Fig. 8. Location of deflection gages in tire cross section

spaced at intervals of 30 degrees or more in the plane of tire rotation.

Two gages were placed on the center line; three were placed on the left

21



(looking in the direction of travel) side of the cross section.

18. Mounting of the deflection gages in a tube-type tire required
that the gage ports be sealed to the tube before being placed in the rim.
Six holes were drilled in the rim, and six holes were cut in the tube to
match those in the rim (fig. 9). The next step was to bond the deflection
gage ports to the tube. The ports had an exterior flange that rested
against the inner part of the tube. A threaded annular ring, with outside
diameter the same as that of the flange, was tightened against the outside of

Fig. 9. Deflection gage ports in 11.00-20 tube

the tube and rubber-to-metal cement was used to help complete the seal. As
the tire was mounted, the ports in the tube were pushed through the openings
in the rim and then fastened to the rim with a locknut. The next step was
the installation of the deflection gage. The ports in the tube had an inner
flange upon which the base of the deflection gage (fig. T, p 20) rested as

a spacer. Since the position of the base of each gage relative to the
center of the axle was often different, spacers or sleeves were placed be-

tween the base of the deflection gages and the inner flange of the ports.
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A threaded annular ring was used to fasten the base of each gage port in
position. Smell holes in the base accommodated the electrical wires and
the strings that were used to position the linear-angular gages. A cap was
used to seal the top of the port, and hermetically sealed leads in this cap
provided an outlet for the electrical wires from the deflection gages.
During installation the foot of the "scissors" gage (see type 1, fig. T)
was cemented to the tube and then the installation continued in the manner
described. The fixed gages (see type 2, fig. T) required only that the
base of the gage be oriented properly during installation, i.e. with the
wider portion of the gage perpendicular to the direction of travel. The
linear-angular gages were oriented so that they measured rotational move-
ment in the plane of the cross section. The gage was rotated to the de-
sired angular position while outside the tire, and the circuit that in-
cluded the circular potentiometer was balanced at that position. The geage
was then placed in the port, and the base was tightened in position. After
this was done, the positioning strings were used to rotate the gage until
the circular potentiometer circuit for that gage was rebalanced, indicating

that the gage was in the desired position.

Test Procedures and Types of Data Obtained

Tire measurements

19. The load-inflation-deflection relations of the test tire on a

nonyielding surface have been used to characterize the test conditions. At
any constant load, different inflation pressures produce different amounts

of deflection, different sizes of contact area, and different average con-

tact pressures. Similarly, changes in load at constant inflation pressures
produce differences in the parameters mentioned. The effects of different

combinations of loads and inflation pressures for the test tire were deter-
mined and are listed in table 1.

Soil measurements

20. The strength of the soil in the test lane, in terms of cone
index, was measured both prior to and during traffic. At intervals, mea-
surements were made along the length of the test lane and averaged. The

measurements made during traffic reflected the changes caused by the

23



applied loading. The loads, inflation pressures, and cone indexes pertain-
ing to each of the tests reported herein are shown in table 2. Plate pene-
tration and density measurements also were made in the test section before
traffic. The relations among these measurements for a range of soil
strengths are shown in tables 3 and k.

Traffic application

2l. The test carriage towed the test tire through the test section
at a constant speed of approximately 1.0 fps. A test consisted of 10
consecutive passes of the tire in the same direction along the same path.
Types of data obtained

22. In a normal test run, performance data were recorded on direct-
writing oscillographs during the first, second, third, fifth, seventh, and
tenth passes. The types of data recorded were: tire load, towed force,
tire sinkage, deflection gage registration, normal interface stresses, soil

mass stresses, carriage position, wheel rotation, and the tire record.
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PART IIT: ANALYSIS OF TEST RESULTS

Data Reduction

23. In the form in which they were first obtained, the data were
merely records of the simultaneous measurements, which had to be assembled
into a coherent system before the results of a test could be analyzed. At
each instant in time, there were data that described the position of the
wheel axle along the test course, the angular position of each stress cell
relative to the wheel axle, the deflection of the tire at each cell's loca-
tion, and the vertical movement of the wheel axle relative to the soil
surface; these data had to be combined to fix each cell's position in space.
Then the cell stress registration that prevailed at a particular time could
be associated with the cell's position in space to give one point on an
interface stress map. In the reduction of the test data for this study,
the shape of the deflected tire cross section was determined at 5-deg
intervals of rotation. Then the positions of the stress cells were located
on each cross section. From these plots the circumferential positions also
could be specified. It should be noted that in the plates which pertain to
interface stresses (plates 1-8), the measured normal stresses are plotted
in their appropriate positions on the vertical and horizontal projections
of the actual contact surface. This method of presenting the data is pre-
ferred for several reasons. It is necessary to know only the position of
the center of the cell diaphragm and not its exact attitude. This method
eliminates the need to measure the "developed" (actual) length of the
contact surface. As illustrated in fig. 10, this method can be used to
readily determine the position and magnitude of the horizontal and vertical
components of the resultant of the normal forces on the wheel in the soil.
In addition, presenting the stress data in this form facilitates compari-
sons between the measured data and the stresses theorized by Bernstein,
Bekker, and other experimenters who base their theories, in part, on the
pressure-sinkage relations obtained during plate-penetration tests. Also,
it is thought that the data when analyzed in this fashion have greater

utility in the development of theoretical concepts.
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Interface Stresses

24, Plates 1-4 show typical stress maps developed from the test
data. The outline(s) of the three-dimensional curved contact surface(s)
has been projected onto the horizontal and vertical planes. Since the
cells in the tire register stresses (in psi) normal to their diaphragms,
the projected stress distributions are obtained merely by locating the
centers of the cells on the appropriate proJjection and plotting the ac-
companying measured stress magnitudes at those points. Plates 1 and 2
show the distribution of interface stresses for the 11.00-20, 12-PR tire
with 3000-1b load at 15-psi inflation pressure on a soft sand. Plates 3
and 4 represent the same test conditions except for the inflation pressure,
which was 60 psi.

