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SUMMARY

This report presents numerical results on the feasibility study
of the use of in-ice cooling for a power plant.

As a result of this type of arrangement, a water pond under
ice is formed. The pond size as a function of time for various
operating conditions has been computed. The associated problems
such as water temperature, power consumption, etc. , are also
studied.



ANALYSIS OF A SUB-ICE HEAT SINK FOR COOLING POWER PLANTS

- by
Chi Tien

v INTRODUCTION \ '

The object of this work is to study the possibility of utilizing subsurface ice as
a heat sink into which the surplus heat from an under-ice power plant can be rejected
and to present the results of numerical calculations for future engineering work.
The amount of heat rejected is estimated as 27 million BTU/hr with the inlet tem
perature up to 130F. The rejection of heat can be effected by either open-loop or
closed-loop arrangements. In the former (Fig. l), water is used as the heat
transfer medium. The heated water is pumped into subsurface ice and cold water
resulting from melting of ice is returned to the power plant. In the closed-loop
system (Fig. 2), glycol solution (60% diethylene glycol aqueous solution) is used as
the heat transfer medium and is cooled by passing through coils or tubes placed
in the ice.

r General analyses, based on energy requirements as well as heat transfer
considerations were made for both methods, withan attempt to determine:

(1) Time dependence of pond size

(2) Relationship between the temperature of pond water and time

(3) Effect of temperature of inlet fluid

(4) Power consumption for circulation of heat transfer medium

(5) Possible effect of convection ducting to the snow surface for the open-
loop system ,

(6) Length of coils for closed-loop system.

SNOW SURFACE

GROUND

AIR DUCT

FROM POWER PLANT

Figure 1. Graphical representation of
open-loop system.

Figure 2. Graphical representation of
closed-loop system.

OPEN-LOOP SYSTEM

Method of analysis

The energy balance from the beginning to any time t_ is given by

oo

4irr2o. (C , ,_ _„, . , _.._ r %_p'i - i «' j rx , p

f oo R

f Hdt =f 4Trr2p. (C ). (T. - T0) dr +/ 4irr*p. (C )£ (32 - T0) dr +
R R,

R

/ 4«V. (C )w (T -32) dr +(4/.3)*(Rl - R03) P£L
R

(1)
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whe re

H = Net energy input in unit time.

C = Heat capacity of ice (subscript i) arid water (subscript w)

L ?s Latent heat of fusion of ice

R0 -Initial radius of the spherical excavation

R = Radius of pond at time t_

T. - Temperature of ice at time t_

•T0 = Initial temperature of ice

T = Temperature of water in pond
P

p. = Density of ice.

The first term on the right side of eq 1 represents the increase of the enthalpy
of the surrounding ice. The second, third, and fourth terms represent the thermal
energy required to change the ice at T0 into water at T .

IT

This amount of heat is supplied by the flow of the hot water into the pond.

H = W(C ) (T. -T ) (2)
v p'w v in p' • -

where W is the amount of water circulated, T. is the inlet temperature and T is bulk
— —in ' —p

water temperature of the pond. (This expression is true for the case where there is
no convection duct). • ,

Eq 2 furnishes the basis for studying the effect of the inlet water temperature
provided T is known. The bulk temperature of the water in the pond is related to

pord size R by - '' -

H = h (4ttR2) (T - 32) (3)

where h is the natural convection transfer coefficient between the water and the ice
wall. The assumption that the pond-water temperature is essentially constant can
be justified if the amount of water circulated is small compared to the total amount
of water present in the pond. The latter quantity increases with time because of
the increasing amount of-ice.melted, and the assumption of uniformity of temperature
approximates the situation better as time increases.

If R as a function of time is known, the pond temperature —time relationship
can be ^obtained. Also the effect of inlet temperature can be examined. The natural
convection transfer coefficient is estimated using the empirical correlation suggested
by Fishenden and Saunders (1950, p. 98). •

Eq 1 will not suffice to establish the time dependence of pond size. For this,
,the temperature of ice as a function of position and....time (r and t_) must be known.
This information can be obtained, at least theoretically, by considering the heat
conduction. Eq 1 furnishes a basis for establishing an upper limit for this time-
dependence relationship.- ..-.-,

A lower limit can be obtained by solving the following heat conduction equation:

i^i =v* •- •- (4)a 8T Tj_

with the initial condition that

T. = T0 at t = 0 • (4a)
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and the boundary condition

3T-k -glI (4irR2) +'4wR2 p. L^_ , H (4b)
r x R

where a = thermal diffusivity of ice.

The solution of this will give the pond size as a function of time. The method
used is given later. ^

The effect of the convection duct is merely to reduce the net rate of thermal
energy input H. The relationship is given by

H = H0 - hA (T - T . ). (5)
u v o air'

H0 is assumed to be 2. 7 x 10? BTU/hr. A is the area of water surface at the
top level of the pond. For a given initial size A (or R) is a function of time.

In the following sections, pond size as a function of time is obtained on the basis
of eq 1 and 4. With the time dependence established, the effect of inlet water temper
ature and the temperature of pond water at various times can be obtained from eq 2,
3 and 5.

Time dependence of pond size

Differentiating eq Lwith respect to time, we obtain:

H=-4„R2p. (C V(T. - T„) ^ +/°4,rr>p. (C^t £ (T, - T.) dr +
R

+4.R*Pl (Cp), (32 -T.) g +4^. (Cp)w (Tp - 32)|5 +
R .••«. dR

+/ 4^Pi <Cp)w * CTp - 32) dr +4^p. L
R0

Rearranging, we have

H-/"WPl (Cp)i ,t . , .. ,r
dt

H-r*^9i (C >i £ (Tt -T.) dr - fR 4wr^Pi (Cp)w %- <Tp -32) dr
4.irR»p. [L +(Cp)w (Tp - 32)]

«—S . (6)
4irR2p. L ,

This inequality provides the maximum rate of increase of pond size. After
integrating we have:

Using the values

H = 2. 7 x 107 BTU/hr

L = 144 BTU/lb

p = 57. 4 lb/ft3,
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Table I. Pond size at various times for open-loop system.

