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ABSTRACT:
For the past several years, the U.S. Army Corps of Engineers has been applying reliability analysis to
the evaluation of existing water-resource structures and using the results as a basis for investment
decision-making for rehabilitation projects. Although the current guidance is specifically directed toward
navigation structures, and particularly their structural aspects, the Corps has begun applying reliability
analysis to other problems, including geotechnical problems. Reliability analysis is a potentially complex
technique; however, reasonable characterizations of reliability can be made using several approximate
methods, such as the Taylor’s Series Finite Difference (TSFD) method, the point estimate (PE) method,
and Monte Carlo simulation.
The TSFD and PE methods, in the form presently used by the Corps, produce reasonable and
consistent results for linear functions and random variables with small coefficients of variation. The most
common studies done for embankment analysis and design, namely seepage analysis and slope stability
analysis, typically involve nonlinear functions, and often involve variables with large coefficients of
variation. Nonlinearity and large variations may be better accounted for by some refinements in the
probabilistic models. The choice of approximation method in the probabilistic model leads to tradeoffs
between accuracy and practicality. In this study several alternative approaches to these methods are
compared and evaluated.
In this study the probabilistic characterization of soil permeability and soil strength are reviewed, and
examples are provided for judgmentally estimating the expected value and standard deviation for random
variables using a spreadsheet approach. This report systematically considers the characterization of
geotechnical random variables, considers the assumptions of probabilistic methods, and illustrates their
application to prototype examples.
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Introduction

Background
For the past several years, the U.S. Army Corps of Engineers has been
applying reliability analysis to the evaluation of existing water-resource
structures and using the results as a basis for investment decision-making for
rehabilitation projects. In developing guidance for such analyses, the Corps has
sponsored several research studies. Using examples from locks and dams on the
Monongahela and Tennessee-Tombigbee waterways, Wolff and Wang (1992a,
1992b, 1993) illustrated how reliability analysis could be applied to sliding and
overturning stability analysis of gravity structures. In developing methodology
for rehabilitation studies for locks and dams on the Upper Mississippi River,
Shannon and Wilson, Inc., and Wolff (1994) provided examples of probabilistic
stability and seepage analyses for lock walls, dams, dikes, and levees. In
addition, there is recent and ongoing work in developing probabilistic
methodology for evaluation of concrete and steel structures by personnel at the
Waterways Experiment Station and their contractors (Ellingwood 1995a, 1995b).
Current Corps methodology for reliability analysis is summarized in two
Engineer Technical Letters (ETLs) (U.S. Army 1995, 1997a). Although the
current guidance is specifically directed toward navigation structures, and
particularly their structural aspects, the Corps has begun applying these
techniques to other problems, including geotechnical problems. Hence,
geotechnical engineers are currently performing probabilistic slope stability and
seepage analyses using the Taylor’s Series Finite Difference method in general
accordance with the ETLs. In some cases, this may lead to some difficulties, as
geotechnical parameters are often more uncertain than structural parameters, and
geotechnical models are often nonlinear. Some of these difficulties are
considered herein.
Reliability analysis is a potentially complex technique; however, reasonable
characterizations of reliability can be made using several approximate methods,
such as the Taylor’s Series Finite Difference (TSFD) method, the point estimate
(PE) method, and Monte Carlo simulation. Each of these methods has its own
advantages, disadvantages, and limitations. The TSFD and PE methods typically
require input in the form of expected values, standard deviations, and correlation
coefficients of the random variables. Where the Monte Carlo method is used,
entire distributions must be assumed.

Chapter 1 Introduction

1

The TSFD and PE methods, in the form presently used by the Corps, produce
reasonable and consistent results for linear functions and random variables with
small coefficients of variation. The most common studies done for embankment
analysis and design, namely seepage analysis and slope stability analysis,
typically involve nonlinear functions, and often involve variables with large
coefficients of variation. Nonlinearity and large variations may be better
accounted for by some refinements in the probabilistic models. The choice of
approximation method in the probabilistic model leads to trade-offs between
accuracy and practicality. In this study several alternative approaches to these
methods are compared and evaluated.
The Corps has begun to develop an experience base in characterizing random
variables, but additional guidance, examples, and computer tools are useful. In
this study the probabilistic characterization of soil permeability and soil strength
are reviewed, and examples are provided for judgmentally estimating the
expected value and standard deviation for random variables using a spreadsheet
approach.
There is very limited experience with the Corp’s “mainstream” slope stability
program, UTEXAS3, in probabilistic studies. In this study, UTEXAS3 was used
extensively, and observations are made regarding its behavior in reliability analysis, particularly in regard to the determination of the “critical” surface. For underseepage analysis, several deterministic approaches are available including finite
element analysis, the program LEVEEMSU (Wolff 1989), and traditional closedform equations (U.S. Army 1956a, 1956b); a more limited comparison was made
for these models.

Objectives
In response to the considerations identified above, the objectives of this
research were to
a. Review the variability of soil parameters and develop guidance for characterizing soil parameters as random variables, particularly soil strength
for stability analysis and soil permeability for seepage analysis.
b. Illustrate the construction of some simple spreadsheet templates that
could be used in practice for characterizing soil parameters and for
calculating the reliability index from the results of stability and seepage
analysis.
c. Assess and compare the consistency, advantages, and disadvantages of
several probabilistic approaches, based on the Taylor’s series method and
the point estimate method (each with several levels of approximation
versus refinement), for use in slope stability and seepage analysis.
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d. Assess the effect of deterministic slope stability model (e.g., Corps, simplified Bishop or Spencer; circular or non-circular surface) in probabilistic analysis.
e. Verify the accuracy of a few of the analyses using Monte Carlo
simulation.

Study Approach
To accomplish the above objectives, this report systematically considers the
characterization of geotechnical random variables, considers the assumptions of
probabilistic methods, and illustrates their application to prototype examples.
In Chapter 2, the probabilistic characterization of the coefficient of
permeability is reviewed, and the fitting of the lognormal distribution is
described. In Chapter 3, the manner in which soil strength is modeled in slope
stability analysis is briefly reviewed, and in Chapter 4 the probabilistic
characterization of soil strength is considered.
In Chapter 5, the assumptions inherent in different probabilistic models are
reviewed, and in Chapters 6 and 7 the details of their application to seepage and
slope stability are considered.
In Chapter 8, a series of detailed studies are made of a modern earth dam
(Clarence Cannon Dam in Missouri) to test and illustrate the effects of alternative
approaches to analysis, with emphasis on slope stability. In Chapter 9, similar
studies are made of a section of the Bois Brule levee along the Mississippi River
to similarly test and illustrate the effects of alternative approaches to seepage
analysis.
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2

Probabilistic
Characterization of
Permeability

Introduction
This chapter considers the probabilistic characterization of permeability for
seepage analysis of embankments. Previous related work is reviewed, as is the
modeling of materials encountered in seepage problems commonly analyzed in
Corps studies.
The coefficient of permeability, k (often termed the hydraulic conductivity in
recent engineering and hydrogeologic literature), is the primary soil parameter
necessary for modeling steady-state seepage problems in earth structures. The
permeability of both natural soil deposits and compacted embankments is often
considered anisotropic; hence, a complete characterization would require two
random variables per material, each one representing the permeability in one of
two orthogonal directions (typically horizontal and vertical). Alternatively, one
permeability value and the ratio of the permeability values could be taken as the
two random variables.
In special cases, one random variable per material may suffice. These include
a. Where a material can be assumed isotropic.
b. Where there is only one modeled material and only the location of the
piezometric surface is required (predictions of absolute magnitudes of
flow quantities are not required). In this case, only the permeability ratio
is required.
c. Where only one of the two permeability values enters the analysis; this is
the case for the two-layer underseepage model commonly used for Corps
levees.
For the first-order, second-moment probabilistic methods presented in
current Corps guidance (U.S. Army 1995a, 1997), only the expected values,
standard deviations, and correlation coefficients of the random variables are
required. However, the coefficient of variation of soil permeability, Vk, is
4
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typically large, usually in excess of 30 percent and in some cases in excess of
100 percent. Such large coefficients of variation, combined with the constraint
that k cannot be negative, implies that the probability density function for k must
be asymmetric and positively skewed. Both the Taylor’s series-finite difference
method and the point estimate method, in the form used by the Corps, involve
evaluating the performance function at point values of the random variables one
standard deviation above and below the expected value. Where the coefficient of
variation exceeds 100 percent, this approach requires that the function be
evaluated for negative parameter values, which is physically unreasonable. For
coefficients of variation between about 30 and 100 percent, positive point values
are used but, still, the symmetry of these values about the expected value (e.g.,
plus and minus one standard deviation) implies that the random variable has a
symmetric probability distribution, where it is known that the “true” distribution
must be asymmetric. Hence, for random variables with high coefficients of
variation, some consideration regarding distributional shape should be included
in the analysis. This is discussed in more detail in Chapter 5. A common
assumption in the literature has been to assume that the coefficient of
permeability is lognormally distributed. The properties of the lognormal
distribution are described in the next section.

The Lognormal Probability Distribution
When a random variable X is lognormally distributed, its natural logarithm,
ln X, is normally distributed. If the coefficient of permeability, k, is assumed to
be lognormally distributed, the new random variable k* = ln k is normally
distributed. For the following reasons, the lognormal distribution is often
considered to better model the coefficient of permeability than the normal
distribution:
a. As k is positive for any value of ln k, lognormally distributed random
variables cannot assume values below zero. This is also the case for soil
permeability values. Thus, the non-negative property of the lognormal
distribution is consistent with physical reality.
b. The lognormal distribution often provides a reasonable shape in cases
where the coefficient of variation is large or the random variable may
assume values over one or more orders of magnitude. This is also consistent with the observed variability of permeability values.
c. A large body of indirect evidence, cited by Freeze (1975) also supports
the assumption of a lognormal distribution. These include the lognormal
distribution of grain size, to which permeability is correlated; the lognormal distribution of specific capacity of water wells, and the exponential
relationship of conductivity to porosity.
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Parameters of the lognormal distribution
To obtain the parameters of the equivalent normally distributed random variable k* = ln k, first the coefficient of variation of k is calculated:

Vk =

σk

(2.1)

E[k ]

The standard deviation of k* is then calculated as

σ k * = σ ln k = ln(1 + Vk2 )

(2.2)

The calculated standard deviation of k* (or σln k) from Equation 2.2 will be
numerically close to (but not exactly equal to) the coefficient of variation of the
permeability. This is a useful approximation when checking calculations.
The value of σk* is in turn used to obtain the expected value of k*:
E[k *] = E[ln k ] = ln E[k ] −

σ k2*

(2.3)

2

Note that there is not a one-to-one correspondence between the expected values of k and k*; the relationship also depends on the variance. However, E[k*]
corresponds to the median of both k and k*. There is a 50 percent chance that k is
above or below the value eE[k*].
The density function of the normal variate k* is that of the normal
distribution:
f ( k *) = N ( E[k *],σ k * ) =

1

σ k*

⎡ −(k * − E[k *]) 2 ⎤
exp ⎢
⎥
2σ k2*
2π
⎣
⎦

(2.4)

The density function of the lognormal variate k is
f (k ) =

1
kσ k *

⎡ 1 ⎛ ln k − E[k *]) ⎞ 2 ⎤
exp ⎢ − ⎜
⎟ ⎥
σ k*
2π
⎢⎣ 2 ⎝
⎠ ⎥⎦

(2.5)

Equation 2.4 can be solved using built-in spreadsheet functions with recent
spreadsheets such as ExcelTM. Equation 2.5 can be programmed into the spreadsheet. If these functions are plotted, one can visually observe the shape of a normal and lognormal distribution for a given expected value and coefficient of
variation of k. An example is shown in Figure 2.1, which provides a comparison
between normal and lognormal distributions associated with the values E[k]
= 0.2 fpm1 and Vk = 60 percent. It should be noted that assuming a normal
distribution for a parameter with such a large coefficient of variation would
imply a significant probability of negative k values, a physical impossibility.
1

A table of factors for converting non-SI units of measurement to SI units is presented on
page xii.
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Figure 2.1. Comparison of normal and lognormal distributions with identical parameters

Calculating probability values for the lognormal distribution

The probability that the permeability k lies between any two values k1 and k2
can be determined by transforming the lognormally distributed k to the normally
distributed k*, as shown in Figure 2.2 and described below.

f(k)

f(k*)

Pr(k 1 <k<k 2 )

k
k1

k 1 * = ln(k 1 )

k2

k*

k 2 * = ln(k 2 )

Figure 2.2.

Determining lognormal probability values

As k* = ln k, and k* is normally distributed, the probability that the random
variable k lies between values k1 and k2 or

Pr( k1 < k < k2 )
is the same as the probability that

Pr[ln(k1 ) < ln k < ln(k2 )]
or

Pr[k *1 < k * < k *2 ]
This last form of the expression above involves the probability that the value
of a normally distributed random variable lies between two limits, a problem
widely treated in standard statistical references. This interval probability can be
found by
a. Finding the expected value and standard deviation of the transformed
variable k* = ln k from Equations 2.2 and 2.3.
b. Finding the natural logarithms of the relevant values of k (e.g., k*1
= ln(k1)).

8
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c. Using tables or built-in spreadsheet functions of the standard normal distribution, which give the cumulative probability Φ(z) as a function of the
normalized deviation z from the expected value. In the present case,

z1 =

k1 * − k *

σ k*

=

ln k1 − E[ln k ]

(2.6)

σ ln k

z2 is calculated similarly, and

Pr( k1 < k < k 2 ) = Φ ( z 2 ) − Φ ( z1 )

(2.7)

Previous Studies
A number of studies dating back as far as 1944 conclude that the lognormal
distribution provides a good model for the distribution of permeability values.
Summary values from some of this work are presented in Table 2.1.
Based on some of the data noted in Table 2.1, Freeze (1975) notes that σk*
(which is approximately equal to the coefficient of variation, Vk) may have
values ranging from 0.2 to 2.0, corresponding to coefficients of variation of
20 percent to 200 percent.
Table 2.1
Reported Probabilistic Moments for Lognormally Distributed
Permeability Values
Reference

Material

N

E[k]

Vk, %

Bennion and Griffiths (1966)

Conglomerate
Sandstone
Marly limestone
Vuggy limestone
Sandstone
Sandstone
Sandstone
Sandstone
Sandstone
Sandstone
Sand and gravel
Sand and gravel
Sand and gravel
Top blanket clay
Clay loam

3018
56991
7060
17162
0.0354
0.0238
0.0109
0.0070
0.0049
0.0106

0.0158
0.0056
0.0051
0.0043

119
67.1
48.5
56.9
20.2
41.7
41.7
131
72.5
32.8
46.2
82.4
58.2
160
47.4
103
117
91.5
322
117
105

Law (1944)

McMillan (1966)

Vrouwenvelder (1987)
Willardson and Hurst (1965)

Silty clay

Loamy sand
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42
16
-8

33
330
287
339
36
352
121

10 m/s
0.0049
0.0263
0.0155
0.0095
0.0390
0.0767
0.0992
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Spatial Correlation of Permeability Values
Permeability values within a single material vary from point to point. When
estimating the coefficient of variation to use in a seepage analysis, working from
test data or experience, the relative scale of the modeled problem to the areal
extent of the measured data locations must be considered. Permeability values
obtained very close to each other (say one foot apart) would be expected to be
very close in magnitude, whether they are above or below the mean value for the
soil layer. Hence, measured values are highly correlated to each other (or autocorrelated) at short distances. On the other hand, values measured at relatively
great distances (say 500 ft) would be expected to be as different as any two
values randomly sampled from the assumed probability distribution; hence,
values measured at large distances can be assumed uncorrelated. At intermediate
distances, as distance between two points increases, the degree of autocorrelation
decreases and the degree of randomness increases.
This concept of an inverse relationship between parameter value autocorrelation and distance is referred to as spatial correlation and is an aspect of a branch
of statistics termed random field theory. A significant body of work regarding
random fields has been published by VanMarcke (1977) and others.
It is not practical to directly model random fields using programs such as
UTEXAS3, CSEEP, and LEVEEMSU. However, some of the basic concepts can
be introduced in the manner by which the variance calculated from test data is
adjusted before use in the probabilistic model.
In a seepage analysis of an embankment or its foundation performed using
commonly used software, each soil zone or strata must be treated as homogeneous. Within a single zone the permeability is assumed constant and cannot vary
from point to point. The modeled value of k is implied to be the average over the
zone. Hence, the desired measure of uncertainty is the variance or standard deviation of the average value of the parameter over a space the size of the modeled
material region. Where the zone is “small,” the average value for the zone can be
quite uncertain. Where the zone is “large,” the average value can be assessed
with more confidence as it will be near the average of the measured data. The
concept of “large” or “small” can be related to the density of sampling relative to
the modeled area.
The condition where the distance between measured values is significantly
smaller than the scale of the modeled region will be referred to as dense
sampling. Dense sampling is illustrated in Figure 2.3, which represents an
underseepage analysis of a levee where a number (n) of estimates of k (from
correlation with D10 size) are available for the pervious substratum and adjacent
to the section analyzed.
If the variance and standard deviation are computed for these n measurements, the obtained values are a measure of the uncertainty in the parameter value
at a random point within the sampled region of the soil deposit. However, the
parameter to be modeled in the seepage analysis is k , the average permeability of

10
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f(k*)

distribution of k*
over section

distribution of k* at
a random point

+

+
+

+

+

+
+
+

k* = ln k

Figure 2.3. Uncertainty in modeled layer permeability, dense sampling

the material. Changing the modeled parameter from the lognormally distributed k
to the normally distributed k*, the expected value of k* can be estimated as

E[k *] = E[k *]

(2.8)

The uncertainty in the average value is smaller than the uncertainty in a point
value. The standard deviation of k * can be estimated as the standard error of the
mean:

σk* =

σ k*
n −1

(2.9)

Note that as the number of samples in a tested region increases, the uncertainty associated with the average permeability decreases.
The opposite extreme from dense sampling will be called sparse sampling.
An example, shown in Figure 2.4, would be where the average aquifer
permeability has been determined by several pumping tests obtained at
considerable distances, and one is analyzing seepage at another location in the
aquifer different from the pump test locations. The permeability measurements
from the pumping tests are already average values for a stratum ( k ). As the
modeled section is at a location not sampled, its permeability is as uncertain as
the variance of the population of all possible pump test results. This is, in turn,
somewhat larger than the variance of test results, due to small sample statistics.
Hence, the standard deviation of k* can be estimated as

σ k* =

n
n −1
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(2.10)
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f(k*)

levee section

distribution of k*
from pump tests

distribution of k* at
at random cross-section

(sampled k values are
distant from section)

k* = ln k

Figure 2.4. Uncertainty in modeled layer permeability, sparse sampling

Cohesionless Embankment Materials
Sand embankments are used for some river levees (notably along the middle
Mississippi River) and as shell materials for zoned embankment dams. Design
permeability values for such materials are often based on correlations (usually
with D10 size) and experience. Reported values for the moments of k used at one
site are shown in Table 2.2. However, it will be shown later in this chapter that
the process of estimating k values from D10 sizes itself introduces uncertainty
corresponding to a coefficient of variation of more than 60 percent. Hence, it is
reasonable to assume that the uncertainty in permeability at a random point
corresponds to a coefficient of variation of at least 60 percent when the value is
estimated from D10 size. The value in Table 2.2 reflects some reduction in
variance due to the spatial averaging concept.
Table 2.2
Reported Probabilistic Moments for Permeability of Embankment
Sands
Reference
Shannon and Wilson, Inc.,
and Wolff (1994)

Material
Dike Sand at L&D No.7

E[k]
0.2 fpm

σk
0.06 fpm

Vk
30%

Cohesive Embankment Materials
For cohesive embankments such as compacted clay dams and levees, the
quantity of seepage is not usually a concern. Hence, absolute values for the permeability of clay embankments may often not be required for reliability studies.
However, if it is desired to characterize the location of the piezometric surface as
a random variable, one must characterize the permeability ratio for the cohesive
embankment. Little work has been reported in this area, and its analysis is
beyond the scope of this report.
12
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If it is desired to estimate probabilistic moments for the permeability ratio on
a judgmental basis, an engineer could use the approach of fitting a lognormal
distribution to judgmentally assign upper and lower bounds (as described in
Appendix B). Upper and lower bounds of kh/kv = 10 and 1, respectively, might be
set to match probabilities of exceedance of 5 and 95 percent, respectively.

Pervious Foundation Materials
Flood control levees are often modeled as a two-layer system, with a semipervious top blanket overlying a pervious substratum. Similarly, many dams are
situated on pervious alluvial foundation materials, some without cutoffs, or with
only partial cutoffs. Underseepage analyses require characterizing the
probabilistic moments of these materials.
Within the Corps of Engineers, the permeability of pervious foundation layers
is often estimated from a correlation with D10 size. Figure 2.5 (originally presented
in TM 3-424, U.S. Army 1956b) presents the most commonly used correlation.
This correlation was developed by plotting in situ horizontal permeability
(determined from incrementally metered well pumping tests) against D10 sizes
measured in the same vertical increment. It is noted that there is considerable scatter
about the presented “best-fit” line. This scatter can be quantified to provide a
measure of the uncertainty inherent in using the correlation.
If a linear regression analysis is performed on log10 k versus log10 D10, then
the standard error of log10 k about the regression line is equivalent to the
conditional standard deviation of log10 k given that the D10 size is known. The
standard deviation of log10 k can then be converted to the standard deviation of ln
k. The value of σln k can, in turn be used to estimate the conditional coefficient of
variation of the permeability Vk, directly associated with using the correlation.
This analysis, presented in Appendix C, indicates that the coefficient of variation
of k, given the D10 size, is about 63 percent. Stated otherwise, the use of the
correlation curve implies an uncertainty in the point value of k of 63 percent.
This variance must then be combined with the uncertainty due to natural material
variation to obtain the total uncertainty in point value permeability. Where the
scale of the data is smaller than the scale of the analyzed problem (“dense”
sampling, Figure 2.3 the point variance must then be reduced to obtain the
variance of the average permeability.
In the previous report by Shannon and Wilson, Inc., and Wolff (1994),
permeability estimates were made from D10 sizes obtained from boreholes at Lock
and Dam No. 25 having 20 to 22 gradation tests each. The coefficient of variation
of estimated permeability among samples in a borehole was in the range of 69 to
93 percent. However when the variances of k were reduced to account for dense
sampling using Equation 2.8, the coefficients of variation for the average substratum permeability were in the range 17 percent to 21 percent, and a value of
20 percent was used in the analysis. A similar analysis for Lock and Dam No. 2
resulted in a coefficient of variation of 80 percent being reduced to 28 percent. If
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Figure 2.5. Correlation between k and D10 size (after U.S. Army 1956b)

the 20 percent coefficient of variation for the average permeability over a cross
section is combined with the 63 percent associated with using the D10 correlation,
the result can be approximated as:
Vk = .202 + .632 = 0.66 = 66%

Hence, it may be appropriate to use coefficients of variation in excess of
50 percent for most underseepage studies.
Table 2.3 summarizes some values used in other studies.