Effect of inflation pressure

25. In the study of interface stresses on an unyielding surfaceh

it was found that relatively high normal stresses, termed edge stresses,
existed in a zone near the sides of the contact area elongated parallel
to the travel direction. In general, for a constant tire load the inten-
sity of these edge stresses was greatest when the inflation pressure was
the lowest; at high inflation pressures the edge stresses were not evident.
From plates 1-4 of this report it can be seen that similar trends occur for
normal stresses measured in sand. For example, plate 1 depicts a test on
loose, soft sand at a 15-psi inflation pressure, and it shows an elongated
zone of high stresses offset from the center line of the contact ares.
Plate 3 depicts a second test on loose sand at a 60-psi inflation pressure,
and a similar zone of high stresses offset from the center line does not
occur; instead, the stresses increase to a maximum at the center line.
Effect of soil strength

26. Another interesting observation that can be made from these
tests is that the surface strength influences the development of the stress
patterns. Plate 5 compares the interface stresses recorded during two
tests in sand of different strength at a single (15 psi) inflation pressure.
Plate 6 compares two extreme conditions, a tire operating at 15 psi on an

unyielding surface and on a soft sand. All of the curves in plates 5 and

6 have been somewhat smoothed and idealized to aid in the comparison.
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Only a cross section at the axle and a center-line registration (profile)
are shown for clarity. It can be seen that in the central portion of the
contact width the stresses are not widely different in magnitude. "The
distribution patterns along the profile also are seen to be similar; how-
ever, the contact length (profile) is longer in the soft sand. A marked
difference in peak or maximum stresses is evident in the cross-section com-
parison shown. On the unyielding surface, very high stresses are concen-
trated near the edge of the tire contact. On the yielding sand, these
edge stresses are much smaller, being a minimum for the soft (30 CI1)
sand, and overall the stresses are distributed to portions of the tire
farther from the center line of the cross section.

Effect of tire deflection

27. Plates 7 and 8 illustrate three general types of stress waves
that were distinguished in the test results. In each plate are shown the
stress registrations at the center line of the tire and at an offset dis-
tance of 3.75 in. from the center line on the first pass of the wheel. The
offset cell was chosen to indicate the pattern of the edge stresses. The
drawings of the deflected tire and the soil surfaces as shown in these
Plates refer only to the center-line cell position. The circumference of
the tire and soil surfaces are not shown for the offset cell position; how-
ever, the relative locations of the stress patterns on the projections are
correct.

28. The stress patterns shown in plate 7 are typical of those from
tests in which the maximum in-soil tire deflections (SMS) were small,
usually less than about 10 percent. These patterns can be identified both
by the single-peaked curves at the center line and at the offset and by the
greater pressure on the center line (point for point) than on any other
parallel line. Tests in which 5MS was greater than about 10 percent
usually furnished stress curves of the type shown in plate 8. For these
tests, the center-line cell always exhibited two maxima in the stress wave.
The cell at the 3.75-in. offset was single-peaked, and the high stress oc-
curred at the same cross section at which the minimum stress between the two
beaks of the center-line stress wave occurred. Thus, the latter stress

patterns are those in which the edge stresses tend to predominate.
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Approximation of stress patterns

29. Average stress wave. Stress maps of the type illustrated in

plates 1-4 provide a graphic means of studying the general nature of the
stress distribution patterns. However, they do not lend themselves readily
to mathematical manipulation. In an effort to provide a basis on which to
analyze data mathematically, the concept of an average stress wave has been
introduced. The concept also permits determination of total forces on the
wheel without the necessity of laborious planimetering of areas.

30. Averaging procedure. The average stress waves, which are plot-

ted on the major axes of the projected (vertical and horizontal) contact
areas, represent, at any point, the average stress over the average width
(termed effective width, We ) of the pertinent cross section. The steps
employed in constructing an average stress wave projected in a horizontal
plane (i.e. vertical stresses) are described in the following example
(refer to fig. 10, p 26). Horizontal stresses are determined in a similar
manner.

Step 1. The outline of the actual area of contact between
tire and soil is projected onto the horizontal plane. The pro-
Jjected length of the contact patch is the projected length of
the path followed by a cell embedded in the center line of the
tire while in contact with the soil. The projected widths are
approximated by constructing the cross section of the tire at
various angular positions (from deflection gage data) at the
proper depths (from sinkage data) in the soil. The bow wave is
taken into consideration. A rectangle equal in area and in
length to the contact area (projected) is drawn. The width of
this rectangle is termed effective width (we). This step is il-
lustrated in fig. 10 for three cross sections, 1-1, 2-2, and 3-3,
with projected widths greater than, equal to, and less than the
effective width, respectively.

Step 2. The average normal stress projected on a hori-
zontal plane (cnz) for a particular cross section is determined
by drawing a rectangle in which the length is equal to the pro-
jected width of the tire cross section and the area is equal to

the area under the % curve. The width of this rectangle is
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the average onz for the respective cross section.

Step 3. The average cnz for a particular cross section
is converted to the average LA to be used as a point on the
average stress wave by multiplying it by the ratio of the pro-
Jjected width of the cross section to the effective width. This
step is illustrated in fig. 10 by construction of a rectangle
equal in area to that constructed in step 2, but with a length
equal to We « The width of this rectangle is then the proper
value of Oz for constructing the aversge stress wave, which
is shown in step 4.

31. Determination of location and magnitude of vertical force. When

the proper values for Onz have been computed, the average stress wave can
be constructed (see step 4, fig. 10). To compute the vertical force (Fz)
the stress wave is first divided into even increments QALeL the average
stress on each increment being also the average stress for the cross sec-

tion represented at the midpoint of that increment; therefore,

N [CMIARITR]

where
onz = psi
AL = in.
e
W = inu
e

The location of the line of action of FZ was usually determined by taking
moments about point O (see step 4, fig. 10). Obviously, the location and
magnitude of Fx can be determined in a similar manner. Actual and com-
puted values for eight representative tests are shown in the following

tabulation. The results indicate that the methods used were reasonable.

Avg O- Applied Measured Computed % Difference (i.e.
to 6-in. Inflation Wheel Towing Wheel Towing Computed - Actual x 100)
Cone Pressure Load Force Load Force Actual
Index psi 1b 1b 1b 1b Wheel Load Towing Force
16 15 3000 870 2950 862 -1.7 -0.9
15 30 3000 1028 2961 1098 -1.3 6.8
16 60 3000 1115 2914 1142 -2.9 2.4
24 15 3000 760 3230 703 7.7 -7.5
30 15 3000 609 3104 563 3.5 -7.6
27 60 3000 1000 3032 1124 1.1 12.4
5T 15 3000 166 3130 187 4.3 12.7
sh 60 3000 9l3 3147 1083 4.9 14.8
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32. Pourier series approximation. The average stress waves can be

expressed mathematically in terms of a Fourier series (see Appendix h).
Established mathematical techniques are used to develop an integrable

equation of the form

0o
£(x) = z (an sin nx)

n=1

where f(x) for purposes of this discussion can be considered to be the
stress at any point x . The coefficients a are the necessary constants
for the n terms of the series and can be assumed to be dependent upon the
test conditions. Theoretically an infinite number of components are re-
quired to exactly duplicate the stress wave, but it has been found that
even the most complex of the stress waves obtained in this study could be
closely approximated by a Fourier series with 19 harmonics (plate 9). The
general shape of most curves could be obtained with as few as three or

four harmonics (plate 10).