Time (day) Radius of pond (ft)

Max Min

1 29.9 23.3

10 58. 0 35. 8

20 72. 6 44.4

40 91 52. 6

60 104 58. 5

80 114 63.4
100 123 67.6
150 141 78. 3

( 200 155 86.2
400 194 106

600 222 118

800 . 245 129
1000 266 138
1500 v 300 --- '

2000 334 178*

2500 360

3000 383 197*\

Basis of calculation:

(1) Initial size is taken as 20 ft
(2) The spherical pond is assumed to be completely filled
(3) The heat impact is assumed to be 2. 7 x 107 BTU/hr.

* Result of calculation using 6t = 100 days, 5r = 14. 6 ft.

R<n/780 t +R03

where t is expressed\in hours;

(7a)

100

-
•',' "' . ' ' \^~

UPPER LIMITING CASE ^^'"""^
r . ~

- -

^ LOWER LIMITING CASE "

t i i i i i i i 1 i < ' 1 > l •

R< Vl. 872 x 104 t + R03 (7b)

where t_ is expressed in days.

Numerical values of R. with R0 =
20 ft are given in Table I as values,
and are presented graphically in
Figure 3.

A more conservative estimate of

pond size is made using eq 4:

10 10*

TIME (DAY)

10s

Figure 3. Pond size vs time for open-
loop system.

T 8T. ^T. -> 8T.1 i _ l f_ i
a 3T" Br2 r 8r '

T. = To for r = R0 at t = 0

dR

dt

H+4irR2k |§ j
=UW = 4lrR2LP.

r = R

(4)

at r = R.

A numerical method is applied for the solution of this equation using the follow
ing approximations:
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T' - T

6t %

T •.'• . - T . ,
m+1 m-1

8ZT ^
frr2" ~

26r

T . - 2T + T .
m+1 m m-1

(6rf

(8)

(9)

(10)

where the subscript m indicates the value of T at the mth increment away from the
center, T' is the temperature at the end.of the time increment 5t, and T_ is the temper
ature at the beginning of the period.

N Substituting eq 8, 9 and 10 into 4, and letting (6t)a/(5r)2 = \, we obtain

T" =T +(|m)["(m+l)T ,, - 2m T +(m-l) T .1. (H)m m \2 ' j_ v ' m+1 m , ' m-1 J

For a moderately large value of m*, eq 11 can be further simplified as:

T1 =(1^ Hnr j. t "I (lla)m •^['TniTl +Tm-lJ
Eq lla has the same form as for the case of a semi-infinite solid. The difference

is that, in this problem, the boundary is advancing continuously as postulated by the
boundary condition. However, a stepwise numerical calculation is required. The
justification of this approximation has been shown in Master (1956).

The advancing rate of the boundary is given by

W =W =
H _k_ ,3Tv

4trRzpL + pL v8r'
r = R

(12)

The approximation of the advancing of the boundary after one time increment,
St, is

AR =
r H k 1/8T- 3T+V "]
L^^fjpl pL2A8r 8^r=RJ 6t. (13)

The superscripts + and - refer to the temperature gradient before and after the
moving of the boundary. This is required because the movement of the boundary
causes a discontinuity of temperature gradient at the surface (r = R). The numerical
value of (6T+/6r) _ R can be approximated by the temperature distribution as
obtained from eq lla. The estimation of (6T"/5r)r _ R presents certain difficulties.
From eq 12, it is obvious that

pL ^8r> n ^
r r = R

H

4irR<5pL
(14)

(If this is not true, it means that the pond is freezing, a situation which is not permitted
here. )

* The numerical value of m is dependent on the location as well as the magnitude of
the, increment 6r. With the moving boundary value problem, the value of rri cor
responding to the interphase condition will be a minimum at the beginning. In this
work, the initial size is taken as R0 = 20 ft with 6r taken as equal to 0.463 ft, and
m = 43. The simplification gives an error slightly greater than 1% for even the most,
significant case.

(
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Assigning (8T"/8r) _R this maximum value (for its absolute magnitude),

H k 8T+i
AR4 j

4ir!(R+^/pL ^ 9r 'r=R St. (15)

Throughout this calculation, the boundary is advanced every ten time increment.
Eq 15 becomes:

AR = 5
H

4ir(R+ARjpL
_k_ 8T+,
pL 8r I

r=R

5t. (16)

The arithmetic average of 8T+/8r for these ten time increments was used.

In the computation, for the period up to t - 10 days, numerical calculations
were carried out using St = 0. 1 day, Sr = 0. 463 ft and with St = 0. 2 days and
5r = 0. 652 ft. The boundary is advanced at the end of each day using the arithmetic
average of 8T+/8r. This corresponds to ten time increments for the former and
five time increments for the latter case. The results obtained from using different
increments are then compared and a limiting curve is' obtained from ^"-extrapo
lation (Richardson, 1927). This limiting curve is taken as the growth curve for the
pond size during this period.

A similar technique was used throughout the whole work. For times from 10 to
100 days, St is taken as 1 day and Sr as 1. 46, also with St = 2 days and
Sr = 2. 07 ft. From 100 days to 1000 days, the values used are St = 10 days;
Sr = 4. 63 ft, and t = 20 days; r = 6. 55 ft. From 1000 days to 3000 days, the
values used are St = 100 days and Sr = 14. 6 ft.

35-

30-

25

20

1 1 1 1 1 1

-8r=0652

,^A-8r= 0.463

- ^^^ -

^
^BY h2 EXTRAPOLATION

- •%r -

• i i r

-

Figure 4
results on

3 4 5 6 7

TIME (DAY)

Effect of Sjr on the numerical
pond size for open-loop system.

8

H h(4TrR2)^Tp-32J.

10

The results are presented in Table I
as minimum values. This is considered as
a minimum case simply because we are bas
ing our calculation on the minimum possible
rate of growth as shown in Eq 15. These
values are also presented graphically in
Figure 3i Figure 4 shows the effect of
increment size on the growth curve for
the period up to 10 days. Similar effects
were observed for the other time periods.

