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SUMMARY

The phenomenon of osmotic pressure is a well known property of
aqueous solutions. The swelling of clays may be regarded as an osmotic
phenomenon, and calculations based on the Gouy-Chapman model of the
electrical double layer predict the swelling properties of ideal clays.
Heaving can be produced in an osmometer, with the uplift a manifestation
of the osmotic pressure of the solution. It follows that the osmotic activity
of the electrical double layer on mineral particles can account for the
heaving "phenomenon in ideal soils.

If this hypothesis is correct, it is possible to calculate the relation
ships between the osmotic pressure (and freezing temperature) of water
in contact with the base of a growing ice lens and the other significant
variables. These are: Overburden pressure, depth to water table, depth
to conducting stratum, hydraulic conductivity of the soil, and rate of
heave. Equations relating these variables are presented.

According to these concepts, the flow of water to the ice face is
ordinarily by hydraulic conduction except in the unfrozen film between
the uppermost particles and the underside of the ice lens. Here move
ment is by diffusion, and,the failure of coarse materials to show signi
ficant heave is shown to be due in part to limitations imposed by the
diffusion on the recharge of the unfrozen film.

A theory of supercooling recently outlined by Jackson and Chalmers
is based on the contention that the energy required for the heaving pro
cess is derived from the conversion of supercooled water to ice. They
conclude that some degree of supercooling is essential if frost heaving
is to take place. The present theory denies this requirement, proposing
a 'solution model" in which heaving can occur in the absence of soil.

Recognized and proposed methods of modifying or controlling frost
heaving are reviewed from the point of view of the theory presented.
Experiments are proposed for evaluating the theory by verification of
temperatures at the frost line predicted from the relationships men
tioned above. To be successful, such experiments would require tech
niques of more than ordinary precision.



ROLE OF THE ELECTRIC DOUBLE LAYER IN THE MECHANISM

OF FROST HEAVING

^ by - - _
L. A. Cass and R. D. Miller

INTRODUCTION

Recent theoretical and experimental studies on the electric double layer of silicate
clay minerals in water have demonstrated that the swelling of clays can be explained in
terms of the osmotic activity of the ions composing the diffuse portion of the double layer.
Other evidence indicates that double layers of similar intensity are to be found on parti
cles of silt and sand size. These properties of the coarser fractions of soil normally
escape attention for various reasons, but the phenomenon of frost heaving is evidently a
manifestation of the properties of the double layers of mineral particles.

The classical experiments of Taber (1930) and Beskow (1935) on frost heaving led each
of them to believe that a film of water persisted between the base of the growing ice lens
and the underlying soil particles. . The persistence and properties of this film can be ex
plained and described with the aid of double layer theory.

The purpose of this investigation has been to elucidate the role of the electric double
layer in frost heaving. Special attention has been given to relationships between signi
ficant variables which have been, or might be, verified by experiment.

• The investigation was planned in two parts. Phase I was to be theoretical, and Phase II
experimental. This report is concerned with the results of Phase I investigations.

SWELLING PHENOMENA IN SILICATE CLAYS "

Osmotic pressure in aqueous solutions

The phenomenon of osmotic pressure is a'well known property of aqueous solutions.
Its nature is illustrated in Figure 1. The osmometer consists of a cylinder containing
an aqueous solution. The lower end of the solution is in contact with pure water but-
separated from it by a semipermeable membrane, i. e. , a membrane which is perme
able to water but impermeable to solute particles. Resting on the upper surface of
the solution is a freely moving weightless piston bearing a weight W kg.

In this device, the solution will tend to absorb water from the reservoir. This tend
ency is opposed by the excess hydrostatic pressure imposed on the solution by the loaded
piston. The excess hydrostatic pressure in the solution which will exactly counteract the
tendency to absorb water from the reservoir is, by definition, the osmotic pressure, IT,
of the solution. If the excess" hydrostatic pressure in the solution is less than IT, the
solution will absorb water and "swell"; if greater, the solution will lose water and be
"compressed".

Swelling is accompanied by a simultaneous dilution of the solution, decreasing its
osmotic pressure. The system will spontaneously approach an equilibrium condition in
which the excess hydrostatic pressure and the osmotic pressure of the solution will be
equal.

Figure 1. Diagram of simple osmometer. Water
in reservoir S is separated from solution SS by
semipermeable membrane SPM. The solution is
compressed by the action of a weight W^ resting

on a piston.
i

s s

<? V SPM
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If the water in the reservoir is replaced by a second solution, less concentrated than
that in the cylinder, the excess hydrostatic pressure (i.e., "swelling" pressure P ) at

to r —sw'
equilibrium will be equal to the difference between the osmotic pressures of the two
solutions:

p'o = n - n ' in'SW SSS-- V1'

,where ITss and TTs are osmotic pressures of solutions above and below the membrane,
respectively. •>

To a first approximation, the osmotic pressure of a solution is dependent solely on
concentration and is independent of the actual pressure in the solution. This relationship
is given for solutions which exhibit ideal behavior by the van't Hoff equation

II * RTc . (2)

If LT is in kg/cm2, R the universal gas constant is 84.8 kg-cm/mol-deg, T is the
absolute temperature, and £ is the concentration in moles/cm3. At OC, R~T = 2.32 x 103
kg-cm/mole. -

Osmotic swelling of silicate clays

The phenomenon of cation exchange has been a known soil property for more than a
century. Half a century ago, Gouy (1910) proposed a method of calculating the probable
organization of "adsorbed" ions in the form of a diffuse double layer at a liquid-liquid
or a liquid-solid phase boundary. TestsNfailed to verify his equations at first, and the
theory was disregarded for some years. With the subsequent success of the DeBye-
Huckel theory of solutions of electrolytes, which is based on essentially the same concepts,
the Gouy theory was reexamined and found directly applicable to many systems. Schofield
(1946) applied the Gouy-Chapman theory of the planar double layer to the problem of the
absorption of water films on mica and glass, and to the adsorption of organic materials
on metals. His tests of the theory, which utilized data taken from the literature, were
inconclusive. Experiments with the adsorption of distilled water on mica showed excel
lent agreement, but other experiments with the adsorption of dilute solutions of sodium
chloride on lead glass deviated widely from the calculated relationships.

Equations presented by Schofield can be used to calculate the swelling pressure of
planar particles in terms of the osmotic activity of the diffuse double layer. A derivation
of these equations (in a somewhat different form) is presented in Appendix A. Qualita
tively, the swelling pressure is considered to arise from the fact that the overlapping
of diffuse double layers of contiguous particles causes a local increase in osmotic pres
sure which, at the plane midway between the particles, is not offset by the presence of
an electric field. In contact with a source of water, such a system will exhibit an osmot- -
ic swelling property corresponding to tJtiat of the simple osmometer in Figure 1. In this
case the swelling pressure will be given by

l

p0 = n - n i (3)
SW C S • » '

where IT and ITs are the osmotic pressures of the solution present at the central plane
and the external solution from which water is drawn. The Gouy-Chapman theory provides
the basis for_ computation of IT as a function of:

1. surface charge density (exchange capacity/specific surface) of the clay,
2. particle spacing,
3. valence of cation and anion species present,
4. concentration of external solution.