33. The coefficients (expressed as a decimal fraction of the maxi-
mum ordinate of the stress wave) of the first seven terms of the Fourier
series approximations of a number of average stress waves (projected on
the horizontal plane) are listed in table 5. An examination of these
data shows that in most cases the even-numbered coefficients are quite
small. The first coefficient is quite large, and there is a tendency for
the fractional value to be less than unity for single-peaked curves and
greater than unity for the double-peaked curves. Test 34 is an exception
to this rule, however. This test was run on & rather firm sand at a rela-
tively low inflation pressure, and the large meximum stress that resulted
shows a trend toward the high stress levels that occur on unyielding sur-
faces under similar test conditions. The values of the maximum ordinates
in this series of tests seem to show a relation to the test inflation pres-
sure (i.e. the higher the inflation pressure, the greater the ordinate
value), again with the exception of test 34. When further data become
available, trends in the Fourier coefficients in terms of loads, inflation
pressures, and soil strengths will be explored.

Location of resultant forces

34. The tests analyzed in this report were conducted with a freely
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rolling (towed) wheel. For this condition, the only moment about the wheel
axle is that caused by friction in the bearings. If this frictional moment
is neglected, the conditions of static equilibrium require that the result-
ant of all forces pass through the axle center line so that no net moment
exists. However, besides the normal stresses that are measured by the
stress cells, the possibility of stresses tangential to the tire surface
exists. Although the tangential stresses could not be measured directly
with the presently available instrumentation, their net magnitude can be
estimated from the residual moment, if any, of the resultant of the normal
stresses (see fig. 11).

35. Computations using the data from the tests reported herein in-
dicate that the resultant of the normal stresses at the tire-soil interfsace
probably intersects the axle center line. The basis for these computations
is outlined schematically in fig. 1l1l. To compute the direction and magni-
tude of the resultant of the normal stresses (Fr), the magnitude and loca-
tion of the resultants of the projected normal stress distributions (Fx
for the horizontal projection, FZ for the vertical projection) were deter-
mined. Then the point of intersection of Fx and Fz and the magnitude
and line of action of Fr were computed. Of 17 tests analyzed, the re-
sultant normal force always passed forward and within 0.5 in. of the axle
center line. In only four instances was the distance, a (see fig. 11),
more than 0.2 in. The tests in which the resultant had the greatest de-
partures from the axle were those tests at deflections of 25 percent or
greater. Thus it can be concluded that the normal stresses do not pro-
duce a moment about the axle. This requires that the resultant of the
tangential stresses, T , be zero to produce a balanced moment equation.
However, negative slip is known to occur in a towed test, and slip must
be accompanied by some tangential force. Therefore, another tangentisl
force acting in the direction opposite to that of the slip-induced force
must be set up at the interface. Probably this counterbalancing force
arises from the flow of sand in front of the tire as evidenced by the
formation of the bow wave. Further studies, preferably employing a
tangential stress cell if one can be developed, are needed to clarify

these observations.
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Comparison of pressure-sinkage
relations for a tire and a plate’

36. Previous attempts have been made by WES and others, mainly the
Land Locomotion Laboratory, to describe the pressure-sinkage relation for a

moving tire in the same terms as for a flat plate pushed vertically into a
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soil. The latter relation, known as the Bernstein equation, takes the form
p = Kzn where p is pressure on the plate, =z 1is sinkage, and K and n
are constants. Until the studies reported herein were made, no reliable
pressure-sinkage data for a tire were available to compare with similar
data for a plate. Plate 11 shows a pressure-sinkage relation from a typi-
cal average stress curve with a superimposed pressure-sinkage curve from

a plate-penetration test in the same soil. At the intermediate depths, the
magnitude of the pressure from both sources is about the same. However,
the plate test fails to indicate a decrease in pressure similar to that
experienced by the tire near the maximum penetration; and the plate test
could not, of course, measure anything analogous to the bow wave effects.
Furthermore, in some of the tire tests in this study, the pressure-sinkage
relation for the tire had a double-peaked pattern (see plate 8), and it
seems unlikely that a plate test would show a similar phenomenon. "While
these results do not prove the Bernstein equation invalid, it does con-
vincingly demonstrate that if the equation does have an application in
wheel mobility work, it must be applied with more finesse than has been
used to date. On the other hand, it cannot be reported yet that the
pressure-distribution studies have resulted in a broad new working hypothe-
esis. The data show that the problem is quite complicated and that con-
sideration may also have to be given such things as relative slip and tire
construction. However, the data do suggest that there may be simplifying
assumptions that can be made with a reasonable degree of validity that
could allow a general hypothesis to be made eventually. This is one of the

no

goals of this research, and a solid effort will be made to reach it.

Stresses in the Soil Mass

Position of maximum stress

37. The maximum stress registered by the cells buried in the sand
tended to occur before the axle of the rolling tire passed over the cell
location. However, well-defined maxima usually occurred only when the test
conditions were such that single-peaked stress curves were registered by
the stress cells in the tire. In these instances, a definite relation be-

tween tire deflection, interface stresses, and stresses in the soil mass
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could be observed. An example is shown in plate 12. The maximum tire
deflection and the maximum interface stress occurred at an angle of 13-1/2
degrees ashead of the axle center line. 1In other terms, in the particular
example shown, the maximum stress in the cell in the soil was registered
before the maximum interface stress. The maximum interface stress occurred
when the axle had moved forward an additional O.4 in. Finally, the angle
of the measured resultant force in this test was about 18-1/2 degrees. It
seems evident that these measurements are interrelated, but further data
and analysis are needed before any additional conclusions can be drawn.

Effects of soil strength on stress

38. sSeveral tests in this test program were similar in most respects
except for the soil strength. The maximum stresses registered in these
tests by the cells in the soil on various passes of the test wheel are
plotted in plate 13 and listed in table 6. The spread of data discourages
a confident interpretation, but it will be noted that stress values from
the test in the sand of highest strength were median between those values
recorded for tests in the two sands with lower strength, thus suggesting
that the magnitude of the stresses did not vary in a consistent manner
with variations in the strength of the sand. The results also imply that
the effective modulus of elasticity and Poisson's ratio did not vary widely
for the range of soil conditions represented.

Effects of load on stress

39. The test data (table 6) also permit an evaluation of the effects
of load on the stresses. This evaluation of the data is shown in plate 1k.
At any depth, the magnitude of the induced stress is approximately in
direct proportion to the magnitude of the applied load. This trend was
what had been expected.
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PART IV: CONCLUSIONS AND RECOMMENDATIONS

Conclusions

4O. On the basis of the data presented in this report, it is con-

cluded that:

8.

Lo. It

8.

The equipment, facilities, and techniques employed in these
tests produce a reasonably correct portrayal of the distribu-
tion of normal stresses at the tire-soil interface.

The PFourier series description of average stress curves
shows promise as a means of describing and manipulating the
measured stress patterns.

Within the probable accuracy of the analysis of the data as
reported herein, the line of action of resultant of the
normal stresses at the tire-soil interface can be considered
to pass through the wheel axle center line of tires towed
in sand.

The average pressure-sinkage relation for a pneumatic tire
towed in sand is not approximated closely by an average
pressure-sinkage relation from a plate-penetration test.