The detailed procedure used for the
numerical calculation is demonstrated in
the Appendix,

Temperature of water in the pond

With the assumption of a uniform
temperature for the pond water, the amount
of heat transferred from water to ice is
is given by:

(3)

A literature study failed to reveal any previous work along the same line. How
ever, the transfer coefficient h can be estimated from the following empirical corre
lation, originally obtained from the case of natural convection from a sphere to
surroundings.

Nu = 0. 129 [Gr. Pr]3 (17)
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Nu, Gr and Pr refer to Nusselt number, Grashof number and Prandt number.

Nu = hi/k x - (18)

Pr = C u/k (19)
P • .

Gr = g|3i3Atp2/2 ^ (20)
where h = Convection transfer coefficient

£ - Characteristic length, in this case the diameter of pond

k = Thermal conductivity

C = Heat capacity
P • ' •

|x = Viscosity

g = Gravitational acceleration

'(3 = Coefficient of thermal expansion •'..'-

At = Difference between the surface temperature and surrounding temper-
ture, i.e. T -32.

~P

The dimensionless groups are evaluated at the arithmetic average of the surface
and surrounding temperatures (i.e., (T +32)/2). /

Using a value of H given as 2. 7 x 107 BTU/hr, the temperature of the water
corresponding to different pond sizes can be obtained from eq 3. From the time
dependence of pond size established in the previous section, the temperature of the
water at different times was obtained.

The actual calculation was carried out by combining eq 3 and 17, using the
definitions given by eq 18-20:

(Nuk/2R) 4irR* (T -32),= 2. 7 x 107 BTU/hr;

i 1
Nu = 0. 129 (Pr-Y)3D (T -32)3

(21)

(17a)

where Y is the value of Grashof number for unit characteristic length and unit
temperature difference. Substituting eq 17a into 21, and rearranging, we have:

(4ttR2) (0. 129k) (Pr- Y)3 (T -32.JT = 2. 7 x 107

R =
2. 7 x 101

4ir(0. 129)k(Pr, Y)3 (T -32)*"
(22)

Values of T for various pond sizes R. are given in Table II. In the actual calcu

lation the value of R is solved as a dependent variable. This is necessary in order to
facilitate the computation work. For any given T , Pr, Y and k were evaluated at the

„- P

average temperature, (T +32)/2, and the corresponding valuejDf R was obtained from

eq 22. The detailed procedure is illustrated in the Appendix.

Figure 5 gives temperature of the pond at various times, from the information
obtained in this section in conjunction with the pond size vs time relationship established
before. Figure 5 shows that pond water temperature cannot be varied at will if the
value of H is specified. It also shows that, except for the beginning period of operation,
T comes to 40F or lower, a value near the freezing point of water.
~P
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Table II. Temperature of pond water
vs pond size, open-loop system.

R, Radius
T , Temp, of

P
of pond (ft) pond water (F)

25 74. 7

30 68. 0

40 , 60.2

60 47. 5

80 42. 1

100 39. 8

150 36.4

200 35. 0

250. 33. 8

100

90-
-

(
-

-

.^\. ^\
UPPER LIMITING CASE

_

- LOWERsLIMITING CASE /

1 • 1 ' ' 1 1

_ 80

lu 70

60

50

40

30

TIME (DAY)

Figure 5. Pond water temperature
vs time for open-loop system.-

Effect of inlet water temperature -•___'

From the previous discussion, it is obvious that the inlet temperature will have
no effect on the pond size if the total heat input is constant. Inlet temperature affects
only the,amount of water to be circulated. This can be seen by rearranging eq 2_

W =
H

(C~l (T. -T )v p'w v in p\

2.7 x 107
(C~5 (T. ~T )'v p'w v in p'

(2a)

Numerical values of W corresponding to different times with a given inlet temper
ature can be obtained from Eq 2a. Table III gives the value of W for T = 13OF and

T. = 100F,
in

Table III. Amount of water circulated vs time, open-loop system.
(Calculation based on total heat input = 2. 7 x 107 BTU/hr)

Time
W, water circulated (lb/hr)

T. = 100 T. = .30
Cday) in in

Max Min Max Min

1 12.40 x 105 8.47 x 105 5. 32 x 105 4.38 x 105

5 8.45 6. 02 4.35 3. 55

10 7.27 5.25 4. 00 3.3

20 6.32 4.79 3.7 3. 15

50 5.37 4.47 3. 36 3. 01

100 4. 88 . 4.32 3. 18 2. 93

200 4.6 4. 22 3. 05 2. 88

400 4. 45 4. 14 2. 97 2. 84

1000 4. 23 4. 08* 2. 89 2. 80*

2000 4. 15 4. 0* 2. 85 2.78*

3000 4. 1 4.0* 2. 83 2. 77*

Max values correspond to the limiting case of maximum pond size.

Min values correspond to the limiting case of minimum pond size.

* Obtained by extrapolation.
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j

Effect of convection duct

From the discussion in the section, "Method of analysis, " it is obvious that the
only effective way of reducing the size of the pond is to decrease the value of thermal
energy input H. This can be accomplished by circulating the cold surface air into
the pond through an underground duct. The transfer of heat from water to air is
essentially governed by natural convextion. The amount of heat transferred is given
by '

H = hA (T -T . ).
v p air'

(23)

A is the area of the water surface at its top level. In the change of phase from
ice into water, there is a decrease of volume and this analysis assumes the existence
of a spherical excavation. Consequently the pond is not completely filled. (This
assumption is not followed in the section for the calculation of pond size.) The empty
space V is found to be:

V = (4/3)tt(R3-R03)(1-0. 92) + (4/3)^0=

= (0. 08)(4/3)ttR3 + (0. 92)(4/3)ttR03 (24)

with 0. 92 used as the specific gravity of ice. The first term on the right side of
eq 24 accounts for the void created by volume decrease due to change of phase and
the second term accounts for the original void space. ,

If £ is the radius of the water surface, the surface area and volume of the void
space can be expressed as follows:

A = irr2;

V = (l/6)ir(R-R2-r2)[3r2-(R-R2-r2)2].

(25)

(24a)

For any given value of R, V can be found from eq 25 and then substituted into

eq 24a to give _r. With r known, A is obtained from eq 25 (Table'IV).