Experiments in our laboratory (Dept. of Agronomy, Cornell Univ.) to test the applica
bility of swelling pressure equations to silicate clay minerals have had good results. For
montmorillonite saturated with monovalent cations (Li, Na, K, NH., Cs, Rb), the theory
predicted the observed swelling relationships remarkably well over a wide range of pres-
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sures (0.02 to 80 kg/cm2) if the particles in the sample were oriented by previous com
pression at pressures of 50 kg/cm2 or more (Warkentin et. al. , 1957; Blackmore, 1958).
Results with sodium illite did not agree quantitatively with theory, but showed a constant
displacement toward higher water contents (Bolt and Miller, 1955). This discrepancy
was attributed to the terraced nature of the surface of illite particles, with inevitable
inclusion of irregular spaces not taken into account in the calculation of film thickness
from water content data.

Calcium-saturated montmorillonite was found to swell appreciably but to a smaller
degree than predicted by simple double layer theory (Warkentin et. al. , 1957). Under
similar conditions, other experiments with Ca-montmorillonite"fail to detect swelling
when particle spacings are determined by X-ray diffraction techniques (Norrish, 1955).
Our tentative interpretation of this anomaly is that the particles gather into packets of
uniform and fixed spacing, which is that measured by X-ray diffraction. The spaces
between adjacent packets, however, show the swelling behavior predicted by the Gouy-
Chapman theory, which accounts for the swelling observed. This hypothesis is being
tested in our laboratory. In any event, there is good reason to suspect that the double
layer present at the boundary of a mass of calcium-saturated particles will approximate
the Gouy-Chapman model, and that, if this double layer is confined between the particle
and a sheet of ice, it will behave in the normal manner of sodium-saturated clays, with
due allowance for the difference in valence of the two ions. Moreover, if ice is essen
tially inert, the ice-water boundary will effectively simulate the central plane between
parallel particles.

HEAVING AS AN OSMOTIC SWELLING PHENOMENON

Ice.formed in an electrolyte solution separates as a pure phase, though occasional
pockets of saline water may be entrapped in the ice mass. If the solution in the simple
osmometer (Fig. 1) were partially frozen, the concentration of the unfrozen solution
would increase accordingly, with an accompanying increase in osmotic pressure. The
solution would then imbibe water from the reservoir until equilibrium was reestablished
between the excess hydrostatic pressure in the solution (fixed by the overburden pres
sure) and the osmotic pressure of the solution. Thus, segregation of ice from the
solution would be accompanied by an increase in volume of the ice-solution mixture
(equal to the volume of ice formed) and the weight lifted correspondingly. "Heaving"
in this system is a manifestation of the osmotic swelling of aqueous solutions.

The solution model

Additional aspects of the process of heaving in soils may be simulated by increasing
the complexity of the osmometer as illustrated in Figure 2. This device will be referred
to as the "solution model". It consists of a cylinder of porous material with hydraulic
conductivity K . Resting on the top of the cylinder is a semipermeable membrane (SPM)
which forms "the base of an osmometer like that illustrated in Figure 1. The sides of
the cylinder are sealed so that water can enter or leave only at the top and bottom.
Freezing in this model takes place as a result of vertical extraction of heat so that an
ice lens will be formed on the underside of the piston. As this ice forms,- diffusion of
water across the.membrane will continually recharge the solution with water. Since
water is essentially incompressible, and in this model the porous cylinder is assumed
to be fully saturated with water, the pressure in the water just below the membrane
will fall below its hydrostatic value, establishing a hydraulic gradient directed upwards,
with the velocity of flow equal to the rate of recharge of the solution, which is in turn
approximately equal to the rate of ice formation.

This system will not attain a true steady state, since the excess hydrostatic pres
sure in the solution increases as the weight of the overburden is increased by the growth
of the ice lens. It is shown in Appendix B that freezing results in a positive heave under
all circumstances, and that the rate of heave approaches the rate of ice formation as the
thickness of the solution layer decreases.

The. dependence of pressure upon position in the model is illustrated in Figure 2.
The line OB represents the hydrostatic variation of pressure with elevation in the porous
column, and the line OA the actual variation of pressure with elevation during upward
flow.. Thus, the line segment AB corresponds to the head loss along the height of the
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column. If the flow velocity is v cm/hr
—s

ds ^s
AB =iVlf" Vs k§/cm2

Figure 2. Solution model of frost
heaving system. Left: Saturated
soil column and water reservoir.

A semipermeable membrane (SPM)
separates the top of the soil column
from a solution which supports a
loaded piston. Right: Diagram of
distribution of pore water pressures
in the solution model.

(4)

where L is the height of the porous column in cm, d is the density of the solution in

g/cm3 and K is the hydraulic conductivity' in cm/hr. BC is the hydrostatic component

d Z /103 kg/cm2 where Z is the depth to the water table in cm, and CD is the over

burden pressure W/A kg/cm2 where W is the combined weight of the static load and the
ice formed (kg) and A is the area of the piston in cm2. The total pressure change across
the membrane is the segment AD. This represents the hydrostatic excess pressure in
the solution with respect to the liquid beneath the membrane. With no flow through the
membrane, the hydrostatic excess pressure would equal the difference in osmotic pres
sure between the solutions above and below the membranes. If flow is taking place with
a velocity v , the osmotic pressure must exceed the excess hydrostatic pressure by an
amount

d L v
s m s

103K
kg/cm2

where L is the thickness of the membrane and K is its permeability to water. Thus,
— m —m '

IT - TJ = AD +
ss s

d L v
s m s

T03~K
(5)

where ss refers to the solution above the membrane (Fig. 1). If the thickness of the
solution is small, the velocity of heave, v, , is simply related to the velocity of flow v :

Vi = -j— v
h d. s

i

where d. is the density of ice. Substituting for the components of AD,

* Flow is presumed to obey the Darcy equation written in the form vg a
j is the hydraulic gradient.

(6)

-K j where
s J



ROLE OF THE ELECTRIC DOUBLE LAYER IN FROST HEAVING 5

nss - n, -£ +ti, n. zs +dss zss>+(^ +£» ) ^ vh. (7)
N s m

The temperature at the ice water interface in the solution model will be less than OC.
The magnitude of the depression of the freezing point is determined by the following:

1. The freezing point of water is depressed by increasing pressure (0.0073p)C,
where p is pressure in kg/cm2. The overburden pressure will control the magnitude of
this effect.

2. The freezing point of water is depressed by the presence of solutes about (1. 86c)C
where c is concentration of solute particles in moles/liter. For a solution of osmotic

pressure IT, the freezing point is depressed ( ' ?IT)C, or (0.080 II)C, wherell is in
kg/cm 2.