The magnitudes of the stresses induced in sand by a moving
tire are influenced by the load on the tire (i.e. the
greater the load, the greater the stress). No consistent
influence of the relative firmness of the sand on stress
magnitudes was observed.

The maximum induced stress registered by a cell embedded in
the soil mass during passage of the wheel occurs before the
wheel reaches a position over the cell. The position of the
maximum induced stress appears to be related to the stresses

and deformations at the tire-soil interface.

Recommendations

is recommended that:

This study be extended to include some fundamental tests
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with towed wheels in soft clay soils, and powered wheels in
both air-dry sand and wet, soft clay soils.

An effort be made to develop a cell, suitable for use in
pneumatic tires, that will measure tangential stresses.

Analyses of the existing data for towed wheels in sand

be continued.
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Table 1

Hard-Surface Deflections, Contact-Print Dimensions,

and Average Contact Pressure

11.00-20, 12-PR Tire, Buffed Smooth

Maximum Average
Wheel Inflation Hard-Surface Contact-Print Dimensions Contact
Load Pressure Deflection Length Width Area Pressure
1b psi in. % in. in. sq in. psi
4500 60 1.56 17.3 11.35 6.38 67 67
4500 30 2.22 2h.6 16.00 8.20 125 36
k500 15 5.00 55.4 20.00 9.30 187 2k
3000 60 1.12 12.5 9.90 6.05 52 58
3000 30 1.75  19.h  12.38 T.40 86 35
3000 15 2.75  30.b  16.10 8.20 130 23
1500 60 0.50 5.5 7.70 4.60 29 51
1500 30 0.88 9.7 9.90 5.65 L7 32
1500 15 1.31  13.1  10.50 6.65 62 24
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Table 2
Cone Index Data
Mortar Sand Test Section
Inflation Depth

Test Load Pressure Range Cone Index Before Indicated Pass

No. 1b psi in. 1 2 3 5 T 10
3 3000 60 0-6 23 ok 2k -- -- --
6-12 85 90 92 -- -- -

4B 4500 60 0-6 27 21 28 32 35 37
6-12 108 104 -- -- -- --

SA 1500 15 0-6 28 20 22 27 31 30
6-12 116 81 82 97 104 107

6 1500 30 0-6 25 26 31 31 31 33
6-12 120 87 98 97 92 100

7 1500 60 0-6 26 26 30 31 34 4o
6-12 121 101 101 105 119 141

8 3000 15 0-6 25 20 25 29 30 33
6-12 146 92 103 112 111 119

9 3000 30 0-6 27 22 28 29 30 3k
6-12 113 93 115 120 123 139

10 4500 15 0-6 28 28 20 23 24 28
6-12 102 67 75 8L 93 108

11 4500 30 0-6 29 20 2 27 25 26
6-12 99 T0 86 96 97 98

12 3000 30 0-6 43 24 24 30 31 32
6-12 154 111 102 125 125 130

124 3000 30 0-6 55 25 26 29 31 35
6-12 205 109 113 119 133 148

13 3000 60 0-6 57 29 31 31 32 33
6-12 208 130 131 131 137 143

14 4500 30 0-6 60 27 27 34 36 Lo
6-12 272 142 140 150 156 165

15 -- -- 0-6 -- -- - -- - --
6-12 - - - - -- -

16 4500 15 0-6 60 27 26 30 32 36
6-12 146 83 8L 110 125 124

17 1500 60 0-6 62 28 30 35 39 L6
6-12 150 100 111 137 149 136

18 1500 30 0-6 59 24 26 32 37 41
6-12 17k 89 113 125 138 131

(Continued)
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Table 2 (Concluded)

Inflation Depth

Test Load Pressure Range Cone Index Before Indicated Pass
No. 1b psi in. 1 2 3 5 7 10
19 3000 15 0-6 58 29 34 30 32 36

6-12 233 118 132 125 121 142

20 4500 60 0-6 57 28 29 30 32 35
6-12 192 130 137 -- - --

21 1500 15 0-6 63 29 30 32 35 39
6-12 235 123 126 124 132 145

22 1500 15 0-6 18 17 24 34 39 Lo
6-12 L7 73 96 123 149 156

23 1500 30 0-6 14 16 23 33 34 Lo
6-12 39 67 92 119 134 146

2 1500 60 0-6 16 18 23 32 36 39
6-12 L9 ™ 98 121 130 14

25 3000 15 0-6 19 21 28 33 38 41
6-12 50 81 106 12k 154 154

26 3000 30 0-6 15 17 24 32 36 L2
6-12 36 iy 76 129 143 171

27 3000 60 0-6 16 17 22 29 33 36
6-12 L9 69 93 -- -- --

28 4500 60 0-6 17 17 22 29 3k 38
6-12 54 75 102 125 - -

29 4500 30 0-6 17 19 30 36 41 43
6-12 65 73 103 129 149 158

30 4500 15 0-6 17 22 27 31 34 37
6-12 53 e 93 111 122 138

31 3000 60 0-6 27 20 25 32 41 41
6-12 9k 83 106 128 150 150

32 3000 15 0-6 24 25 29 34 37 39
6-12 77 88 100 115 124 134

33 3000 60 0-6 5k 25 28 33 35 38
6-12 168 124 138 156 165 175

34 3000 15 0-6 57 29 28 28 29 32
6-12 232 129 125 136 151 169

35 3000 15 0-6 30 21 25 30 32 34
6-12 140 85 103 130 143 155

200 4500 60 0-6 8L 32 31 29 31 35
6-12 320 131 150 161 -- --

201 1500 15 0-6 79 39 35 36 37 4o
6-12 -- 170 168 156 166 183
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Table 3
Plate Penetration Data

Mortar Sand Test Section

Plate Penetration Resistance, psi

0- to 6-in.

h‘ce-ino =

2.8-ino-
diam plate

Depth l.4-in.-

Layer
Cone Index

diam plate

diam plate
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These data are averages for each cone index range.

Note:
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Table 4

Average Density-Cone Index Data

Mortar Sand Test Section

Dry Density* (7D)

Cone Index in 1b/cu ft
0- to 6-in. Layer 0- to 3-in. Layer
15 95.1
20 96.0
25 96.8
30 9T7.7
35 98.5
4o 99.2
L5 99.9
50 100.6
55 101.2
60 101.8

¥ Values taken from curves based on a number
of tests.
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Table 5