. Table IV. Surface area of water at its top level vs pond size for open-loop system.

Radius of Surface Radius of Surface
pond (ft) area (ft')

25 1950*

30 2580

40 3690
50 4520

60 ^ 5530

80 7970

pond (ft; area (ft')

100 11200

120 15200

140 21000

160 25800

200 3 9400

250 60600

* In this case, the level falls in the lower, half of the sphere. A method slightly
different from the one shown in eq 24a, 25 was used to evaluate the surface area.

The following-empirical equation is used to estimate the natural convection
transfer coefficient from the water surface to air (Giedt, 1957, p. 218).

h = 0. 35 (At)0-25. (26)

At represents the temperature difference between the air and the surface water. If
the rate of circulation of air is large, the air temperature can be considered as equal
to the outside air temperature. The estimation of the surface water temperature
poses certain difficulties. However, if we exclude the possibility of freezing, the
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minimum value will be 32F. On the other hand, the surface temperature cannot
exceed the bulk water temperature as obtained by eq 3, 17-22. (In the calculation
of bulk temperature, we assume the absence of the convection duct. This gives the
maximum value of H, which in turn gives the highest value for water temperature. )
Here again we have two limiting cases. The amount of heat dissipated is calculated
corresponding to these two extreme cases. The results (Table V) show that the effect
of the convection duct is not too significant. On a percentage basis, the heat dissipated
starts from less than 1% of total heat input to approximately 6% when the pond size
becomes 100 ft. Even in the most extreme cases, when the pond size is 250 ft, the
maximum possible heat to be dissipated is less than 10%.

' Table V . Amount of heat dissipation through convection ducting.

Radius
Heat dissipation Percentage of total

(BTU/hr) heat input*

Max Min Max Min

25 1. 83 x 105 7.35 x 104 0.68 0.27

30 2. 19 x 1 05 9. 73 x 104 0. 81 0.36

40 2. 77 x 105 1. 39 x 1.05 1. 03 0.55

50 -- 1. 7 x 105 -- 0. 63

60 3. 3 x 105 2. 08 x 105 1. 22 0.77

80 4. 2 x 105 3. 01 x 105 1.55 l'.ll

100 5. 58 x 105 4.22 x 105 2. 07 1.56

120 -- 5. 73 x 105 -- 2. 12

140 -- 7.92 x 105 -- 2.93

160 -- 9.74 x 105 -- 3. 11

200 1. 74 x 1 06 1.48 x 106 6.47 5.48

250 2. 61 x 106 2. 78 x 106 9.62 8.45

* Total heat input = 2. 7 x 107 BTU/hr.

Power consumption for circulation of. cooling water

Power consumption as a function of time was calculated on the basis of following:

1. Estimated distance between power plant and pond: 2000 ft

Additional equivalent length due to valves, fittings, etc. : 1000 ft '

Elevation difference between power plant and pond: 170 ft

The amount of water to be circulated has been found to vary/from 2. 77 x 105

2.

3.

4.

to 12.4 x 105 lb/hr (Table III). The corresponding optimum pipe sizes, as
given by Perry's Chemical Engineer's Handbook, are 7 and 15 in. respectively.
As a compromise, the pipe size selected was 10 in. -

By energy balance, we have:

-w = AZg/g + wf

and

wf =2fipV2/(gcD)

(27)

(2a)

where

w is the work required for pumping 1 lb- of water under the specified conditions

AZ = difference in elevation

wf = lost work due to friction
I = total equivalent length of pipe
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D = diameter of pipe

V = average linear velocity of water

g = gravitaional acceleration

g^ = conversion factor

f = friction factor.

Numerical values of _f are given as a function of Reynold's numbers and roughness
of the pipe. .

By eq 27, it was found that no outside power is required for transporting water
from the power plant to the pond because of sufficient elevation difference between
these two places. Consequently the power required for returning water to the power
plant becomes the only necessary power consumption.

Power requirements for various flow rate obtained from eq 27 and 28 are given
in Table VI. Power required at different times obtained by interpolation using Table
III is given in Table VII. An example is given in the appendix to demonstrate the
computational procedures.

Table VI. Power required for circulating cooling water.

Water rate (lb/hr) Power required (kw)

- 2.5xl05 16. 5

3 x 1 05 20.

4 x 105 27.3

6 x 105 43.6
8 x 105 63.-2

10 x 105 85,6
12 x 1 05 103.2

Based on constant heat influx of , 2. 7 x 1 07 BTU/hr.
Estimated distance between power plant and pond: 2000 ft.
Estimated elevation: 200 ft.

Size of pipe: 10 in.
Combined efficiency of motor and pump: 20%.

Table VII. Power required for circulating cooling water at various times,
(Based on a total heat influx of 2. 7 x 107 BTU/hr. )

Time (days)

Power required (kw)

T. =
in

100F T.
in

= 130F

Max j Min Max Min

1 151 98 53 40. 5

5 > 97 62 42. 5 34. 1

10 80 52.2 39 31. 5

20 66.5 47 - 36 30

50 54 43. 7 32 28. 5

100 48 42 30. 3 28

200 45 41 29 27

1000 41. 39. 8 27. 5 26.5

2000 40. 2 38. 9 27.5 26.5
3000 39.8 38.9 27.4 26.4

Max values corresponding to the limiting case of maximum pond size.

Min values corresponding to the limiting case minimum pond size.
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Conclusions

For the open-loop arrangement the following can be concluded:

(1) On the assumption that the geometric configuration of the pond is a perfect
sphere, and with a heat input of 2. 7x 10' BTU/hr, the size of the pond increases
with time. The rate of increase, however, diminishes as time increases. At the end
of ten years of operation, the maximum possible size is 380 ft, and the minimum size
is 197 ft. It is not likely that a stabilized condition will be reached.

(2) The temperature of pond water is not an independent variable. It decreases
with an increase in pond size. For most of the operating period, the temperature
comes to below 40F.

(3) The only effect of inlet water temperature is on the amount of water circulated,
if the total heat input is held constant.

(4) The effect of convection ducting is not, too significant.