3. The freezing point of water at a convex ice interface is lower than at a planar
interface. According to Jackson and Chalmers (1956), the depression of the freezing

point from this cause will be Te — where Te is the equilibrium temperature, a is a

constant (1.32A for water) and r is the radius of the curved surface. In the solution
model,, r is infinite and the effect is absent.

4. For ice to form at a finite rate, the temperature at the ice-water interface must
be less than the equilibrium temperature. For slow rates of ice formation, corresponding
to those observed in heaving situations, this term is undoubtedly negligible in comparison
with the others listed.

In the model described, the concentration of solutes at the ice-water interface can be
approximated from JJ using the van't Hoff equation and eq 7. Thus, for an overburden

pressure W/A, the depression of the freezing point ATf at the ice-water interface
would be given approximately by

ATf={o.0073W+0.080rW+d^ +(£. +£») J. vh+IIsl}c. (8,

The soil model

Heaving in a soil model is similar in most respects to that in the solution model. The
basic mechanism is identical. The systems differ by substitution of electrical restraints
upon the osmotically active solution for the semipermeable membrane of the solution
model.

Figure 3 presents the soil analogue of the solution model (see also Fig. 4). The pres
sure diagram is essentially the same with the following qualification: In the solution
model, the horizontal portion of the pressure-elevation curve coincides with the location
of the semipermeable membrane which is assumed to be quite thin for the purposes of
the figure. In the soil model, the horizontal portion of the curve corresponds to a path
from the base of the ice lens opposite a pore containing unfrozen water along the ice
water interface to a point above a soil particle.

For the soil model, the analogue of eq 7 of the solution model is

d Z L d.
Mg s s s i

He ' ns = AT + "TCP" + K~ TP vh
d Z L d.

... = ift + -4^+ ^ ™ vu (9)
s

where IT is the osmotic pressure at the ice-water interface, and A' is the horizontal
c • r —
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Figure 3. Soil model of frost heaving system (see Fig. 2). Left: Saturated soil
column supports loaded ice lens, but is separated from it by solution comprising
the electric double layer of soil particles. Right: Diagram of distribution of pore
water pressures along a path which traverses large (field-free) passages to the
base of the ice lens, and then follows the ice-water interface to a point opposite a
soil particle.

projection of the area of the particles which "support" the ice lens. This will be some
what less than the horizontal projection of the area of the ice lens and may be approxi-

mated from the void ratio e of the soil: A > A1 >, -^—,— .
— ^ 1 + e

L

It will be observed that a term corresponding to -r=— vc has been omitted from this
Jt\. s

m

equation. The reasons for this will be discussed in the following section.

The freezing point depression at the ice water interface is represented by an equation
of the same form and origin as eq 8 obtained for the solution model.

ATf =10.0073 ^ +0.080
--„ d Z L d.
W s s si

103 103K
TI + T\ C. (10)

Observe that a term for the curvature r of the ice-water interface has been included

in this equation. In writing this equation, a term which is positive infers a lowering of
the freezing temperature. Using this convention, r is considered positive when the ice
is bounded by a convex surface, and negative when it is concave.

Jackson and Chalmers' remarks (1956) on the relationship between temperature and
the curvature of the ice-water interface are of interest at this point. For a convex ice-
water interface of a given radius, the crystal can grow only if the temperature falls
below a certain critical temperature which is less than the "equilibrium" temperature
for a planar ice-water interface. Thus, the temperature must be below the ice point
if an ice lens is to be propagated through a capillary "neck". This fact is useful in the
present theory to explain why ice fails to penetrate the pores when the temperature of
the ice-water interface opposite a soil particle is depressed by pressure and solute
effects. Otherwise, it would be supposed that water in the pores which feed the double
layers active in the heaving process would freeze, hindering recharge of the double
layer. In the case of coarse particles, and large-pores, this limitation must be taken
into account.

Jackson and Chalmers infer that the depression of the freezing point at the frost
line will be between 0C and the temperature at which ice can be propagated through the
pores. They acknowledge the presence of an unfrozen film between the particles and
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the ice, attributing its presence to the effects of "adsorption forces" and state that it
has an "equilibrium thickness" under given conditions (op. cit. , p. 32). One would
conclude from their theory that, so long as supercooling of the water is sufficient to
provide the necessary free energy to lift the overburden, there is no unique relation be
tween temperature at the frost line and the other variables which appear in the foregoing
equations. The only limitation would be that the temperature could not fall below a criti
cal value or range of values corresponding to the temperature at which ice could be prop
agated through the pore system. Our theory would place a similar limitation upon the
maximum depression of the freezing point — with slight modification to allow limited re
charge through double layers bounding the particles. In addition, however, our theory
provides a basis for prediction of temperature at the frost line.

As the curvature at the base of the ice lens tends to be positive (giving a freezing
point depression) opposite a pore, and negative (giving a freezing point elevation) oppo-

•site a particle, curvature can hardly be a primary factor in determining the temperature
at the base of the ice lens, for this would require an.anomalous temperature field. We
consider it safe to neglect this factor in calculating the approximate freezing tempera
ture at the base of the ice lens, but include it for formal reasons in eq 10. In this case,
r refers to the curvature of an interface opposite a particle.

Results of sample calculations using eq 10 are given in Table I. The first three
terms in eq 10 may be regarded as: (1) an overburden pressure term represented in the
table by AT ; (2) two concentration terms with the first dependent on overburden pres

sure AT , v and the second dependent on distance above the water table, AT , •>; and
c(p) clz;

(3) a concentration term dependent on the head loss due to upward flow, AT , ,. The

two remaining terms have been neglected.

Table I shows that, under the conditions specified, the concentration term related to
depth of the water table is the principal factor affecting the freezing point at small over
burden pressures. At high overburden pressures, this term becomes negligible and the
concentration term related, to overburden pressure is most important.

Table I. Examples of calculated freezing point depressions at the base of ice
lenses with various overburden pressures.

Velocity of heave v, is 1 cm/day; depth to the water table Z and height of the
—n / — s

soil column L are both 20 cm; hydraulic conductivity of the soil K is 20 cm/

day; and the water is free of electrolyte.

Freezing point Overburden pressure
depression

(C)
0.01

(kg/cm2)
0. 1

(kg/cm2)
1

(kg/cm2)
10

(kg/cm2)

ATP 0.000073 0.00073 0.0073 0.073

ATc(p) 0.00080 0.0080 0.080 0. 80

AT , .c(z) 0.0016 0.0016 0.0016 0.0016

ATc(v) 0.00016 0.00016 0.00016 0.00016

ATf 0.003 0.01 0.09 0.9
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Particle size and heaving. Experimental studies have shown the dependence of
susceptibility to heaving on the mechanical composition of the soil. Clean, coarse ma
terials are not subject to heaving, and extremely fine materials do not heave as rapidly
as materials of silt size.