Fourier Coefficients of Average

Stress Waves

Infla- Max Towed Cone Max
tion In-Soil Force Index COrdinate
Pres- Deflec- Sinkage P O- to of Stress Fourier Coefficients* Type of
Test Load  sure tion Z T 6-in. Wave for Indicated Sine Terms Avg
No. 1b psi % in. 1b Layer psi 1 2 3 L 5 6 T Curve*#
25 3000 15 19.5 3.92 870 16 18.0 1.12 0.08 0.10 0.04% -0.03 -0.00 -0.02 Flat
26 3000 30 7.8 5.64 1040 15 25.6 0.98 0.08 -0.05 -0.05 0.00 -0.02 0.00 Single
27 3000 60 4.6 6.7 1105 16 33.0 0.82 0.11 -0.06 -0.05 -0.06 0.00 0.01 Single
31 3000 60 5.0 5.65 1000 27 26.5 0.92 0.06 -0.09 -0.04 -0.05 -0.01 -0.01 Single
32 3000 15 22.2 3.21 750 24 18.2 1.03 0.01 0.35 -0.02 0.10 -0.06 0.05 Double
33 3000 60 6.1 3.64 825 55 33.0 0.93 0.07 -0.07T 0.02 -0.01 -0.01 0.00 Single
34 3000 15 27.8 0.29 225 57 29.1 0.67 0.01 0.42 0.10 0.21 0.05 0.06 Double
35 3000 15 25.6 2.4 615 30 18.0 1.10 0.00 0.15 -0.01 -0.07 -0.05 -0.02 Double

* Expressed as decimal fraction of maximum ordinate of stress wave.
Single-peak stress wave; flat (single) pesk stress wave; double-peak stress wave.
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Table 6
Stresses in the Soil Mass, Mortar Sand
11.00-20, 12-PR Smooth Tire

Cell No. 1 Cell No. 2 Cell No. 3 Average  Average
Peak Peak Vertical ©Peak Peak Vertical Peak Peak Vertical Average Peak Vertical
Station Pressure Pressure Station Pressure Pressure Station Pressure Pressure Depth  Pressure Pressure
Pass No .o pSi psi No .« psi psi No . psi psi in. psi psi
Test 16
1 59.58 9.4 9.2 62.58 8.1 8.0 17.5 8.75 8.60
2 59.60 9.1 8.9 62.59 8.0 7.9 17.1 8.55 8.40
3 X s 59.60 9.1 8.9 62.58 8.0 7.9 16.8 8.55 8.L0
5 Cell 1 out of operation 59.64 9.3 8.9 62.62 8.2 7.9 16.3 8.75 8.40
7 59.67 9.2 8.8 62.63 8.1 7.9 16.0 8.65 8.35
10 59.70 9.5 9.0 62.6k4 8.3 8.0 15.6 8.90 8.50
Test 1
1 59.40 3.0 2.8 62.40 2.5 2.4 17.1 2.75 2.60
2 59.33 2.5 2.2 62.30 2.1 2.0 16.5 2.30 2.10
3 . 59.3h4 2.5 2.2 62.30 2.3 2.0 16.1 2.40 2.10
5 Cell 1 out of operation  g57p, 2.3 2.2 62.h1 2.2 2.1  15.8 2.25 2.15
T 59.41 2.3 2.2 62.35 2.2 2.1 15.6 2.25 2.15
10 59.50 2.3 2.3 62.47 2.2 2.1 15.4 2.25 2.20
Test 18
1 56.40 2.8 2.8 59.33 2.2 2.1 62.23 2.2 2.0 17.1 2.40 2.30
2 56. 40 2.9 2.8 59.32 2.0 1.8 62.20 2.2 1.9 16.4 2.36 2.16
3 56.52 3.0 2.9 59.37 2.1 2.0 62.30 2.2 1.9 16.1 2.43 2.26
5 56.49 3.2 3.2 59.41 2.1 2.1 62.37 2.3 2.2 15.7 2.53 2.50
7 56.52 3.5 3.5 59.40 2.1 2.1 62.36 2.3 2.1 15.5 2.63 2.56
10 56.43 3.5 3.5 59.48 2.3 2.3 62.40 2.4 2.4 15.4 2.73 2.73
Test 1
1 56.76 7.1 6.8 59.50 5.1 5.0 62.56 4.8 4.8 17.7 5.66 5.53
2 56.Th 6.9 6.4 59.58 b7 k.5 62.57 k.5 bl 17.4 5.36 5.10
3 56.73 T.2 6.9 59.61 4.5 k.1 62.59 4.6 4.5 17.3 5.43 5.16
5 56.78 7.1 6.5 59.58 4.8 4.6 62.59 k.9 4.8 16.9 5.60 5.30
7 56.78 7.0 6.2 59.65 k.5 bk 62.57 4.8 4.8 16.7 5.43 5.13
10 56.79 6.9 6.0 59.61 4.9 4.8 62.60 4.8 4.8 16.4 5.53 5.20
Test 20
1 56.09 13.0 8.6 59.02 T.1 4.3 62.02 6.8 4.2 1.8 8.96 5.70
2 56.0k4 15.1 9.2 59.10 7.0 4.3 62.09 6.5 k.5 1%.0 9.53 6.00
3 56.07 16.6 9.6 59.06 T.1 4,2 62.09 6.4 4.0 13.4 10.03 5.93
5 56. 14 18.5 11.1 59.1k4 7.1 k.6 62.10 6.2 4.0 12.6 10.60 6.56
T 56.20 18.1 13.5 59.17 7.0 4.8 62.13 T.2 bl 12.3 10.76 7.56
10 56.25 19.6 15.9 59.24 T.1 6.5 62.23 7.3 5.8 12.1 11.33 9.40
Test 21
1 57.13 2.6 1.5 60.14 2.9 1.2 63.16 2.9 1.2 17.6 2.80 1.30
2 57.18 2.3 1.7 60.13 2.5 1. 63.17 2.6 1.3 17.4 2.46 1.46
3 57.17 2.3 L4 60. 14 2.3 1.2 63.15 2.5 Lok 17.3 2.36 1.33
5 57.20 2.4 1.3 60.15 2.4 1.3 63.15 2.8 1.5 16.9 2.53 1.36
7 57.22 2.5 1ok 60.18 2.3 1.2 63.15 2.5 1.5 16.8 2.43 1.36
10 57.21 2.2 1.3 60.17 2.2 1.3 63.17 2.6 1.5 16.6 2.33 1.36
Test 22
1 57.68 2.9 1.8 60.70 3.0 1.5 63.68 3.1 1.5 1%.9 3.00 1.60
2 56.98 3.9 3.8 59.98 4.0 3.9 62.93 3.6 3.5 14.5 3.83 3.73
3 57.12 4,2 4.0 60.06 4.0 3.9 63.01 3.5 3.5 kb 3.90 3.80
5 57.16 k.2 k.0 60.11 4.0 3.9 63.0k4 3.6 3.5 4.3 3.93 3.80
7 57.17 4.0 3.8 60.15 3.9 3.8 63.14 3.5 3.4 .2 3.80 3.66
10 57.22 3.7 3.5 €0.18 3.6 3.2 63.11 3.5 3.2 .2 3.60 3.30
(Continued)

Note: Vertical pressure is the value recorded when the axle of the test wheel was directly above the cell. For tests
16-21 the station numbers of cells 1, 2, and 3 are 56.5, 59.5, and 62.5, respectively; for tests 22-35 the station
numbers of cells 1, 2, and 3 are 57, 60, and 63, respectively. (1 of 3 sheets)
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Table 6 (Continued)

Average

Average

Cell No. 3

Cell No. 2

1

Cell No.