(5) The power required for circulation of cooling water is found to be around 30
to 40 kw except at beginning of the operation.

CLOSED-LOOP SYSTEM

Method of analysis

The major difference between an open loop and closed-loop system is that in
the latter the heated fluid is not brought into direct contact with the subsurface ice.
The glycol solution is passed through a number of tubes or coils inserted into the ice
either in series or parallel. The transfer of thermal energy from the fluid into the
ice causes the melting of ice and the extent of melting depends on the amount of heat
dissipated. Figure 2 shows the set-up.

Heat transfer is. by conduction in the beginning. However, after a certain amount
of ice has been melted, thermal energy is transferred: (l) from the glycol solution
flowing inside the tubeto the water, and. (2) from the water to ice by means of
natural convection. Neglecting the change of water temperature (as we can, except
in the beginning), these two quantities are considered as identical and equal to the
total amount of the surplus heat to be rejected.

In the light of this reasoning, the primary problems are: (l) pond size as a
function of time for a specified constant heat influx, and (2) a means of rejecting a
specified amount of heat. To solve them, the length required for the coil or tube,
the flow rate of the glycol solution and its entering and exit temperatures, and the
amount'of power consumed in circulating the glycol solution must be determined.
Although the two problems are interrelated and interdependent, they are treated
semi-independently to simplify the analysis. The optimum combination can be
selected from a number of calculations.

Time dependence of pond size

The melting of ice, as stated before, is caused by heat released from the glycol
solution flowing inside tubes inserted into> the ice. Since the radius of the tube is
insignificant in comparison with the extent of melting to be achieved, the heat influx
can be regarded as equivalent to the presence of a line source. Furthermore, to
simplify computation, the strength of the line source is assumed to be uniform.
(This is not strictly true since the temperature of the glycol solution decreases as
it flows further down the tube, causing a variation of driving force which in turn
causes a change in heat influx. )

The thermal energy has to be transferred (l) by convection from the glycol
solution to the inside surface of tube, (2) by conduction across the wall of the tube,
(3) through the water layer and (4) into ice. In this process a major part of the
heat is used to increase both the temperature of the ice and the amount of melt-
water. This moves the ice-water interphase boundary away from the center of the
tube.
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Before attempting to solve this problem, it is necessary to decide the mode of
heat transfer across the water region. It is believed that in the beginning there is a
marked temperature gradient from the outer surface of the tube to the interphase
boundary and the heat is transferred by conduction. As melting increases, because
of the variation of water density with temperature, the mechanism of heat transfer
from the tube to the bulk of water and from water to ice is dominated by natural
convection. Although there is rio exact quantitative knowledge of the transition from
conduction to convection, some experimental work (MeAdams, 1954, p. 181) seems
to indicate that the effect of conduction begins to diminish when the distance from the
tube to the interphase boundary is greater than three times the radius of tube.

In this study, the operation time interval is assumed to be ten years. It is
obvious that, for most of the operation, heat is transferred from the tube to water
and from water to ice by convection. The mathematical representation is formulated
on this basis.

Let R be the distance from the center of the tube to the water-ice boundary, and
assume that heat transfer is one dimensional. (This is true only if the coil or tube,
is infinite in length. Based on this assumption, the pond will be cylindrical with the
height of the cylinder equal to the length of the line source. ) For r > R,

and

(&Ti • i dTi\
ai V"^" +r 9F7 =

9T.
]

8t

The boundary conditions are:,

T. = T at r = R
1 . w.

T. ^T(
• 1

dT

Q = h(2irR)(T -T.) + 7rR2(pC ) -^
^ v /v m i7 p7w dt

• ' 8T. dR
h(2irR)(T -T.) = -2irRk. —-I- + (Lp). (2-irR) -£
- 7V m l l 3r ' ~ I 'ij dt

, r=R

(29)

(30)

(31)

(32)

Q is the heat influx expressed in BTU per unit time per unit length, h is the
convection transfer coefficient from the water to the ice, and L is the heat of fusion
of ice, T is the water temperature.

To obtain an analytical expression for this problem, further simplification is
necessary. Assuming that variation,Jof water temperature with time is negligible,
and combining eq 31 and 32, we have: •< . .

>
"8T.

dRQ=-(ZirR)k. -g |̂ + (Lp). (2UR) ^ .
r=R

(33)

The solution of eq 29 together with eq 30, 31, and 33 was obtained with a technique
originally used by Carslaw and Jaeger (1959, p. 285) in a similar problem. R is
assumed as a function of time given by the following form:

R = 2\(a. t)
i

X is a constant to be determined.

(34)
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The solution of eq 25 which satisfies the boundary conditions was found to be:

T0-T
r2?i =T« - EiFxf) Ei <- 4^1)- <35>

Ei (-x) is the exponential integral and is given by the following expresion:

-ti(-x)=^^-dt. (3 6)

The constant \ is determined by evaluating 9T./9r| from eq 35, and
1 r=R ,

dR/dt from eq 34, and substituting these expressions into eq 33. After rearrange
ment, the final expression is

T -T

£_ - k. ° " e^2 =Lp a. \2. " (37)
4ir i Ei(-\2) *i v '

This expression makes it possible to determine the numerical value of \ for any
specified value of Q. This value can then be substituted into eq 34 and 35 to express
the temperature distribution in ice and the change of pond size with time.

For this problem, the amount of heat to, be rejected is estimated as 2.7 x 107
BTU/hr. Since it has been found impractical to pass all the glycol through a single
series of tubes, it is passed through a number of tubes in parallel. This means
that,instead of one pond, a number of smaller ponds will be formed by melting.

To justify the contention that the water temperature remains essentially constant,
eq 3.1 can be solved by successive approximations. The first approximation obtained
by neglecting the term dT /dt gives the temperature of water at different pond

sizes. (Table VIII). It can be seen that for R > 70 (or t > 100 days), the water
temperature becomes essentially constant. In other"words, the present analysis is
fairly reliable for most of the operation.

Relationships between pond size, time, and water temperature have also been
calculated for a flow divided into 20, 30, 40 and 50 parts respectively (Table VIII).
An example is given in the appendix. Table DC gives the total amount of ice
melt as a function of time for different types of flow division.