14
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Table 2.3
Reported Probabilistic Moments for Permeability of Pervious
Substrata
Reference
U.S. Army (1995b)

Vrouwenvelder (1987)
Shannon and Wilson, Inc.,
and Wolff (1994)

Material
Hodges Village Dam
Zone III
Zone V
Zone VI
Zone VI
Dike, Netherlands
L&D No. 25

E[k]

σk

Vk

0.35 fpm
0.25 fpm
3.0 fpm
0.15 fpm
0.002 fpm
0.22 fpm

0.1 fpm
0.05 fpm
0.5 fpm
0.05 fpm
0.001 fpm
0.044 fpm

28.6%
20%
16.7%
33.3%
50%
20%

L&D No. 2

0.08 fpm

0.022 fpm

27.5%

Semipervious Top Blankets for Levees
Based on back-calculation using piezometric data during floods, the permeability of a semipervious clay or silt top blanket is commonly taken to be about
one four−hundredth to one−thousandth the permeability of the foundation sands.
This leads to permeability values several orders of magnitude greater than the
values that would be measured on small lab samples. Whereas permeability
values for intact clay samples are commonly in the range of 10-6 to 10-9 cm/sec,
the values used for seepage analysis are more commonly taken to be on the order
of 10-4 cm/ sec (U.S. Army 1956b). These greater permeability values reflect the
global permeability of the top blanket, which includes high permeability zones
such as cracks, animal burrows, and fence posts. Table 2.4 summarizes some
reported probabilistic moments for top blanket materials.
Table 2.4
Reported Probabilistic Moments for Permeability of Semipervious
Top Blankets
Reference
Shannon and Wilson, Inc.,
and Wolff (1994)
Vrouwenvelder (1987)

Material
Clay at L&D No. 25
Dike, Netherlands

E[k]
0.0002 fpm

σk
4E-05 fpm

Vk
20%
160%

The value used at Lock and Dam No. 25, in hindsight, appears too low. It
was chosen primarily to match the values used for the pervious substratum
materials, and to ensure “good behavior” in the Taylor’s Series-Finite Difference
probabilistic model. The transformation to lognormal distribution, described
earlier in this section and applied later in this report, circumvents problems with
the TSFD model and permits the coefficient of variation to be as large as desired.
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3

Modeling Soil Strength in
Stability Analysis

Introduction
In the general case, soil strength is represented in slope stability analysis as a
function defined by the two parameters c and φ. Hence for probabilistic analysis,
soil strength cannot, in the general case, be modeled as a single random variable,
but must be treated as a random function of two random variables. In Chapter 4,
the modeling of such functions in a probabilistic context will be considered.
Before considering how to probabilistically characterize soil strength, one
should clearly understand the nature of the function one wishes to model; hence,
the deterministic characterization of shear strength will be briefly reviewed in
this chapter. As the strength function is sometimes nonlinear, significant
assumptions and approximations must sometimes be made in fitting the
parameters c and φ to shear test data, even for deterministic evaluations.
Several concerns arise in defining procedures for characterizing soil strength.
First, the concepts of undrained and drained conditions and total and effective
strength parameters are often used interchangeably by geotechnical engineers
although they are not exactly equivalent. Secondly, the use of consolidatedundrained (CU or R) total stress envelopes in slope stability analysis may lead
engineers to perceive that undrained strength has a frictional component. Rather,
it is more meaningful to consider the total-stress φ parameter from an R test to be
a parameter that scales the increase in undrained strength with increase in effective consolidation stress (see Lowe 1966 and Johnson 1975 for an excellent discussion of this point). Both of these issues will be reviewed herein. Finally,
existing Corps’ slope stability guidance centers on safe design of new embankments, whereas reliability analyses are often made to evaluate existing embankments. Hence, the concept of conservatively choosing “design” values must be
supplanted by choosing “best estimate” values.
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The Mohr-Coulomb Model
For a homogeneous, isotropic, c-φ material the shear strength at failure on the
failure plane, τff , is defined by the Mohr-Coulomb equation as

τ ff = c + σ tan φ

(3.1)

where
c = strength intercept at zero normal stress, often termed cohesion
σ = normal stress on the failure plane
φ = friction angle
Soil, however, is not homogeneous, but is a mixture of two or three materials
(solids, water, and perhaps air) that vary substantially in their compressibility and
ability to sustain shear stress. Solid particles are not very compressible, but are
rearrangeable under stress changes such that the soil mass itself is compressible.
Solid particles can sustain shear forces between the particles. Water is not very
compressible, nor can it sustain shear stresses, but it can change pressure and
move in and out of a soil element in response to normal stress changes. Pore
pressure changes occur at a rate governed by soil permeability and described by
consolidation theory. Air is both compressible and soluble; as it is a fluid, it
cannot sustain shear stress.
To account for this mix of material behaviors at different points within a single soil element, two approaches to strength characterization are used in practice.
When strength parameters are expressed in terms of total stresses, commonly the
case for analysis of undrained conditions, Equation 3.1 is used and c and φ
describe the apparent shear strength of the combined soil-water system. Although
shear resistance is developed only in the solid phase and depends on effective
stresses that change with pore pressure changes during shear, using the total
stress c and φ parameters models the observed combined behavior of the soilwater system. When strength parameters are expressed in terms of effective
stresses, the shear strength of the solids phase is explicitly modeled, but this
requires that any pore pressure changes that may occur during shear must also be
explicitly modeled. Accurately modeling pore pressure changes is trivial (∆u = 0)
for drained conditions, but difficult in practice for undrained conditions.
Effective strength parameters are often marked with a “prime” symbol, and the
total stress is replaced by the effective stress in the Mohr-Coulomb equation:

τ ff = c′ + σ ′ tan φ ′

(3.2)

Effective strength parameters may be determined directly from drained tests
or by subtracting pore pressure changes induced during undrained tests; they are
often termed drained strength parameters. In Equation 3.2,
c′ = drained cohesion
σ′ = effective stress on the failure plane: σ′= σ − u
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φ′ = drained friction angle

Modeling Drained Conditions
Drained conditions occur when strain occurs at a rate sufficiently slow that
no excess pore pressures (either negative or positive with respect to the
equilibrium condition) are developed during shear. Soil may change volume and
water content during drained shear conditions. For sands and sandy soils, drained
conditions are usually considered to prevail for all loading conditions except
rapid dynamic loadings such as earthquakes. For clays and clayey fine-grained
soils, drained conditions model “long term” behavior, such as analyses performed
to assess whether an embankment or excavation slope will fail due to its own
weight at or near the time consolidation (dissipation of positive or negative
excess pore water pressure) is complete.
Drained conditions are modeled in slope stability analysis by using drained
strength parameters obtained directly from consolidated-drained (CD or S) tests,
or calculated from results of consolidated-undrained (CU or R) by subtracting
pore pressure changes induced during shear. As no excess pore pressures are generated in drained tests, φcd = φ′ and ccd = c′.
Cohesionless soils

For cohesionless soils, by definition, c = 0; hence only one variable, φ′, is
necessary for modeling strength in a stability analysis. However, σ,τ data from
test specimens sheared at two or more normal stresses may not lie on a single
straight line through the origin due to several factors:

a. Soil variability.
b. Test variability.
c. The fact that cohesionless soils typically have curved strength envelopes,
for which a straight line envelope is only an approximation.
Hence, it may be necessary to use some sort of fitting procedure to define φ.
In deterministic analysis, it is common to draw a visual best-fit line through (σ,τ)
points to estimate φ. Alternatively, a linear regression procedure, constrained
through the origin, can be used to determine φ. Alternative regression procedures
are considered in Chapter 4.
Saturated, normally consolidated cohesive soils

Saturated, normally consolidated cohesive soils typically exhibit drained
strength envelopes with a zero cohesion (c′) intercept, and their strength may be
modeled using the parameter φ′. Where data do not fit a straight line, a visual
18
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best-fit line is usually drawn. Alternatively, regression procedures can be used to
fit φ′.
Saturated, overconsolidated cohesive soils

For overconsolidated clays tested at confining stresses less than the
preconsolidation pressure, a non-zero c′ intercept will be observed. The overall
strength envelope is nonlinear, and takes the shape shown in Figure 3.1 (Holtz
and Kovacs 1981). At confining stresses above the preconsolidation pressure, the
strength envelope becomes linear and can be extended back through the origin.

τ

φ'

c'
σ
Figure 3.1.

Drained strength envelope for
overconsolidated cohesive soil

Saturated, overconsolidated conditions may be found in dam and levee foundations, and in samples from compacted embankments where the confining
stresses during triaxial testing are sufficient to cause saturation. In practice, usually three specimens are tested at confining stresses bracketing expected field
stresses, and a linear approximation of the strength envelope is used. The fitted
parameters c′ and φ′, however, may depend on the stress range over which specimens were tested, and its relationship to the preconsolidation pressure. Figures 3.2 and 3.3 illustrate the linear approximations that would result from using
the first three and last three specimens, respectively, from the four-specimen test
illustrated in Figure 3.1. Testing at lower confining stresses (Figure 3.2) will lead
one to select a higher c′ and lower φ′ for the same soil than testing at higher confining stresses (Figure 3.3). Hence, c′ and φ′ are not unique, but may depend on
the stress range tested. In deterministic analysis, it is important to be aware of the
“true” and “approximated” shapes of the strength envelope and to ensure that the
approximation is a good one in the actual stress range of interest. In probabilistic
analysis, it is important to be aware that the linear approximation of the strength
envelope in terms of c′ and φ′ itself adds an additional source of uncertainty.
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τ

φ'

c'
σ
Figure 3.2.

Linear drained strength envelope inferred
from three specimens at low stresses

τ

φ '

c'
σ
Figure 3.3.

Linear drained strength envelope inferred
from three specimens at higher stresses

Modeling Undrained Conditions
Undrained conditions occur when strain occurs sufficiently quickly that consolidation (volume change) cannot occur, and pore pressure changes occur
instead. This is typically the case immediately after loading fine-grained, low
permeability soils. Undrained conditions may be modeled in terms of total
stresses or effective stresses. However, total stress modeling is favored in
practice as pore pressure changes due to shear need not be explicitly predicted.
Rather, the total stress parameters c and φ reflect the apparent behavior of the
combined solid-fluid system, including both shear strength of the solids and pore
pressure changes in the fluid which may change effective stresses.
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Saturated, cohesive soils

For saturated, cohesive soils, the undrained strength su is a function of the
effective consolidation stress. As the stress under which a soil has been consolidated increases, its undrained strength is increased. Undrained strength may be
measured in either Q (UU) tests or R (CU) tests. If properly interpreted, the two
tests should yield consistent evaluations of undrained strength when the effective
consolidation stresses are the same. For R tests, a tangent strength envelope provides an approximation of the function relating undrained strength to effective
consolidation stress (Lowe 1966, Johnson 1975). For Q tests, all specimens have
been consolidated under the same effective consolidation stress (the field stress
condition), regardless of confining stress, and hence should have the same
undrained strength.
The relationship between Q and R tests is illustrated in Figure 3.4. For the
R (CU) test on the left side of the figure, the first specimen was consolidated
under stress σc = 1 and its undrained strength is su1. The second specimen,
consolidated under σc = 2, has the greater undrained strength su2. Hence, the
parameters ccu and φcu define a relationship between su and φc. If su were directly
plotted against σc, as shown by Lowe (1966), the strength function would be
greater. The use of the tangent envelope, although theoretically incorrect
(Johnson 1975), works in practice with some conservatism. Had the samples been
consolidated in-situ to these stresses and tested with the Q (UU) test, the results
in the right side of the figure would be obtained. The first sample would have the
strength su1 shown by the solid circles, and the second sample would have the
strength su2.
τ

τ

α

su
2
s u1
cc
u

σ=
c 1

σ=
c 2

φcu
su
2
s u1
σ

R test

σ=
c 1

σ
Q test

Figure 3.4. Undrained strength from Q and R tests

Partially saturated, cohesive soils

Partially saturated conditions may prevail in compacted embankments and
near-surface natural soils. As optimum water content typically occurs at about
75 to 80 percent saturation, compacted soils may be only partially saturated at the
end of construction. Near-surface soils are commonly partially saturated as the
result of evaporation.
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A typical strength envelope for a partially saturated cohesive soil tested in
undrained shear is shown in Figure 3.5. In the lower stress range the envelope is
curved; increasing normal stresses compress and dissolve the air, reducing the
void ratio and increasing strength, but at a decreasing rate. Above some normal
stress where saturation is achieved, the undrained strength becomes constant.
Although the curved envelope can be modeled by some slope-stability programs
such as UTEXAS3, it is commonly modeled by a straight line approximation as
shown, so that it can be defined by a single c, φ pair. For probabilistic analysis,
the straight line approximation is required as it is not convenient to model the
uncertainty associated with a curved function.

τ
straight line
approximation
approaching
saturation

φ

c
σ
Figure 3.5. Undrained strength envelope for partially saturated, cohesive soil

Summary
The following considerations should be noted regarding the use of the parameters c and φ to define linear functions modeling soil strength.

a. Overconsolidated cohesive soils have nonlinear strength envelopes for
which c and φ are the parameters of a linear approximation. The
straight-line approximation is reasonable only if the stress range of the
testing is consistent with the stresses prevailing in the modeled problem.
b. Partially saturated, cohesive soils have nonlinear strength envelopes for
which c and φ are the parameters of linear approximation. Again, the
straight-line approximation is reasonable only if the stress range of the
testing is consistent with the stresses prevailing in the modeled problem.
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c. Undrained strength depends on effective consolidation stress, which typically increases with depth. It can be modeled several ways, enumerated
in the next list.
d. Common ways to model an undrained strength function include:
e. Using the parameters c and φ to account for increasing su with increasing
consolidation stress. This is the approach adopted herein and considered
for probabilistic modeling in Chapter 4.
f.

Assuming φ= 0 and using a c = su(z) function that increases with increasing depth (z) or decreasing elevation. In this case, the rate of increase of
strength with depth must be consistent with the strength increase due to
increasing consolidation stress. This is an option in UTEXAS3. This
approach can be modeled probabilistically by assuming a coefficient of
variation for the function, and developing su+(z) and su-(z) functions corresponding to the expected value plus and minus one standard deviation.
These in turn can be used in the Taylor’s series or point estimate
methods.

g. Using the normalized strength parameter su/σ′vo. In this approach, the
undrained strength is taken to be a defined fraction of the consolidation
stress. In probabilistic analysis, this ratio can be taken as a random variable with an expected value and standard deviation.
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4

Probabilistic
Characterization of Soil
Strength

Introduction
This chapter:

a. Summarizes how soil strength can be modeled as a random function.
b. Reviews and critically analyzes a number of alternative approaches to
characterize random strength functions working from routine test data.
c. Applies selected methods of characterization to several data sets.
d. Provides suggestions regarding how to estimate the parameters of
probabilistic strength functions in the absence of data.
Most of the work in this section is condensed from a more detailed analysis
by Ur-Rasul (1995). The reader is referred to that work for additional details.

Random Strength Functions
In slope stability analysis, the factor of safety depends on the shear strength
of soil, τff, along the considered slip surface. However, in the general case, the
strength along that surface is not specified directly, but rather the two strength
parameters c and φ are specified. In turn, the computer program or analysis
method uses these parameter values in combination with the prevailing normal
stress to calculate the shear strength on each slice or wedge segment.
For probabilistic slope stability analysis, the soil strength, τf should be
considered the fundamental uncertain quantity or “main” random variable that
leads to uncertainty in performance. However, due to the way the strength is
calculated (namely that τf = f(c, φ)), the uncertainty in shear strength must be
modeled by appropriately characterizing the joint uncertainty in c and φ such that
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the desired uncertainty in τf is obtained. To first-order second moment (FOSM)
probabilistic methods when both c and φ are non-zero, this requires that five
moments be estimated: the expected values and variances (or standard
deviations) of c and φ and the correlation coefficient ρc,φ. It is not common to
have sufficient data to reliably estimate all five parameters with confidence.
Many analyses reported in the literature have circumvented this insufficiency of
data by limiting consideration to purely frictional or purely cohesive cases.
For the practical application of probabilistic slope stability analysis to the
evaluation of Corps structures, the use of a five-moment model must be considered because c-φ strength functions commonly arise in at least two cases previously discussed in Chapter 3:

a. Modeling undrained strength as a function of consolidation stress, the
implicit approach in the Corps’ use of the total stress CU (R) envelope.
b. Modeling undrained strength for partially saturated, compacted soils.

Format of Available Strength Data
Where UU (Q) or CU (R) triaxial tests have been performed, test results will
typically be in the form of (c,φ) pairs. These values, in turn, have each been
determined from principal stresses at failure (σ1f and σ3f) for two to four (usually
three) test specimens trimmed from a single sample. Hence, two different sources
of variability and uncertainty can be identified:

a. Among the (c, φ) pairs, there is variability from sample to sample,
reflecting natural variability of the soil and perhaps some laboratory
(operator) error or inconsistency.
b. Among the specimens comprising a single sample, there may be scatter
of the (σf,τf) failure coordinates about the defined strength envelope (ci,
φi). This occurs when it is not possible to draw a single line tangent to all
Mohr’s circles.
Where direct shear CD (S) tests have been performed, the data pairs are
directly in the form of stresses on the failure plane at failure (σff, τff).
A literature review disclosed no single unique and accepted approach to estimating the required five moments from either a set of samples with subsets of
specimens, or directly from specimen shear data. Even to determine only the
mean values of c and φ, a number of approaches can be considered, and each
have advantages and disadvantages. The next section considers and critically
reviews eleven alternative approaches to estimating moments of c and φ from soil
strength data.
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Alternative Approaches to Characterizing
Strength Data
Standard laboratory practice is to report paired c and φ values based on a
visual best-fit linear strength envelope tangent to Mohr’s circles for triaxial tests
or through the σ, τ data points for direct shear tests. Performing conventional
statistical analysis on the resulting set of (c, φ) pairs will be termed Method 1.
The method is summarized below and illustrated in Figure 4.1.
τ

φ2

τ

φ

1

E[φ]

φn
cn
c1
c2

E[c]
σ

σm

σ

Figure 4.1. Method 1

Method 1: Determine statistics on a set of (c, φ) pairs, each pair
determined graphically

The following is a summary of Method 1.

a. Shear three to four specimens for each sample.
b. Determine a visual “best-fit” value of c and φ for each sample by handdrawing a linear strength envelope tangent to Mohr’s circles, or as close
to tangent as possible (For direct shear tests, the line is drawn through the
σf, τf pairs).
c. Perform conventional statistical analysis on set of (c,φ) pairs to obtain
E[c], E[φ], σc, σφ, ρc,φ.
Performing a regression analysis on c,φ pairs may lead to positive or negative
correlation coefficients. Where ρcφ is negative, random strength values generated
to match the five statistical moments will tend to fall within the concave outer
dashed lines shown in the right half of Figure 4.1. Near the mean normal stress,
the negative correlation reduces the combined uncertainty in τf; due to negative
correlation, the strength is more certain than the combined uncertainty in the
parameter values used to model it. Where ρ is positive, randomly generated
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strength envelopes tend to diverge; τf contains more uncertainty than that attributable to c and φ separately.
The following may be perceived as advantages of Method 1:

a. It preserves the judgment of the engineer looking at the test data
expressed as Mohr’s circles.
b. Very inconsistent tests or obviously “bad results” are easily spotted and
may be deleted.
c. Testing laboratories may often make the interpretations of c and φ and
report the values; where this is the case, the data are already in the
required form.
d. Statistical analyses are easily performed using routine statistical software
or modern spreadsheet programs where the required functions to determine the joint moments of two random variables are built-in.
The following may be perceived as disadvantages of Method 1:

a. The engineer’s judgment in selecting c and φ itself introduces variability
and possibly bias. Two engineers may make different selections of c and
φ from the same set of Mohr’s circles. The method is not as consistent as
using some algorithm that would assign a unique value to a given set of
specimen failure data.
b. Results of tests on individual specimens are uniquely tied to the results of
other specimens tested from the same sample; they are not each taken as
“independent” pieces of information that can be treated as a “pooled”
sample. The latter approach may be preferred statistically in the case of
homogeneous soils.
c. Tests with three and four specimens are weighted equally.
Method 1 was used by Wolff (1985) in the analysis of Cannon Dam record
sample data. It is used again in this study as the primary basis of assigning
strength moments for slope stability methods. Due to the time constraints of this
study, the other ten methods described were identified and evaluated
concurrently or after the slope stability analyses in Chapters 8 and 9. However, it
will be shown that probabilistic moments obtained from Method 1 are acceptable
for use.
A second method is illustrated in Figure 4.2 and weights every specimen
equally, regardless of the number of specimens comprising a sample.
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τ
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σc
E[c]

σ

σx

Figure 4.2 Method 2

Method 2: Develop moments of c and φ from individual (σ,τ) points
at failure

The following is a summary of Method 2.

a. Obtain σf and τf for each specimen.
b. Perform a linear regression analysis of the (σ,τ) points and take E[c] and
E[φ] as the intercept and slope, respectively, of the best-fit line (left side
of Figure 4.2).
c. Use the statistics describing the uncertainty in the best fit line to estimate
the standard deviations sc, stan φ, and the correlation coefficient ρc,tan φ.
(s will be used at this point to denote the standard deviations or standard
errors of the parameter c and tan φ to avoid confusion with the stress σ).
The third item above can be done as follows (Wolff and Wang 1992a):
The standard error of τ given σn is

sτ / σ =

∑τ

2
i

∑τ

− E[c]

i

− tan φ

n−2

∑σ τ

i i

(4.1)

This is a measure of the scatter of individual points around the regression line. It
could be taken as sc, but doing so would lump all uncertainty into c and put none
in φ.
The variance of the slope, tan φ of the best fit line is then:
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Var (tan φ ) =

(sτ / σ )2
∑ (σ i2 ) − n(σ )2

(4.2)

where σ is the average of the confining stress (σi) values.
The variance of the intercept of the best-fit line, c, is

Var (c) =

Var (tan φ )

∑ (σ )
2
i

n

(4.3)

The covariance of the best-fit parameters c and tan φ is

Cov(c, tan φ ) = Var (tan φ )(−σ )

(4.4)

Finally, the correlation coefficient of the parameters describing the best fit
line is

ρ c ,tan φ =

Cov(c, tan φ )
Var (c) Var (tan φ )

(4.5)

Having defined all of the above, the conditional variance of the shear stress, τ, at
a given normal stress, σx, is
Var (τ ) = Var (c) + 2σ x Cov(c, tan φ ) + σ x2 Var (tan φ )

(4.6)

As the number of data points available to use in a regression analysis is
always finite and generally small, the calculated intercept and slope are estimates
of the “true” intercept and slope that would be obtained if an infinite number of
samples were tested. Testing additional data sets from the same material deposits
and repeating the regression analysis would yield different values. Because they
are only estimates, the slope and intercept are uncertain and each has a variance.
The standard error of the regression line intercept and slope can be taken as sc
and stan φ, respectively. The correlation coefficient ρc,tan φ can, in turn, be
calculated as in Equation 4.5.
Method 2 can be directly applied only to direct shear data, where (σf, τf) data
are obtained directly. For triaxial data where σ1f and σ3f data are reported, the
necessary σf, τf pairs would have to be derived from some assumption on φ′ for
each sample (This is discussed in later methods.). Method 2 was used by Wolff
and Wang (1992) to evaluate test results of large cores on shale materials from
the foundations of Monongahela River locks and dams. For these data, the
concept of samples and test specimens were equivalent.
The advantages of Method 2 include
a. Data from every specimen are equally weighted, regardless of the
number of specimens per sample.
Chapter 4 Probabilistic Characterization of Soil Strength
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b. The method works directly with shear stresses at failure.
The disadvantages of Method 2 include:
a. It requires knowledge of stresses on the failure surface at failure, which
is not usually known directly and may require that an assumption be
made regarding φ′.
b. Variances of c and tan φ reflect uncertainty in the location of the best-fit
line, which is usually smaller than variances derived from c,φ pairs
associated with samples.
c. The method may yield excessively large negative correlation
coefficients; as the best-fit line must pass through the mean values of σ
and τ, the slope and intercept of the best-fit line are always strongly
negatively correlated.
d. Data variability is assumed to occur parallel to the y (τ) axis. For triaxial
tests where σ3 is held constant, the variability is not in the direction of τ
axis, but along a line substantially inclined from it (see discussion of
Method 6).
A third method, published by Schoenemann and Pyles (1990) and illustrated
in Figure 4.3, circumvents the problem of needing to know the failure plane
stresses by using the stress path concept and performing the regression on p,q
data.
τ ff

q
Kf line

φ ', c'

ψ

E[φ ]
σc
E[c']

a

σ'ff

p'
Figure 4.3 Method 3 (after Schoenemann and Pyles 1990)

Method 3: Develop E[c], σc, and E[φ] working from stress points
(p,q) of specimen data

As Schoenemann and Pyles limited their method to effective stress parameters, that notation will be used here.
a. Consider every specimen an independent test and calculate the effective
stress points at the top of Mohr’s circle (p′,q) at failure. Note that

30

Chapter 4 Probabilistic Characterization of Soil Strength

b.

p′ =

σ 1′ + σ 3′
2

q=

σ 1′ − σ 3′
2

(4.7, 4.8)

c. Perform a regression analysis on the (p′,q) pairs and determine the bestfit Kf line. This line has a slope angle corresponding to the expected
slope of the Kf line, Ψ, and an intercept “a.”
d. Take the obtained Ψ as E[Ψ].
e. Determine the expected value of the friction angle from the identity
sin φ′ = tan Ψ
f.

Use the resulting E[φ] to calculate the (σf′, τf) coordinate from each (p′,q)
coordinate.

g. Perform a second regression analysis, now on the (σf′, τf) values and take
the best-fit line to have the parameters E[c] and E[φ].
h. Calculate the standard error of the regression line (as in Method 2) and
take it as σc′.
The following may be perceived as advantages of Method 3:
a. The method is “nearly” algorithmic: for any set of data, a unique procedure is defined; however, Schoenemann and Pyles (1990) suggest that
iteration between the two methods may be required to achieve
consistency between φ′ and ψ.
b. This method allows the user to generate prediction or confidence limits
about an estimated Mohr-Coulomb failure envelope.
The following may be perceived as disadvantages of this method:
a. At least two separate regression analyses are required.
b. The method doesn’t account for uncertainty in the slope of the strength
envelope (tan φ′); all uncertainty is lumped into the c′ parameter.
c. As uncertainty in φ′ is not characterized, ρc,φ cannot be determined.
A fourth method, proposed and investigated during this project, also utilizes
the stress-path concept to circumvent the finding of a tangent line, but does so by
performing regression analyses on p,q data from specimens comprising a single
sample. The method, which can be applied to total stress data, is described below
and is illustrated in Figure 4.4.