So far, discussion of double layer phenomena has mentioned only particles of clay
size. This does not mean that double layer phenomena are restricted to this fraction.
On the contrary, it is known that coarser fractions exhibit measurable exchange capacity
(Whitt and Baver, 1937). Moreover, development of double layers at phase boundaries
is the rule rather than the exception. Because of the very large specific surface of the
clay fraction, double layer phenomena are much more apparent and more easily studied
in this fraction than in coarser fractions. Swelling of coarser particles is not observed
for two reasons. In the first place, the volume of double layers in a coarse fraction
represents an insignificant fraction of the total volume, and changes in double layer di
mensions would be imperceptible. Secondly, the coarser fractions lack the planar shapes
so common in the clay fraction. This means that forces acting between neighboring parti
cles are confined to the relatively minute areas of close approach or direct contact. The
stresses at these points will be very large, compressing the double layer beyond recog
nition.

When ice lenses are present, the surface of the ice will conform to the topography of
the particles on which it rests, and the stresses will be evenly distributed over the en
tire area of contact. This situation is again analogous to that which occurs in the clay
fraction, and properties of the double layer can be expressed. From this point of view,
there would seem to be no upper limit of particle size at which heaving may occur.

An upper limit does exist, however, for two reasons. First, as pointed out by Jack
son and Chalmers (op. cit.), if the pores are large, the ice lens can be propagated
through the pores. According to Jackson and Chalmers, this suppresses heaving by
eliminating the zone of supercooled water and destroying the source of energy for the
process. Our view is different. We believe that the effect is, first, the water supply
needed to recharge the active double layers is blocked by the formation of ice in the chan
nels through which it is ordinarily conducted, and, second, the particles are enveloped
so that the upward component of the pressure developed on the ice is cancelled by an
equal and opposite component acting downwards on the lower side of the particle.

The second, and we suspect more important, cause of an upper limit of particle size
is the problem of recharging the double layer of a large particle. This process is ac
complished by diffusion of water from the periphery of the particles toward the center
of the space between the particle and the ice lens (Fig. 4). An exact solution of this
problem is difficult, but an approximate solution gives dramatic evidence of the signifi
cance of particle size. A derivation of the appropriate equations is given in Appendix C.

While heaving is in progress, the concentration of ions in the double layer will, in
general, exceed that present in a similar but static situation. Figure 5 illustrates the
results of this computation. The ordinate of this figure represents the ratio of concentra
tion increment (of double ,layer ions) at the center of the particle to the concentration at
the periphery (equilibrium dialysate) which is needed to sustain various rates of heave.
The abscissa represents particle diameter. It will be observed that this ratio is indis
tinguishable from unity for small particles even at large rates of heave. With larger
particles, however, the ratio departs abruptly from unity, at some value dependent upon

ICE LENS

//////////////////////////////////
\. ^ t. J*~ ^ *• —* ' Figure 4. Schematic representation of

~ flow during recharge of double layer.
Solid line indicates hydraulic flow, dash
ed line indicates molecular diffusion.
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Figure 5. Relationship of concentration
increment cj at the center of a disk-
shaped particle to that at the periphery
ck as a function of particle size for

various rates of heave.
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the rate of heave assumed, and climbs to large values with a very small increase in
particle size. Since an increase in this ratio requires contraction of the double layer,
the ratio has an undetermined practical limit. Therefore, for a given particle size,
there is a maximum rate of heave which can be sustained, and this rate diminishes ra
pidly as particle size increases. It is interesting to observe that the critical regions on
the curves for rates of heave from 5 cm/day to 0.05 cm/day all occur in the silt and
very fine sand range. These curves would be shifted to the left by increasing the as
sumed overburden pressure, decreasing the assumed surface charge density of the min
eral surface, increasing the assumed solute concentration of the water conducted into the
soil from below, or increasing the assumed coefficient of diffusion. In general, the
values for these quantities were chosen in such a way as to move the curves as far'to the
right (toward larger particles) as seemed to be reasonable.

The rule of thumb used to identify non-susceptible materials is that they contain no
more than 3% of materials finer than 20]a. This rule appears to be remarkably well ex
plained by the results of this computation. Beskow reported that the largest fraction to
produce measurable heaves in his experiments had particle diameters of about 0. 1 mm.

At the other extreme, where the particles are all very small, there are no large pores
in which water is readily transmitted by hydraulic flow. Indeed, in soil dominated by
clay sizes, there is reason to believe that the particles are not in direct contact for the
most part. Under these conditions, loss of water from the top of the layer of unfrozen soil
does not result in the establishment of a hydraulic gradient. The pressure at the central
planes in such a highly compressible soil is determined solely by the weight of the over
burden, and removal of water merely causes the particles to move closer together. This,
in turn, increases the concentration of double layer ions, and a diffusion gradient, rather
than a hydraulic gradient, is established. This has the effect of greatly extending the
path length for diffusion. With coarser soils, diffusion is necessary only in the film be
tween the particle and the ice lens. In the very fine soil, upward flow from the water
source is by diffusion all the way and a growing ice lens tends to obtain its water from a
thin layer of unfrozen soil immediately below it. The latter shrinks by an amount roughly
equal to the volume of ice formed, and ice lenses may be created with relatively slight
uplift. The equations presented in Appendix C do not apply to the vertical movement of
water, since they were derived for radial diffusion rather than linear diffusion, and pro
vide for a "sink" along the diffusion path which is absent in vertical diffusion. A tortu
osity factor would be included in the vertical diffusion system which is absent in the
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radial diffusion system. To make matters more complex, the tortuosity factor would
vary with particle spacing, which also determines the diffusion gradient. Thus, the
vertical diffusion problem is one of nonlinear diffusion. Methods have been developed
for numerical solution of various nonlinear diffusion problems, but such an analysis is
beyond the scope of the present work.

From these arguments, it is evident that there should be a maximum rate of heave
at an intermediate particle size. This is in accord with observation.

Overburden pressure and rate of heave. On the basis of his experiments with various
soil fractions, Beskow reported that the maximum particle size which would produce
measurable heave in 24 hours was 0. 1 mm. This is in close agreement with the impli
cations of Figure 5. He further reported that the (maximum) rate of heaving was in
versely proportioned to the cube of the particle diameter and the square of the "total
pressure". The latter corresponds to the length of the line segment AD in Figure 3.