Vertical

Peak

Pressure Pressure

Vertical Average

Vertical Peak Peak

Peak

Peak

Station Pressure Pressure

Vertical

Peak

Peak

Station Pressure Pressure

Station Pressure Pressure

Depth
in.

psi

psi

psi No. psi psi No. psi psi

psi

No.

Pass

Test 23

Test 24

Test 25

Test 26

Test 27

Test 28

Test 29

12.93
12.30

5.60
10.60
12.56
13.36

Test 30

(2 ot 3 sheets)

(Continued)
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Table 6 (Concluded)

=
O=_\wvw -

O=\wvw N

=
O=_viw N~

=
O~_\wvw N

O=viw v+

Cell No. 1 Cell No. 2 Cell No. 3 Average Average
Peak Peak Vertical Peak Peak Vertical Peak Peak Vertical Average Peak Vertical
Station Pressure Pressure Station Pressure Pressure Station Pressure Pressure Depth Pressure Pressure
No. __psi psi No. psi psi No. psi psi in. psi psi
Test 31
56.72 5.5 b2 59.47 5.0 2.3 62.49 5.3 2.9 13.8 5.26 3.13
56.78 5.9 5.1 59.66 5.9 3.9 62.62 5.9 4.0 12.8 5.90 k.33
56.87 7.0 6.6 59.77 6.3 4.8 62.71 6.5 4.8 12.4 6.60 5.40
57.03 7.8 7.6 59.89 6.6 6.0 62.85 6.9 6.3 11.9 7.10 6.63
57.10 8.2 8.0 59.96 7.6 Tk 63.01 7.5 T4 11.6 T7.76 7.60
57.20 8.9 8.1 60.02 8.6 8.5 63.08 7.6 7.5 11.5 8.36 8.03
Test 32
57.05 4.2 .1 59.86 5.8 5.3 62.82 5.2 4.9 .7 5.06 4.76
57.19 7.9 T4 60.10 6.7 6.3 63.11 6.1 5.9 1.6 6.90 6.53
57.23 8.2 T.5 60.17 7.0 6.5 63.14 6.6 6.1 4.5 T.26 6.70
57.30 8.3 T.2 60.24 7.1 6.2 63.19 6.6 5.9 4.4 7.33 6.43
57.31 8.0 7.0 60.24 6.9 6.1 63.20 6.3 5.8 1.3 7.06 6.30
57.36 7.8 6.4 60.25 6.9 6.1 63.25 6.2 5.7 14.2 6.96 6.06
Test
56.87 5.1 k.9 59.70 5.5 k.1 62.69 k.6 3.6 4.9 5.06 4.20
56.89 6.0 5.8 59.77 5.6 4.9 62.76 b.7 4.0 1%.2 5.43 4.90
56.97 6.3 6.2 59.81 5.5 5.1 62.84 5.0 4.8 13.8 5.60 5.36
57.06 7.3 T.2 59.88 6.0 5.8 62.85 6.9 5.2 13.4 6.73 6.06
57.08 7.5 7.2 59.93 6.8 6.7 62.89 6.3 6.0 13.2 6.86 6.63
57.15 8.2 7.9 59.98 6.8 6.7 62.96 6.8 6.6 13.1 T.26 7.06
Test 34
57.36 5.6 5.1 60.25 5.4 5.2 63.24 5.2 5.0 17.7 5.40 5.10
57.33 6.6 5.9 60.24 5.1 4.9 63.20 k.9 4.8 17.5 5.53 5.23
57.33 6.3 5.9 60.21 k.9 ko7 63.22 k.9 4.5 17.3 5.36 5.03
57.34 6.0 5.3 60.23 k.9 4.8 63.22 5.0 4.9 17.0 5.30 5.00
57.37 6.1 5.6 60.25 k.9 4.6 63.25 4.8 4.5 16.7 5.26 4.90
57.37 5.1 4.5 60.24 4.8 k.5 63.20 4.8 k.5 16.5 4.90 4.50
Test 35
57.00 5.8 5.8 59.93 5.6 5.5 62.95 5.5 5.4 15.6 5.63 5.56
57.23 6.8 6.2 60.18 5.7 5.k 63.14 6.2 6.0 15.2 6.23 5.86
57.28 7.1 6.6 60.23 5.6 5.0 63.18 6.1 5.8 15.0 6.26 5.80
57.31 T.1 6.1 60.23 5.6 4.9 63.21 6.2 5.9 4.8 6.30 5.63
57.36 7.3 6.5 60.24 5.8 5.1 63.23 6.2 5.8 W7 6.43 5.80
57.38 6.9 6.0 60.29 5.3 4.8 63.30 6.1 5.5 k.5 6.10 5.43

(3 of 3 sheets)
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APPENDIX A: APPLICATION OF THE FOURIER SERIES IN
STRESS WAVE ANALYSIS

1. Any periodic function that satisfies the Dirichlet conditions can
be represented by the sum of a number of sine waves of different frequen-
cies.* These waves are generally referred to as harmonics. Fig. Al shows
an original stress wave and several stages of approximation by addition of
harmonics. The first harmonic corresponds to the actual wave at four
points. The addition of another harmonic causes the approximate wave to
correspond to the actual one at two more points. PFurther addition of
harmonics can increase the points of correspondence to any desired number;
thus, an infinite series of harmonics can reproduce the curve accurately.
Such an infinite series is called a Fourier series, which can be written
as follows:

@
Z = f(x) = 8y + ZZ: (an sin nx + b cos nx)
n=1
This equation says only that the function f(x) can be expressed in terms
of a constant and a series of sine and cosine functions.

2. The quantity, n , which determines the frequency of the har-
monics, may take on any whole number velue. To illustrate the nature of
the Fourier series further, it is expanded to:

£(x) = ay + <§l sin x + &, sin 2x + a3 sin 3x ...)

2

+ (?l cos X + b, cos 2x + b3 cos 3x ...> (1)

2

3. Theoretically, an infinite number of components is required to
accurately represent the wave. Practically, however, only a few terms are
necessary in most instances because of the relatively small effect of the
terms of higher frequency.

k. The determination of the Fourier equation which specifies a

* The Dirichlet conditions specify that a function must be single-valued
and finite, and have a finite number of discontinuities and a finite
number of maxima and minima in the neighborhood of any point.
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particular wave is called wave analysis. Wave analysis consists simply of

ay > 8y bl , etc., of equation 1. These

coefficients are determined by some operation on the equation that will

determining the coefficients

eliminate all terms except the desired quantity. Then the desired coef-
ficient can be evaluated. Thus, to determine ag » it 1s necessary simply

to muiltiply equation 1 by dx and integrate between O and 2n as shown

below:

21 2n 2n 2n
ff(x)d.x:f aod.x+f alsinxd.x+f a, sin 2x dx +
0 0] 0 0

2n 21 21
+I blcosxd.x+f b200s2xd.x+f b3cos3xdx+
o) 0 0
or 21 21

f f(x)dJ(:aof dx = a 2%

0 0

21

. a =lf f(x) dx (2)
0 25
0

This equation represents the average height of the curve over a complete
period. To evaluate the remaining coefficients for a particular problem,

the following convenient mathematical relations are used:

21
(a) f sinnncsinnxdx:{giiif:;:f;l
0
21
(b) f cos mx sin nx dx = 0 if m # n
0]
21
(c) f cos x sin x dx = O
0
2n
(a) f sin® x dx = n
0
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To find a) for instance, equation 1 can be multiplied by sin x dx and
integrated from O to 2n . Thus:

2n an 2n
f f(x) sinxdx:aof sinxd.x+alf sin® x dx + ...
0 0 0
21 2n
+blf cosxsinxdx+b2f cos 2x sin x dx +

0 o)
21
It is obvious that ay f sin x dx 1is zero since it represents the area
0

under a sine wave for a complete cycle. Hence, from the given relation,

2
f f(x) sin x dx = am
0
or N 21
a; == f f(x) sin x dx (3)
0

This process is repeated, multiplying equation 1 by sin 2x , sin 3x , etc.

This yields the general equation:

21
1 .
a == f f(x) sin nx dx (4)
0
To evaluate the coefficient of the cosine term bl , equation 1 is multi-

plied by cos x dx and integrated from O to 2rn . If the preceding

relations are used, the results are:

21
f(x) cos x dx = b m
0
or 1 on
b, == f f(x) cos x dx (5)
0]



Other operations yield the general equation:

2n
1
b == ~/. f(x) cos nx dx (6)

0)

5. If the equation of Z in terms of x is known in some mathemat-
ical form, the wave can be analyzed analytically. This method cannot be
employed if the function of x 1is not known analytically.

6. The equation of Z in terms of x is usually unknown. It is
under these conditions that a step-

kI NTERVAL
by-step (graphical method) proce-
/Z-AX/S
dure is employed as follows.¥ Sup-
pose the wave in fig. A2 is to be |
analyzed. The term a. , which | l | X-AXIS—

0
represents the average height of _4__,__,l

the curve over a complete period

(2n radians), is found by dividing

the area under the curve by the | on
= |

base. If the areas of the positive
Fig. A2. Preparation of a wave for

and negative loops are the same, analysis by the graphical method

a i .
0 s zero

7. For graphical analysis, equation 3 can be expressed mathemat-

ically as:
2n
1 . ,
a =3 Z f(x) sin x Ax (7)
0

Let 2n radians in fig. A2 be divided into m equal parts. Then

Ax = %g and x , the distance to the midpoint of the Kth interval, is

21 1 /2xn 1\ 2xn
Kr'§<z>°r<K'§>i

The equation can now be written as:

* The synopsis in paragraphs 6-8 on the procedures of the graphical method
was paraphrased from the text, "Alternating Current Circuits," pp 234-235,
written by Russel M. Kerchner and George F. Corcoran.
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8. Multiplying and dividing equation T by 2 yields:

21
a=2iz f(x) sin x Ax
1 2n
0
This indicates that a is twice the average ordinate of the new curve

1
which would be obtained by plotting corresponding ordinates of the original

curve multiplied by the sine of the angle to the ordinate in question.
Similar interpretations can be drawn regarding the other coefficients of
the Fourier series.

9. Fig. A3a shows a wave representing the average stresses across
the face of a tire, while fig. A3b illustrates the manner in which this
average wave is prepared for wave analysis. The stress wave is represented
in the form shown in fig. A3b in order to simplify the analysis. The wave
is represented over a distance of 5 radians as its length. It is then
reproduced asymmetrically below the axis, so that the entire distance is
2n radians. This, in essence, produces an odd periodic function. The
positive and negative loops have the same areas; hence the constant term
a. is zero. When f(-x) = -f(x) , the function is called an odd function

0
and no cosine terms exist.* Table Al shows the computations involved

* R. V. Churchill, Fourier Series and Boundary Value Problems, Chapter IV,
pp 57 and 58.
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Fig. A3. Average stress wave, and manner in which it is prepared for Fourier analysis



in obtaining the Fourier coefficients and reveals why the cosine coef-
ficients become zero for an odd function.
10. By preparing the wave in this manner, the series representing

the wave is reduced to:
0

f (x) = z a sin nx (10)

n=1

The above form is generally called a sine series. A computer program which
employs the graphical method for determining coefficients has been prepared.
This is an expedient method of determining coefficients for any particular
wave to be analyzed. Table A2 shows the values of the coefficients ob-
tained by the computer for the data representing the wave in fig. A3b. It
should be noted that the summation of 19 harmonics was used to approximate
the wave. The resulting equation is therefore written as follows:

Z =19.8 sin x + 2.7 sin 3x - 0.1 sin Ux - 1.3 sin 5x - 0.9 sin 6x

- 0.4 sin 7x - 0.4 sin 8x - 0.2 sin 9x - 0.2 sin 10x
- 0.1 sin 11x + 0.1 sin 12x - 0.1 sin 17x + 0.1 sin 18x

It will be noted that the coefficients of the terms, n =2 and n =19,
were zero.

11. This equation represents the periodic wave for all values of x .
However, the distance which represents the original stress wave is defined
by the value of x from O to = .

12, Informaetion concerning the load on the wheel, the force required
to tow the tire, and the location and magnitude of the resulting external
forces (soil reaction) acting on the wheel can be obtained from this
Fourier equation. The first step in this analysis is to determine the
area under the original stress wave. This is accomplished by integrating
each term of the equation over the interval O to =« and summing the re-

sults. An example of the computations involved is given below.

T b1 1T
A=l9.8f sinxd.x+2.7fsin3xd.x-0.lfsin)+xdx...
0 0

T0
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The terms containing even multiples of x (i.e. terms in which n is an
even integer) obviously become zero when the limits are substituted, and
the terms containing odd multiples of x become a product of the integer

2 and their respective coefficient divided by the corresponding multiple

of x . Hence, the computations involved are reduced to the following:
2.7 1.3 0.4 0.2 0.1 o.1>
A=2 (1 .8 + - - - - -
? 375 7 79 1T
A=2 <?0.3h6> = 40.692

13. The resulting numerical value of 40.692 represents pounds per
square inch per =x radians. The measured length of the stress wave is

19.17 in. Having represented the length over a distance of =x radians, a
. 19.17 . o . .
conversion factor ~ is utilized to convert radians to inches. 1In

order to obtain the area under the curve in the desired system, the follow-

ing computation is necessary

40.692 x %—Tll% = 248.30 1b/in.

.The distance, 19.17 in., was determined by the vertical projection of the
tire's contact length on a horizontal plane (see fig. Ak). Therefore,
multiplying the area under the curve by the effective width (which for this
test was 12.5 in.) results in a volumetric value (1b/in. X in.) which is
approximately equal to the vertical load acting on the wheel.