Chapter 4 Probabilistic Characterization of Soil Strength

31

q

ψi

φi
regression on
(c, φ) pairs

p,q
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ai
p
Figure 4.4. Method 4

Method 4: Determine c and φ for individual samples using stress
points from sample specimens and develop the five required
moments from these (c,φ) pairs

The following is a summary of Method 4.
a. For each set of specimens in a sample, determine the stress points p and
q.
b. For each sample, perform a linear regression analysis on the set of stress
points to get a best-fit total stress Kf line with parameters ai and Ψi.
c. Convert ai and Ψi for each sample to (ci,φi) values for each sample using
the identities.
sin φ = tan ψ

(4.9)

c = a / cos φ

(4.10)

and

d. Obtain statistics on the (ci,φi) pairs following Method 1.
The advantages of Method 4 include the following:
a. The method is algorithmic: unique results are obtained for a given data
set.
b. The method is easily programmed using spreadsheet software.
The disadvantages of Method 4 include the following:
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• For some combinations of specimen data, notably from Q (UU) tests
where φ is near zero, negative friction angles may result. As this is
unreasonable, some additional algorithm or rule must be invoked to deal
with this situation.
In this method the data variability is not along the y-axis, but is inclined at
45 degrees from the vertical. This violates a fundamental assumption of regression analysis. This results in an overestimation of φ which is on the unsafe side.
For the three or four data points typically involved in Method 4, the error is
generally negligible; however, for large data sets, as in the next method, the error
can be considerable.
Staying with the concept of stress points, a fifth method would be to pool all
specimen data before calculating any statistics.
Method 5: Treat the p-q data from all specimens equally and
perform a regression analysis on this “pooled” data set

An illustration of Method 5 can be seen in Figure 4.5.

q

E(ψ)

E[a]
p
Figure 4.5. Method 5

a. Obtain (σ1,σ3) values for each individual specimen and convert them to
respective (p, q) values for each specimen.
b. Perform regression analysis on the pooled data to obtain values of c and
φ corresponding to the best-fit line. Take these values as E(c) and E(φ).
c. Calculate the standard error of the regression parameters in a fashion
similar to Method 2.
The following can be perceived as an advantage of Method 5:
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• This method provides an efficient way of calculating E(c) and E(φ).
The following can be perceived as disadvantages of Method 5:
a. The variance of c and φ and the correlation coefficient ρc,φ cannot be
determined.
b. The variability in q is not orthogonal to (and independent of) the
variability in p.
c. This method overestimates the value of φ as much as 10 degrees
(Ur-Rasul 1995, Handy 1981).
The regression of σ1 on σ3 provides the most straightforward approach to
finding (c,φ) for individual samples and preserves independence of the variables.
This method was suggested by Holtz (1947) and later explained by Holtz and
Noell (1950).
Method 6: Determine c and φ for individual samples by regression of
σ1 on σ3 and then perform a statistical analysis on the (c,φ) pairs

Method 6 is illustrated in Figure 4.6 and is summarized below.

σ1

b

σ1 = a + bσ
3

a

σ3
Figure 4.6. Method 6

a. Test three to four specimens for each sample.
b. Perform regression on (σ3, σ1) pairs to obtain regression parameters a
and b as shown in Figure 4.6.
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Parameters a and b are used to calculate a c,φ pair for each sample as follows:

φ = 2 tan −1 b − 90°
c=

a
2 b

(4.11)

(4.12)

• Perform a statistical analysis on the resulting (c,φ) pairs as in Method 1.
The advantages of Method 6 include the following:
a. The method provides a straightforward approach for calculating c and φ
parameters.
b. The method assumes the variability in the y(σ1) direction for a given
x(σ3), which is consistent with total stress paths in the conventional
triaxial test procedure.
The disadvantages of Method 6 include the following:
a. Bad results and outliers can affect the regression line and are not easily
spotted.
b. The method does not allow any judgment on part of engineer.
c. Negative φ values are possible.
d. This method assumes a “transformed” stress path at σ1, σ3 coordinates as
a vertical line. This is correct for total stress, but in an undrained test, the
paths in σ1′,σ3′ space are neither vertical nor straight.
A seventh method, suggested by Handy (1981), corrects for the direction of
data variability by rotation of the p,q axes. As σ3 is an independent variable and
σ1 is a dependent variable, these two variables get amalgamated in the process of
conversion to p,q points. Both p and q are functions of both σ1 and σ3. This
causes the data variability to sway from the y(q) axis as much as 45 degrees.
Handy proposed to perform regression analysis of transformed p,q data obtained
by rotating x and y axes through an angle ∆θ such that y is in the direction of
variability as shown in Figure 4.7. For stress paths where σ3 is held constant
∆θ = 45 degrees, but the rotation angle will be different for other stress paths.
Method 7: Perform regression on (pr,qr) pairs obtained by rotating
p-q axes through an angle

Method 7 is illustrated in Figure 4.7 and is summarized below.
a. For each pair of σ1,σ3 values, find the corresponding stress points p,q.
b. Change each pair of rectangular coordinates p,q to polar coordinates r,θ.
Chapter 4 Probabilistic Characterization of Soil Strength
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Figure 4.7. Method 7

c. Add ∆θ to each coordinate to obtain θ + ∆θ (∆θ = 45° for total stress
path).
d. Convert back to obtain rectangular coordinates pr and qr.
e. Perform linear regression analysis on the pr,qr points to obtain the Kf line
on the rotated axes. Parameters ψr and ar are obtained which are
converted to ψ and a as follows:
ψ = ψr - ∆θ

a = ar
f.

(4.13)

sin(90° − ∆θ − ψ )
cosψ

(4.14)

Follow Method 4 to obtain rest of the statistics.

The following is an advantage of Method 7:
• Compared to Method 5, Method 7 puts the variability in the correct
direction and prevents a possible overestimation of φ value.
The following may be perceived as disadvantages of Method 7:
a. This method is only workable when all stress paths in a group of tests are
aligned in the same direction. This is the case for total stress parameters.
However, the direction of effective stress paths during undrained tests
generally varies during the test.
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b. The method does not allow users to generate confidence or prediction
limits about an estimated Mohr-Coulomb failure envelope.
In an eighth method, the σ1,σ3 values are used, but all specimen data are
pooled for one regression analysis. This method however, will work efficiently
if the soil is grossly uniform. This method was suggested by Lumb (1970).
Method 8: Perform regression analysis on pooled σ1, σ3 values

Method 8 is illustrated in Figure 4.8 and is summarized below.
σ1

b

σ1 = a + bσ3
a
σ3
Figure 4.8 Method 8

a. Obtain σ1,σ3 values from each individual specimen.
b. Perform regression on the pooled set of data to obtain intercept a and
slope b.
c. Transform to φ and c using Equations 4.11 and 4.12 (Method 6); take
these as E[φ] and E[c] (Note: ψ = tan-1 b).
d. Calculate the variance of regression coefficients a and b.
e. Using the Taylor’s series method, calculate the variance of c and tan φ
from the variances of a and b.
The following are advantages of Method 8:
a. For a large set of data, less effort is required to perform pooled
regression as compared to performing a regression analysis on each
individual sample.
b. Suppose that each of the n test results was obtained at m different σ3
values (m ≥ 2). The degrees of freedom for variance estimate of pooled
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regression is v = nm - 2 which may be considerably more than the
degrees of freedom for individual sample analysis, v = n-1. Thus for an
equal number of test results, the variance is more efficiently estimated in
pooled regression.
The following is a disadvantage of Method 8:
• The variance of the regression line is taken as constant but actually
increases with σ3. The estimated variance is higher than the actual
variance of regression line.
In a redefinement of Method 8, Lumb (1972) suggested a method involving
weighted regression. For a large set of test results, when σ1 is plotted against σ3,
the scatter of data points about their mean trend increases with increase in σ3.
Therefore, the variance s2 of the regression line is not constant but is a function
of σ3. If each σ1 value is multiplied by a function w, proportional to 1/s2, an
estimate of least variance can be obtained.
Method 9: Multiply each σ1 value by a weighting function before
performing regression on σ1, σ3 values of individual specimens

The following is a summary of Method 9.
a. Obtain σ1,σ3 values for each individual specimen.
b. Calculate the variance s2 of pooled σ1 values for each value of σ3.
c. Estimate the weighting function w ∝1/s2 and multiply each σ1 value by
its corresponding weight factor.
d. Follow steps in Method 8 for subsequent regression and statistical
analysis.
The following may be perceived as an additional advantage of Method 9 over
Method 8:
• The introduction of weighting function leads to finding an estimate of
minimum variance and this can be regarded a best estimate obtainable
from a given amount of data.
However, Lumb concluded, after applying Method 8 and Method 9 to
various soil test results, that the increase of variance s2 with σ3 was not
significantly different from zero. As the gain in precision is not significant,
Lumb did not recommend the use of Method 9 due to involvement of additional
arithmetic.
A tenth method can be obtained by applying Method 7 to pooled data from
individual samples.
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Method 10: Treat p,q data from all specimens as individual samples,
plot them on rotated p,q axes and perform regression analysis

The following is a summary of Method 10.
a. Convert σ1,σ3 values for each specimen to respective p,q values.
b. Change p,q points from rectangular to polar coordinates r, θ.
c. Add ∆θ to all θ values. (θ = 45 deg for total stress paths).
d. Change back to rectangular coordinates pr and qr for each specimen.
e. Perform regression analysis on all pr, qr values combined together into
one pool. This pooled regression will yield a Kf line.
f.

The Kf line will have Ψr and ar as its parameters, which are then converted to Ψ and a values using Equations 4.13 and 4.14, respectively.

g. Convert a and Ψ values to respective c and φ values.
h. Take these values of c and φ as E[c] and E[φ] for whole set of data.
One advantage of Method 10 is that it puts the variability in the right direction
and prevents possible overestimation of φ value.
The disadvantages of Method 10 include:
a. This method involves additional arithmetic to reach final values of E[c]
and E[φ].
b. It is difficult to estimate other statistics like variance of c and φ and their
correlation coefficient.
Finally, an alternate approach to Method 10 can be considered. Method 10
first performs regression analysis on p,q values which leads to excessively large
values of φ. It is more realistic to work from σ1,σ3 values to obtain a lower value
of φ during first analysis and then calculate corresponding values for (σ,τ) pairs
to complete the second regression analysis.
Method 11: Develop E[c], σc, and E[φ] working from (σ1,σ3) values of
specimen data

The following is a summary of Method 11.
a. Consider (σ1,σ3) values for each specimen of the data individually.
b. Perform regression analysis on pooled (σ1,σ3) pairs and obtain
parameters of the best-fit line.
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c. Determine expected values of intercept and friction angle by using Equations 4.13 and 4.14, respectively.
d. Use the resulting E[φ] to calculate the ((σf,τf) values by using the following equations:

σ ff =

σ1 + σ 3
2

⎛σ −σ3 ⎞
−⎜ 1
⎟ sin φ
⎝ 2 ⎠

(4.15)

⎛ σ1 − σ 3 ⎞
⎟ cos φ
⎝ 2 ⎠

τ ff = ⎜

(4.16)

e. Now follow Method 10 to perform second regression analysis on (σf,τf)
values. This method possesses all the advantages and disadvantages of
Method 10, except that it uses (σ1,σ3) values instead of stress points (p,q)
thereby assigning more conservative values to the friction angle during
the first regression analysis.

Summary Discussion of Methods
Eleven alternative methods to characterize strength uncertainty have been
considered. These vary in their consideration of working with individual specimens or sample values based on sets of specimens, their working with c,σ pairs,
p,q pairs, rotated p,q pairs, or σ1, σ3 pairs.
Method 1, working directly from lab-defined c and φ values for samples, is
easy to implement in practice and has no significant shortcomings for practical
application. If it is desired to define c and φ values for individual samples by
some algorithm, then regression of specimen σ1,σ3 values (Method 6) is mathematically sound, and easily implemented. Alternative methods for treating individual specimen data (Methods 4 and 7) either introduce unnecessary error or
unnecessary calculations.
Method 2, working directly form σ,τ data is convenient, but only applicable
where σ,τ coordinates are directly know, such as is the case for direct shear data.
Pooled regression methods (Methods 3,5,8,9,10,11) perhaps yield better estimates of the best-fit strength envelope, E[c], and E[φ], as all specimens are considered equally. However, the variance values obtained are essentially variances
of the best-fit or average values and not variances of the “point” strength values.
Where pooled data are used, working with σ1,σ3 data (Method 8) seems most
advantageous and correct.
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Statistical Characterization of Cannon Dam Shear
Testing
Within the time and resource constraints of this study, selection of strength
parameters for slope stability analysis was based on Method 1 with some
comparisons made using Method 4. Tables 4.1 through 4.5 show results obtained
for Q and R test data from a large set (N=70) of record samples from Cannon
Dam in Missouri. The data are separated by zone within the dam, with Phase I
being in the lower part of the dam, and Phase II being in the upper part, as further
described in Chapter 8.
It will be noted that expected values, standard deviations, and coefficients of
variation yielded by the two methods are generally similar.
Table 4.1
Cannon Dam Shear Testing - Q (UU) Tests (Phase I - Cut Blocks)
Method 1

Method 4

Phase I fill
Q tests on record samples (cut
blocks)
number of tests

c parameter

φ parameter

mean

70

70

1.238tsf

1.228tsf

standard deviation

0.565tsf

0.669tsf

coefficient of variation

45.6%

54.4%

skewness coefficient

+0.436

+0.878

mean

8.07°

8.50°

standard deviation

8.92°

9.78°

coefficient of variation

110%

115%

skewness coefficient

+1.028

+0.293

+0.109

-0.144

correlation coefficient ρc,φ

Table 4.2
Cannon Dam Shear Testing - Q (UU) Tests (Phase I - Tube Samples
from Borings)
Method 1

Method 4

15

15

Phase I fill
Q tests on record samples (tube samples from borings)

number of tests
c parameter

φ parameter

correlation coefficient ρc,φ
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mean

1.657tsf

1.633tsf

standard deviation

0.530tsf

0.631tsf

coefficient of variation

32.0%

38.6%

skewness coefficient

-0.397

-0.767

mean

18.33°

18.90°

standard deviation

11.56°

11.01°

coefficient of variation

63.0%

58.2%

skewness coefficient

-0.512

-0.213

-0.260

-0.233
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Table 4.3
Cannon Dam Shear Testing - Q (UU) Tests (Phase II – Cut Blocks)
Method 1

Method 4

Phase II fill
Q tests on record samples (cut
blocks)
number of tests

c parameter

φ parameter

mean

68

68

1.527tsf

1.487tsf

standard deviation

0.861tsf

0.835tsf

coefficient of variation

56.4%

56.2%

skewness coefficient

+3.864

+3.620

mean

14.57°

15.33°

standard deviation

9.61°

9.06°

coefficient of variation

66.0%

59.1%

skewness coefficient

-0.028

+0.082

-0.455

-0.433

correlation coefficient ρc,φ

Table 4.4
Cannon Dam Shear Testing - R (CU) Tests (Phase 1 – Cut Blocks)
Method 1

Method 4

Phase I fill
R tests on record samples (cut blocks)

number of tests
c parameter

φ parameter

mean

18

18

1.069tsf

1.113tsf

standard deviation

1.042tsf

0.883tsf

coefficient of variation

97.5%

79.3%

skewness coefficient

+2.336

+1.063

mean

25.56°

26.00°

standard deviation

6.50°

7.28°

coefficient of variation

25.4%

28.0%

skewness coefficient

+0.359

+0.718

+0.264

+0.263

correlation coefficient ρc,φ

Table 4.5
Cannon Dam Shear Testing - R (CU) Tests (Phase II – Cut Blocks)
Method 1

Method 4

Phase II fill
R tests on record samples (cut blocks)

number of tests
c parameter

φ parameter

correlation coefficient ρc,φ
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mean

55

55

1.067tsf

1.125tsf

standard deviation

0.704tsf

0.804tsf

coefficient of variation

66.0%

35.9%

skewness coefficient

+0.600

+0.569

mean

21.12°

18.84°

standard deviation

7.14°

6.76°

coefficient of variation

33.8%

35.9%

skewness coefficient

+0.613

-0.253

+0.196

-0.116
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Statistical Characterization of Bois Brule Levee
Shear Testing
The Bois Brule levee project is described in Chapter 9. In contrast to Cannon
Dam, where a large data set was available for a specific site, the soil testing at
Bois Brule represents a small sample set (less than a dozen of each test type)
obtained from a combined set of samples taken at four pumping station sites several miles apart, but in a similar geologic environment. The sample size is
typical of that where existing structures have performed well, and new testing at
the time of improvements is more to confirm soil properties than to determine
them. Statistics are developed on both the combined set and on samples divided
as embankment and foundation materials.
Statistics on the strength data for Q, R, and S tests are summarized in
Tables 4.6, 4.7, and 4.8, respectively.
Table 4.6
Bois Brule Levee Shear Testing - Q (UU) Tests
Combined Samples
Method 1 Method 4

Embankment Samples
Method 1 Method 4

Foundation Samples
Method 1 Method 4

11

11

3

3

8

8

0.300tsf
0.141tsf
47.1%
-0.257

0.334tsf
0.229tsf
68.7%
+1.949

0.38tsf
0.07tsf
18.4%
+1.574

0.328tsf
0.108tsf
32.9%
+0.842

0.269tsf
0.152tsf
56.4%
+0.256

0.336tsf
0.268tsf
79.8%
+1.870

2.09°
2.88°
138%
+1.487
+0.245

0.44°
5.67°
1280%
-1.103
-0.642

3.00°
5.12°
173%
+1.732
-0.247

3.57°
5.88°
165%
+1.639
-0.557

1.75°
1.91°
109%
+0.143
+0.456

-0.73°
5.51°
-757%
-2.106
-0.682

Q Tests
number of tests
c parameter
mean
standard deviation
coefficient of variation
skewness coefficient
φ parameter

mean
standard deviation
coefficient of variation
skewness coefficient
correlation coefficient ρc,φ

Table 4.7
Bois Brule Levee Shear Testing - R (CU) Tests
Combined Samples
Method 1 Method 4

Embankment Samples
Method 1 Method 4

Foundation Samples
Method 1 Method 4

12

12

3

3

9

9

0.472tsf
0.371tsf
78.6%
+1.347

0.433tsf
0.276tsf
63.8%
+1.058

0.427tsf
0.316tsf
74.0%
+1.683

0.443tsf
0.267tsf
60.3%
+1.248

0.487tsf
0.404tsf
82.9%
+1.373

0.429tsf
0.295tsf
68.7%
+1.197

18.17°
5.72°
31.5%
+0.981
+0.742

18.23°
7.05°
38.7%
+1.065
+0.662

18.33°
4.51°
24.6%
+0.331
+0.572

17.65°
6.72°
38.1%
-0.320
+0.444

18.11°
6.31°
34.9%
+1.082
+0.717

18.42°
7.54°
40.9%
+1.267
+0.654

R Tests
number of tests
c parameter
mean
standard deviation
coefficient of variation
skewness coefficient
φ parameter

mean
standard deviation
coefficient of variation
skewness coefficient
correlation coefficient ρc,φ
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Table 4.8
Bois Brule Levee Shear Testing - S (CD) Tests
Combined Samples
Method 1 Method 4

Embankment Samples
Method 1 Method 4

Foundation Samples
Method 1 Method 4

9

9

4

4

5

5

0.049tsf
0.063tsf
128%
+0.758

0.075tsf
0.099tsf
131%
-0.716

0.039tsf
0.045tsf
116%
+0.011

0.104tsf
0.051tsf
49.3%
+1.799

0.058tsf
0.079tsf
137%
+0.618

0.052tsf
0.126tsf
243%
-0.190

29.00°
2.87°
9.9%
+0.610
-0.388

28.39°
22.03°
16.5%
-0.535
-0.694

29.75°
3.50°
118%
+0.409
-0.050

28.19°
5.98°
21.2%
-1.322
-0.736

28.40°
2.51°
8.4%
+0.828
-0.547

28.54°
4.14°
14.5%
+0.648
-0.742

S Tests
number of tests
c parameter
mean
standard deviation
coefficient of variation
skewness coefficient
φ parameter

mean
standard deviation
coefficient of variation
skewness coefficient
correlation coefficient ρc,φ

Estimating Probabilistic Moments in the Absence
of Data
Preliminary reliability analysis for planning level studies may sometimes
require estimating probabilistic moments for soil strength parameters where very
little data are available. Two approaches can be used in this case, either individually, or preferably in combination:
a. Taking a judgmental “best estimate” as the expected value and using a
“typical” published value for the coefficient of variation.
b. Fitting a normal or lognormal distribution to match judgmentally
estimated minimum and maximum reasonable values.
For the first approach, some typical coefficients of variation, based on data from
this and previous studies, are reported in Table 4.9.
Table 4.9
Typical Coefficients of Variation for Soil Strength Parameters
Material
Compacted clay

Test
Q

Coefficients of Variation
Vc = 30 to 60%
Vφ = 50 to 100%

R

Vc = 30 to 100%
Vφ = 20 to 40%

Q

Vc = 40 to 50%

R

Vc = 60 to 80%
Vφ = 30 to 40%

Clays

S

Vφ = 10 %

Sands

S

Vφ = 5 to 12%

Saturated, in-situ clays
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Where c and φ are both non-zero, it may also be necessary to assume some
correlation coefficient. For Q tests, ρc,φ was found to vary between -0.5 and +0.1,
suggesting no correlation to weak negative correlation. As positive correlation is
the direction of conservatism (it increases the total variance), it seems reasonable
in practice to assume independence. For R tests, values of ρc,φ were typically in
the range -0.1 to +0.3. Where it is desired to introduce some conservatism, ρ
might be set moderately positive.
In the second approach noted above, the engineer might assign minimum and
maximum reasonable values for strength parameters. These, in turn, can be taken
to correspond to certain points (e.g., 5 percent and 95 percent) on a cumulative
probability distribution, A normal or lognormal distribution passing through
these points can be defined, and the corresponding expected value and standard
deviation determined. Example spreadsheets to assist this process are shown in
Appendix B.
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5

Probabilistic Models

Background
The Corps’ published methodology for probabilistic analysis is a simplified
approach consisting of selected techniques drawn from a much wider body of
general reliability methodology. The subject is treated in general in a few major
references (e.g., Benjamin and Cornell 1970, Ang and Tang 1984, Harr 1987)
and developed in more detail in numerous published papers.
The probabilistic approach

The branch of engineering probability theory used in the above-referenced
Corps guidance is sometimes called the capacity-demand model. It can be summarized as follows:
a. Given that there is uncertainty in the information (i.e., parameter values)
used to evaluate safety or adequacy of an engineering system against
adverse performance, then there is corresponding uncertainty in the
degree of safety or predicted level of performance calculated from that
information.
b. If the uncertainty in the information can be accurately quantified (i.e., by
complete probability distributions on the random variables), and safety or
performance is described in terms of a performance function (e.g., the
factor of safety) then the uncertainty in safety or performance can also be
quantified, and therefrom the probability of unsatisfactory performance
(probability that the performance will be more adverse than some defined
limit state) can be calculated. In the general reliability literature this
value is termed the probability of failure; however, Corps guidance uses
the former term to recognize that the considered events are typically not
catastrophic. The probability of failure is more robust than the safety
factor as it includes information regarding the uncertainty in parameter
values in addition to the mechanics inherent in the factor of safety.
c. Accurately representing probability distributions as described in (b)
above is not usually practical. However, if the uncertainty in the
information can be approximately quantified (by probabilistic moments
of the random variables, such as their expected values and standard
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deviations), then the uncertainty in the performance measure can also be
approximately quantified (in terms of its expected value, standard
deviation) and expressed as a reliability index, β, a relative measure of
reliability. Several methods are available to make the required
transformations.
The approaches for items b and c above are illustrated in Figures 5.1 and 5.2,
respectively.
parameter distribution

f (φ)
φ
f(ln FS)

integration

Pr(f)

slope stability model

ln(FS)

0

Figure 5.1. Probability of failure for slope stability
E [φ]
parameter moments
σφ

f (φ)

φ
E[ln FS]
f(ln FS)

function moments
σ
ln FS

integration

slope stability model

0

ln(FS)
β σ

ln FS

Figure 5.2. Reliability index for slope stability

In Figure 5.1, it is assumed that the probability density function for φ is
known (a normal distribution is illustrated). If the factor of safety function for
the slope can be integrated over the probability density function for φ, then the
probability density function for the safety factor can be obtained. In Figure 5.1,
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it is assumed that FS is lognormally distributed and ln(FS) is normally
distributed. Taking ln(FS)=0 (or FS=1) as the limit state, the probability of
failure is the shaded area.
However, the shapes of the probability distributions for soil parameters are
not known with certainty. Furthermore, where the performance function is
nonlinear, the shape of the probability distribution on the performance function
may be difficult to obtain even if the shape of the parameter distributions were
known. Usually, it is necessary to resort to the approximations identified in item
c, and illustrated in Figure 5.2: estimating the moments of a performance
function from the moments of its random variables. Three classes of
approximate methods for doing so are the Taylor’s series method, the point
estimate method, and Monte Carlo simulation. In subsequent sections, the
assumptions of these methods and their suitability for geotechnical engineering
analysis will be reviewed.
The reliability index

A typical case in geotechnical engineering would be for the performance
function to be taken as the factor of safety in slope stability or the ratio of the
critical seepage gradient to the exit gradient, (a factor of safety against piping). If
the expected values and standard deviation of the factor of safety can be determined and the limit state is taken as the condition FS = 1, a simple form of the
reliability index could be defined as the number of standard deviations by which
the expected value equals the limit state:

β=

E[ FS ] − 1

σ FS

(5.1)

However, the factor of safety is often assumed to be lognormally distributed,
as it is bounded by zero at the lower limit. This is equivalent to taking ln FS to
be a normally distributed performance function. Then taking the limit state as the
condition ln FS = 0, the reliability index is

β=

E[ln FS ]

σ ln FS

(5.2)

Equation 5.2 is the definition used in Corps guidance.

