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SUMMARY

Linear thermal expansion coefficients of natural and artificial single
ice crystals, commercial ice, and snow-ice were determined. In the
temperature range near OC to -30C, there is no appreciable difference
in the coefficients of linear thermal expansion parallel and normal to
the £-axis of single crystals or in polycrystalline ice. There was a
steady decrease of the expansion coefficients with each succeeding
measurement on the same ice specimen. Since the total decrease was
of the order of 2xl0~6, and an error estimation yielded a value of about
4xl0~7, it is presumed that this change is due to slow annealing.
Values of C , the specific heat at constant volume, were calculated

— v r

from thermodynamic relationships. Average C /C values were

1.030. Gruneisen's constant (y) was found to average 0.78, and was
independent of temperature between OC and -30C.



THERMAL EXPANSION OF ICE

by

T. R. Butkovich

INTRODUCTION

Few accurate determinations of the coefficients of linear thermal expansion of
ice have been made. The most satisfactory, and most frequently quoted, are those
of Jakob and Erk ( 1928) . They used ice rods frozen in paper tubes with freezing
taking place radially from the outside. There was no mention of any regular
orientation of the polycrystalline ice formed. The only determinations for specimens
of known orientation are quoted by Moseley (1870) and indicate that the coefficients
of linear thermal expansion are essentially independent of the orientation.

Dorsey (1940) gives a rather thorough review of the literature and quotes values
varying between 35.5 to 73.6x 10~6 per degree centigrade in the temperature range
from 0 to -35C.

An attempt is made here to determine the effect of orientation on both natural
and artificial single crystals and on artificial polycrystalline ice of known orientation.
The technique chosen for making these determinations is considered to be of high
accuracy, easier than but comparable to the accuracy of interferometer methods.
The experimental work reported was conducted in the refrigerated laboratories of
USA SIPRE in Wilmette, Illinois.

EXPERIMENTAL PROCEDURE

The apparatus (Fig. 1) was designed for use with a Statham displacement
transducer model G7-0.15. It consisted of an aluminum block with a V-groove to
hold a 1-cm diamxlO-cm long cylindrical rod. The V-groove was inclined 45° with
the horizontal, so that the test specimen would continuously rest against an
adjustment screw near the lower part of the V-block. The Statham gage at the upper
end was calibrated outside the apparatus with a metric drum micrometer with 0.01 mm
divisions plus a vernier scale. The input and output voltages to the Statham gage
were measured with a Rubicon Type B potentiometer.

The Statham gage was attached to the aluminum V-block and the entire apparatus
calibrated with a fused quartz rod of known coefficient of linear thermal expansion.

A constant temperature bath filled
with a 60% solution of ethylene glycol,
cooled by -45C brine, was used to main
tain selected temperatures. The
ethylene glycol circulated through the
double wall of another tank in which the

aluminum V-block with the quartz or the
ice rods was placed. Temperatures
could be varied and maintained by meter
ing the brine and adding electrical heat to
the constant temperature bath.
Temperatures of the test specimens were
measured with a calibrated copper-
constantan thermocouple embedded in the
aluminum V-block within 2 mm of the

midpoint of the ice specimen. With the
fused quartz rod in place, AS. was
measured at approximately 2-deg
temperature intervals in the range -5C to
-33C. This was done several times in

both heating and cooling. Figure 2 is the~
calibration curve. Ice rods were then Figure 1. Linear thermal expansion
substituted for the quartz rod. Artificial . apparatus.
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Figure 2. Strain-temperature curve
for quartz rod in aluminum apparatus.

single ice crystals grown by J. K. Landauer
of SIPRE were used for most of the tests.
These crystals, while essentially single,
are less perfect than glacial single crystals,
and may possibly have small angle grain
boundaries. Samples consisting of crystal aggregates of known orientation were made
from clear commercial ice; these samples and a snow-ice specimen of density
0.87 g/cm3 with random c^-axis orientation were also measured. A rod made from a
single glacier'ice crystal with c_-axis normal to the rod axis was measured. There
was insufficient material for a 10 cm rod with parallel £-axis and the use of two 5-cm
rods end-to-end was unsatisfactory.

Flat steel disks, 0.23 cm thick and 1 cm in diameter, were placed on the ends of
the quartz rod, and later frozen to the ends of the ice rods. This was to ensure that
the rounded screw tips on either end of the ice rod would not penetrate the sample.
The V-groove was lubricated with Dow-Corning silicone oil, viscosity 100 cs,to
reduce any friction that might occur between the aluminum and ice or quartz.

The ice specimens were placed in the apparatus when a minimum temperature
was attained. The ice rods were usually at about -5C, and were placed in the tank
at -30C or below. From 12-16 hr elapsed before the first reading was taken.
Two readings of length and temperature were taken at approximately 2-deg (C) intervals,
and at least 3 hr were allowed for the apparatus to come to a new temperature
equilibrium. This was repeated throughout the temperature range to near OC.
The temperature was then lowered to approximately -20C to check whether the gage
was operating properly during the run.