14. The computation gives the following results:

248.30 1b per in. X 12.5 in. = 3104 1b = computed vertical load

The next step in this analysis is to determine the location of the verti-

cal force (FZ) . The logical approach to this problem is to locate

T1
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the centroid of the volume under the curve. The centroid is determined by
the coordinates x y ; , and z . The use of average stress values pro-
vides an axis of symmetry (the x-axis) which bisects the effective contact
width. Therefore, the centroid will lie on that axis. This eliminates the
necessity of computing ; . The stress distribution pattern can now be
represented as a two-dimensional curve in the x - z plane. The computa-
tion of 2z is not necessary for this analysis because the location of the
resultant stress is dependent only on the values ; and X . Hence, the
only computation to be made in locating this resultant is to determine the
value x . The relation between x and the moments of area is given by

the equation:

M
pr
A
where
MZ = moments of area about 2z-axis
A = area under the stress curve

15. To calculate X , the following mathematical equation is used:

Using this relation and substituting the Fourier expression for =z

(page 70), the following equation is obtained:

7

M, = ‘]' x (19.8 sin x + 2.7 sin 3x + ...) dx
0
or
7 b1
. 2.7 .
Mz=l9.8fx31nxd.x+Tfx31n3x3dx+...
0 0

The following step-by-step computations reveal the simplicity of this

operation. Taking the first term, we have:

n
(a) 19.8 f x sin x dx
0
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Integration by parts yields:

4
(b) 19.8 [-x cos x + sin x}
0

Substituting the limits yields:
(c) 19.8 [x]

Now, taking the third term of the original equation which contains an even

multiple of x :

|
(a) :%fi- x sin 4x kdx
0
Integration by parts yields:
(b) -0.1 x cos Lx 4+ Sin b |©
° 0

Substituting the limits yields:

22 [ «]

This occurrence is valid throughout for every term; that is, terms contain-
ing odd multiples of x become a product of = and the respective coeffi-
cient divided by the corresponding multiple of x . Terms containing even
multiples of x Dbecome a product of (-n) and the ratio of the coefficient
and its respective multiple. Therefore, the computations result in the
following equation:

M, = 19.8 () + 2—31 (x) - 242 (1) - 15—3 (%) + +.n

which, when factored, becomes:

_ 2.7 . 0.1 1.3
M, =x (19.8 + Tt - et ees)

Summation of the terms yields:

Th



M, = 20.58xn

By use of the conversion ratio:
_ 19.17 a
M, = 39516 (20.58)n = 125.58% 1b/in.
Finally, substitution in the equation gives:
M
z _ 125.58n 1b/in.

X = 5 = SI830 o/, - 0500

Since =x = 3.1416 radians = 19.17 in., it follows that:

X = 0.506 (19.17) = 9.7 in.

16. The resultant vertical force (Fz) is therefore located along
the x-axis at a position 9.7 in. from the origin.

17. The same analysis is applied to the horizontal stresses (norma}
stress projected in a vertical plane) to obtain the horizontal force (Fx)'
Fig. AL reveals the results obtained from this analysis.

18. Although this method may appear somewhat complex, the mechanics
involved are relatively simple. The electronic computer program written
specifically for this analysis provides an expedient method enabling a
more comprehensive study of the external forces acting on a towed pneumatic

tire.
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Table Al

First Harmonic

Products Products
Measured (z sin x) (z cos x)
Ordinate Ordinate b 4 Plus Minus Plus Minus
No. Z deg Sin x Value Value Cos X Value Value
1 1.5 9 0.15643 0.23 0 0.98769 1.48
2 5.5 18 0.30902 1.70 0.95106 5.23
3 11.0 27 0.45399  L4.99 0.89101 9.80
L 15.5 36 0.58779 9.11 0.80902 12.54
5 17.6 45 0.70711 12.44 0.70711 12,4k
6 18.0 54 0.80902 1k.56 0.58779 10.58
7 17.6 63 0.89101 15.68 0.45399  7.99
8 16.5 72 0.95106 15.69 0.30902 5.10
9 16.0 81 0.98769 15.80 0.15643  2.50
10 16.0 90 1.00000 16.00 0.00000  0.00
11 17.0 99 0.98769 16.79 -0.15643 2.66
12 17.5 108 0.95106 16.64 -0.30902 5.41
13 18.0 117 0.89101 16.0k4 -0.45399 8.17
1k 18.0 126 0.80902 1k4.56 -0.58779 10.58
15 16.0 135 0.70711 11.31 -0.7071L 11.31
16 4.0 144 0.58779 8.23 -0.80902 11.33
17 11.0 153 0.45399 L4.99 -0.89101 9.80
18 8.0 162 0.30902  2.47 -0.95106 7.61
19 k.o 171 0.15643  0.63 -0.98769 3.95
20 0.0 180 0.00000  0.00 -1.00000 0.00
21 k.o 189 -0.15643  0.63 -0.98769  3.95
22 -8.0 198 -0.30902 2.47 -0.95106 7.61
23 -11.0 207 -0.45399  L4.99 -0.89101 9.80
2k -1k.0 216 -0.58779 8.23 -0.80902 11.33
25 -16.0 225 -0.70711 11.31 -0.70711 11.31
26 -18.0 23k -0.80902 14.56 -0.58779 10.58
27 -18.0 2h3 -0.89101 16.0k4 -0.45399 8.17
28 -17.5 252 -0.95106 16.64 -0.30902  5.41
29 -17.0 261 -0.98769 16.79 -0.15643  2.66
30 -16.0 270 -1.00000 16.00 0.00000  0.00
31 -16.0 279 -0.98769 15.80 0.15643 2.50
32 -16.5 288 -0.95106 15.69 0.30902 5.10
33 -17.6 297 -0.89101 15.68 0.45399 7.99
34 -18.0 306 -0.80902 14.56 0.58779 10.58
35 -17.6 315 ~0.70711 12.44 0.7071L 12,54
36 -15.5 32k -0.58779 9.1l 0.80902 12.54
37 -11.0 333 -0.45399 L4.99 0.89101 9.80
38 -5.5 32 ~-0.30902 1.70 0.95106 5.23
39 -1.5 351 -0.15643  0.23 0.98769 1.48
4o 0.0 360 0.00000  0.00 1.00000 0.00
395.72 0 138.48 -138.48
Sum of products 395.72 0
a1=3%%72x2=l9.8 bl=O
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Table A2

Values Representing the Fourier Coefficients

19.8
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tion of stresses at the tire-soil interface is related to the shape of the
deflected tire and thereby to tire load, inflation pressure, and soil
strength. Peak stress in the so0il mass occurred well ahead of the axle of
the test wheel, with the total load on the wheel having the greatest influ-
ence on its magnitude. The average stress waves for a tire-soil system such
as used in this study can be expressed mathematically in terms of a Fourier
series., Application of the Fourier series in stress wave analysis is dis-
cussed in Appendix A.
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