Limitations of Probabilistic Models
Both the Taylor’s series and point estimate methods (described in the next
sections) generally behave well and provide consistent solutions for linear performance functions and symmetrically distributed random variables. For nonlinear
functions or non-symmetric variables, however, errors may be introduced and
computational difficulties may be encountered. The accuracy depends on the
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degree of nonlinearity, the degree of asymmetry, and the interval used in finitedifference approximations. Different interpretations of the methods may give
different answers; and in some cases, significantly different answers. Some
specific difficulties associated with geotechnical problems include the following:
a. Certain geotechnical parameters, notably the undrained strength su and
the permeability k, may have large coefficients of variation and lower
bounds at zero. Where these two conditions occur, the probability
distributions for such parameters must be significantly non-symmetric, or
positively skewed. As discussed in Chapter 2, the lognormal distribution
is often a good model for such parameters.
b. Some geotechnical performance functions may be significantly
nonlinear. These include the factor of safety for slope stability in
frictional soils, and the exit gradient for levee underseepage problems.
The Taylor’s series and point estimate methods, as presented in Corps’ guidance, only require the expected value and standard deviation of the random variables, and hence do not incorporate information on distributional shape. Shape
can be included with additional refinements; adaptations to accommodate
parameter skewness are discussed in the following sections. More sophisticated
probabilistic methods that provide invariant results for nonlinear functions are
also available (e.g., Hasofer and Lind 1974); however, these require multiple
iterations to converge and are not generally amenable to practical use where the
performance function must be evaluated using deterministic computer programs
such as for slope stability or finite-element seepage analyses. Some improved
consideration of nonlinearity can be had, perhaps, by using the point estimate
method rather than the Taylor’s series method.

Taylor’s Series Method
For a function of several random variables, Y = Y(X1, X2, ... Xn), the
expected value and variance of Y can be estimated from the expected values and
variances of the random variables X using a Taylor’s series expansion. If the
expansion is performed about the mean values of the random variables and only
first order terms are retained, one obtains
E[Y ] = Y ( X 1 , X 2 ... X n )
Var[Y ] =

∑

⎡⎛ ∂Y
⎢⎜⎜
⎢⎣⎝ ∂X i

2
⎤
⎞
⎟⎟ VarX i ⎥ + 2
⎥⎦
⎠

(5.3)
⎡⎛ ∂Y

∑ ⎢⎢⎜⎜ ∂X
⎣⎝

i

⋅

∂Y
∂X j

⎤
⎞
⎟σ X σ X ρ X , X ⎥
i
j
i
j
⎟
⎥⎦
⎠

(5.4)

In Equation 5.3, the expected value of the performance function Y is estimated by evaluating the function at the expected values of the random variables
X. The partial derivatives required to calculate the variance in Equation 5.4 are
each evaluated at the mean value of the considered random variable. The first
summation term accumulates the uncertainty in the performance function due to
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the uncertainty in each random variable. Where two or more of the random variables are correlated, the correlation between each combination of random variables Xi, Xj (i ≠ j) is considered in the second summation term. Due to parameter
correlation, the total uncertainty (variance) may further increase or may be
decreased, depending on the signs and magnitudes of the correlation coefficient
ρ. Where the random variables are all independent, the second summation drops
out.
Numerical approximation of derivatives

The use of Equations 5.3 and 5.4 is termed a first-order, second-moment
(FOSM) analysis. A difficulty with this approach is the need to evaluate the partial derivatives in Equation 5.4. For complex functions not conveniently
expressed in closed form, such as results from a computerized slope stability or
seepage analysis, the derivatives must be estimated numerically. If one considers
two values, X+ and X-, equidistant from the mean by an increment ± ∆X, the
required derivative may be estimated as
Y − Y−
Y (X + ) −Y(X − )
∂Y
= +
=
∂X X + − X −
X+ − X−

(5.5)

The variance calculation in Equation 5.4 and the derivative approximation in
Equation 5.5 are illustrated in Figure 5.3 for a function of one random variable,
with the notation changed to that for a complete derivative (dY/dX). Note that
when the function Y(X) is linear, as is the case shown, the expression for the
derivative is exact regardless of the size of the increment ∆X.
Figure 5.3 is also useful for understanding the Taylor’s series method. The
expected value of Y is obtained by evaluating Y at E[X]. The uncertainty in X,
related to the width of the plus and minus one standard deviation increment at the
bottom of the figure, is transferred up to the function, and then to the left to
obtain the uncertainty of the function Y(X).
Nonlinear functions

When the function Y is nonlinear, the value of the approximate derivative
obtained using Equation 5.5 depends on the increment size ∆X. Hence, the
calculated variances, reliability index, and probability of failure also depend on
increment size.
In mathematical applications where it is sought to obtain the best numerical
estimate of the (tangent) derivative of a function at a point, a very small
increment is used to approach the correct value in the limit. However, the Corps’
practice has been to use a rather large increment size of plus and minus one
standard deviation from the expected value. This approach and increment is

50

Chapter 5 Probabilistic Models

Y

dY
dX
E[Y]

∆X ∆X

X-

_
X

X+

Figure 5.3. Linear function of a symmetrically distributed random variable

referred to as the TSFD (Taylor’s Series Finite-Difference) method. There are at
least two advantages to using this increment:
a. For nonlinear functions, the large increment captures some of the nonlinearity by considering the spread of the function over a larger, more probable range of values, and
b. It leads to a simple equation for calculating variances.
The simple form of the variance calculation is illustrated in Equation 5.6
below for the case of independent random variables.

Var[Y ] =

=
=

∑

⎡⎛ ∂Y
⎢⎜⎜
⎢⎣⎝ ∂X i

∑

⎡ Y+ − Y− ⎤
2
⎢
⎥ σx
σ
2
x ⎦
⎣

∑

⎡ Y+ − Y− ⎤
⎢ 2 ⎥
⎣
⎦

2
⎤
⎞
⎟⎟ Var X i ⎥
⎥⎦
⎠
2

(5.6)

2

As the standard deviation terms in the numerator and denominator cancel, the
variance terms can be obtained simply by taking the difference of two performance function values determined at plus and minus one standard deviation from
the mean, dividing that difference by two, and squaring.
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The effect of differing increment sizes on the calculated derivative for a
nonlinear function is illustrated in Figure 5.4. For the one standard-deviation
increment, the derivative dY/dX is the slope of the lower inclined dashed line. If
the derivative were calculated using a plus and minus two standard deviation
increment, the upper, steeper dashed line would be obtained. A tangent line
drawn at the expected value (minimum increment) would give a smaller value.
Each different increment size would yield a somewhat different variance.
Y
dY
dX

∆X

X-

∆X

_
X

X+

Figure 5.4. Nonlinear function of symmetrically distributed random variables

It should also be noted on Figure 5.4 that the nonlinear function leads to a
skewed (asymmetric) distribution of the performance function Y, even though
the random variable X is symmetrically distributed.
Whether “correct” or not, the use of the one-standard deviation increment
provides consistency to Corps calculations. However, where coefficients of variation are large, taking the increment between plus and minus one standard deviation can represent physically impossible situations. A case in point is where the
coefficient of variation exceeds 100 percent, and X- is negative. One option in
this case would be to use a smaller increment in Equation 5.5 and sacrifice
consistency. A second is to recognize that the random variable must be positively skewed, as discussed in the next section.
Asymmetric distributions

A second limitation of the Corps’ TSFD method occurs where the
distribution of the random variable X is known to be asymmetric, for instance,
when it is taken to be lognormal. It has previously been established in Chapter 2
that the lognormal distribution is a preferred model for soil permeability.
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The case of a right-skewed distribution such as the lognormal is illustrated in
Figure 5.5. The probability of the random variable being between X- and E[X] is
not equal to the probability of being between X+ and E[X], hence the derivative
calculation is not “centered” on the mean in the probabilistic sense. Also, using
the one-standard deviation increment where the coefficient of variation is very
large leads to physically impossible situations such as unreasonably low or negative X values.
Y
dY
dX

X-

_
X

X+

Figure 5.5. Linear function of asymmetrically distributed random variable

Transformation of Variables
By using additional terms, the coefficient of skewness can be incorporated
into the Taylor’s series solution (e.g., see Harr 1987). However, if it is
reasonable to assume the random variables to be lognormal, the problems
associated with large coefficients of variation and distributional skewness can be
more easily treated by a transformation of variables. For example, if the random
variables are the permeability values k1 and k2, and the performance function is
the factor of safety against piping, FS = FS(k1, k2), the random variables may
have coefficients of variation near or in excess of 100 percent, requiring FS be
evaluated for very low or negative k values. However, if the random variables
are instead taken to be ln k1 and ln k2, the factor of safety can be taken as
FS = FS (e ln k1 , e ln k2 )
and one obtains an equivalent deterministic model. In this case, however, eln k
will always assume a positive value, regardless of the coefficient of variation of
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k. Furthermore, the coefficient of variation of ln k will be lower than that of k.
Referring back to Figure 2.1, where the coefficient of variation of k was 60 percent, the coefficient of variation of ln k became 34 percent. Taking k as lognormally distributed and considering the “fundamental” random variables as ln k
leads to the values (ln k)- and (ln k)+ being taken at symmetric points corresponding to equal probabilities of deviation from the expected value. The result is
illustrated in Figure 5.6.
ln FS

d ln FS
d ln k

E[ln FS]

(ln k)-

E[ln k]

(ln k)+

Figure 5.6. Reliability analysis using transformed variables

This approach is further explored in later chapters.

The Point Estimate Method
An alternative approach to estimate the moments of Y(X) from X is the use
of point estimate methods. A simple point estimate method was developed by
Rosenbleuth (1975, 1981). In Rosenbleuth’s method, illustrated in Figure 5.7,
each continuous random variable is replaced with an equivalent discrete random
variable consisting of two values or point estimates, Xi+ and Xi-, with probability
concentrations PXi+ and Pxi. Once these equivalent random variables are defined,
it is quite straightforward to obtain the moments of functions involving them.
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P(x)

f(x)

P-

P+

=

x

x-

X

x+

x

Figure 5.7. Rosenblueth’s point estimate method

For the case of symmetrically distributed independent random variables, the
point estimates and concentrations are taken as
X + = E[ X ] + σ x

(5.7)

X − = E[ X ] − σ x

(5.8)

P+ = P− = 0.50

(5.9)

and

For independent random variables, a function Ym = Ym (X1, X2, ...Xn) can be
evaluated as
E[Y m ] =

∑ (P

X

1±

PX ± ...PX
2

n±

)[Y (X

1± , X 2± ,... X n ±

)] m

(5.10)

In Equation 5.10, there are as many terms in the summation as there are
possible combinations of the plus and minus “point estimates” of the random
variables. The number of terms is 2N, where N is the number of random
variables.
Setting m equal to one in Equation 5.5 gives the expected value of Y:
E[Y ] =

∑ (P

X

1±

PX ± ...PX
2

n±

)[Y (X

1± , X 2± ,... X n ±

)]

(5.11)

Setting m equal to two corresponds to squaring the results for each calculated
value of the function and gives

E[Y 2 ] =

∑ (P

X

1±

PX ± ...PX
2

)[Y (X
2

n±

1± , X 2± ,... X n ±

)]

(5.12)

Equations 5.11 and 5.12 can be used to obtain the variance of Y from an
identity:
Var[Y ] = E[Y 2 ] − ( E[Y ]) 2

(5.13)

The standard deviation of Y is then simply the square root of the variance.
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Correlated random variables

For symmetrically distributed but correlated random variables, the locations
of the point estimates, X+ and X- remain the same, but the probability
concentrations (or weighting factors) Pi must be adjusted. For two independent
random variables, the joint term (P1± P2±) would be (0.5)(0.5) = 0.25, and this
value represents the joint probability concentration for X1+,2+, X1+,2-, etc. If X1
and X2 are correlated with correlation coefficient ρ, the equivalent probability
concentrations are taken as
P+ + = P−− =

ρ
1+ ρ
= (0.5)(0.5) +
4
4

(5.14)

P+ − = P−+ =

ρ
1− ρ
= (0.5)(0.5) −
4
4

(5.15)

and

From Equations 5.14 and 5.15, it is seen that, for positively correlated
random variables, the function values determined for combinations of (high,
high) and (low, low) point estimates are given greater weight, and those for the
combinations of (high, low) and (low, high) point estimates are given lesser
weight. For negative ρ values, the converse becomes true. Where more than two
random variables are involved, more complex developments of Equations 5.14
and 5.15 are given in Rosenblueth’s papers, and by Harr (1977).
Linear functions

For linear functions and symmetrically distributed random variables, the
point estimate method provides an exact solution for the expected value and
variance of the performance function that is equal to that obtained by the
Taylor’s Series method. It is generally more advantageous to use the Taylor’s
Series method for this case as the number of required function evaluations (2N +
1) is less than that for the point estimate method (2N) when the number of random
variables exceeds 2.
Nonlinear functions

For a nonlinear function of a random variable, the results of the point
estimate method will differ from the Taylor’s series method. This is illustrated in
Figure 5.8. For the upward-concave function shown, the expected value of Y,
obtained by equally weighting the function values Y+ and Y-, is greater than the
value of Y evaluated using the expected value of X. If the variance is similar to
that for the Taylor’s series method, a greater value of the reliability index will
result. In other cases, the opposite can be true.
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Figure 5.8. Point estimate method for nonlinear functions

For nonlinear functions of multiple random variables, the point estimate
method involves evaluating the function at all combinations of the plus and
minus values, including extreme combinations (all above or all below the
expected value), whereas in the Taylor’s series method, only one variable is
varied at a time, with others held at the expected value. Consequently, larger
variances may be obtained than for the Taylor’s series method, leading to smaller
β values.
Asymmetric distributions

When the coefficient of variation is larger than about 30 percent, the assumption of symmetric random variables implies negative values for parameters. As
previously stated, variables such as undrained strength and permeability, which
have large coefficients of variation and are non-negative, must be positively
skewed.
Where the coefficient of skewness is known, adjustments to the point estimates and probability concentrations can be made to match the skewness of the
discrete random variable approximation to that of the continuous random
variable. This is illustrated in Figure 5.9, and solutions are provided by
Rosenblueth, Harr (1987), and Wolff (1985). Note that the “minus” point
estimate moves closer to the expected value and its probability concentration
becomes greater than one-half, and the opposite happens for the “plus” point
estimate. When the skewness is accounted for, point estimate values will never
go negative for non-negative random variables.
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Figure 5.9. Point estimate method for asymmetric random variables

As the coefficient of skewness usually not known with much certainty, it
does not improve accuracy to assume a value and deal with the additional
refinement of adjusting the probability concentrations. In practice, it is probably
more justified to assume that random variables with large coefficients of
variation are lognormally distributed and make the transformations described
earlier in this chapter. In that case, the fundamental random variables can be
taken as ln X, the point estimates can be taken at E[ln X] ± σln X, and the
probability concentrations taken as 0.50 each.
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6

Probabilistic Seepage
Analysis

Introduction
Purpose of seepage analyses

Most seepage analyses performed during the evaluation of dam and levee
embankments can be divided by their purpose into two broad categories:
a. To determine the location of the piezometric surface for the steadyseepage condition, for further use as input for slope stability analyses.
b. To determine the factor of safety against piping, particularly at the landside toe of a levee or dam on a pervious foundation.
Tools for seepage analyses

For item a above, the complete distribution of heads, pore pressures and
flows throughout an embankment section, as well as the piezometric surface, can
be determined by flow nets, finite element analysis, and other numerical
techniques. The required inputs in each case are the principal permeabilities kx
and ky of each material and a description of problem geometry. Most finite
element seepage analyses performed by the Corps use the Corps-developed,
public domain program CSEEP (Tracy 1973). More recently, Brigham Young
University (BYU) has developed a versatile, Windows-based graphic preprocessor and post-processor, combined in a package with CSEEP as the solver
and licensed under the name FASTSEEP. FASTSEEP has been made available
to Corps offices under an arrangement with BYU.
For modern slope stability programs such as UTEXAS3, the entire distribution of pore pressure can be reasonably well modeled in an analysis by inputting
a grid of pore pressure data in lieu of just the piezometric line. Nevertheless,
most analyses in practice merely specify the piezometric surface, implying that
the Dupuit assumption of vertical equipotential lines is sufficiently accurate for
slope stability assessment.
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For item b above, the Corps of Engineers frequently encounters foundation
conditions for dams and levees in alluvial valley deposits that consist of a relatively thin leaky or semipervious top blanket overlying a relatively thick pervious
substratum. For this specific two-layer condition, the Corps has developed a set
of underseepage analysis procedures summarized in TM 3-424 (U.S. Army
1956b), to determine the vertical exit gradient at the landside toe. If the critical
gradient icrit is divided by the exit gradient iexit, the result is a factor of safety
against piping or sand boil development at the landside or downstream toe.
Although the two-layer underseepage problem can be modeled using finite
element programs, it is usually more efficient to deal directly with the simplified
two-layer approach in TM 3-424, which assumes that flow is horizontal in the
pervious substratum and vertical in the semi-pervious top blanket. Within the semipervious top blanket, flow is assumed downward vertical on the poolside or
riverside, zero under the embankment, and upward vertical on the landside or
tailwater side. Using the two layer model, the exit gradient iexit is a function of the
net head on the embankment (difference of free water levels on either side), the
horizontal permeability of the pervious substratum kf, the vertical permeability of
the top blanket kb, the thickness of the top blanket z, the thickness of the pervious
substratum d, and distances to free seepage entrance and exits or blocks, L1 and L2.
Given values for these parameters, the exit gradient can be calculated using:
a. Hand solution of the equations in TM 3-424.
b. A spreadsheet solution of the same equations.
c. A computer program such as LEVSEEP (Cunny and Agostinelli 1989).
The same assumptions regarding two-layer geometry and one-direction flow
have been incorporated in the program LEVEEMSU (Wolff 1989). However,
LEVEEMSU permits the layer thicknesses z and d and the landside water level to
be functions of horizontal location, z(x), d(x), and YWATER(x).

Probabilistic Seepage Analysis
Types of outcomes

In a probabilistic seepage analysis, several different outcomes might be
desired:
a. The expected value and standard deviation of the head or pore pressure at
one or more points h(x,y) or u(x,y).
b. The expected value and standard deviation of the exit gradient at the
landside or downstream toe of a dam or levee.
c. The expected value and standard deviation of the factor of safety against
piping at the downstream toe of a dam or levee.

60

Chapter 6 Probabilistic Seepage Analysis

d. The reliability index β with respect to piping at the downstream toe.
Where the results will be used as input to a slope stability analysis, item a
above is the desired outcome. When assessing safety against underseepage, one
progresses systematically through items a through d, calculating the head at the
levee toe, then the exit gradient, then the factor of safety, then the reliability
index β.
Random variables

The random variables for most seepage analyses will be the permeability
values and perhaps some descriptors of the problem geometry, such as layer
thickness.
Permeability

In setting variances for permeability values, consideration must be given to
the spatial averaging concept discussed in Chapter 2. As both finite element
methods and the TM 3-424 methods use single values for each soil material, and
do not permit the permeability to spatially vary (from point to point), it is implied
that the input values are averages across the modeled cross section. Hence, the
required variance in the analysis is that of the average permeability over the
modeled cross section. Where permeability has been estimated at a number of
points within the modeled section (e.g., from D10 size), the variance of the
average permeability over the section is smaller than the variance of the point
values, and some reduction must be made. Where the average permeability has
been measured at a few cross sections (e.g., from pumping tests) distant from the
analyzed cross section, the variance of the average permeability should be
slightly larger than the variance of the measured averages, due to the small
sample size. In the general case, spatial averaging concepts should be used to
make the necessary variance adjustments to relate the scale of measured values to
the scale of the modeled problem; however, the mathematics are complex, and
sufficient data is usually not available at the level of an economic study.
Layer thickness

For underseepage problems, a significant source of uncertainty in the exit
gradient and factor of safety is the thickness of the top blanket, z. Where z is
taken as a random variable, it is necessary to specify the variance or standard
deviation of z. The appropriate value may be based on judgment based on a
review of borings and local geology. Assuming that z is normally distributed, the
standard deviation σz should be chosen such that
a. There is considered to be about a 68 percent chance (or one is about
68 percent confident) that the “true” z lies in the interval E[z] ± σz ,
b. There is about a 95 percent chance that z lies in the interval E[z] ± 2σz.
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c. There is about a 99.7 percent chance that z lies in the interval E[z] + 3σz.
For example, specifying E[z] = 6 ft and σz = 1 ft implies it is judged that:
a. z is more likely than not (68 percent chance) to be between 5 and 7 ft.
b. z is very likely (95 percent chance or 19 out 20) to be between 4 and 8 ft.
c. z is almost certainly between 5 and 9 ft.
Critical exit gradient

From previous studies (Shannon and Wilson, Inc., and Wolff 1994), it was
found that a reasonable characterization of the critical exit gradient, consistent
with Corps’ underseepage analysis, is E[icrit] = 0.85, σicrit = 0.08.
Determining moments of seepage analysis outputs

The expected value or standard deviation of the head, pore pressure, exit
gradient, or factor of safety can be determined by the Taylor’s series method or
point estimate method, as discussed in next section.

Taylor’s Series Method
Using the Taylor’s Series expressions from Chapter 5, the expected value of
the total head at one or more points, hx,y, taken as a function of four permeability
values k1v, k1h, k2v, k2h, and one layer thickness z, would be
E[ h] = h( E[k1v ], E[ k1h ], E[k 2v ], E[k 2 h ], E[ z ])

(6.1)

Hence, the expected value of the function is the function of the expected
values, and one seepage analysis is required to evaluate the expected value(s).
The expected value of the pore pressures at any point or the exit gradient at a
point can be determined in a similar fashion. More or fewer random variables
may be accommodated by adding or deleting terms, respectively.
The variance of the head for this case would be

⎡⎛ ∂h
⎢⎜⎜
Var[h] =
∂k
i =1 ⎢
⎣⎝ vi
2

∑

2

2
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⎡⎛ ∂h

∑ ⎢⎢⎜⎜⎝ ∂k
i =1

2

⎞ 2 ⎛ ∂h
⎟⎟ σ kvi + ⎜⎜
⎝ ∂k hi
⎠

⎣

vi

⋅

∂h
∂k hi

2
2
⎞ 2 ⎤ ⎛ ∂h ⎞ 2
⎟⎟ σ khi ⎥ + ⎜ ⎟ σ z +
⎥⎦ ⎝ ∂z ⎠
⎠

⎤
⎞
⎟⎟σ kvi σ khi ρ kvi ,khi ⎥
⎠
⎦⎥

(6.2)
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In Equation 6.2, the first summation accounts for the uncertainty introduced
by the permeability components kv and kh for each soil. The second summation
adds the uncertainty due to z. The third term accounts for correlation between kv
and kh in each layer, if present. If the horizontal and vertical permeability values
are taken to be independent, implying knowledge of one does not provide any
information regarding the other, ρ = 0 and the final term drops out. If the
horizontal and vertical permeability values are taken to be perfectly correlated, a
known and fixed permeability ratio is implied, the values kv and kh vary together,
and ρ = 1.
Equation 6.2 further assumes there is no correlation between permeability
components of different materials or between layer thickness and permeability.
Consider the case of an underseepage analysis using the TM 3-424 approach.
If the random variables are taken as kf, kb and z, and it is desired to evaluate the
head ho at the landside levee toe using the Taylor’s Series - Finite Difference
Approach using a ± 1 standard deviation increment, Equation 6.2 becomes
2

2

⎛ ho ( k f + ) − ho (k f − ) ⎞ ⎛ ho (k b+ ) − ho (k b− ) ⎞
⎟⎟ + ⎜
Var[ho ] = ⎜⎜
⎟ +
2
2
⎠
⎝
⎠ ⎝
⎛ ho ( z + ) − ho ( z − ) ⎞
⎜
⎟
2
⎝
⎠

2

(6.3)

The factor of safety against piping or sand boil development can be taken as
FS =

icrit
iexit

(6.4)

iexit =

ho
z

(6.5)

where

Hence, to determine the expected value and standard deviation of the factor
of safety for underseepage analysis, it is only necessary to add icrit as a random
variable to Equations 6.1, 6.2, and 6.3, and use FS rather than h for the
performance function. Spreadsheets for this are illustrated in Chapter 9.