Flow conditions of glycol solutions inside coil

Pond sizes corresponding to different operating arrangements were computed on
the assumption that a total heat of 27 million BTU/hr is to be removed. In this section,
the necessary conditions for such a transfer of thermal energy are determined. This
includes the length of the coil, the amount of glycol solution, the exit temperature of
the glycol solution, and the size of the coil.

The temperature of the glycol solution entering the coil is assumed to be equal
to 120F. By energy balance we have:

2.7 x 107 BTU = Wn (120-Te) C (38)

where W is amount of glycol solution circulated for the individual coil, n is the number
of divisions to be used, T is the exit temperature of glycol solution.

From the heat transfer consideration,

i4f^=WVTw] . (39)
avg
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Table VIII. Relationship between pond size, time and water temperature
for closed-loop system.

15

Time

(day)

R, pond radius (ft) T , water temp (FV
w .

n = 10 n = 20 n = 30 n = 40 n = 50 n = 10 n = 20 n = 30 n = 40 n = 50

10 23 16.2 13.5 11. 3 10. 1 4.22 29.7 38.8 3.82 37.8

20 32. 5 22. 8 19.1 16. 0 14.3 39.8 38.4 37.4 3 6. 8 36.4

50 51.4 36.1 30.3 25. 3 22.6 37.4 3 6,4 35.8 35.3 35.2

100 72. 6 51 42. 8 35. 8 32 36.2 35.4 35 34. 8 34. 6

400 145. 2 102 85. 6 71. 6 64 34. 5 <34 <34 ! <34 <34

1000 230 162 135 113 101 <34 <34 <34 <34 <34

2000 325 228 191 - 160 - 143 <34 <34 <34 <34 <34

3000 398 279 234 196 175 <34 <34 <34 <34 <34

Expressions for time-dependence Basis of calculation

of pond size (l) Heat transfer restricted to one dimension.
n ' R (ft) (2) Depth of coil = 40 ft.

10

20

7. 26 n/T (t in days)
5.1 \Tt

(3) Total heat influx = 2. 7 x 107BTU/hr.

30 4.28 \TF . • . i ..•••'.
40 3. 58 \/T
50 3. 2 \/T

Table IX. Total amount of ice melted for various arrangement
for closed-loop system.

Time

(days)

100

Total amount of ice melted (ft3) ,

n = 20 n = 30 n = 40 n = 50

0. 655 x 107 0.-69 x 107 0.645xl07 0. 64 x 107
200 1. 274 1. 352 1. 29 1. 29
400 2. 61 2. 76 2. 58 2. 57
900 5.89 6.21 5.8 5. 55

1600 10.45 11.05 10.6 10.3
2500 16. 34 17.25 16. 1 16.1 .
3000 19. 55 20.65 19.3 19.4

where An is the total outside surface area for heat transfer. (T ,-T )
— , gl w7

avg

can be

taken as the difference between the water temperature and the average of the entering
and exit temperatures of the glycol solution. The water temperature is assumed to
be 3 6F. It is shown earlier that, except for the very beginning of the operation, the
water temperature is close to or even lower than this value.

U0 is the overall transfer coefficient based on the outside surface area. It is
given by:

1

U0 o A.h
i i

(40)

where h0 is the natural convection transfer coefficient from the outside of the coil to
water and h. is the transfer coefficient for glycol solution. Empirical correlations

are available for the estimation of h0 and h. .

From eq 38, 39, and 40, the necessary conditions (rate of glycol flow, exit
temperature, length of coil) for the desired heat transfer can be determined. The
actual calculation is rather tedious and requires a trial and error procedure because
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of the fact that h0 is dependent on the temperature difference between the surface of
the coil and the water, in addition to being a function of the physical properties.

For estimating h., the correlation suggested by Dittus and Boelter (1930) is used,

while the empirical formula proposed by Fishenden and Saunders (1950) is used for
h0. The physical properties of the 60% glycol solution used for this work are taken
from the pamphlet entitled Diethylene Glycol and Triethylene Glycol published by the
Carbide and Carbon Company. The results of calculation corresponding to different
flow arrangements are given in Table X.

The pressure drop and consequently the power required for circulating the glycol
solution has been computed in the same manner as for the open-loop system. The
distance is assumed to be 2000 ft and the combined efficiency to be 70%. It should be
pointed out that the term AZ in eq 27 is essentially zero in this case, because of
the closed-loop operation. An example is given in the appendix to show the detailed
calculations.

Table X. Surface area or length of coil required for heat transfer.

Case A. Flow divided into n = 10 parts; heat load is 2.7 x 106 BTU/hr

AT (F) W (lb/sec)
Area required (ft2) Equiv length of pipe (ft)

1 in. 2 in. 3 in. 1 in. 2 in. 3 in.

40
50

60

24.8

19, 8
16.4

346

419

474

406 505

500 619

585 783

1005 840

1230 1033

1390 1210

551

685

854

Case B. Flow dividedinto n = 20 parts; heat load is 1. 35 x 106 BTU/hr

40 12. 8 186 253 319 540 425 341

50 9.9 222 314 375 641 505 410

60 8. 2 262 397 513 - 772 658 561

Case C.

40

50

60

Flow divided in

8. 3

6. 6

5. 5

to n = 30 parts; heat load is 9 x 105 BTU/hr

131 180 246 379 289

155 222 , 324 456 357
195 285 432 570 459

i

268

353

472

Case D.

40

50,

60

Flow divided in

6.2

4. 95

4. 1

to n = 40 parts; heat load is 6.

102 146 231

124 185 329

151 233

75 x 105 BTU/hr

297 237

360 297

439 374

252

359

Case E.