RESULTS

Nine ice specimens were measured. These included artificial single crystals
with c-axis both normal and parallel to the rod axis, annealed and unannealed;
artificial commercial ice with both orientations, unannealed; snow-ice of random
orientation, unannealed, and a glacial single crystal with c-axis normal to the rod axis,

10.0x10

-10 -20

t, TEMP(C)

Figure 3. Typical strain-temperature
curve. Artificial single crystal, c^-axis

normal to cylinder axis, in
aluminum apparatus.
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both annealed and unannealed. On several of the specimens 2, 3, or 4 measurements
were made. Figure 3 is a typical strain-temperature curve for an artificial single ice
crystal.

Each of the 18 strain-temperature curves for ice in the aluminum V-block has
an average of 30 points in the temperature range near OC to -30C. Best fit by the
method of least square equations was determined with an IBM 650 digital computor for
each of these curves. These are of the form:

All = ao + a^ + a^2 + a3t3 + a4t4 (1)

where Aij is the total change in length of the ice specimens per 10 cm length and
t_ the temperature in degrees centigrade. A similar equation was obtained by the same
means for quartz in aluminum:

Ai2 = b0 +b1t+b2t2 + b3t3 +b4t4. (2)

From these the coefficient of linear thermal expansion of ice was determined in
the following manner.

For ice in aluminum:

Aix = Aij + AiA (3)

where Aij and Ai . are the actual changes in length of the ice rod and the aluminum
V-block respectively.

For quartz in aluminum:

A£2 = AiQ+ AiA (4)

where AH _ is the actual change in length of the quartz rod. Subtracting eq 4 from 3:

Aij = Ai: - Ai2 +AiQ. (5)

The coefficient of linear thermal expansion of quartz is for these purposes
considered constant in the temperature range and

AiQ = pt (6)

where (3 is the linear expansion coefficient of fused quartz. Then the coefficient of
linear thermal expansion of ice is

dAi

a =—TJ- =a1-b1 +(3+(a2-b2)t+(a3-b3)t2 (7)

+ (a4 - b4) t3 = A0 +Axt +A2t2 +A3t3.
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Table I. Coefficients of equation of coefficient of linear thermal expansion of ice,
dAiT

Sample and
A0 Ai A2 A3

run no.

2-1 53.088 -0.4601 0.030052 -0.0006855

3-1 52.647 -0.1458 0.005529 -0.0001619

4-1 53.733 -0.05222 0.003887 -0.000002860

5-1 52.554 -0.1695 0.006310 -0.0001572

5-2 51.120 -0.2364 0.01753 -0.0004326

5-4 - 51.092 -0.2181 0.008724 -0.0001554

6-1 53.969 -0.19H 0.01349 -0.0004167

6-2 52.837 -0.07177 0.0001827 -0.00007731

6-3 52.351 -0.2345 0.01074 -0.0002503

6-4 52.341 -0.2196 0.01487 -0.0003815

7-1 53.212 -0.2522 0.01491 -0.0003842

7-2 52.399 -0.1429 0.008526 -0.0002739

8-1 52.322 -0.2543 0.01026 -0.002007

8-2 51.811 -0.2077 0.009838 -0.0002415

9-1 53.565 -0.1837 0.006648 -0.0001557

10-1 52.769 -0.1511 0.009435 -0.0002972

10-2 52.742 -0.1471 0.009273 -0.0002421

10-3 52.717 -0.2067 0.009054 -0.0002061

The coefficients _a.., Jb. were calculated, and (3 was taken from Sosman (1927)
as 0.37 x 10~6/C. The variation of the linear thermal expansion coefficient of fused
quartz is slight in the temperature range 0 to -30C and does not affect the values of
the expansion coefficient of ice within the limits of accuracy obtainable by this method.

Table I gives the values for the coefficients A0, A1( A2, and A3 in equation 7.
Table II shows the coefficients of linear thermal expansion for ice computed from
Table I with the mean values and their standard deviations.

Figure 4 a-d shows the coefficient of linear thermal expansion of ice vs
temperature for specimens 5, 6, 7 and 9. Specimen 7 and 9 are the same specimen,
specimen 9 being specimen 7 annealed. It can be seen from these curves that the
expansion coefficients of ice decrease with successive runs. But the curves do
seem to converge at -30C, near the minimum temperature where the readings were
started.

DISCUSSION

Although the values for the expansion coefficients consistently decrease with
each successive measurement, it is necessary to show the magnitude of the error in
the determinations before any conclusions can be drawn. An approximate estimated
error computation was made by standard methods using estimated errors in
measured quantities such as Ai and At (see Beers, 1953).

For the error computation

ctAt =
Ai Ai; , Ai3

+ , = «1 " €2+€3

where a is the average coefficient of expansion of ice in the temperature range
0C to -30C; At is the temperature interval for which readings of Ai and At were
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Coefficients of linear thermal expansion of each test specimen at
various temperatures, a(xl06).

Sample and
run no.