Point Estimate Method
Applying the point estimate method from Chapter 5 to seepage analysis, considering the problem of two soils, four permeability components, and one layer
thickness one obtains:
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E[h] =Σ (Pkv1± Pkh± Pkv2± Pkh2± Pz±) h (kv1±, kh1±, kv2±, kh2±,z±,)

(6.6)

E[h2] = Σ (Pkv1± Pkh± Pkv2± Pkh2± Pz±) [h (kv1±, kh1±, kv2±, kh2±,z±,)]2

(6.7)

Var[h] = E[h2] - (E[h])2

(6.8)

Note that, with five random variables, 25 = 32 evaluations of the performance
function are required for all the combinations of the plus and minus point
estimates.
Where kh and kv are correlated within each soil, but there is no correlation
1 ± ρ kvi ,kvi ⎞
⎛
⎟ . Hence,
from soil to soil, the factors (Pkvi±Pκηi±) become ⎜⎜ Pkvi ± Pkhi ± •
⎟
4
⎝
⎠

1 ± ρ kv1,kh1 ⎞⎛
1 ± ρ kv 2,kh 2 ⎞
⎛
⎟⎟⎜⎜ Pkv 2± Pkh 2± ⋅
⎟⎟
E[ h] = ⎜⎜ Pkv1± Pkh1± ⋅
4
4
⎝
⎠⎝
⎠
Pz ± FS ( k v1± , k h1± , k v 2± , k h 2± , z ±)

(6.9)

For combinations where kvi and khi have the same sign (++ or --) the sign
before ρ is taken positive; when they have opposite signs (c+, φ-, or c-, φ+) the
sign of ρ is taken negative.
Assuming symmetrically distributed random variables, the P terms are each
equal to one-half. In this case the expected value and variance are calculated as
⎛ 1 1 ± ρ kv1,kh1 ⎞⎛ 1 1 ± ρ kv 2,kh 2 ⎞⎛ 1 ⎞
⎟⎟⎜⎜ ⋅
⎟⎟⎜ ⎟
E[ h] = ⎜⎜ ⋅
4
4
⎝4
⎠⎝ 4
⎠⎝ 4 ⎠
h( k v1± , k h1± , k v 2± , k h 2± , z ±)
⎛ 1 1 ± ρ kv1,kh1 ⎞⎛ 1 1 ± ρ kv 2,kh 2 ⎞⎛ 1 ⎞
⎟⎟⎜⎜ ⋅
⎟⎟⎜ ⎟
E[ h 2 ] = ⎜⎜ ⋅
4
4
⎝4
⎠⎝ 4
⎠⎝ 4 ⎠

(6.10)

(6.11)

h 2 (k v1± , k h1± , k v 2± , k h 2± , z ± )
Var[h] = E[h 2 ] − ( E[h]) 2

(6.12)

For the classic case of underseepage analysis, taking the factor of safety as
the performance function, and a function of four independent random variables
kf, kb, z, and icrit, sixteen analyses are necessary, and
E[ FS ] =

E[ FS 2 ] =

64

⎛1⎞

∑ ⎜⎝ 16 ⎟⎠ FS (k
⎛1⎞

∑ ⎜⎝ 16 ⎟⎠ FS

2

f ± , k b ± , z ± , icrit ± )

(6.13)

( k f ± , k b± , z ± , icrit ± )

(6.14)
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Var[ FS ] = E[ FS 2 ] − ( E[ FS ]) 2

(6.15)

Analysis Using Lognormally Distributed Random
Variables
As noted in Chapter 2, the lognormal distribution might be favored for
permeability values, where the coefficient of variation is large. As noted in
Chapter 5, the shape of the lognormal distribution can be modeled by a
transformation of variables.
If k is lognormally distributed, ln k is normally distributed. In either the
Taylor’s Series or point estimate methods, values of k can be replaced by eln k,
implying that ln k is the fundamental random variable. The parameter values
used as point estimates or used to calculate derivatives in the Taylor’s series
method then become

e (ln k )+ = exp[(ln k ) + ] = exp[E[ln k ] + σ ln k ]

e (ln k )− = exp[(ln k ) − ] = exp[E[ln k ] − σ ln k ]

(6.16)

This approach insures that the parameter values will always be positive,
regardless of the coefficient of variation.

Determining the Reliability Index
Having obtained the expected value and standard deviation of the safety
factor against seepage failure by one of the two general methods described, it is
desired to determine the reliability index β.
Following the properties of the lognormal distribution from Chapter 2, first
the coefficient of variation of the factor of safety is determined:
VFS =

σ FS

(6.17)

E[FS ]

From this, the standard deviation of ln FS is determined:

(

σ ln FS = ln 1 + VFS2

)

(6.18)

The calculated standard deviation of σln FS from Equation 6.18 will be numerically close to (but not exactly equal to) the coefficient of variation of the factor
of safety. This is a useful approximation when checking calculations.
The value of σln FS is in turn used to obtain the expected value of ln FS:
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E[ln FS ] = ln( E[ FS ]) −

2
σ FS

2

(6.19)

Finally, the reliability index is the number of standard deviations by which
the expected value of ln FS exceeds the limit state ln FS = 0:

β=

66

E[ln FS ]

σ ln FS

(6.20)
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Probabilistic Slope Stability
Analysis

Introduction
This chapter follows the same approach as Chapter 6, adapting the Taylor’s
series and point estimate probabilistic models to a specific class of problems, in
this case, slope stability. For slope stability problems, ln FS will be taken as the
performance function, the condition ln FS = 0 will be taken as the limit state, and
the reliability index will be formulated in the same manner as that given for the
seepage factor of safety in Equations 6.17 through 6.20. Nevertheless, to apply
these probabilistic models to slope stability analysis, additional topics require
some consideration, including the characterization of strength parameters and the
location of the failure surface. These are discussed herein.

Strength Characterization
Parameter correlation

As discussed in Chapters 3 and 4, the strength parameters c and φ may both
be non-zero. For a single material, the random variables c and φ may be correlated, but the strength parameters of one material would not usually be correlated
to those of another material. Hence, in calculating the variance of the performance function by either probabilistic method, or evaluating the expected value
by the point estimate method, only those correlation terms representing involving
c-φ correlation within the same material need be considered. For example, for
the analysis of Cannon Dam, discussed in Chapter 8, the random variables
involve two φ-c soils, the Phase I fill and the Phase II fill. Within the Phase I fill,
and within the Phase II fill, the c parameter and φ parameter are correlated (see
Tables 4.1 through 4.5). However, no correlation is considered between strength
parameters across the two phases.
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Spatial variability

As discussed in Chapter 2, soil strength is a spatially distributed random
variable, as is the case for permeability. For a slope stability analysis involving a
single free body (e.g., a single, rigid, circular-arc shaped surface), the factor of
safety depends on the average shear strength along the failure surface; hence the
appropriate variance in a probabilistic analysis using this model would be the
variance of the average strength over the length of the failure surface. This is
generally smaller than the variance associated with the uncertainty in strength at
a random point. For a slope stability analysis involving slices, spatial variability
implies that each slice may have a different random average strength, with the
variance of that average related to the length of the slice (e.g., greater lengths
have more consistent average strengths and hence a lower variance).
Furthermore, the random value of the average strength over one slice may be
correlated to that of its neighbor.
Some sophisticated mathematics (e.g., Vanmarcke 1977), have been developed to define appropriate variance reduction functions for modeling spatial
variability of soil strength. These require knowledge of the point variance (determined from individual samples as described in Chapter 4), the correlation
distance (a measure of the distance over which soil properties at separated points
are strongly correlated), and the shape of the correlation function (which relates
correlation to separation distance).
Only limited data are available regarding the second item above, the correlation distance. For probabilistic analyses in support of economic studies,
sufficient data to determine the appropriate correlation distance will almost never
be available. For such studies, it is recommended that unreduced variances be
used until further research provides more appropriate guidance. This is the
approach taken in the analyses in Chapters 8 and 9. It is conservative to use
unreduced “point” variances in probabilistic analyses, although it should be
recognized that the result provides a lower bound on the reliability index, and the
correct but unknown value may be substantially higher.
Not applying a reduction to the strength variance implies that strength is correlated over long distances, and the average strength over a failure surface could
be as uncertain as the strength at a random point in the soil. Given the often
sparse soil testing available, this assumption may not be so unreasonable. Wolff
(1985) rationalized that strength of embankment dams constructed in lifts may be
highly correlated in the horizontal direction, as an individual lift may be constructed under nearly constant conditions of moisture content, and compaction
effort.

Taylor’s Series Method
Using the Taylor’s Series expressions from Chapter 5, the expected value of
the factor of safety, a function of the strength parameters ci and φi for each of n
soil layers, is:
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E[ FS ] = FS ( E[c1 ], E[φ1 ],...E[cn ], E[φ n ])

(7.1)

Hence, the expected value of the function is the function of the expected
values. The variance of the factor of safety is
Var[ FS ] =

∑
2

2
⎡⎛ ∂FS ⎞ 2
⎤
⎛ ∂FS ⎞
⎢⎜⎜
⎟⎟ Varci + ⎜⎜
⎟⎟ Varφ i ⎥ +
⎢⎣⎝ ∂ci ⎠
⎥⎦
⎝ ∂φi ⎠

∑

(7.2)

⎤
⎡⎛ ∂FS ∂FS ⎞
⎟⎟σ ci σ φi ρ ci ,φi ⎥
⋅
⎢⎜⎜
⎥⎦
⎢⎣⎝ ∂ci ∂φ i ⎠

In Equation 7.2, the first summation accounts for the uncertainty introduced
by c and φ for each soil. The second summation accounts for the interaction
between c and φ which introduces additional uncertainty where ρc,φ is positive,
and reduces combined uncertainty where ρc,φ is negative.
Considering the case of two c-φ soils, as is the case for Cannon Dam, and
applying the Taylor’s Series - Finite Difference Approach using a ± 1 standard
deviation increment, Equation 7.2 becomes
2
⎛ FS − FS c1− ⎞ ⎛ FSφ 1+ − FSφ 1− ⎞
⎟⎟
Var[ FS ] = ⎜ c1+
⎟ + ⎜⎜
2
2
⎝
⎠ ⎝
⎠

2

2
⎛ FS − FS c 2− ⎞ ⎛ FSφ 2+ − FSφ 2− ⎞
⎟⎟
+ ⎜ c 2+
⎟ + ⎜⎜
2
2
⎝
⎠ ⎝
⎠

+
+

ρ c1,φ 1
2

ρ c 2,φ 2
2

2

(7.3)

( FS c1+ − FS c1− )( FSφ 1+ − FSφ 1− )
( FS c 2+ − FS c 2− )( FSφ 2+ − FSφ 2− )

Problems involving fewer or greater than two soils can be approached using
the form of Equation 7.3 by deleting or adding additional terms.

Point Estimate Method
Applying the point estimate method from Chapter 5 to the case of multiple
soils, where the strength parameters are all assumed independent, gives
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E[FS] = (Pc1±Pφ1± Pc2±Pφ2±... Pcn±Pφn±) FS (c1±, φ1±, c2±, φ2±,...cn±, φn±,) (7.4)
E[FS]2 = (Pc1±Pφ1± Pc2±Pφ2±... Pcn±Pφn±) FS2 (c1±, φ1±, c2±, φ2±,...cn±, φn±,)(7.5)
Var[FS]=E[FS2]-(E[FS])2

(7.6)

σ FS = Var FS

(7.7)

For c,φ soils where strength parameters are correlated within each soil, but
1 ± ρ ci ,φi ⎞
⎛
⎟.
not across different soils, the term (Pci±Pφi±) becomes ⎜⎜ Pci ± Pφi ± •
⎟
4
⎠
⎝
Hence, for the case of two φ-c soils,
E[ FS ] =

1 ± ρ c1 ,φ1 ⎞⎛
1 ± ρ c2 ,φ2
⎟⎜ Pc2± Pφ2± •
⎟
⎜
4
4
⎠⎝
FS (c1± ,φ1± , c2± ,φ 2± )
⎛

∑ ⎜⎜⎝ P

c1±

E[ FS 2 ] =

Pφ1± •

⎛

∑ ⎜⎜⎝ P

c1±

Pφ1± •

⎞
⎟
⎟
⎠

1 ± ρ c1 ,φ1 ⎞⎛
1 ± ρ c2 ,φ2
⎟⎜ Pc2± Pφ2± •
⎟⎜
4
4
⎠⎝

(7.8)

⎞
⎟
⎟
⎠

(7.9)

FS (c1± ,φ1± , c2± ,φ 2± )
2

For combinations where ci and φi have the same sign (c+, φ+ or c-,φ-) the sign
before ρ is taken positive; when ci and φi have opposite signs (c+, φ+ or c-,φ-) the
sign of ρ is taken negative.
Assuming symmetrically distributed random variables, the P terms are each
equal to one-half. In this case the expected value and variance are calculated as
E[ FS ] =

⎛ 1 1 ± ρ c1 ,φ1 ⎞⎛ 1 1 ± ρ c2 ,φ2
⎟⎜ ⋅
⎟⎜ 4
4
4
⎠⎝

∑ ⎜⎜⎝ 4 ⋅

E[ FS 2 ] =

⎞
⎟ FS (c1± ,φ1± , c2± ,φ 2± )
⎟
⎠

⎛ 1 1 ± ρ c1 ,φ1 ⎞⎛ 1 1 ± ρ c2 ,φ2
⎟⎜ ⋅
⎟⎜ 4
4
4
⎠⎝

∑ ⎜⎜⎝ 4 ⋅

Var[ FS ] = E[ FS 2 ] − ( E[ FS ]) 2

⎞
⎟ [ FS (c1± ,φ1± , c2± ,φ 2± )]2
⎟
⎠

(7.10)

(7.11)

(7.12)

For more than two soil layers, additional terms are added, following the
format
E[ FS ] =
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⎛ 1 1 ± ρ c1φ 1 ⎞ ⎛ 1 1 ± ρ cnφn ⎞
⎟⎟ FS (c1±,φ1±,...cn±,φn ± ) (7.13)
⎟...⎜ ⋅
4 ⎟⎠ ⎜⎝ 4
4
⎠

∑ ⎜⎜⎝ 4 ⋅
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Lognormally Distributed Random Variables
For cases where the coefficient of variation of c or φ is large, giving point
estimate values which are unreasonably large or small, the transformations discussed in Chapter 6 can be applied, with the random variables could be taken as
ln c or ln φ. In this case, the values used for performance function evaluation
will be
c = e ln c ±

(7.14)

φ = e ln φ ±

(7.15)

Determining the Reliability Index
Having obtained the expected value and standard deviation of the safety
factor by one of the two general methods described, the reliability index can be
determined the same as for the seepage factor of safety, summarized in
Equations 6.17 through 6.20.

Considerations Regarding the Critical Surface,
Minimum Factor of Safety, and Minimum
Probability of Failure
Slope stability is a somewhat unusual case of deterministic engineering
analysis in the sense that the analyzed free body for which the factor of safety is
determined is generally not known before the analysis, and numerous (often
hundreds) of candidate failure surfaces must be analyzed by trial in a routine
analysis. The minimum factor of safety found for a set of systematically varied
candidate surfaces is taken as a measure of predicted performance for the entire
slope.
For probabilistic analysis, each candidate surface, if analyzed separately by
the Taylor’s series or point estimate method, can be considered to have its own
reliability index. While a number of the published probabilistic slope stability
analyses have been analyses of the critical deterministic surface, the surface with
the minimum factor of safety will not always coincide with that having the minimum reliability index. This is especially noticeable for soil profiles involving
multiple materials where the material properties have different coefficients of
variation. An example is shown in Figure 7.1.
For the problem illustrated, the coefficient of variation of the sand strength is
small relative to that of the clay. Assume the clay strength has a “high” expected
value, but also has a high coefficient of variation. If one searches for the minimum
factor of safety, it may be found to be surface A, located in the embankment sand.
If one then fixes the geometry of surface A, performs a probabilistic
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A

A
f(ln FS)

B
B
Sand
Clay

ln(FS)

0

Figure 7.1. Comparison of failure surfaces

analysis and assumes a lognormal distribution on the safety factor, the resulting
probability density function is as illustrated by curve A on the right side of the
figure. The probability of failure is the area under the curve to the left of the
limit state ln FS = 0. This value can be interpreted as the probability of failure
associated with the critical deterministic surface.
However, if one analyzes surface B, which extends into the clay, one obtains
a higher value for the expected value of the factor of safety but also a higher variance for the factor of safety. These conditions can combine to yield can lead to a
lower reliability index and higher probability of failure for surface B, even
though surface A has a lower deterministic factor of safety. Recall that the
reliability index is a function, not only of the expected value, but also of the
standard deviation.
The slope as a system

The slope, in total, can be thought of as a system, where failure can occur on
an infinite number of failure surfaces, and failure on any of these corresponds to
a failure of the system. For a system with a number of independent failure modes
(i.e., a series system) the system reliability will be much lower than the
individual component reliability. For a slope, the considered failure surfaces are
not independent, but are highly correlated to each other. The probability of
failure of the system should be somewhat higher than the probability of failure of
the weakest link (surface with highest probability of failure or lowest β). Further
research is necessary on this issue before better guidance can be written. For the
present, some measure of minimum reliability, as discussed in the next section,
should be considered the reliability of the slope.
Two different approaches to computer modeling

In applying either the Taylor’s Series or the point estimate method to slope
stability analysis, a slope stability computer program is repetitively run to
evaluate the factor of safety for different combinations of c and φ and determine
E[FS] and σFS. However, changing the strength parameters with the program in a
searching mode may result in different critical surfaces for different values of the
strength parameters. This raises the question whether β should be merely a
function of the strength parameters, involving a “floating” failure surface that can
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move to its critical location for each strength parameter combination, or whether
it should also be associated with the geometry of a “fixed” specific surface. The
two possible approaches can be defined as follows:
a. The location of the surface can be permitted to vary with the strength
parameters, implying that a set of different failure surfaces may comprise
one analysis, yielding one β value for the slope.
b. Individual candidate failure surfaces may be considered and “fixed,” and
the full probabilistic analysis with varied strength parameters run to
determine a β value for each surface.
Using the first option with the Taylor’s Series method, the expected value of
the factor of safety should match that of the critical deterministic surface (surface A in Figure 7.1). Using the point estimate method, the expected value of the
safety factor may not match that of either surface, as 2N determinations of FS
must be averaged to obtain the expected value.
To apply probabilistic slope stability analysis in practice, it is necessary to
choose one of these two approaches and set a criterion for assigning a reliability
index for an entire slope. Several interpretations can be made as to what
approach yields the “correct” reliability index and probability of failure:
a. The reliability index and probability of failure values corresponding to
the critical deterministic surface (e.g., surface A in Figure 7.1) could be
used.
b. The lowest reliability index and highest probability of failure found for
any and all considered fixed surfaces could be used.
c. The reliability index obtained by considering uncertainty in the material
properties but permitting the critical surface to vary with the material
properties as modeled in the FOSM method.
Approach a has been the case in many published analyses, but they have
often been on more “uniform” problems than the real ones analyzed by the
Corps.
Approach b requires searching out the critical surface based on minimum
reliability index rather than minimum factor of safety. In this scheme, the
Taylor’s series or point estimate method would have to be incorporated in the
search scheme, and used to analyze every considered surface. This approach is
not practical at the present time as it is very laborious and searching for the
surface of minimum β is not incorporated into UTEXAS3 or an equivalent
program. However, limited investigation of this approach reported in Chapter 8
suggests that much lower β values can be found in some cases, and the approach
is consistent with the concepts of system reliability and a system being no more
reliable than its weakest link.
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Approach c has been the primary approach adopted herein and in some previous Corps studies, primarily based on computational convenience. Permitting the
critical surface to vary with material property values incorporates a measure of
how the likelihood of large or small strength values affects the location of a
potential failure surface, as well as the factor of safety.
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Analysis of Cannon Dam

Introduction
This chapter presents a number of comparative reliability analyses performed
for Clarence Cannon Dam. Based on these analyses, and similar analyses for the
Bois Brule levee presented in Chapter 9, some conclusions can be drawn regarding the relative effects of alternative deterministic and probabilistic models in
reliability analysis.

Description of Project
The main embankment at Clarence Cannon Dam was selected as the first of
two candidate structures to be analyzed in this study. This selection was made
for several reasons:
a. Results of Q and R shear tests were available for more than 70 record
samples trimmed from the embankment during its construction. This
provided an extensive database from which to assess the variability of
materials in an actual dam.
b. The embankment had been previously analyzed by Wolff (1985), but
using a much less sophisticated slope stability program than UTEXAS3,
the current standard.
c. Cannon Dam is typical of a modern structure designed to Corps of
Engineers’ criteria.
Clarence Cannon Dam is located on the Salt River in northeastern Missouri
and forms Mark Twain Lake. The dam is part of a multi-purpose project that
provides flood control, recreation, water supply, fish and wildlife conservation,
and hydropower. Completed in 1983, the dam has a 1000-ft-long earth embankment, a gated concrete spillway section, and a concrete powerhouse adjacent to
the spillway. The earth embankment volume is approximately 3 million cubic
yards. The dam crest at elevation 654 ft above mean sea level is about 115 ft
above the floodplain and the 138 ft above the streambed.
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The embankment at Cannon Dam was constructed from clays classified as
CL and CH by the Unified Soil Classification System. These materials were
obtained from three alluvial borrow areas located in the Salt River valley
upstream and downstream of the dam and from a fourth borrow area located in
residual and glacial uplands. The alluvial borrow areas contained sandy clay
(CL) with liquid limits generally between 25 and 45. The upland borrow area
contained about 75 percent CL materials and 25 percent CH materials. Most of
the data analyzed herein represents soil materials from the alluvial valley borrow
areas. A typical section of the embankment, located at Station 12+75, was used
for analysis in this study and is shown in Figure 8.1.
As shown in the figure, the dam is constructed with two distinct impervious
embankment zones, the Phase I fill and the Phase II fill. The Phase I fill consists
of the foundation cutoff trench and a zone about 30 ft thick at the base of the
embankment. The Phase I fill was placed at moisture contents between 2 percent
dry of optimum and 3 percent wet of optimum. The mean placement water content, based on 817 field density tests, was 0.75 percent wet of optimum. The
standard deviation of the difference between placement water content and
optimum water content was 1.28 percent (Wolff 1985). The upper bound of the
placement water content was somewhat wetter than had been anticipated in
design, due to a combination of a specification error and a difference in the
determination of optimum water content between the design laboratory and field
laboratory. A few of the test results fell outside of the specified allowable water
content limits.
The remainder of the embankment was constructed from the Phase II fill
material, which was placed between 2 percent dry of optimum and 1 percent wet
of optimum in an effort to obtain greater strength. The mean placement water
content, based on 1897 field density tests, was 0.47 percent dry of optimum. The
standard deviation of the difference between placement and optimum water contents was 0.92 percent (Wolff 1985).

Strength Parameters for End-of-Construction
Case
In Chapter 4, the results of regression analyses on the soil parameters
obtained from record sample testing at Cannon Dam were presented. Based on
the results from Q (UU) tests analyzed using methods 1 and 4, as shown in
Tables 4.1 through 4.3, “round number” values for the probabilistic moments of
the undrained strength were assigned as shown in Table 8.1.
As the undrained clay strengths, were the primary item of interest, and the
expected to be the major source of uncertainty, the strengths of the foundation
sands and sand drain were taken as deterministic quantities, both with φ = 32 deg.
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Figure 8.1. Cross section of Cannon Dam

Table 8.1
Strength Parameters for End-of-Construction Conditions
Material
Phase I fill

Phase II fill

Parameter
c

Expected
Value
2
2460 lb/ft

Standard
Deviation
2
1230 lb/ft

Coefficient of
Variation
50%

φ

8.5°

8.5°

100%

2

2

c

3000 lb/ft

1650 lb/ft

55%

φ

15°

9°

60%

Correlation
Coefficient
+0.10

-0.55

Critical Deterministic Failure Surfaces
Before performing any probabilistic slope stability analysis, the critical
failure surface corresponding to each of four deterministic slope stability models
was found using the program UTEXAS3. Figure 8.2 shows the critical circles
for the Spencer, Bishop, and Corps (force-equilibrium) methods. The locations
of these critical circles correspond quite closely. Figure 8.3 shows the critical
non-circular failure surface obtained using the Spencer non-circular search option
in UTEXAS3. In each case, the deterministic critical failure surface extends into
the foundation sands. Later in this study, it will be shown that surfaces with
more of their length in the Phase I fill may have significantly lower β values than
the critical deterministic surfaces.