40

50

60

Flow divided into .n = 50 parts; heat load is 5. 4 x 105 BTU/hr

4. 96
3.96
3.28

86.4

105

129

140

174

234

250

304

374

153

190

256

AT = (T. -T ) glycol; T. = 120F.
v in ex7 ° in

W = Flow rate of glycol solution, lb/sec
Size refers to the nominal standard-schedule 40 pipe. Area and equivalent

refer to required quantity for individual part. The total requirement will
times the listed value.

length
be n

Discussion and conclusions

(1) Pond size is determined on the basis of one-dimensional heat transfer (radial
direction in cylindrical coordinates) with a specified heat influx. However in the
actual situation, the end effect can not be overlooked. This is especially true when
the magnitude of the pond becomes comparable with that of its height. (From these
calculations as shown in Table VIII, the radius eventually becomes three to four times
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its height). The result of this end effect is to increase the height.of the pond and
decrease its radius at either end. The effect of the number of divisions is to reduce
the size of pond, and the extent of decrease is proportional to the square root of the
number of divisions. The total amount of ice melted is, however, essentially constant
as shown in Table IX.

(2) The surface area required for effective heat transfer corresponding to the
various arrangements is given in Table X. The equivalent length for all these cases
far exceeds the assumed depth. This implies that coil should be'used. At first the
length of the coil required is found to decrease with the increase of coil size. However,
with increase of coil size, the flow becomes less turbulent, resulting in a lowered
transfer coefficient, and the length begins to increase with the increase of size. This
trend is clearly indicated in case D, Table X.

(3) The mechanism of heat transfer throughout the water is assumed to be convec
tion. This is believed to be correct for most of the operation except for the beginning
when conduction is dominant. No quantitative knowledge on the transition from one
mode of heat transfer to the other is available at the present time. This problem is of
basic importance to the study of the melting and freezing phenomena, and consider
ation should be given to the possibility of undertaking such a study at USA SIPRE in
the future.
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APPENDIX: EXAMPLES OF CALCULATIONS

Example of calculating change of pond size with time .

This example is given to show the detailed procedure involved in computing the
change of pond size with time for the lower limiting case.

For eq lla we have s—

T = T (T „+T , )• - • • •
m 2 x m+1 m-rl '

are

The time increment and position increments used for the period 0 < t < 10 days

St = 0. 1 day

Sr = 0.463 ft.

The initial temperature throughout the ice is assumed to be consistent and equal
to -17F. ' The surface temperature for t^ 0 is assumed to be 32F.

The temperature distribution during the first ten time increments were determined
from eq lla and are given as follows:

Time
Position increme nt

increment

(day) , 1 2 3 4 5 6 7 . 8 9 10

0 32 -17 -17 -17 -17 -17 -17 -17 -17 -17

1 32 7. 5 -17 -17 -17 -17 -17 -17 -17 -17

2 32 . 7. 5 -4.8 -17 -17 -17 -17 -17 -17 -17

3 32 13.6 -4. 8 -10.9 -17 -17 -17 -17 -17 -17

4 32 13. 6 + 1.4 -10.9 - -14 -17 -17 -17 -17 -17

'5 32 16.7 + 1.4 -6.3 -14 -15. 5 -17 -17 -17 -17

6 32 16.7 5. 2 -6.3 -10.9 -15. 5 -16.3 -17 -17 -17

7 32 18. 6 5. 2 -2.9 -10.-9 -13.6 -16.3 -16. 7 -17 -17

8 32 18. 6 7.9 -2.9 -8.3 -13.6 -15.2 -16. 7 -16. 9 -17

9 32 20. 0 7.9 -0. 2 -8.3 -11.8 -15.2 -16. 1 -16. 9 -17

10 32 20. 0, 9.8 -0.2 -6. 0 -11. 8 -14.0 -16. 1 -16. 6 -17

The advance of the boundary after these ten time increments was, computed using
eq 16.

AR = 5
H

A /\,l.AR\? T4tt( R+-y-| pL

H _ 2. 7xl07x24
4-irpL (4ir)(144)(57.4)

k

pL
8T+|
9r I

6240.

k

pL
939

(57.4)(144) = 0. 114.

-)

TJie values of 9T +/9r| „ at the end of each of the ten time increments are:
r=R

Increment 6T+/6r

0

1

2

3

4

5

6

7

8

9
10

49/Sr
24.5/Sr
24.5/6r
18.4/6r
18. 4/5r
15.3/6r
15.3/6r
13.4/5r
13.4/6r
12/6r
12/6r

avg 18.5/6r
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° *--»^--'»ifei' ••''..
n r-T 6240 n „A 18.51

=0-5[^0+AR)2 -°-114 0^63J"
Assume AR = 3.3

AR = 0.5 [ll. 5-4.57] = 3.45.

Assume AR = 3.4

AR = 0.5 [ 11. 4-4. 57] =3.4.

The boundary is found to be advanced 3. 4 ft outward. In terms of distance
increment, this is equivalent to 7.3l6r.

The temperature profile at the beginning of the 11th time increment was obtained
from the following procedure. Since the boundary advances 7. 3l6jr, the temperature
at the first distance increment after moving the boundary will be that of 8. 315r_ before
the moving. The second will correspond to the 9. 31st and so forth. , By interpolation, at
the beginning of the 11th time increment, the temperature profile is found to be

Location Temp (F).

0 32

1 -16.3
2 -16.7
3 -17

4 -17

,5 -17

The same procedure is used to find the temperature distribution of the next ten
increments, followed by the adjustment of the boundary and, consequently, the finding
of the temperature profile at the beginning of the 21st^time increment. This procedure
is repeatedfor all the remaining calculations.

Example for finding pond-water temperature as a function of pond size

From eq 22 we have

4ttR2(0. 129k)(Pr, Y)1/3(At)4/3 =2. 7x 107

or

The quantity on the right side depends on the pond temperature T . Numerical
values of Pr« Y and k corresponding to different temperatures of water, can be found
in most of the heat transfer books (see Giedt, 1957). For any particular value of
T , we can evaluate Y, Pr and k at T = (T+32)/2 while At = T -32. Consequently
—p - - - avg A p p
we can evaluate R for various values of T .