The present theory fails to predict the relationship observed by Beskow. Instead,
one obtains an expression of the form (see Appendix D)

, . constv (max) = _^^__ (11)
R2^o7

where PtQt corresponds to Beskow's total pressure. One questionable assumption
made in arriving at this expression is that the film thickness is inversely proportional
to the square root of the pressure, a consequence of double layer theory. This corre
sponds to an assumption of very low electrolyte concentration in the soil water, and a
relatively wide spacing. At higher concentrations and closer spacings, P should be

° tot

raised to a higher power, but an exact analytical expression cannot be obtained. As
Taber (1930) points out, the initiation of a new ice lens does not occur simultaneously
over the entire area. Instead it must " . . .begin to form at some favorable point and
then spread outward. . . " In this stage A/A' is much greater than unity, and the pres
sure at the ice-water interface must exceed the overburden pressure in proportion to
this ratio. Moreover, as the particles become smaller, neglect of the effect of curva
ture of the ice-water interface may have significant consequences. Under these condi
tions, we can only surmise that Beskow's findings integrate a number of variables which
cannot be easily incorporated into the present theory.

DISCUSSION

Supercooling theory of Jackson and Chalmers

The qualitative theory of frost heaving recently outlined by Jackson and Chalmers
(1956) is based on the contention that supercooling of water in the region just below the
frost line provides the free energy needed for operation of the heaving mechanism. Our
theory leads to the conclusion that supercooling probably occurs in large pores just below
the frost line, and that the presence of nucleating agents in the soil water might, as sug
gested by Jackson and Chalmers, * be effecting in suppressing heaving, at least in some
cases, but supercooling is not considered to be a vital part of the heaving mechanism.

* The possible use of nucleating agents in controlling heave occurred to us independently,
before we received a report of the work of Jackson and Chalmers.
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The heart of the Jackson and Chalmers theory- aside from their account of the
origin of supercooling —is the following (p. 22):

The adsorbed layer has an equilibrium thickness under given conditions.
"When one of the molecules from this layer freezes, it can be replaced by another

molecule from the ice lens, or by one of the molecules from the adjacent liquid. . . "

They then present a qualitative argument that the latter is the more likely, since this
will correspond to a decrease in the free energy of the system. We do not question the
logic of their statement, but believe that it overlooks the essential fact. That is, that
the loss of a water molecule to the ice phase does not leave a "void" to be filled by a
molicule from ice or supercooled water, but represents the immobilization, in place,
of a water molecule, with an inevitable reduction in the thickness of the unfrozen film.
Restoration of this film to its "equilibrium thickness" requires that water from an ex
ternal source be incorporated into the film, displacing the ice lens to its original dis
tance. It is in this process, the recharge of the film, that energy must be expended.
This process, since it occurs entirely within the liquid state, cannot derive its energy
from a phase transition of supercooled water. The uplift occurs on recharge of the un
frozen film, and not on the solidification of supercooled water.

It is in illustrating this point that the solution model has its greatest value. In this
model, heaving is produced in the absence of soil particles, and the supercooling which
can be associated with them according to the concepts of Jackson and Chalmers. Since
the similarity of the solution and the soil model seems to have been well established by
experiments with the swelling of clays, and since this model includes a mechanism by
which recharge, and hence uplift, occurs, we conclude that supercooling is not essential
to the heaving process.

Jackson and Chalmers state (p. 26): "... A necessary part of the theory as proposed
is that soil water can be supercooled. The soil water, therefore, has its free energy
to help it freeze. If the effect were due solely to a lowering of the freezing temperature,
as has been proposed, the soil water would not be supercooled, and in this case, there
would be no free energy available to cause heave. Since the equilibrium temperature is
not altered by the proposed mechanism, ice in the soil should melt at OC. "

This statement is in direct contrast to the conclusions reached earlier in this section.
So long as the term "adsorption forces" as used by Beskow, Taber, and Jackson and
Chalmers remains vague, their effect on freezing point and recharge must remain ob
scure. If these "adsorption forces" are identified with the osmotic activity of the double
layer, their effect can be understood in terms of lowering of the equilibrium temperature
and we would expect it to be possible to halt, and reverse, the heaving process while
continuing to observe a depression of the freezing (melting) point at the frost line. In
this connection, it should be pointed out that the structure of the double layer involves
a gradient of concentration of double layer ions, with the maximum concentration at
the surface of the particle. As a result, freezing of the film proceeds from the outside
inwards, with the equilibrium temperature becoming lower and lower as the thickness
of the unfrozen solution decreases.

Freezing and melting curves obtained by Jung (1931) with clay pastes seem to indi
cate that both occur at temperatures significantly below OC.

Another interesting consequence of this theory is that water below the frost line may
be colder than the ordinary freezing point and still be at a temperature above its equi
librium freezing temperature, as a result of the freezing point depression imposed by
the double layer ions in this zone. Jackson and Chalmers would regard this water as
being supercooled. It may be, but again it may not, depending upon circumstances, and
even if it were supercooled, the degree of supercooling may be appreciably less than
would be supposed by ignoring the influence of the double layer ions on the equilibrium
freezing temperature. The double layer undoubtedly accounts for the persistence of
unfrozen soil between successive ice lenses, a common observation. When wet soil is
truly supercooled, it will usually, if not always, freeze when disturbed. The degree
of supercooling must be great enough that sufficient ice will form, once nucleated by
disturbance, to make the soil recognizably frozen.
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Beskow notes that the soil between the deeper ice lenses is in a plastic condi
tion, which infers that recognizable freezing does not occur when this material in mani
pulated in the hand. Under such conditions, supercooled soil water would freeze. A
thermocouple in this mass would easily detect freezing, if it occurred, for it is well
known (cf. Jackson and Chalmers, p. 82) that when supercooled soil starts to freeze, the
temperature immediately rises to the appropriate equilibrium temperature (Bodman and
Day, 1937). Soil scientists (Schofield and Botelho da Costa, 1938; Day, 1942.; Campbell,
1952) have experimented with this phenomenon for many years as a means of estimating
the energy with which water is retained by soil. It is likely that the discrepancy;between
the theoretical curve obtained by. Jackson and Chalmers for freezing temperature as a
function of particle size, and the measurements they-cite from Beskow represents, in
part, the effect of the double layer on freezing temperature. Here, much depends: upon
experimental conditions and techniques, but the discrepancy is in the direction which we

. would expect.

Methods of suppressing heaving

The following methods of suppressing heaving have been used or proposed. These will
be examined from the viewpoint of our theory.

1. Substitution of non-susceptible material (i. e. , clean coarse aggregate). The. ac
cepted specification with respect to maximum content of fines (cf. Casagrande, 1932) can
be justified in principle on the basis of the present theory. Even a relatively small
amount of fine material between the coarse particles and the base of the ice lens provides
a path for recharge of the double layer. This path is seriously constricted in clean ma
terial. In addition, coarse material will remain saturated only when the water table is
very close to the surface. In coarse material, the only significant conduction which can
take place is by saturated flow through relatively large pores. If these are filled with
air, heaving cannot be sustained. If filled with water, the water may be frozen at temp
eratures at which the active double layer on the particles remains unfrozen. Under these
conditions, recharge of the active double layer requires a relatively long diffusion path
through the unfrozen films. If the particles are too large, the path is too long to sustain
heaving at a finite rate. Propagation of ice into the pores tends to engulf the particles
which would participate in the heaving process, anchoring the ice lens to these particles.
Since the double layer must be contracted to some extent during actual heaving for the
tendency for recharge to be manifest, the freezing point at the base of a growing lens
must be less than that of free water in a nearby large pore, and the latter would become
blocked by ice.