Probabilistic Analyses for End of Construction
Case
The first set of probabilistic analyses for Cannon Dam were performed for
the end-of-construction case. As shown in Table 8.2, five aspects of the analysis
were investigated by comparing two to four methods applicable to each aspect.
These aspects included the deterministic model, the probabilistic model,
variations in searching the failure surface, the form of the performance function,
and the distribution of the random variables.
Deterministic models

Within UTEXAS3, several deterministic models can be used. Four were
chosen to evaluate the effect of deterministic model on the reliability index.
Spencer’s method, subdivided into circular surface analysis and non-circular
surface analysis, is a rigorous method, and the current “standard” used by the
Corps. The simplified Bishop method is known to run quickly and has been the
basis of many published analyses. The Corps force-equilibrium or “modified
Swedish” method is the basis of the original design for many Corps’ structures.
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Figure 8.2. Cannon Dam, critical failure surfaces
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Figure 8.3. Cannon Dam, critical non-circular failure surface

Table 8.2
Aspects and Methods Varied for Cannon Dam, End-ofConstruction Case
Aspects
Deterministic Model

Methods
Spencer, Circular (SC)
Bishop, Circular (BC)
Corps, Circular (CC)
Spencer, Non-circular (SN)

Probabilistic Model

Taylor’s Series (TS)
Point Estimate (PE)

Failure Surface Location

Float with parameter values (FL)
Fixed at critical deterministic location (FX)

Performance Function

FS transformed to ln FS (FS)
ln FS (ln FS)

Random Variables

Assumed Symmetric (SYM)
Assumed lognormal (1) (LNORM1)
Assumed lognormal (2) (LNORM2)

Probabilistic models

Two general forms of the probabilistic model, the Taylor’s series and Point
Estimate methods, were compared to investigate trade-offs between
computational effort and accuracy. As noted in Chapter 5, the Taylor’s series
method requires fewer evaluations of the performance function, but the point
estimate method may better capture some of the nonlinearity of the performance
function.
Failure surface location

In the “failure surface location” aspect, an evaluation was made of the difference in β obtained by permitting UTEXAS3 to search for the critical failure surface for each combination of parameter values considered in the TS and PE
methods (referred to as a “floating” failure surface), and by fixing the geometry
of the failure surface to obtain the reliability associated with the critical
deterministic surface.
Performance function

The “performance function” aspect compared the difference in two alternate
methods to calculate β, both of which assume that the factor of safety is lognormally distributed. In the first approach, the moments of FS were determined by
the Taylor’s series and point estimate methods, and then the moments of ln FS
were calculated using the properties of the lognormal distribution presented in
Chapter 2. In the second approach, the moments of the function ln FS were
determined directly, by taking ln FS as the performance function.
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Distribution of the random variables

Finally, an evaluation was made regarding the treatment of the input values
(strengths) as normally distributed versus lognormally distributed.
Results

Thirty-six comparative reliability analyses for the end-of-construction case,
each requiring nine to sixteen runs using different combinations of the random
variables, are summarized in Table 8.3. Some comparison plots are illustrated in
Figure 8.4.
Table 8.3
Cannon Dam End of Construction Summary Results
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Failure
Probabilistic Surface
Model
Model
TS
FL

Spreadsheet
Title
cannon01.xls

Deterministic
Model
SC
BC
CC
SN

cannon02.xls

SC
BC
CC
SN

PE

cannon04.xls

SC
BC
CC
SN

TS

cannon05.xls

SC
BC
CC
SN

PE

cannon06.xls

SC
BC
CC
SN

TS

cannon07.xls

SC
BC
CC
SN

PE

cannon08.xls

SC
BC
CC
SN

TS

cannon09.xls

SC
BC
CC
SN

PE

cannon10.xls

SC
BC
CC
SN

TS

Performance
Function
FS

Random
Variables
SYM

β
7.99
10.76
7.69
4.27

5.83
8.00
5.77
3.49
FX

10.85
10.36
10.28
7.03
11.34
10.83
10.74
7.39

FL

ln FS

7.67
10.62
7.40
4.01
4.75
6.44
4.73
2.83

FX

10.82
10.33
10.24
7.05
11.19
10.64
10.58
7.19

FL

FS

LNORM1

6.79
6.91
6.69
3.34
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Figure 8.4. Summary plots of end-of-construction analysis, Cannon Dam

Effects of deterministic and probabilistic model

Initially, the effects of the probabilistic model and deterministic model were
evaluated. Spreadsheet cannon01.xls, shown in Appendix D, was used to
analyze the effect of varying the deterministic model while using the Taylor’s
Series probabilistic model, a floating failure surface, FS as the performance
function, and symmetrically distributed random variables. Nine runs of
UTEXAS3 are required, one for the expected value case, and two each for the
four random variables in order to calculate the required partial derivatives.
Within each of the nine runs, four safety factors were obtained, one for each
deterministic model. Spreadsheet cannon02.xls, also shown in Appendix D,
illustrates the results for a similar analysis obtained using the point estimate
method. For four random variables, the point estimate method requires 16 runs,
numbered 10 through 25. The results of these eight combinations of probabilistic
and deterministic models are compared in Table 8.4.
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Table 8.4
Results of Reliability Analysis Cannon Dam, End of Construction,
Effects of Deterministic and Probabilistic Models
E[FS
]
2.775

Taylor’s Series
VFS
σFS

β

E[FS]

σFS

0.353

12.7%

7.99

2.673

0.447

16.7%

5.83

Bishop
Circular

2.753

0.259

9.4%

10.26

2.718

0.338

12.5%

8.00

Corps,
Circular

2.789

0.371

13.3%

7.69

2.695

0.460

17.1%

5.77

Spencer,
Non-circular

2.647

0.596

22.5%

4.27

2.443

0.614

25.1%

3.49

Spencer,
Circular

Point Estimate
VFS

β

From this first parametric study, several important observations can be made:
a. The expected values of the factor of safety are all in the range 2.44 to
2.79, with most near 2.7.
b. Although these factors of safety would be considered similar in an engineering decision context, there is a large variation in the obtained β
values, which range from 3.49 to 10.26.
c. The point estimate consistently gives a lower β value than the Taylor’s
Series method for all considered deterministic methods.
d. Among deterministic methods, the Bishop method consistently gave a
higher β value than any other method, and the Spencer method with a
non-circular failure surface gives a lower β value than any other method.
(However, note further comments on the results of the Simplified Bishop
method below)
Of particular interest is the wide variation in β values for the same analyzed
section. This suggests that one cannot arbitrarily select a deterministic model
and a probabilistic model. If analyses are to be made in support of meaningful
economic assessments and comparisons, then some consistency in models must
be adopted.
The lower β values obtained with the point estimate method (as compared to
the Taylor’s Series method) reflect slightly lower expected values, but the
primary difference is due to greater variances. This is likely related to the point
estimate method’s better accounting for some of the nonlinearity and variable
interaction in the problem. In the point estimate method, all combinations of
high and low variable value are considered, whereas in the Taylor’s series
method, only one variable at a time is varied, with the remainder held at the
expected value.
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The higher β values associated with the Bishop method, as compared to the
other circular surface methods, initially appeared to be related to lower variances.
To the writer’s knowledge, this effect was previously undocumented and deserving of further investigation. Some explanation of the differences, however,
revealed themselves in the course of studying the effects of failure surface location. This is discussed in the next subheading.
Some of the implied lognormal distributions on FS obtained for these first eight
analyses are compared in Figures 8.5 and 8.6. In Figure 8.5, the difference in
deterministic model is illustrated by showing results using the point estimate
method. The curve for the Spencer non-circular, having the lowest β, is the lowest
and broadest, reflecting its greater variance. It is also the leftmost, reflecting its
lower expected factor of safety. The curve for the Bishop circular rises the highest,
reflecting its smaller variance. The difference in probabilistic model is illustrated in
Figure 8.6 by comparing lognormal distributions for the point estimate and Taylor’s
series methods used with the Spencer non-circular deterministic model. Similar
shapes of the curves indicate similar variances, with the lower β value for the point
estimate method due to the lower expected value for the factor of safety.
Subsequent to these first eight reliability analyses, continuing comparisons of
probabilistic and deterministic models were made during the remaining 28 analyses shown in Table 8.3. Where the failure surface was permitted to float with
changing values of the random variables, the point estimate method gave lower β
values than the Taylor’s series method, apparently because it considers extreme
combinations of variable values, which in turn find very critical conditions.
Where the failure surface was fixed, the point estimate method gave similar, but
slightly higher, β values when compared to the Taylor’s series method. In all
cases, the Spencer non-circular deterministic model gave the lowest β values for
this problem. When the failure surface was permitted to float, the Bishop
Circular deterministic model gave the highest β values, when the failure surface
was fixed to the critical deterministic location, the Spencer circular gave the
highest β values.
Differences in the Bishop results due to searching scheme

In the course of further investigations regarding searching for the critical
probabilistic surface (Hassan 1996, personal communication), more critical surfaces than those corresponding to the results in Tables 8.3 and 8.4 were found.
The surfaces used in the first studies were determined by first conducting a
careful deterministic analysis to ensure confidence in the location of the critical
surface. The remaining evaluations of the factor of safety for different
combinations of the random variables were made by changing the strength values
and re-running the analysis with the same search parameters. However, the later
studies revealed that doing additional trial-and-error adjustments in the search
parameters in each of the required nine runs for one Taylor’s series analysis
could lead one to find even more critical surfaces and hence lower β values.
Some of the revised results are shown in spreadsheet cannon31.xls in
Appendix D. A comparison is made in Table 8.5.
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Figure 8.5. Effect of deterministic model
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Figure 8.6. Effect of probabilistic model

Table 8.5
Results of Reliability Analysis Cannon Dam, End of Construction,
Effects of Additional Searching
Taylor’s Series,
Constant Search Parameters
E[FS]
VFS
σFS
β
2.775
0.353
12.7%
7.99

Taylor’s Series,
Additional Starting
Conditions for Searching
E[FS]
VFS
σFS
β
2.775
0.390
14.1%
7.23

Bishop
Circular

2.753

0.259

9.4%

10.26

2.753

0.373

13.5%

7.45

Corps,
Circular

2.789

0.371

13.3%

7.69

2.789

0.402

14.4%

7.077

Spencer,
Non-circular

2.647

0.596

22.5%

4.27

Spencer,
Circular

It is noted that lower β values for all three of the circular methods were
obtained by making additional trial-and-error adjustments in the search parameters. For the case of the Bishop method, they are significantly lower, and more in
line with other results.
Effects of floating or fixed failure surface

As discussed in Chapter 7, fixing the failure surface geometry while the
factor of safety is determined for different combinations of the random variables
will yield a different β value than that obtained when the failure surface is
allowed to “float” by activating the search algorithm for each combination of
values of the random variables.
To assess the effect of permitting the failure surface to float, computer runs 1
through 25 were repeated as runs 26 through 50, with the exception that the failure surface for each deterministic model was fixed at the location of the critical
deterministic failure surface corresponding to the mean value of the random
variables.
Spreadsheet cannon04.xls, shown in Appendix D, shows results obtained
using the Taylor’s Series - Finite Difference method; spreadsheet cannon05.xls,
in the same Appendix, illustrates results obtained using the point estimate method
for the same set of fixed failure surfaces. The results of the eight combinations
are presented in Table 8.6. To see the difference in β, the values in this table
may be directly compared to those in Table 8.4; the only change is that of fixing
the failure surface.
From the results in Table 8.6, the following observations can be made:
a. In all cases, β values are higher; this occurs because variances have
decreased while expected values remained constant.
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Table 8.6
Results of Reliability Analysis Cannon Dam, End of Construction,
Fixed Failure Surface
Spencer,
Circular
Bishop

2.775

Taylor’s Series
VFS
σFS
0.260
9.4%

2.753

0.269

9.8%

10.36

2.781

0.262

9.4%

10.83

Corps,
Circular
Spencer,
Non-circular

2.789

0.278

9.7%

10.28

2.817

0.271

9.6%

10.74

2.647

0.365

13.8%

7.03

2.701

0.362

13.4%

7.39

E[FS]

β
10.85

2.803

Point Estimate
VFS
σFS
0.254
9.1%

β
11.34

E[FS]

b. For all of the circular-surface analyses, β is on the order of 10 to 11;
values are more consistent, as only the strength along the failure surface
is uncertain, not its geometry.
c. For the non-circular case, β is significantly lower than for the circular
case (7 versus 10); this indicates that for zoned embankments such as
Cannon Dam, reliability analyses should always consider non-circular
surfaces.
Figure 8.7 compares the implied lognormal distributions on the factor of
safety for the floating and fixed failure surfaces based on the Spencer-noncircular analysis and the point estimate method. The higher β value associated
with the fixed surface is due to both the higher expected value for the factor of
safety (2.701 vs. 2.443) and the lower standard deviation (0.362 vs. 0.614).
Additional comparisons of fixed versus floating failure surfaces, used with a
different definition of the performance function (see Table 8.3) support the same
conclusion: fixing the failure surface at the critical deterministic location will
give a greater β than permitting it to float to the critical surface for each
combination of parameter values.
Effect of performance function

In the above described studies, the performance function was taken as the
factor of safety, and the limit state was taken as the condition FS = 1. As the
performance function was assumed to be lognormally distributed, a mathematical
transformation was used to calculate E[ln FS] and σlnFS. These were used in conjunction with the transformed limit state ln FS = 0 to calculate β. An alternative
approach to circumvent this transformation is take the performance function
directly as ln FS. Using either the Taylor’s Series or point estimate methods, the
value of ln FS can be determined for each combination of random variables, and
the results used to calculate β.
It is not necessary to re-run UTEXAS3 to make this comparison; using the
same results obtained from runs 1 through 50 one can calculate ln FS for every
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Figure 8.7. Effect of fixed versus floating falure surface

value of FS and develop the required statistics on ln FS. Calculations using the
ln FS directly as the performance function are shown in spreadsheets
cannon06.xls through cannon09.xls (see Appendix D).
Results can best be judged by referring to Table 8.3 and Figure 8.4. Of the
sixteen comparisons shown, many are very similar; where different, the ln FS
function consistently gives lower β values.
Effect of lognormally distributed soil parameters (Taylor’s Series)

Based on the points previously made in Chapter 2 regarding permeability,
where the soil parameters c and φ have relatively large coefficients of variation, it
may be appropriate to model them as lognormally distributed. If lognormally
distributed, the derivatives of the performance function required for the Taylor’s
Series Method can be calculated at points of symmetric probability of difference
from the expected value if one used the transformation concepts discussed in
Chapters 5 and 7.
For example, given that c1 is lognormally distributed with parameters
E[c1] = 2460 psf
σ[c1] = 1230 psf
a new random variable ln c can be defined with moments calculated as follows:

Vc1 =

σ [c1 ] 1230
E[c1 ]

=

2460

= 0.50

σ [ln c1 ] = ln(1 + Vc21 = ln(1 + 0.50 2 ) = .4723
E[ln c1 ] = ln E[c1 ] −

σ ln2 c1
2

= 7.696

The performance function can now be defined as FS = FS (eln c1, etc...). If (ln
c1)± are taken one standard deviation above and below E[ln c1], and c1* = eln c1 ,
then the transformed parameters are

E[c1*] = e 7.696 = 2200 psf
c1+ * = e 7.696+.4723 = 3530 psf
c1− * = e 7.696+.4723 = 1372 psf
The entire set of transformed parameters are shown in Table 8.7.
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Table 8.7
Strength Parameters Transformed from Lognormal to Normal
Cannon Dam, End of Construction Case
Parameter

φ1*
6.01
13.82
2.61

c1*
2200
3530
1370

Expected value
Plus value (+)
Minus value (-)

c2*
2629
4394
1572

φ2*
12.86
22.39
7.39

The first four analyses from Table 8.3 (i.e., spreadsheet cannon01.xls) were
repeated using the lognormally transformed strength parameters from Table 8.7.
The detailed results are shown in spreadsheet cannon10.xls in Appendix D; summary results are shown in Table 8.8. Note that it was assumed that the
correlation coefficients remained the same during the transformation; this is not
exactly true. Note that, in each case, the transformation to lognormal variables
reduced the reliability index β, both by reducing the expected value and by
increasing the variance. Furthermore, the problem with the unrealistically high β
value for the simplified Bishop method, previously described and related to
searching problems, did not manifest itself with the lognormally transformed,
where the differences in φ values is not as great.
Table 8.8
Results of Reliability Analyses (TSFD) Cannon Dam, End of
Construction, Effects of Normal and Lognormal Random Variables
Normally Distributed
VFS
σFS
β
2.775
0.353 12.7%
7.99

Lognormally Distributed
VFS
σFS
β
2.628
0.372
14.2%
6.79

2.753

0.259

9.4%

10.26

2.602

0.358

13.8%

6.91

2.789

0.371

13.3%

7.69

2.634

0.380

14.4%

6.90

2.647

0.596

22.5%

4.27

2.324

0.575

24.7%

3.34

E[FS]

Spencer,
Circular
Bishop,
Circular
Corps,
Circular
Spencer,
Non-circular

E[FS]

Analyzing lognormally distributed soil parameters (point estimate)

Where the point estimate method is used, two alternative approaches could
be used to account for the effect of a lognormally distributed random variable:
a. The variables can be transformed to normally distributed random variables and the performance function appropriately adjusted using the same
approach defined for the Taylor’s series method in the previous section.
b. The coefficient of skewness of the lognormal distribution (or a general
distribution) can be directly accounted for in the point estimate method
by adjusting the values of the point estimates and their probability
concentrations as described by Rosenblueth (1981) and Harr (1977).
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No additional investigation of these alternatives was made for the end-ofconstruction condition due to the resources constraints of this study. However, it
should be noted that the second approach, directly including the coefficient of
skewness, is mathematically attractive but practically limited as the coefficient of
skewness estimated from data can have relatively wide confidence limits even
with substantial sample size. For most Corps’ economic studies, the coefficient
of skewness would not be known with any confidence, and the simpler but
justifiable assumption of a lognormal distribution seems more appropriate.

End-of-Construction Case, Search for Minimum β
Results shown in Table 8.3 and Figure 8.4 suggest that a floating failure surface, with geometry changing with parameter values, will have a lower β value
than one fixed to the location of the critical deterministic surface, as the former
approach also incorporates some uncertainty regarding the failure surface
location. However, when one considers all possible fixed surfaces, the situation
may reverse. It may be possible to locate candidate failure surfaces for which the
reliability index β is lower than that corresponding to the critical deterministic
surface or that reflecting a set of floating surfaces.
Surfaces may have a lower β value than the one for the critical deterministic
surface when there are multiple materials, one lower in strength (leading to
FSmin), and one greater in variability (leading to βmin). This case has been
discussed in Chapter 7. These surfaces may also have lower β values than
obtained with floating surfaces, as the range of obtained safety factors will be
greater than the case where FSmin is sought for each combination of variables.
This increases σFS, increasing β.
As UTEXAS3 does not provide a means to search for βmin, but only for FSmin,
only a limited evaluation of the effect of searching for the surface of minimum β
could be had. A cursory analysis was performed as follows:
a. Results of the original runs 1 through 9 were used to search for surfaces
with lower β. In these runs, variation of the failure surface location was
permitted while changing soil properties, hence, nine different failure
surfaces were obtained as shown in Figure 8.8. Some data regarding
these surfaces is summarized in Table 8.9
b. The TSFD method was then used to re-analyze these nine surfaces, this
time with the geometry of each of the surfaces fixed. (This now implies
9 + 81 = 90 analyses.) The Spencer Circular method was used and the
reliability index, β, was calculated for each fixed surface. The surface of
minimum β coincided with that of the minimum FS obtained in runs 1
through 9 (not E[FS]).
The circular surface of minimum β is compared to the circular surface of
minimum FS (for expected values) in Figure 8.9. The surface of minimum β
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Figure 8.8. Cannon Dam, end of construction, failure surfaces from Runs 1 through 9

Table 8.9
Cannon Dam Search for Circular Surface with Minimum β
Critical Circle
Surface x
y
A
360.0 663.2
B
358.4 662.4
C
302.8 658.4
D
360.2 662.0
E
364.2 699.2
F
334.2 591.0
G
386.0 742.2
H
356.0 641.2
I
366.4 689.0
(y = elevation - 400.0)

Radius
583.2
583.0
543.4
582.0
615.4
526.4
650.6
564.0
605.4

FS from
first
search

FS for
mean

2.775
2.867
2.347
2.873
2.676
2.973
2.480
2.911
2.633

2.775
2.775
2.978
2.775
2.780
2.789
2.821
2.776
2.779

β
(with
correlated
strength)
10.85
11.30
3.65
11.12
10.38
13.69
8.54
11.75
10.32

β
(without
correlated
strength)
8.12
9.00
3.50
8.86
8.27
11.48
6.85
9.37
8.22

(surface C) lies completely in the clay materials and UTEXAS3 picked it up
when applying the lower bound value of cohesion (c1-) of the Phase I clay in
which the surface finds its greatest length. The surface having the second lowest
β (surface G) was obtained when applying the lower bound of cohesion (c2-) of
Phase II clay.
The same procedure was applied to non-circular surfaces analyzed using the
Spencer method and results are shown in Figure 8.10 and Table 8.10. Two surfaces were obtained (C and E) with substantially lower β values, 2.688 and
2.713; both lie completely in clay layers corresponding to lower bound values of
c and φ, respectively, and also reflect lower values of FS than E[FS]. Surface E
gives the minimum value of β which may indicate that non-circular surfaces
could be more sensitive to φ values than to c values.
The four critical surfaces, deterministic and probabilistic, circular and noncircular, are compared in Figure 8.11. The surfaces of minimum β stay in the
clay materials, where the coefficient of variation is high. A complete an
exhaustive search for the surfaces of minimum β would presently require much
computational effort, but the results from this cursory analysis show considerable
difference:
βmin. = 3.648 versus βFS = 10.853 for circular surfaces
βmin. = 2.688 versus βFS = 7.083

for non-circular surfaces

These great differences raise some fundamental questions as to what failure
surface or set of surfaces should be considered in a probabilistic analysis. This
will be discussed further in Chapter 10. One further defense of using the surface
of minimum β is that it can be argued that derivatives of performance function in
the Taylor’s series method should be determined using the same failure surface
as that of the expected values because changing the failure surface while
evaluating the factor of safety for changing soil properties will change the form
of the performance function for which the derivative is being determined.
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Figure 8.9. Cannon Dam, end of construction, circular failure surfaces of minimum F.S. and of minimum β
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Figure 8.10. Cannon Dam, end of construction, non-circular failure surfaces for minimum F.S. and minimum β

Table 8.10
Cannon Dam Search for Non-Circular Surface with Minimum β
Surface
A
B
C
D
E
F
G
H
I

FS from first
search
2.647
2.834
2.009
2.851
2.162
2.879
2.415
2.764
2.532

FS for mean
2.647
2.729
2.729
2.730
2.736
2.652
2.649
2.649
2.649

β
(with correlated strength)
7.083
11.253
2.713
11.549
2.688
3.260
6.814
7.233
7.011

Probabilistic Analyses for Partial Pool Case
To compare the relative reliability of the Cannon Dam embankment for an
“operating” condition to that of the end-of-construction condition, a set of slope
stability analyses were made for the upstream slope, using R (CU) strengths and
a pool at elevation 630.0, corresponding to normal pool. This set of assumptions
is similar to a “partial pool” analysis as defined by the Corps, with the exceptions
that (1) a bilinear strength envelope was not used as it is not amenable to probabilistic analysis, and (2) only the normal pool elevation was considered for this
example, and there was no effort to locate the critical deterministic or
probabilistic pool level.
Strength parameters

The assigned probabilistic moments of the R strength parameters were
obtained by rounding values from the statistical analyses presented in Tables 4.4
and 4.5, and are shown in Table 8.11.
In addition, for the first set of analyses, the strength of the foundation sand
was taken as a random variable with E[φ] = 32 deg and Vφ = 10 percent. In the
second set of analyses, the sand strength was taken as deterministic. In a third set
of analyses, a lognormal transformation of the clay strengths was used, leading to
the parameters shown in Table 8.12. This third analysis also included
uncertainty in the foundation sand as previously described.
Seepage conditions

One of the original intents of this work was to illustrate some combined
probabilistic seepage and slope stability analysis. This is in fact done for the
analysis of Bois Brule levee presented in Chapter 9. For Cannon Dam, a deterministic finite element seepage analysis was made, using the FASTSEEP package,
to determine the location of the phreatic surface for the partial pool case. The finite
element grid is illustrated in Figure 8.12 and the resulting location of the
98
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Figure 8.11. Cannon Dam, end of construction, failure surfaces for minimum F.S. and minimum β

Table 8.11
Strength Parameters for Partial Pool Conditions
Material
Phase I fill

Phase II fill

Parameter
c
φ
c
φ

Expected
Value
2200 lb/ft2
25°
2200 lb/ft2
20°

Standard
Deviation
1800 lb/ft2
7°
1500 lb/ft2
7°

Coefficient
of Variation
82%
28%
68%
35%

Correlatio
n
Coefficient
+0.26

+0.10

Table 8.12
Strength Parameters Transformed from Lognormal to Normal
Cannon Dam, Partial Pool Case
Parameter
Expected value
Plus value (+)

c1*
2
lb/ft
1702
3484

φ1*
deg
24.07
31.69

c2*
2
lb/ft
1818
3371

φ2*
deg
18.88
26.52

Minus value (-)

832

18.29

980

13.44

phreatic surface is shown in Figure 8.13. After reviewing these results, it was
obvious that the location of the phreatic surface is largely governed by the
boundary conditions of the pool level and the presence of the sand drain. If one
wished to add an element of uncertainty to the seepage aspects of the problem,
making the permeability ratio in the clay fill a random variable would permit the
location of the phreatic surface to have an expected value and a standard
deviation that would be a function of position in space (x,y). However, because
the phreatic surface is fixed at the point of seepage entrance, the region of
variation would be small relative to the sliding surface (see Figure 8.14), and
only a slight variation in β for slope stability would be expected.
If considering reliability against seepage problems rather than slope stability,
no appropriate analysis is evident for a zoned dam with a sand drain such as Cannon Dam. The mode of reliability analysis considered herein requires a
deterministic function and a limit state. For underseepage analysis, that function
can be the upward exit gradient at the landside toe. As no similar analyses are
routinely used for embankments with cutoffs and drains, no equivalent
probabilistic analysis can be made.
Results

For the three strength representations discussed above, a set of probabilistic
slope stability analyses were made using four deterministic models in
combination with the Taylor’s series - finite difference probabilistic model.
Summary results of the analyses are presented in Table 8.13, detailed results are
presented in spreadsheets cannon21.xls and cannon22.xls in Appendix D. The
critical failure surfaces for the expected value cases are illustrated in Figures 8.14
and 8.15 for circular and non-circular surfaces, respectively.
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Figure 8.12. Cannon Dam, finite element grid for seepage analysis
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Figure 8.13. Cannon Dam, piezometric surface for steady seepage conditions

Table 8.13
Results of Reliability Analyses (TSFD) Cannon Dam, Partial Pool
Case
Clay
parameters
Sand
strength

Spencer,
Circular
Bishop,
Circular
Corps,
Circular
Spencer,
Non-circular

normal

lognormal

lognormal

probabilistic
E[FS
]
VFS
3.517 13.0%

deterministic

probabilistic

β
7.717

E[FS]
3.517

VFS
12.2%

β
8.209

E[FS]
3.529

VFS
13.2%

β
7.565

3.702

12.5%

8.034

3.702

11.8%

8.510

3.513

13.3%

7.507

3.709

12.4%

8.079

3.709

11.7%

8.552

3.514

13.6%

7.341

3.660

13.5%

7.427

3.660

12.9%

7.774

3.470

13.6%

7.372

Comparing the row values in Table 8.13 shows the effect of deterministic
model. Once again, the Spencer non-circular model corresponds to lower β values than the circular models, even though for one case, it does not lead to the
lowest factor of safety. Among circular methods, β are reasonably similar, with
little apparent trend.
Comparing the first three columns of Table 8.13 to the second three columns
illustrates the effect of taking the sand strength as a random variable. The
expected values are identical, but the additional uncertainty introduced by the
sand strength increases the coefficient of variation of FS and reduces β.
Comparing the first three columns to the last three columns illustrates the
effect of assuming the clay strength parameters to be lognormally distributed. As
was the case for the end-of-construction case, lower β values are obtained when
the lognormal distribution is assumed. This occurs for a combination of two
reasons; the expected value of the factor of safety is slightly reduced, and the
variance is slightly increased.
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Figure 8.14. Cannon Dam, partial pool, critical circular surfaces for expected value case

Chapter 8 Analysis of Cannon Dam

105

Figure 8.15. Cannon Dam, partial pool, critical non-circular surfaces for expected value case

9

Analysis of Bois Brule
Levee

Introduction
This chapter summarizes a set of probabilistic seepage and stability analyses
performed for a section of the Bois Brule levee in the St. Louis District. Unlike
the previous chapter, wherein a detailed investigation of some alternative
approaches to slope stability was made, this chapter reflects a more limited
approach to slope stability analysis, but provides accompanying probabilistic
seepage analyses, for both determination of reliability index values for
underseepage and for input to probabilistic slope stability analysis.