The temperature of water in a pond of any size is obtained through this procedure.
For example, for T = 68F, T =(68+32)/2 = 50F; At = 68 - 32 = 36F. With the

P avg 1/3 4/3
numerical values of Y and Pr given by the reference, (0. 129k) (Pr-Y) (At) is
found to be 2. 385 x 10* and R is found to be 30 ft. This procedure is repeated and the
final results are summarized in Table II.
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Example of determination of power requirement

From eq 27 and 28 we have

-w= AZg/gc+2f* V2/(gcD). ,

The given information is

AZ = 170 ft.

i = 2000 + 1000 = 3000 ft.
P

D = 10 in.

Assuming a flow rate of 6. 0 x 105 lb/hr, the linear average velocity Vis 4. 08 ft/sec.

The Reynold's number is

Re = DVp/u = (10/12)(4. 08) (62. 4)/(6. 72xl0"4)

= 3. 79 x 105.

f = 0. 0042 (from Perry's Handbook, p. 322, Fig. 23)

and -w = 170 + 2(0. 0042) (3000) (4. 08)2/(32. 2) (10/12)

= 170 + 22. 65 = 192. 65 lb^-ft/lb .
f mass

Theoretical power required:

Combined efficiency is assumed to be 70%.

Actual power required:

43. 6/0. 7 = 62.3 kw.

Example of determination of pond size as a function of time for closed-loop operation

Assume the flow is split into ten parts and the depth of each series of tubes is
40 ft. The strength of line source Q, in eq 37 becomes:

Q=-T^rr™ BTU/hr-ft =1. 62 x 106 BTU/day-ft. i

The initial temperature of ice is taken as -17F. The physical properties of ice
are as follows:

L =144 BTU/lb
i

p = 57.4 lb/ft3 , ,

k., = 0. 0055 (C. G. S. units) = 30. 8 BTU/ft-F-day

a. = 1. 07ft2/day.

Substituting these values into eq 37, we have

1-62x10* . 3Q.8,.-^-^ e"X2 =(144)(57.4)(1.07)X2
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or

86 +eTT^j 5-85X2>
By trial and error, it is found that

\ = n/IXT = 3. 51

and

i.
R = 2X(a.t)2 = 7.26 \ft.

v l '

It is interesting to find the pond size assuming that no significant amount of heat
is dissipated into the surrounding ice. This corresponds, to the upper limit established
in the open-loop system. By energy balance, we have:

(l.62xl06)t'• = (ttR2)P [L+C (32+17)].

= (ttR2)(57.4)(129. 5).

This gives

R = 7.31 n/T.

By comparing these two expressions, the error introduced through this assumption
is found to be less than 1%.

Example of determination of coil length and power requirement

When flow is divided into 10 parts, the inlet and outlet glycol temperature differ
ence is 40F, and the size of the coil is 3 in. , the mass flow rate of glycol solution
per pas.s W is

W(T. -T )C '= 2.7 x 107/10 BTU/hr
x in ex' p

(T. -T ) • = 40F
x in ex' . ,

glycol

C = 0.76
P , •-..'•'.

W = 8. 84 x 104 lb/hr = 24. 8 lb/sec.

The Reynold's number Re for glycol solution inside the coil is

DVt= 4W =426xl04.
p. irD|J. /

The heat transfer coefficient h. for glycol solution inside the coil is given by

Nu = 0. 023 (Re)0-8 (Pr)0-3.

h. is found to be 410 BTU/hr-ft?-degF.

Neglecting the resistance due to the coil, we should have:

h.(5t).= h0(St)0 A0/A-
11 x

where h. and h0 are the transfer coefficients inside and outside the coil. A0/A. is the

ratio of the outside and inside surface area for a given length of coil. (St), is the
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difference between the glycol temperature and that of the coil wall and (5t)0 is the differ
ence between the temperature of the wall and that of the surrounding water. Also we
should have

(6t)i + (6t)o=(Tgl-Tw)
avg

The water temperature, for most times, is essentially constant and is approxi
mately equal to 36F. The inlet and outlet glycol temperatures in this example are
specified as 120F and 80F respectively. Or

(St). + (6t)0 = 64F.

•' s '
As stated before, heat is transferred from the outside surface of the coil into

water by natural convection. Consequently h0 is a function of (5t)0. This can be
obtained by trial and error. -

Assuming

(5t)0 = 47

(St). = 64 - 47 = 17

^ (St), h. = 410 x 17 = 6970
v 7i i

(St)0 h0 (A0/Ai) = 6950.

The assumption is approximately true.

Surface area required for effective heat transfer

_ 2. 7x1 06
h0 (ot)0 -

2. 7xl06
5350

= 505 ft2.

Equivalent length: 551 ft.

Since the vertical depth is assumed to be 40 ft, a helical type coil has to be
used. The geometrical dimension of the coil can be found as follows:

-Let S = length of helix
r = radius of coil

h = distance advanced per revolution
n = number of revolution.

Then

and

S = n V(2Trr)2 + h2

nh = height of coil.

For our case

S = 551 - 40 = 511 ft

nh = 40 ft

let n = 80, h = 0. 5 ft

then
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_ _ S 511
2lTr ~N/n =^"8T;

r = 1. 01 ft.

Power required for circulation of glycol solution is calculated as follows:

Total power required = power required to and from power plant + power
required for the coil.

The second term is computed as follows:

W = 24.8 lb/sec

3 in. coil is used. ID = 3.068 in. cross section area = 7.393 in.2

V
2.48x1L44

- = 7 . 19 ft/se
7 7.393x.62. 4x1.078

Re = 4. 26 x 104

f == 0.0064

2fV2|
P

sc

2 xO. 0064x (V1 9^x551
Wf 32. 2(- 068

12 )

= 44. 3 lb -ft/lb
f mass

If a larger pipe is used for transporting the glycol solution to and from power
plant, and if the same information about distance is used as for the open-loop system:

Total flow rate 24. 8 x 10 = 248 lb/sec

4W i=Re =^T- = 1. 39 x 105

f = 0.0052

4x248

tt(j|) x62.4x 1.078
V = ,n2 = 6. 76 ft/sec

2x0. 0052(6. 76^ 3000

f= 32. 2(^,
= 53. 15.

Total power required (assuming combined efficiency is 70%)

- (44 3 + 53. 15) 248
~ (0.7) (737. 56)

- 46. 9kw.
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