2. Addition of dispersing agents. Dispersing agents for soil, clays\ may be placed in
two categories: Those which substitute sodium ions for exchangeable calcium ions, re
moving the latter from the soil solution, and those which, in addition, mask or reverse
the positive charges normally found at the edges of clay plates. Sodium oxalate is an
example of the former, and sodium polyphosphates are examples of the latter. It is not
clear that neutralization of edge charges is of significance in heaving, despite its re
markable effectiveness in preventing the formation of floes when clays, are suspended
in water.

The use of dispersing agents produces two contradictory effects, and may therefore
suppress heaving in some instances and increase it in others. The substitution of a
monovalent ion such as sodium or lithium for calcium increases the dimensions of the
double layer by a factor of two or more, providing the treatment does not, at the same
time, increase the electrolyte concentration of the system. This would tend to facilitate
recharge of the double layer, and increase the heaving tendency. On the other hand,
any clay present in the soil will tend to become dispersed (because of the increased
swelling pressure of the monovalent double layer) and may migrate with the moving water,
clogging the pores and reducing the permeability. This phenomenon is quite well known
in the extremely impermeable alkali soils of arid regions. If the^permeability is reduced
to a sufficient extent, the recharge mechanism will be effectively blocked, and heaving
will be suppressed. By careful selection of soils and rates of treatment, it is probable
that heaving can be exaggerated or suppressed with these chemicals. In special cases,
high initial rates of heave followed by cessation of heaving can probably be produced.
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3. Addition of "waterproofing" agents. From one viewpoint, a waterproofing agent
is merely a substance which is preferentially adsorbed by comparison with water, yet
does not develop a double layer when immersed in water. This should, of course, elim
inate the heaving mechanism and be very effective in suppressing heaving.

4. Addition of cementing agents. If the particles are bound together mechanically,
the growth of an ice lens beyond the normal confines of the pore is prevented, and heav
ing is suppressed.

5. Increasing the overburden pressure. The thickness of the double layer is depend
ent upon the pressure acting on its outer extremity; increasing the pressure decreases
the thickness. Decreasing the film thickness interferes with the recharge of the double
layer (cf. Appendix C) and consequently reduces the susceptibility to heaving. More-
over, increased overburden pressure depresses the freezing point at the frost line; this
increases the probability of nucleation of ice lenses in any large conducting pores below
the frost line, blocking the recharge mechanism.

6. Addition of salts. This lowers the freezing temperature of the soil water, pre
venting ice formation at temperatures which would otherwise produce heaving. Much
smaller quantities of electrolyte, particularly salts of polyvalent ions, may be effective
in another way. The presence of polyvalent cations in the system contracts the double
layer. These materials, with their higher charge, are preferentially attracted to the
mineral interface, and find their equilibrium positions at very short distances from the
particle. This means that the double layer will be reduced in thickness, and the osmotic
activity and recharge mechanism will be suppressed. In most soils, calcium salt's
would be quite effective, for calcium already constitutes the principal exchangeable ion,
and the addition of more calcium ions would not involve localized adsorption; the effect
of the increased electrolyte concentration on contraction of the double layer would be
general throughout the soil once the salts had been given an opportunity to disperse. An
admixture of ordinary gypsum, which is of low solubility, might have beneficial effects
for a longer'period than calcium chloride, which has been used for this purpose.

7. Addition of nucleating agents. Where most upward conduction occurs through
pore's large enough to be essentially free of double layer ions, depression of the freezing
point at the frost line may produce supercooled water in the uppermost pores. Nu
cleation of ice crystals in these pores might be quite effective in blocking flow and
stifling the heaving process. This requires rather special conditions, but there
seems to be a reasonable chance that the measure would be effective in silts, which
exhibit the most spectacular heaves.

Experimental tests of the proposed theory
It is believed that swelling pressure measurements of clays constitute powerful sup

port for the proposed theory. Probably the most significant independent test would be
experimental verification of relationships between freezing point depression at the ice-
water interface and the factors involved in eq 10. Since these effects are generally
quite small, design of suitable experiments presents real difficulties. A possible ap
proach would involve formation of a block of ice in which temperature transducers of
small size are imbedded. This block of ice would be placed on top of an unfrozen
column of soil and properly loaded, then,melted by controlling temperature at the top of
the ice layer and at the base of the soil column (which might also contain temperature
transducers). If the process were carried out very slowly, a reversed"heaving" pro
cess could be simulated. Eventually, one of the transducers would be exposed at the
lower surface of the ice. The temperature-time curve of this transducer should indi
cate when this condition is reached. Moreover, if the position of the transducer is
known with respect to the top of the block of ice (which is below its melting temperature
at all times, and preferably capped by metal or plastic) the arrival of the transducer at
the soil surface could be determined by measuring subsidence of the block.

Temperature at the base of the ice lens could also be estimated by extrapolation,
utilizing several transducers arranged vertically in the block. The block and its trans
ducers could be calibrated prior to use, with the position of the base of the ice lens
again determined from the elevation of the cap at the upper, colder end.
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If these tests were successful, it might be possible to cause the ice lens to stop
melting and grow, but this does not seem to be essential to establish the validity of the
theory.

Other tests might involve detailed heaving trials which would essentially reproduce
those of Beskow but with careful attention to effects produced by various species of ex
changeable ions and electrolyte concentrations.

CONCLUSIONS

Recognized phenomena associated with frost heaving are consistent with the hypoth
esis proposed in this report, i.e. , that heaving is a manifestation of the swelling prop
erties of electric double layers present at the surface of soil minerals in water. These
phenomena include:

(1) The growth of continuous lenses of pure ice.

(2) The persistence of unfrozen (but evidently not supercooled) soil between ice lenses.
(3) The dependence of susceptibility to heaving on particle size.

Heaving can be simulated in a "solution model" in which soil particles are absent.
The temperature at the base of the ice lens depends upon: (1) overburden pressure,"

(2) depth to water table, (3) permeability of the soil between the growing ice lens and
(4) distance to a conducting stratum from which water may be drawn, (5) rate of heaving.
The dependence of temperature on these factors may be calculated approximately, and
experimental verification of the calculated results presents the best test of the hypoth
esis proposed.

The supercooling theory of Jackson and Chalmers, while useful in some respects,
is considered to be incorrect in others.

The dependence of maximum rate of heave on particle size and overburden pressure
reported by Beskow is predicted qualitatively but as yet not quantitatively by the present
hypothesis.