Description of Project
The Bois Brule Drainage and Levee District (formerly named the Perry
County Drainage and Levee District) is located along the west bank of the middle
Mississippi River in Perry County, Missouri. The levee alignment forms an elongated rectangle, about 15 miles long and 2 miles wide, with the northeastern long
side facing the Mississippi River, and the southwestern long side facing Bois
Brule Creek.
The basis for selecting this project was the availability of data and familiarity
with the site. In the late 1970s, four pumping stations were built in the levee
district by the St. Louis District of the Corps of Engineers, and available design
documents include surveys, boring logs, and triaxial test results on undisturbed
samples of the levee and foundation materials. For the example underseepage
and slope stability analyses presented in this Chapter, a cross section was
selected adjacent to the Bois Brule pumping station, located along the tributary
levee paralleling Bois Brule Creek. Of the four pumping station sites in the levee
district, the Bois Brule site was chosen as it had a relatively simple foundation
profile that fit the commonly used Corps of Engineers two-layer underseepage
model without requiring much re-interpretation. A general cross section of the
levee at the Bois Brule site is shown in Figure 9.1.
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Figure 9.1. Cross section of Bois Brule Levee

Seepage Analysis for Flood Conditions
A set of comparative probabilistic underseepage analyses was performed for
the case of the Mississippi River loading the levee section to the design flood at
elevation 382.5. Although the crest of the levee at this location is nearly 10 ft
higher (el. 392.4), the former elevation corresponds to the design Mississippi
River flood level to which water could rise for a sustained period. Part of the
additional 10 ft of height is provided because the levee at this location is a tributary levee, and during flash floods the Bois Brule creek can carry water down to
the flooded Mississippi at a relatively steep gradient. In addition, there is some
overbuild to cover the pumping station discharge pipes which cross over the
levee at this location.
It should be noted that there are a series of pressure relief wells installed at
this location, which were not considered in the example analyses. Hence, the
analyses illustrate the reliability index and probability of failure associated with a
section that would be critical with respect to underseepage if remedial measures
were not in place. Probabilistic methods for underseepage analysis where wells
are present are not yet developed.
Random variables

Four random variables were considered in the underseepage analysis; two
permeability coefficients, the top blanket thickness, and the critical gradient.
Assigned probabilistic moments of these random variables are shown in
Table 9.1. Coefficients of variation and standard deviations were assigned semijudgmentally. For the pervious substrata, the value of 66 percent corresponds to
Table 9.1
Bois Brule Levee Probabilistic Underseepage Analysis Random
Variables
Variable

Permeability of
Pervious Substratum,
kf, ft/min
Permeability of Top
Blanket, kb, ft/min
Thickness of Top
Blanket, z, ft
Critical Gradient, icrit

Expected
Value

Coefficient Standard
of Variation Deviation

0.24

66%

0.1584

Lognormally
Transformed Values
ln k
E[ln k]
ln k
(e ) e
(e ) +
0.1098
0.2003
0.3655

0.00024

100%

0.00024

0.0000738 0.00017

0.00039

per
profile
0.85

--

1.0 ft

--

--

--

9.4%

0.08

--

--

--

the uncertainty associated with using the TM 3-424 correlations of permeability
with D10 size, as described in Appendix C. For the top blanket permeability, the
100 percent value was selected to represent a very high degree of uncertainty in
the permeability, which is often the case. For the top blanket thickness, the
standard deviation of 1.0 ft scales the judged uncertainty in thickness away from
boring locations. The moments for the critical gradient are the same as those
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previously used by Shannon and Wilson, Inc., and Wolff (1994). As the
permeabilities had large coefficients of variation, a lognormal distribution was
assumed for these variables, and the parameter values used for the Taylor’s series
method were transformed as described in Chapter 6.
Analyses

Three different approaches to the probabilistic analysis were employed.
They are summarized in Table 9.2.
Table 9.2
Probabilistic Underseepage Analyses of Bois Brule Levee
Analysis
1

Deterministic Model
LEVEEMSU

Probabilistic Model
Taylor’s Series

2

FASTSEEP

Taylor’s Series

3

TM3-424
equations

Monte Carlo
Simulation

Distribution on k
lognormal,
by transformation
lognormal,
by transformation
lognormal,
by simulation

LEVEEMSU -- Taylor’s Series analysis

The first analysis used the computer program LEVEEMSU as the deterministic model. LEVEEMSU permits explicit description of the top blanket geometry,
but requires only very brief input and runs with minimal computer resources.
The performance function was taken as the factor of safety against piping at the
levee toe, as defined by Equations 6.4 and 6.5. The Taylor’s series - finite
difference method was used as the probabilistic model. Results are shown in the
spreadsheet bbseep01.xls shown in Figure 9.2.
Before running the probabilistic analysis, a deterministic analysis using
untransformed expected values was made, to obtain the conventional solution.
This analysis is termed Run 0 in the spreadsheet. The resulting exit gradient iexit
was 0.777, slightly below the assumed critical gradient of 0.85, which corresponds to a safety factor of 1.094. The expected value analysis was repeated as
Run 1 using transformed permeability moments corresponding to a lognormal
distribution. The expected value of the exit gradient was found to be 0.781 and
the expected value of the factor of safety was found to be 1.088, reasonably close
to the 1.094. After eight additional runs to obtain the variance, the coefficient of
variation of the factor of safety was found to be 16 percent, leading to a β value
of 0.45 and a probability of failure of about 1 in 3.1. It should be noted that
“failure” or “unsatisfactory performance” in this context refers to the exit
gradient exceeding the critical exit gradient, and the accompanying development
of sand boils, but not necessarily to failure of the levee. Given the number of
sand boils that are observed along Mississippi River levees at design high water
levels, 1 in 3 appears to be a reasonable value for a case where the deterministic
factor of safety is only slightly above 1.00. Furthermore, the results appear
reasonable for a non-well analysis of a reach where wells have been provided.
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Figure 9.2. Analysis of Bois Brule Levee using LEVEEMSU

FASTSEEP -- Taylor’s Series analysis

The previous analysis was repeated using the FASTSEEP finite element
package as the deterministic model. This model has the advantage of explicitly
modeling any general geometry, and permits flow in all directions, whereas
LEVEEMSU assumes only horizontal or vertical flow in its two modeled layers. It
has the disadvantage of having to construct a finite element grid. In the
FASTSEEP model, isotropic permeability conditions were assumed in each material. An example of the flow net output from FASTSEEP is shown in Figure 9.3.
Results of the FASTSEEP analysis are shown in Figure 9.4. The expected
value of the factor of safety is 1.133, the coefficient of variation is 17.4 percent,
the reliability index is 0.638, and the probability of failure is 1 in 3.8. The
FASTSEEP analysis leads to a “safer” and “more reliable” evaluation than the
LEVEEMSU analysis, but results are in generally good agreement. It appears
that the simpler model is sufficiently accurate for reliability analysis.
Closed form -- Monte Carlo analysis

Finally, a third analysis was made using the closed-form underseepage equations from TM 3-424 as the deterministic model, and Monte Carlo simulation to
determine the probabilistic moments of the performance function. In Monte
Carlo simulation, a large number of replicate analyses are made using random
values of the variables that are generated in such a fashion as to approximate
their defined distributions. An advantage of Monte Carlo simulation is that
distributional shapes (such as lognormal) can be modeled explicitly by generating
random values in a manner that approximates the distribution. Another
advantage is that the shape of the output distribution on the performance function
can be viewed. The primary disadvantage of the Monte Carlo method is that
very large numbers of replicate analyses must be made to obtain reasonable
precision. This makes its use impractical with programs such as LEVEEMSU,
FASTSEEP, and UTEXAS3. However, the underseepage analysis methods in
TM 3-424 involve only equations. In this case, the analysis can be made
relatively easily using the @RISK™ software, which provides add-in Monte
Carlo simulation capabilities to spreadsheets such as Excel™ and Lotus 1-2-3™.
The Monte Carlo analysis was made using the values shown in Table 9.3.
For the four random variables, these are the expected values, and the standard
deviations were as given in Table 9.1.
Histograms of the generated values for the four random variables are shown
in Figure 9.5. A summary output from the analysis is shown in Figure 9.6, and
histograms of the output random variables are shown in Figure 9.7. It should be
noted that the assumption of a lognormal distribution for the factor of safety
appears reasonable when one views the output distributions in Figure 9.7. The
expected value of the exit gradient was found to be 1.166. The expected value of
the factor of safety was found to be 0.753, with a coefficient of variation of
20 percent. The probability of failure, or probability that FS > 1.00, was found to
be 93.7 percent. All of these results indicated more critical conditions than those
Chapter 9 Analysis of Bois Brule Levee
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Figure 9.3 Bois Brule Levee, flownet from FASTSEEP analysis
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Figure 9.4. Analysis of Bois Brule Levee Using FASTSEEP

Table 9.3
Bois Brule Monte Carlo Underseepage Analysis Parameter Values
permeability of substratum

kf =

0.24

permeability of blanket

kb =

0.00024

top blanket thickness

z=

8

pervious substratum thickness

d=

111.7

head on levee

H=

17.5

L1 =

1092

width of levee

L2 =

170.7

exit distance

x3 =

945

c = 1/x3

c=

0.00106

x1

x1 =

775

s

s=

945

residual head

ho =

8.75

exit gradient

i=

1.094

critical gradient

ic =

0.85

factor of safety

FS =

0.777

distance to river

indicated by the Taylor’s series methods. However, these comparisons are not
sufficient to determine to what extent the differences are due to the deterministic
model, which involved adjusting non-uniform geometry to uniform geometry, or
to the probabilistic models.
Summary of probabilistic seepage analyses

The results of the three analyses are compared in Table 9.4.

Slope Stability Analysis for Flood Conditions
At the time the pumping stations were designed, slope stability conditions were
analyzed as the construction involved raising the levee crown and excavating an
inlet ditch at the same location. To assign strengths for use in these analyses, the
limited number of triaxial test results from all four sites had been combined to
develop strength envelopes considered representative of the alluvial foundation
clays and compacted embankment materials over the entire levee district. This
114

Chapter 9 Analysis of Bois Brule Levee

Figure 9.5. Histograms
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Figure 9.6. Simulation results for BOISBRULE.XLS
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Figure 9.7. Histograms
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Table 9.4
Bois Brule Levee Results of Probabilistic Seepage Analysis
Analysis
1. LEVEEMSU - Taylor’s Series
2. FASTSEEP - Taylor’s Series
3. Closed Form - Monte Carlo

E[FS]
1.088
1.133
0.753

β
0.45
0.64
-1.53

VFS
16.1%
17.4%
20.3%

Pr(f)
0.327
0.262
0.937

same approach was used for this study. Statistics on these test results have been
previously summarized in Tables 4.6 through 4.8.
Strength parameters

Consolidated-undrained R strengths were used to model the undrained strength
of an existing levee and foundation already consolidated under the weight of the
levee. The assigned strength parameters are summarized in Table 9.5.
Additionally, the effect of lognormally transformed strength parameters was
considered for one set of analyses; these values are summarized in Table 9.6.
Table 9.5
Bois Brule Levee, Soil Strength Parameters
Material
Embankment

Foundation Clay
Foundation Sand

Parameter
c
φ
c
φ
φ

Expected
Value
2
860 lb/ft
18°
2
1000 lb/ft
18°
32°

Standard
Deviation
2
600 lb/ft
4.5°
2
800 lb/ft
6°
2°

Coefficient of
Variation
70%
25%
80%
33%
6.25%

Correlation
Coefficient
+ 0.5

+ 0.7

Table 9.6
Strength Parameters Transformed from Lognormal to Normal
Bois Brule Levee, Flood Case
Parameter

Expected value
Plus value (+)
Minus value (-)

Embankment Clay
φ*
c*
2
degrees
lb/ft
705.31
17.46
1323.97
22.34
375.73
13.65

c*
degrees
780.86
1577.8
386.47

Foundation Clay
φ*
degrees
17.08
23.62
12.34

Stability analysis

Six probabilistic slope stability analyses were made for the landside slope
under flood conditions. Summary spreadsheets for these analyses are shown in
Appendix E. The first four analyses compared the effects of the deterministic
model using the Taylor’s series probabilistic model with soil parameters assumed
normally distributed. The locations of the critical shear surfaces for the three
circular methods are shown in Figure 9.8, and the location of the critical failure
surface for the Spencer non-circular method is shown in Figure 9.9. The fifth
118
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Figure 9.8. Brois Brule Levee, critical circular surface

120

Chapter 9 Analysis of Bois Brule Levee

Figure 9.9. Bois Brule Levee, critical non- circular surface

analysis considered the effect of adding uncertainty in the piezometric surface to
the Spencer non-circular analysis; based on the results of the probabilistic underseepage analysis, the standard deviation of the elevation of the piezometric
surface in the sand was taken as 1.0 ft. Finally, the sixth analysis was built on
the fifth and considered the additional effect of taking the soil strength
parameters to be lognormally distributed by transforming the points used in the
Taylor’s series analysis. Results of all six analyses are compared in Table 9.7.
Table 9.7
Bois Brule Levee Results of Probabilistic Slope Stability Analysis
Analysis
1. Spencer, Circular
2. Bishop, Circular
3. Corps, Circular
4. Spencer, Non-circular
5. Spencer, Non-circular,
plus uncertainty in piezometric surface
6. Spencer, Non-circular,
plus uncertainty in piezometric surface,
plus lognormally transformed variables

E[FS]
2.552
2.538
2.577
2.718
2.718

VFS
27.6%
27.7%
33.5%
27.8%
27.8%

β
3.328
3.287
2.740
3.532
3.526

Pr(f)
1 in 2287
1 in 1978
1 in 325
1 in 4853
1 in 4748

2.473

25.5%

3.478

1 in 3955

The results of all six analyses are in generally good agreement, except for the
β value for the Corps - Circular method, which is considerably smaller than the
other values, due to its larger coefficient of variation.
Review of the spreadsheets in Appendix E indicate that the dominant source
of uncertainty in all six analyses is the c parameter for the foundation materials,
which contributes 55 to 65 percent of the total variance; the results are comparatively less sensitive to the other random variables. The next largest contributor to
uncertainty is the c parameter for the embankment materials, which contributes
7 to 10 percent of the total uncertainty, except for the Corps - Circular method,
wherein it contributes about 19 percent.
Treating the piezometric surface as a random variable has relatively little
effect on the results, likely because the standard deviation of 1.0 ft introduces
little uncertainty.
As previously observed, modeling the strength parameters as lognormal
slightly decreases the reliability index.
Search for surface of minimum reliability index

As was previously done for Clarence Cannon Dam, a limited effort to locate
the surface of minimum β was undertaken. For each of the eleven critical
surfaces found in analyses 1 through 4, for different combinations of parameter
values, the failure surface was fixed and the Taylor’s series reliability analysis
was repeated, allowing the parameter values to change, but not the failure surface
geometry. The circular surfaces considered are shown in Figure 9.10 and the
non-circular surfaces are shown in Figure 9.11. Results are shown in Table 9.8.
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Figure 9.10. Bois Brule Levee, critical circular surface for different soil parameters

Chapter 9 Analysis of Bois Brule Levee

123

Figures 9.11. Bois Brule Levee, critical non-circular surfaces for different soil parameters

Table 9.8
Bois Brule Levee, Slope Stability Analysis Reliability Indices for
Selected Fixed Failure Surfaces

Surface

A
B
C
D
E
F
G
H
I
J
K

Spencer
FSi
------E[FS]
β
2.552
2.552
3.779
2.770
2.563
4.298
2.332
2.559
3.503
2.586
2.552
3.873
2.518
2.552
4.568
2.960
2.593
4.899
1.826
2.814
2.319
2.668
2.555
4.038
2.436
2.555
3.586
2.643
2.544
3.606
2.459
2.555
4.059

Bishop
FSi
------E[FS]
β
2.538
2.538
3.728
2.759
2.550
4.231
2.304
2.545
3.430
2.574
2.538
3.812
2.500
2.538
4.460
2.949
2.580
4.792
1.817
2.811
2.310
2.653
2.540
3.930
2.422
2.541
3.539
2.627
2.538
3.726
2.447
2.540
3.943

Corps
FSi
------E[FS]
2.577
2.577
2.937
2.662
2.187
2.528
2.636
2.577
2.518
2.577
3.154
2.683
1.874
2.825
2.786
2.655
2.467
2.577
2.635
2.577
2.573
2.656

β
2.970
3.686
2. 793
2.975
3.367
4.055
2.398
3.551
2.975
2.959
3.677

Non-Circular
FSi
------E[FS]
β
2.718
2.718
3.813
2.918
2.723
4.110
2.499
2.739
3.668
2.758
2.720
3.790
2.683
2.720
5.474
3.144
2.785
5.910
1.940
2.909
2.527
2.852
2.745
4.972
2.558
2.731
3.379
2.811
2.727
3.512
2.625
2.727
4.308

In Table 9.8, two factors of safety are shown for each analysis. The upper
value, Fsi, is that obtained using the strength parameters from the original
Taylor’s series analysis. The lower value, E[FS], is the expected value obtained
using the expected value strength parameters for the same surface.
For each of the deterministic models, the minimum reliability index occurs
for surface G that obtained using the minimum value of the c parameter for the
foundation clays. This parameter, as noted above, also contributed the majority
of the uncertainty to the problem.
As was the case for Cannon Dam, if one fixes the failure surface to the geometry corresponding to the lowest factor of safety obtained in the “floating” failure
surface analysis, and then performs a second Taylor’s series analysis with changing strength parameters, a β value is found that is considerably lower than that
from the floating surface analysis. Although it cannot be shown that this is, in
fact, the surface of minimum β, this value may be a practical measure of
minimum slope reliability, given the lack of a search algorithm for βmin in
current software.
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10 Summary, Conclusions,
and Recommendations
Summary
This effort involved several studies to further advance and understand the
application of probabilistic methods to underseepage and stability analysis for
Corps of Engineer embankments. The probabilistic characterization of
permeability and shear strength was reviewed in detail, and alternative
deterministic and probabilistic models were identified and compared by
performing analyses on prototype structures.

Conclusions
Modeling permeability

Published studies and engineering experience both support the fact that the
coefficient of permeability, k, typically has a large coefficient of variation.
When measuring permeability at discrete points within in a deposit, coefficients
of variation in the range from 40 to more than 100 percent can be expected.
When estimating k values from D10 sizes, the data scatter associated with the
correlations itself introduces uncertainty corresponding to about a 60 percent
coefficient of variation. Based on the magnitude of these values, it is appropriate
to model k values as lognormally distributed.
Spatial correlation of permeability

Permeability varies from point-to-point in space, whereas the modeled
permeability value in a seepage analysis is implied to be the average value taken
over the modeled region. Where permeability values are available at locations
more dense than the scale of the modeled problem, the coefficient of variation of
the spatially averaged value will be smaller than that of the data, and some
variance reduction must be applied. Where permeability values are already
averages from a number of sites, the coefficient of variation of the average
permeability at the modeled site should be increased to account for small sample
statistical estimation. In the general case, the mathematics of random fields
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provides a theoretical framework to adjust variances to consider the scale of the
data and the scale of the problem. However, application of random field theory
in practice, particularly in the context of Corps’ planning studies, appears
impractical. In the near-term, the most practical approach appears to be the
adoption of some “default” coefficients of variation for certain classes of
problems (e.g., Vk = 60 percent might be used for pervious substrata with
underseepage analysis).
Strength parameters

The Corps’ use of bilinear strength envelopes (e.g., R/S, (R+S)/2) is not
easily amenable to probabilistic analysis given the present state-of-the-practice.
Even the consideration of strength as a random function of c and φ presents a
variety of difficulties in probabilistic modeling, as correlation between the two
parameters must be considered. For probabilistic modeling, it is recommended
that linear strength models be used in all cases, for example:
a. The Q envelope, using both c and φ where necessary, to model end-ofconstruction conditions.
b. The R envelope, to model undrained strength of existing impervious
soils. This essentially follows the consolidation-stress approach
described by Lowe (1966).
c. The S envelope, to model freely draining materials such as sands and
gravels, and with effective stress analysis of impervious materials where
pore pressures are explicitly specified in the analysis.
Fitting strength parameter models from triaxial data

Attempting to develop probabilistic moments for c and φ from sets of test
data leads to additional problems, as there is no unique way to transform
information regarding principal stresses a failure (σ1, σ3) to probabilistic
moments of the shear strength. The advantages and disadvantages of eleven
alternate approaches were considered in Chapter 4. Based on this review,
Method 1, standard statistical analysis on sets of paired c,φ data, appears most
expedient and suited for practical work, whereas Method 6, developing the c,φ
pairs from regression on σ1, σ3 data, provides some additional consistency.
Fitting probabilistic moments from judgment

In many cases where probabilistic analyses are used for planning-level economic studies of existing structures, available data may be absent or insufficient
to permit reasonable estimation of the required probabilistic moments. In such
cases, estimation of probabilistic moments may be necessary. Where an engineer
can make estimates of two parameter values corresponding to lower and upper
bounds for which there is only a small probability of the parameter being outside
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these limits, a normal or lognormal distribution may be assumed and the
properties of these distributions used to back-calculate the necessary probabilistic
moments. Spreadsheets to illustrate this process are presented in Appendix B.
Use of Taylor’s Series method in probabilistic analysis

The Taylor’s series method is one of several alternative probabilistic models
that can be used for seepage and slope stability problems. Its principal
advantages include the following:
a. It requires fewer evaluations of the performance function than the point
estimate method when the number of random variables is three or more.
b. It provides a measure of the relative contribution to uncertainty of each
random variable.
However, it linearizes nonlinear problems in the vicinity of a point (the
expected value in the form used by the Corps), and may not accurately reflect the
variance of non-linear functions as well as the point estimate method.
In the version of the Taylor’s series method used by the Corps, the performance function is evaluated one standard deviation above and below the
expected values of the random variables. This can lead to some calculation
difficulties and even physically unreasonable analyses where the coefficient of
variation is high. However, high coefficients of variation for geotechnical
parameters lead to increased support for assuming a lognormal distribution,
which can be modeled by a transformation of variables and the performance
function. The transformation process, in turn, leads to reduced coefficients of
variation and better numerical behavior.
Use of point estimate method in probabilistic analysis