Experimental verification of predicted freezing point depressions is possible in
principle, but may be difficult in practice.
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APPENDIX A: THE GOUY CHAPMAN THEORY OF THE
ELECTRICAL DOUBLE LAYER

The purpose of this Appendix is to review the physical basis of double layer theory
and to present a mathematical description of the double layer which consolidates some
of the contributions made by Schofield (1946), Verwey and Overbeek (1948), and Bolt
(1952). ,

Our knowledge of the electrical conductivity of solutions is based on Arrhenius'
theory of dissociation. According to this theory, crystalline electrolytes placed in a
polar liquid such as water form solution in which every particle (ion) in solution pos
sesses an;electric charge of an amount ve where e is the charge of a single electron
and v is an integer which specifies the valence of the ion.

When soil particles are placed in a dilute solution it can be demonstrated that they
acquire an electric charge relative to the solution. In this case, the solution phase,
taken by itself, must acquire an equal and opposite charge to that present on the parti
cles. In other words, the solution will be found to possess an excess of positive ionic
charge (as cations, v > 0) over negative ionic charge (anions, v< 0) in the case where
the particles are negatively charged, and vice versa. Silicate clay minerals of the
type generally found in soils of the humid temperate and subarctic regions are generally
negatively charged in aqueous solutions. This is due in large measure to a loss to the
solution of cations in exposed positions on the dry crystal. Notice that the net charge
of the solution phase (as distinguished from the solid phase) can be regarded as due to
an excess of cations, or a deficit of anions, or both, with the latter the preferred con-
cept as will be seen below.

Simple electrostatic forces will tend to attract cations from the solution toward the
solid while anions will be repelled. One might expect the entire charge anomaly to oc
cur in the layer of solution which is in direct contact with the solid surface. Here we
would expect cations to be present in greater concentration than in the neighboring
solution (positive adsorption) with anions present in smaller than normal concentration
(negative adsorption). The algebraic sum of the excess positive charge and the deficit
of negative charge with respect to neutral solution would, in the first layer of solution,
just equal the net charge >pf the solid phase. This concept of the double layer is due to
Helmholtz, and bears his name. Note that for flat particles it has the structure of a
parallel plate capacitor. The "£, (zeta) potential" of a particle is associated with this
model and purportedly represents the potential difference between the two "condensor
plates. "

The Helmholtz model of the electric double layer ignores thermal motion of the ions
present in the double layer. The Gouy model takes this motion into account and leads
to the concept of the diffuse double layer. The basic assumption of the Gouy theory is x
that the ions present in the double layer are indistinguishable from any other ions pres
ent and obey the classical laws of diffusion. Thus, as a result of random thermal mo
tions, all species of ions tend to be distributed uniformly throughout the solution phase
with all concentration gradients being dissipated. This process will be opposed by
electrostatic interactions with the charged particle. The simultaneous action of these
two processes will lead to an equilibrium distribution of ions in which the rate at which
cations migrate toward the particle as a result of its electric field is equal to the rate
at which they diffuse away from it as a result of the local accumulation of cations around
the particle., Similarly, the diffusion of anions toward the particle offsets their migra
tion away from it by electrostatic repulsion.

It is convenient to approach the system in terms of the forces acting on ions of any
species present in a small element of volume somewhere in the double layer. Let us
consider a planar particle with perpendicular distances from the surface assigned the
"x" direction, with x increasing with increasing distance from the particle.

The "diffusion force" can be visualized in terms of the gradient of the osmotic-pres
sure n. The latter is, by definition, the force per unit area which must be exerted on
a solution to prevent spontaneous changes which would culminate in a uniform distribution
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of solutes throughout the liquid phase. Hence

diffusion
dTT
dx

RT
dc

dx
kT

dn

dx (ai:

where k is the Boltzman constant, k = ~r , where N is Avogadro's number and n is
the number of particles of the species to be considered per unit volume. The minus
sign indicates that the force acts in a direction in which?! , the concentration c, and
n decrease. . —

For the same element of volume, the electrostatic force on the ions of the species in
question will be

electrostatic dx (A2)

where ty is the electric potential Again the minus sign indicates that when v > 0
(cations), the force acts in the direction in which the electric potential decreases.
Equating the algebraic sum of these two forces to zero and rearranging gives

_1_ dn
n dx

ve dijj
kT dx

Integration yields for cations and anions, respectively:

.+ =„+,«„ f-v^fc); n-=n-exp(-^tnx exp

(A3)

(A4)

where n+ and n~ are the numbers of cations and anions, respectively, per unit of
volume in the solution a great distance from the surface in question. This solution is
often called the "equilibrium dialysate" and is assigned zero electric potential, ip = 0,

s

The relationship of \\i, and n to distance can be obtained by introducing the Poisson
equation

d2^ 4
dx2

ttP
(A5)

where p is the net charge density and e is the dielectric constant of the solvent. It is
evident that

p = £n+ v+ e + Zn" v" e •

For a symmetric electrolyte, v+ = - v" = v and n+ = n" = n
s s s'

Hence we may write (see eq A4) for eq A6

P = nsve exp V 6 41
kT

Substituting eq A7 into A5

d2ij;
dx2

GPO 828890—4

exp

Jffn8vc ^nh (.vcjfe.

V6 ^
kT

= 2n ve sinh ( - ,ve^
s V.kT

(A6)

(A7)

(A8)
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Using the boundary condition -^- —*• 0 as x —- <x> and integrating once we obtain
dx

,, / 8-rrkTn / . \

Verwey and Overbeek use the following dimensionless variables:

y =-^ and £ = Kx ; K=J ^ 'a . (A10)
/ 8TTe2v2nc

SI ekT

The first of these, y, is a measure of electric potential while the second, £; represents
distance. Making appropriate substitutions, A9 reduces to

' & = -2 sinh (y/2) . " ' (All)

The solution to this equation for the boundary conditions given is

y = 2 In [ coth ($/2) ] (A12)

from which it follows that \

n+ = n+ coth2 (£/2) and n" = n" tanh2 (§/2) . (A13)

These distributions are sketched in Figure Al.

In these equations y — po as £ — 0. This corresponds to a plane of infinite charge
density at £ =0. -Although the surface of typical clays have relatively high charge
densities, a small but recognizable error would result from assuming that it may be re
garded as infinite. By retaining, for mathematical simplicity, the (imaginary) plane of
infinite charge density as the-'b rig in for x and £, we may calculate the position at which
a plane having the charge density of the clay would occur with respect to this origin,
assigning x0 and £0 as the "distances" of this plane from the origin.

If the charge density of the mineral surface is cr,

n ekT , |
o- = -4, 757M (A14)2tt dTI e =.eo

and we find that

/2n ekT /2n ekT ., =^^ csch g„ a 7—5 fo . . (A15)
Hence x0, the distance of the particle surface from the imaginary plane of infinite charge
is given by

-- ~ EkT 2- £kT X " (A16)
0 2ttv€ cr 2ttNc v W

where cr = ^—> a dimensionless variable expressing surface charge density. Evaluating

the constants, it is found that at OC,

^ ^ 0.34,10-.' A (A17)
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For the case of two parallel plates the solution of eq A8 is given by

3T = " n/ 2 (cosh y - cosh yc) ~ (A18) -

where the constant of integration is evaluated by specifying that y = y at a plane midway

between the parallel plates. At this plane, symmetry requires that -^X =0.

Rearranging and making substitutions indicated previously gives

cY\ dy rXc
J [exp(y) +exp (-y) J - .Leap (y_) +exp(-y_)] = KJ dx ' (A19)
oo 0

The integral to the left may be put into the general form of a complete elliptic integral
of the first kind by substituting exp (-yc) = sin a and exp (-y) = sin a sin2 cj>. _The final
result is (see Verwey and Overbeek, 1948):

IT

Kxc =2exp(-Z^) f d4» . (A20)
q \l 1 - exp(-2yc) sin2 §

A short table of values of Kx as a function of y is given by Bolt and Miller (1955).

Figure A2 is a sketch of cation and anion distributions in the region between two
parallel plates. The gradient of the osmotic pressure (see eq Al) is proportional to the
gradient of total ion concentration - N

d_ _ kTd_+__r_ _ __ kTdcosh y ;
dx dx s dx v '

Integrating gives the swelling pressure equation

Psw = ^c " ns = 2kTns (COSh yc " 1] = 2RTcs (COSh yc - X> <A22>

where llc is the osmotic pressure at a plane midway between parallel plates (\\i « iJj »

y = y ) and TTS is the osmotic pressure of the equilibrium dialysate.

A clay suspension confined in a closed chamber but given access to equilibrium
dialysate through a porous filter capable of retaining the particles will exert a pressure
on the walls of the chamber which exceeds the pressure in the equilibrium dialysate by
the amount Psw in eq A22.

If the walls of the chamber are inert (devoid of a double layer) the boundary conditions

at this wall [-^- = 0 ) are for practical purposes the same as at the central plane just
described. If ice is essentially inert (by comparison with the mineral particles) the-re
lationships for IT , x , i\t , etc. obtained above describe the unfrozen film of water

c C *-*

between an ice lens and a mineral particle.
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4,ns

Figure Al. Sketch of distribution of
cations, n+, and anions, n~, in the

electric double layer.

A5

Figure A2. Sketch of distribution
of cations and anions between par
allel charged plates. Ordinate is
at plane of infinite charge density

with surface of clay at £0.



APPENDIX B: HEAVING IN THE SOLUTION MODEL.

Let eq 7 be applied to two states of the solution model which differ by the amount of
ice present, but have identical rates of heave.

Writing eq 7 for the two states and subtracting we obtain

d.

n ' - n
ss ss 103 v ss ss

d Z ) + —L (z.1 --Z. )
ss ss 103 v 1 i'

(Bl)

where Z. = thickness of ice present on the underside of the piston in Figure 2,

If the solution,exhibits ideal behavior,

Z

XL Z ' "ss
ss

IT.

We may also assume that d ' = d , nearly enough.
• ss ss

The heave, H, will be:

H = (Z.1 - Z. ) - (Z ' - Z ) .
v 1 1 ss ss

Combining and rearranging, we obtain

H = (Z.1 - Z. )
v i i

dss + Z x"l0 3

d.

n,

(B2)

(B3)

(B4)

Since

, nss
ss Z x 103

is always less than unity, H is always greater than zero.

ss

Hence, the formation of ice in the solution model will always result in heaving. More
over, as the thickness of the solution layer decreases, the heave approaches the thick
ness of the ice formed.



- . APPENDIX C: RECHARGE OF THE DOUBLE LAYER

When ice forms at a uniform rate over the base of an ice lens, recharge of the double
layer will be accomplished by lateral diffusion of water from the periphery of each parti
cle toward the center of the space between the particle and the ice (Fig. 4). This re
flects the increase of ion concentration in the region depleted of water by freezing. At
a steady state of heaving, ions constituting the double layer increase in concentration
toward the center, but do not move relative to the particle. Thus movement of water may
be regarded as a stream flow toward the center with the ions diffusing "upstream" but
making no headway. In considering this system, the concentration may be regarded as
having two components: (1) a "static" concentration corresponding to that which would
exist in a static situation with the system subject to the same stresses except for-the
absence of heaving, and (2) a "dynamic" component which represents the increment of
concentration over the static concentration which is present while heaving is in progress.
We need to consider only the dynamic component.. The equation for diffusion, D, in the
presence of stream flow of velocity v is given by Jost (1952).

^-= DV2c' - V.(vc')- (CI)
dt

where c' is the (dynamic) concentration of solute and V is the divergence operator.
r>C 'For this case -^- is approximately zero. Assuming that c1 has axial symmetry,
3t

eq CI becomes

Di(rft = -^-(c'v ) :(C2)
dr x dr ' dr v r

The continuity equation for this system may be written . .

* •<ds7> +i ds = Pds (C3)
where d is the density of water and (3dg is the mass of water lost to the ice phase

per unit time per unit volume of liquid. To a good approximation, d is constant in

both space and time coordinates and eq C3 becomes, in cylindrical coordinates

I * (rv j"- p . * - - (C4)
r dr r '

If vr = 0 at.r = 0, the solution to eq C4 is

vr = _-(3r. . - (C5)

The mass of water entering the space between the particle and the ice lens per second is

Q = 2irRU - x0)d v (C6)

where R is the radius of the particle face and (x - x0) is the thickness of the unfrozen

film. This quantity must equal that lost to the growing ice lens, namely itR2 d. v^,
where . v, is the velocity of heaving and d. is the density of ice. It follows that

"h'4p'xc-x')' • (c?)
i -
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Combining eq C5 and C2 and integrating yields

cr' = cR' exp [JL (R2 - r2)] . (C8)

At r = 0 this reduces to

c0' =cR' exp (£^) . _ (C9)

Values of D given in standard references for various electrolytes range from about
0.2 to 1.0 crn~7day. We have used a value of D = 0;. 50 cm/day for our calculations.

APPENDIX D: DEPENDENCE OF RATE OF HEAVE ON PARTICLE

SIZE AND OVERBURDEN PRESSURE

Combining eq C9 and C7, taking the logarithm and solving for v, gives:

4Dd (x - x0)

Vh-"^^R— lnct" <D1>
i R

If a critical value of the ratio cn'/cn' determines the maximum rate of heave, v, , .
u K h (max)

which can be sustained,

(xc " xo)
vi, / ~ \ = const — . (D2)

h (max) R^ v '
>

According to double layer theory, for low electrolyte concentrations and wide particle
spacings, (x - x0) is inversely proportional to n/ JJ -TT •

Inspection of eq 7 shows that \l Y[ - XI ^s> ^n essence, Beskow's "total pressure, "

P. ., hence
tot

_ const fT\-\\
Vh (max) = R ^r-- '

- tot

That is, the maximum rate of heave is inversely proportional to the square of the
particle size and the square root of the total pressure.
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