An alternative probabilistic model is the point estimate method. It has the
disadvantage of requiring a greater number of evaluations of the performance
function where the number of random variables in greater than two, and it
requires quite a large number of evaluations (2N) when the number of random
variables is very large. However, it preserves some of the nonlinearity that may
be inherent in geotechnical models such as slope stability and underseepage
analysis, and hence may be more accurate. For random variables where the
coefficient of variation is large, the same lognormal transformation as described
for the Taylor’s series method may be accommodated. Alternatively, the
skewness of a distribution may be incorporated directly in the model (Harr 1987),
but this requires that a skewness coefficient be known or assumed.
Other probabilistic models - the Hasofer-Lind method

The Hasofer - Lind method is an extended Taylor’s Series method that
achieves invariance by expanding the Taylor’s Series about a “failure point”
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rather than about the expected value. As the parameter values at the failure point
are not known ahead of time, and are a function of β, an iterative solution is
required. Given the complexities of searching for the critical surface and repeating the analysis numerous times, the additional effort required to iterate on β is
considered impractical for use in planning-level economic studies. A very
limited attempt to manually iterate using UTEXAS3 confirmed this.
Other probabilistic models - Monte Carlo analysis

The Monte Carlo method, or simulation method, has the advantage of being
able to explicitly model the distributional shape of random variables, and permitting one to view the shape of the distribution of the performance function. As it
requires evaluating the performance function thousands of times, it has traditionally been considered impractical for most problems. However, spreadsheet addins such as the @RISK software make it feasible for cases where the performance
function can be expressed as an equation, and it is in fact the standard for the
Corps’ economic calculations for which engineering probability analysis forms
the input. With the current rate of advance of computing speed, Monte Carlo
simulation may become increasingly common in the future.
Effect of deterministic model in slope stability analysis

Four deterministic models were compared in this study. For the analyses at
Cannon Dam, where the underlying Phase I fill material was weaker than the
Phase II fill, the Spencer Non-Circular method consistently gave more critical
values. Circular methods (Spencer, Bishop, and Corps) often gave similar results
when correctly run, but searching problems initially led to apparently higher β
values for Simplified Bishop method. The action of making large changes in the
parameter values, as required for probabilistic analysis, may lead to significant
changes in the location of the critical surface. Hence, initial search coordinates
sometimes needed to be moved to ensure locating the critical surface for every
parameter value combination, even when the searches started from the critical
deterministic surface for the expected value case. This finding may be somewhat
disconcerting news to successful use of probabilistic slope stability analysis in
practice.
For the analysis at Bois Brule levee, where the foundation materials are relatively strong, non-circular surfaces were found to have slightly higher β values
than circular surfaces, the Corps method exhibited the lowest β values, and the β
values for the remaining methods were in generally good agreement.
Effect of probabilistic model in slope stability analysis

In the comparisons made for Cannon Dam, the point estimate method gave
consistently lower β values than Taylor’s series method. As the point estimate
method accounts for some of the problem nonlinearity, and does not involve
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linearizing the problem about the expected value, the point estimate results are
considered to be more “correct.”
Effect of performance function in slope stability analysis

When the moments of ln FS were determined directly rather than calculating
them from the moments of FS, slightly lower β values were obtained. As the
factor of safety is assumed to be lognormally distributed, making ln FS normally
distributed and the function used to determine β, and determining the moments
directly leads to one less step of approximation, it is suggested that directly
calculating moments of ln FS is more appropriate.
Effect of lognormally distributed random variables in slope stability
analysis

When moments of c and φ were transformed to moments of ln c and ln φ, and
the latter taken as the fundamental random variables, lower β values were
obtained than when c and φ were taken as the random variables. It is suggested
that this transformation, which provides numerical advantages where the coefficient of variation is large, could be used for all considered soil parameters, c, φ,
and k. Each of these variables is lower-bounded by zero, and when the
coefficient of variation is small, the distribution approaches the shape of the
normal distribution.
Effect of failure surface considerations in probabilistic slope
stability analysis

At least three approaches can be used to address the question of what failure
surface to consider in calculating reliability using a set of strength parameter
values:
a. Fixing the failure surface geometry to that of the critical deterministic
surface for the expected value case has been the approach used a number
of times in the literature; but this method generally gives the highest β of
the three approaches considered.
b. Permitting the program to search for the critical deterministic surface
(FSmin) for each combination of parameters generally gives a lower β
than the first method. In this case, the location of the failure surface
becomes a part of the performance function being evaluated, and some of
the uncertainty regarding the failure surface location is introduced into
the analysis. However, this approach may have some perceived
disadvantage as there is no single “free body” to which the β value may
be related.
c. Attempting to search for the surface of minimum β generally leads one to
obtain a lower value than either of the previous two approaches, and it
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can be argued that this is an upper bound on β for the slope, as the slope
is a series system of surfaces that can be no more reliable than its
weakest link. However, present software does not permit searching for
the surface of βmin. It is believed that reasonable approximations of the
surface of βmin can be found by first performing a floating surface
analysis and then following it with a fixed surface analysis on the surface
with the lowest factor of safety in the first analysis. This approach was
illustrated in Chapters 9 and 10.
Problems with searching schemes in slope stability analysis

As previously noted in the conclusions regarding the slope stability deterministic model, changing the strength parameter values with a fixed set of search
parameters (e.g., starting center point for a circular arc and tangent elevation),
even with “good” parameter values which start the search at the known critical
deterministic surface for the expected value case, can result in a failure to find the
most critical surfaces for all combinations, and lead to errors in determining β.
To achieve consistent results, the search results for every run for every
combination of parameters needed to be carefully reviewed. This presents a
potentially major problem in practice, as a time-consuming detailed review of the
search results may be necessary in many cases
General comments on slope reliability

The studies in Chapter 8 indicate that the process of determining a reliability
index β for a slope, to be used as input to economic studies, is not
mathematically robust. Different deterministic models and different probabilistic
models in combination can lead to significantly different β values. In addition,
the three approaches noted above to the consideration of the critical lead to
further differences in β values. To obtain consistent comparisons of slope
reliability in economic studies, the Corps of Engineers will need to carefully
review and narrowly define a set of consistent procedures.
Deterministic models in seepage analysis

Probabilistic analyses are usually done to assess the effect of parameter
uncertainty and typically require performing a number of deterministic analyses.
Hence, it is preferred to use the simplest deterministic model possible.
In a common class of problems, it is desired to determine the reliability
against the exit gradient exceeding the critical gradient, usually at the
downstream or landside toe of an embankment. Where this function can be
adequately modeled by equations (e.g., TM 3-424), this approach should be
favored, and solutions for β can be obtained by hand or a simple spreadsheet.
Where geometry is more complicated, but fits a simple program such as
LEVEEMSU, one should move up to this approach. Finally, finite element
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solutions can be used for more complicated problems, which might involve more
than two materials, more complex flow patterns, or anisotropic permeability.
In another class of problems, the spatial distribution of pore pressure may be
desired as input to a set of probabilistic slope stability analysis. For such problems, a finite-element solution would generally be required. However, obtaining
a solution would generally require consideration of the spatial distribution of the
permeability, a problem for which present practical finite-element programs do
not provide capabilities.
Probabilistic models in seepage analysis

No detailed comparison of the Taylor’s Series and point estimate methods
were made in this study. However, previous work for underseepage (Shannon
and Wilson, Inc., and Wolff 1994) has shown that:
a. Where the problem geometry is taken constant and the only uncertainty
is in the permeability values, the results of the two methods are very
similar.
b. Where the top blanket thickness z in an underseepage analysis is taken as
a random variable; the performance function may become significantly
non-linear and the point estimate method may give a significantly
lower β.
Where the Taylor’s Series and Monte Carlo methods were compared, considerable differences in reliability were noted. However, it is difficult to draw conclusions as different deterministic models and geometry characterization were
used. In those situations where the performance function can be modeled as a
closed-form equation, Monte Carlo analysis may gain increasing favor as
computing speeds continue to increase, as the method permits explicit
consideration of the shape of the probability distributions.
General comments on underseepage reliability

In underseepage problems, the dominant source of uncertainty in the performance function is typically the blanket thickness z, with the second greatest
source typically the ratio of the foundation permeability to the blanket permeability, kf/kb. Hence, although the coefficient of variation of the permeability values
may be very high, engineers’ efforts should probably be based on characterizing
the uncertainty (estimating the expected value and coefficient of variation) of z
and the permeability ratio. Often, this might be accomplished judgmentally
using the lognormal fitting spreadsheet in Appendix B.
Using probabilistic seepage results in slope stability analysis

As noted above, developing a grid of probabilistic pore pressure values for
input to slope stability analysis is not very practical with present standard

Chapter 10 Summary, Conclusions, and Recommendations

131

software as the grid values would need to be derived based on a set of spatially
correlated random probability values. It is however, possible to make reasonable
approximations of the uncertainty in pore pressure at a few key points, assuming
perfect spatial correlation. Hence, one could obtain estimates of the expected
value and standard deviation of the location of several points along a piezometric
surface. Based on a preliminary investigation at Cannon Dam, and one analysis
at Bois Brule, the location of the piezometric surface is strongly governed by
boundary conditions at its ends, and its location near its mid-part may have a
relatively small variance with little effect, in turn, or the probability of slope
instability.

Recommendations
Based on the findings of this study and the first author’s discussions with
Corps of Engineers’ personnel, the following recommendations are made:
a. Before performing a reliability analysis of an embankment, one should
have some understanding of the intended use of the results in order to
make reasonable choices regarding how simple or how complex of techniques should be employed. It is assumed that the intended use of the
described methods is to assess the comparative reliability of
embankments for the purpose of making decisions regarding economic
investments for rehabilitation. Once a standard set of procedures is
developed (see item b below), consistent comparisons should be possible
from one embankment to another, and against a standard or “target”
reliability. However, it should be noted that calculated β values, or even
probability values derived from β values, do not have any inherent
frequency or time basis, and cannot give one annualized probabilities of
unsatisfactory performance for economic simulations.
b. As it has been shown that variations in parameter characterization, deterministic model, probabilistic model, and failure surface consideration in
slope stability analysis all can have significant effect on calculated β values, it is important for the Corps of Engineers to define a recommended
set of procedures as narrowly as possible if valid comparative β values
are to be obtained for economic studies. Based on the reported work and
other experience, it is recommended these procedures include:
(1) Estimating probabilistic moments of strength parameters from test
data using Method 1 or Method 6.
(2) Judgmentally estimating strength or permeability moments where
data are absent, using the spreadsheet approaches in Appendix B.
(3) Assuming that both soil strength and permeability are always
lognormally distributed (or alternatively, lognormal when their
coefficient of variation exceeds about 30 percent), and using
transformed parameters in the analysis.
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(4) Using the Spencer method with both circular and non-circular surfaces as the deterministic model for slope stability.
(5) Using the simplest practical deterministic model for seepage
problems.
(6) Taking ln FS directly as the performance function rather than FS
and then transforming it.
(7) Taking the β for a slope as the minimum value that can be found for
any surface (it is recognized that this is difficult with present software, and it is recommended that UTEXAS3 be modified to permit
searching for βmin as well as FSmin).
c. No single recommendation is made regarding using the Taylor’s series
and point estimate methods, but the former should be recognized for its
convenience and the latter should be recognized for its advantage with
nonlinear functions.
d. Continued research is performed on the practical modeling of spatial
variability of soil permeability and strength.
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Appendix A
Detailed Example of
Regression of c and φ
An example is solved here to illustrate Method 4, described in Chapter 4 of
this report. The data used in this example has been obtained from the Bois Brule
levee in Perry County, Missouri. Soil testing was accomplished at the WES
laboratory. The results pertain to triaxial compression tests under
unconsolidated-undrained (UU) conditions. Excel™ 5.1 is used to perform
statistical analysis for Method 4 and then the results are compared with WES
values (Method 1).

Listing of Raw Data
The raw data is typed in the spreadsheet as shown in Figure A1.

Calculation of p, q Values
For each σ1, σ2 values, we calculate the corresponding p, q values by using
the following formula (Figure A2):
p=

(σ 1 + σ 3 )
2

(A1)

q=

(σ 1 − σ 3 )
2

(A2)

Calculation of c-φ Values
First, we find values of pi2, qi2, and the product of pi and qi. Then the sums,
degrees of freedom and means are calculated (Figure A3). The regression parameters a and b are then found by the formula:
Appendix A Detailed Example of Regression of c and φ
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b=

[n∑ p q −∑ p * ∑ q ]
[n∑ p −(∑ p ) ]
i i

i

i

2

i

(A3)

2

i

a = q i − bp i

(A4)

where n is the number of degrees of freedom, and qi and pi are the means.
The value of q̂i is then calculated using the relationship
qˆ i = a + bpi

(A5)

where q̂i is the predicted value of qi for each specimen, or “adjusted” value that
lies on the regression line.
Any two q̂i values could be used to check the regression parameters as:
b = tan ψ = sin φ =

qˆ1 − qˆ 2
p1 − p 2

(A6)

a = qˆ i − pi sin φ

(A7)

The values of a and b calculated from q̂i should be the same as those calculated
earlier.
Here, b is the slope of the regression line and is equal to tan ψ. The value of
φ is then calculated using the relationship:
tan ψ = sin φ

(A8)

The a parameter is the intercept of the regression line with the vertical axis.
The value of c is calculated by using the following formula:
c=

a
cos φ

(A9)

The spreadsheet shown in Figure B3 illustrates the procedure.

Comparison of Method 1 and Method 4
The computed c,φ values (Method 4) are compared with the WES values
(Method 1) which have been obtained by fitting the Mohr-Coulomb failure envelope. The statistics are then performed on c,φ values. The mean, variance,
standard deviation, coefficient of variation, skewness, kurtosis, covariance, and

A2

Appendix A Detailed Example of Regression of c and φ

correlation are calculated for two methods and compared in Figure A4. In the
case of Method 4, some negative φ values are to be noted. The WES φ values
have been approximated to zero. However, regression analysis gives the actual
slope of the line, which is negative in these cases, therefore giving negative φ
values. The negative values are quite close to zero so that these do not have
significant effects on the subsequent statistical calculations, which are quite
comparable to the calculations made with the WES values.
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A3

Figure A1. Perry County Q tests - raw data

A4

Appendix A Detailed Example of Regression of c and φ

Appendix A Detailed Example of Regression of c and φ

A5

Figure A2. Perry Couty Q tests - calculation of p, q values
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Figure A3. Perry Coutnty Q tests - calculation of φ and c values (continued)

Figure A3. (Continued)
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A7

Figure A3. (Continued)
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Figure A3. (Concluded)
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A9

Figure A4. Perry County Q tests – comparison of method 1 and method 4
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Appendix B
Spreadsheets for
Characterizing Parameter
Uncertainty
This appendix describes two spreadsheets that calculate and plot the normal
distribution and the lognormal distribution. The purpose of each of these spreadsheets is to aid the engineer in generating a normal or lognormal curve to represent the theoretical distribution of a data set when only a minimum value and a
maximum value of the data set can be estimated.
An explanation of the minimum value and the maximum value is as follows:
a. The minimum value should correspond to a value for which it is perceived that there is only a 5 percent or 10 percent chance that a random
value selected from the population will lie below it.
b. The maximum value should correspond to a value for which it is perceived that there is only a 5 percent or 10 percent chance that a random
value selected from the population will lie above it.
The spreadsheet gives the engineer the ability to rapidly revise the desired
distribution simply by updating a few of the input parameters. This is useful in
understanding how varying these parameters can affect the overall distribution.
The spreadsheet employed in this application is Microsoft® ExcelTM 5.0. Other
modern spreadsheet programs, Lotus 1-2-3TM, SuperCalcTM, and QuattroProTM,
could also be used.

The Spreadsheet normfit.xls
To fit a normal distribution using the spreadsheet normfit.xls three input
values are required. The minimum data value for the desired distribution must be
entered into cell B12. The maximum data value must be entered into cell B14.
Finally, the percentage of the distribution that will fall below the minimum value
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must be entered into cell B16. This will also be taken as the percentage that will
fall above the maximum value.
Once each of these values is input, the spreadsheet will calculate the normal
distribution parameters and it will also generate a graph illustrating the normal
distribution. Below is an explanation of each of the cells of the spreadsheet
normfit.xls.
a. B18 = 1 - B16 -- The percentage of the distribution which will lie above
the maximum value is calculated based on the given percentage of the
minimum value.
b. B33 = (B12 + B14) / 2 -- The expected value of the distribution is
calculated by averaging the minimum and maximum values.
c. B35 = H37 / B33 -- The variance of the distribution is calculated by
dividing the standard deviation by the mean.
d. H33 = NORMSINV(B16) -- The number of standard deviations from the
mean that the minimum value lies is calculated by using the inverse
normal function which is provided by Excel™. The negative sign
indicates the minimum value is less than the expected value.
e. H35 = NORMSINV(B18) -- The number of standard deviations from the
mean that the maximum value lies is also calculated by using the inverse
normal function provided by Excel™.
f.

H37 = (B14 - B12) / (H35 - H33) -- The value of one standard deviation
is computed by determining the ratio between the minimum and
maximum values and how far apart they are on the distribution.

The last section of the spreadsheet deals with the cumulative distribution.
This provides the engineer with the percentage of values that will fall below a
given value in the data range. For example, if the mean value was selected it
would be shown that 50 percent of the distributed values fall below this value.
The desired value must be entered into cell B47, and calculations are made in
cell B49. An explanation of cell B49 is given below.
•

B49 = (NORMDIST(B47, $B$33, $H$37, TRUE)) * 100 -- The
cumulative distribution is calculated by the Excel™ function
NORMDIST, which is based on the desired value, the mean, and the
standard deviation of the distribution.

The graphs that appear for the normal and cumulative distributions are
generated by building a table of values for each of the distributions. These
values correspond to a large number of equal increments between ends of the
data sets. The function mentioned above, NORMDIST, calculates a value (which
is the y-axis value) that depends upon one of the incremental values (which are
the x-axis values). In turn, each of these points is plotted, and they result in the
B2
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normal and cumulative distribution curves. The table that contains all of these
values is located at the bottom of the spreadsheet, below the printed portion.

The Spreadsheet lgnrmfit.xls
To create a lognormal distribution using the spreadsheet lgnrmfit.xls three
input values are required. The minimum data value for the desired distribution
must be entered into cell B12. The maximum data value must be entered into
cell B14. Finally, the percentage of the distribution that will fall below the minimum value must be entered into cell B16. This is also taken as the percentage of
the distribution above the specified maximum value.
Once each of these values is input, the spreadsheet it will calculate the
normal distribution parameters and will also generate a graph illustrating the
normal distribution. Below is an explanation of each of the cells of the
spreadsheet lgnrmfit.xls.
a. B18 = 1 - B16 -- The percentage of the distribution which will lie above
the maximum value is calculated based on the given percentage of the
minimum value.
b. B20 = LN(B20) -- The natural log of the minimum value is computed.
c. B22 = LN(B22) -- The natural log of the maximum value is computed.
d. B33 = (LN(B12) + LN(B14)) / 2 -- The expected value of a normal
distribution on ln x is calculated by averaging the logs of the minimum
and maximum values.
e. H33 = NORMSINV(B16) -- The number of standard deviations from the
expected value that the minimum value of ln x lies is calculated by using
the inverse normal function. The negative sign indicates the minimum
value is less than the expected value.
f.

H35 = NORMSINV(B18) -- The number of standard deviations from the
expected value that the maximum value lies is calculated by using the
inverse normal function.

g. H37 = (B22 - B20) / (H35 - H33) -- The value of one standard deviation
for ln x is computed by determining the ratio between the logs of the
minimum and maximum values and how far they fall from each other on
the distribution.
h. B42 = EXP($B$33 + ((($H$37)^2)/2)) -- The expected value of the
random variable, X, is computed using the expected value of the natural
log of X, and the standard deviation of the natural log of X, as described
in Chapter 2.
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i.

B44 = ((EXP(($H$37)^2)) - 1)^0.5 -- The variance of X is calculated
using the standard deviation of the natural log of X, as described in
Chapter 2.

j.

B46 = B42 * B44 -- The standard deviation of X is calculated by
finding the product of the expected value and the variance of X.

The last section of the spreadsheet deals with the cumulative distribution.
This provides the engineer with the percentage of values that will fall below a
given value in the data range.
The desired value must be entered into cell B55.
a. B57 = LN(B55) -- The natural log of the desired value is computed.
b. B59 = (NORMDIST(B57, $B$33, $H$37, TRUE)) * 100 -- The cumulative distribution is calculated by the ExcelTM function NORMDIST. This
function is based on the desired value, the mean, and the standard deviation of the distribution.
The graphs that appear for the lognormal and cumulative distributions are
generated by building a table of values for each of the distributions. These
values correspond to a large number of equal increments between ends of the
data sets. The function mentioned above, NORMDIST, calculates a value (which
is the y-axis value) that depends upon one of the incremental values (which are
the x-axis values). In turn, each of these points is plotted, and they result in the
lognormal and cumulative distribution curves. The table that contains all of these
values is located at the bottom of the spreadsheet, below the printed portion.
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Appendix C
Calculating of Vk Implied When
Using the Corps’ D10
Correlation
Introduction
Soil permeability, k, is difficult and time consuming to measure. Hence, it is
often estimated by correlation with grain size. As described in Chapter 2, it is
reasonable to assume that both grain size and permeability are lognormally
distributes. Furthermore, permeability can be related in a functional way to grain
size distribution. Hazen (1911) conducted tests on filter sands for use in
waterworks and found that for uniform loose clean sands the permeability can be
2
estimated by the relationship k = C D10
where C ranges from 0.4 to 1.2
(typically 1.0), D10 is the particle size in millimeters at which 10 percent of the
material is finer by weight, and k is in cm/sec. Such correlations are useful tools
for estimating the expected value of permeability in probabilistic analysis of soil
structures. For levee foundations on sand, the Corps of Engineers (1956a)
developed a similar correlation based on field pump test data (Figure 2.4).

Determination of Statistical Parameters from
Corps Data of D10 and k
A set of available data of effective grain size, D10, and the in situ horizontal
coefficient of permeability, in cm/sec, is presented in TM 3-424 (U.S. Army
1956b). Regression analysis on this data was used to determine the standard
error of a best-fit line, which can in turn be used to determine the coefficient of
variation associated with using the correlation. The D10 size and corresponding
values of k were tabulated from the above-mentioned graph. The log10 of these
values were taken, as both of the values were originally plotted on log scales.
The raw data are plotted on log-log axes in Figure C.1 and the log10 values are
plotted on arithmetic axes in Figure C.2. Regression analysis on log10k as a
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function of log10D10 was carried out by the method of least squares using the
spreadsheet file shown in Figure C.3. A description of the analysis follows.
a. From log D10 and log k, the values of (log D10)2, (log k)2, and log D10 x
log k and their sums, means, and degrees of freedom were determined.
b. The regression parameters a and b were found by using the following
relationship:

b=

n∑ xy − ∑ x ∑ y
n∑ x 2 − (∑ x )

2

a = y − bx
where x is log10D10, y is log k, and n is the number of data points.
c. The variance of log10k and log10D10, their standard deviations,
covariance, and correlation coefficient were calculated using the
statistical functions of the spreadsheet program.
d. From the regression analysis, the standard error of log10k is 0.2529. The
formula for the standard error is:

slog10 = σ x y =

∑ y 2 − a∑ y − b∑ xy
n−2

Converting to the natural log sln k = 2.303slog k = 0.5824.
The standard error sln k is analogous to the standard deviation of the normally
distributed ln k values about the best fit line. Hence, the relationship

σ (ln k ) = ln(1 + Vk2
can be transformed as:

(

σ 2 (ln k ) = ln 1 + Vk2

(1 + V ) = eσ

2

(ln k )

(ln k )

−1

2
k

(

Vk2 = eσ

2

Vk = eσ

2

(ln k )

)

)

or
or
or

−1

Substituting the value of ln k = 0.5824 into this relationship results in
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Vk = e 0.5824 − 1 = 0.6354 = 63.54%
The above implies the following:
Even when the D10 size is taken as known or fixed, and the expected value of
k is taken from the Corps correlation, there is an implied coefficient of variation
of about 64 percent due to the scatter of the data points around the correlation
curve.
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Figure C1.
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Figure C2.
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Figure C3. Regression analysis (D10 size Vs permeability
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Figure C3. (Concluded)
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reasonable characterizations of reliability can be made using several approximate methods, such as the Taylor’s Series Finite Difference
(TSFD) method, the point estimate (PE) method, and Monte Carlo simulation.
The TSFD and PE methods, in the form presently used by the Corps, produce reasonable and consistent results for linear functions and
random variables with small coefficients of variation. The most common studies done for embankment analysis and design, namely
seepage analysis and slope stability analysis, typically involve nonlinear functions, and often involve variables with large coefficients of
variation. Nonlinearity and large variations may be better accounted for by some refinements in the probabilistic models. The choice of
approximation method in the probabilistic model leads to tradeoffs between accuracy and practicality. In this study several alternative
approaches to these methods are compared and evaluated.
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14. ABSTRACT (continued)

In this study the probabilistic characterization of soil permeability and soil strength are reviewed, and examples are
provided for judgmentally estimating the expected value and standard deviation for random variables using a
spreadsheet approach. This report systematically considers the characterization of geotechnical random variables,
considers the assumptions of probabilistic methods, and illustrates their application to prototype examples.
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