Temp (C )
Remarks*

0 -5 -10 -15 -20 -25 -30

2-1 53.09 51.46 50.85 50.74 49,62 49.97 48.27 A,S,ll,U

3-1 52.65 52.04 51.58 51.16 50.65 49.93 48.88 A,S,1,U

4-1 53.73 53.38 52.82 52.07 51.11 49.95 48.59 A,S,1, U

5-1 52.55 51.84 51.33 '50.90 50.43 49.80 48.90 A,S,_L, U

5-2 51.62 50.92 50.68 50.36 49.94 49.41 48.13 A,S,J_, U

5-4 51.09 50.20 49.63 49.48 49.38 49.07 48.21 A,S,1,U

6-1 53.97 53.03 52.99 52.46 51.94 51.11 49.13 A,S,||,U

6-2 52.84 52.47 52.06 51.54 50.86 49.95 48.76 A,S,H,U

6-3 52.35 51.42 50.83 50.40 49.96 49.29 48.22 A,S,I1,U

6-4 52.34 51.57 51.25 50.50 49.88 49.18 48.44 A,S, II, U

7-1 53.21 52.28 51.80 51.49 51.06 50.23 48.69 A,P,±, U

7-2 52.40 51.87 51.55 51.25 50.76 49.88 48.39 A,P,±, U

t 8-1 52.32 51.28 50.60 50.14 49.73 49.24 48.71 A,P,J_, U

t 8-2 51.81 50.99 50.48 50.09 49.66 48.99 47.91 A,P,J-, U

9-1 51.86 51.09 50.54 50.08 49.60 48.99 48.13 A, P,±, An

10-1 52.77 52.21 51.90 51.62 51.14 50.24 48.70 N,S,1, U

10-2 52.63 52.04 51.73 51.49 51.08 50.30 48.90 N,S,1, U

10-3 52.17 51.88 51.35 50.96 50.56 49.99 48.45 N, S,l,An

Mean a 52.52 51.78 51.33 50.93 50.41 49.77 48.51

Standard

Deviation
±0.62 ±0.82 ±0.75 ±0.75 ±0.70 ±0.55 ±0.32

* A - artificial ice

N - natural ice

S - single crystal
P - polycrystalline ice
II - parallel to cylinder axis
_L - normal to cylinder axis
U - unannealed

An - annealed

t Snow-ice specimen

taken; g|-, e2, and e3 are the strains measured for ice and aluminum, quartz and
aluminum, and the quartz rod respectively.

^-Jlaft) 6<At>]2 +[d(tl-d:2 +0) »(«.-«, +.,)]:



55xl0"s

•^ 50

55xl0-br

^ 50

and

THERMAL EXPANSION OF ICE

-10 -20

t, TEMP(C)

a. Sample 5

10 -20

t,TEMP(C)

55XI0"6,-

*t- 50 -

•-RUN 1
~~^^^

x-RUN 2

•" -—-—i_____ A-RUN3

+ -RUN4

•*"----.
*- '""""•'̂ •^
- Xs""**>s/S

"~^*"^^^\

-

^i

"

i

• - RUN 1

x - RUN 2

A-ANNEALED

-# 9 1

J

J- 50 -

-10 -20

t,TEMP(C)

b. Sample 6

c. Sample 7 and 9 (annealed)

-10 -20

t,TEMP(C)

d. Sample 10

Figure 4. Typical coefficients of linear thermal expansion of ice,
a, vs temperature, showing decrease in coefficient with succeeding runs.

6a /r 6(At) I2 5e\ +5^1+ Qgj
a VL At J (?1-62+e3)2

6(t), the error in the temperature, was estimated at 0.03C; At, the intervals for
which readings were taken, averaged 2C. 6ei and 6e2 were taken as the standard
deviations for the data from the equations supplied by IBM; ej and e2 > tne average
total measured strains, are 9.0xl0~4 and -6.6xl0"4 respectively. 6€3 is the
deviation for the coefficient of linear thermal expansion of fused quartz from
Sosman (1927); e3, the strain of the quartz rod, is computed for its expansion
coefficient in the interval OC to -30C. The second term under the radical is small

compared to the first, and can be ignored. da/a was then divided by an adjustment
factor \Z~rT where n is the number of pairs of points on the a vs t curves.
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There was an average of 1 6 pairs of
points on each curve, and n = 1 would
be for any one pair. Since 16 such
pairs were used to obtain the smooth
a vs t curve, \Tn~ would lie between 1
and 4, probably near 2. For \Tn~ = 1,
6(a) = 7.5x 10"7 and for s/~n = 2,
6(a) = 3.8 x 10"7. 4x 10"7 is taken as a
good estimate of the error in a at any_t.

The variation between successive

runs on one crystal is of the order
2 x 10, much greater than the
estimated error. Figure 5 is a graph of
the equation of the coefficient of linear
thermal expansion of ice determined
from the mean values of the linear

expansion coefficient of ice (see Table II)

a • 106 = 52.5186- 0.18525t
+ 0.008854t2 - 0.00023712t3

(3V/9T)2
C -C = -T- , -E.

P v (8V/8P)T

55x10 ~6

t, TEMP(C)

Figure 5. Graph of the equation of the mean
coefficient of linear thermal expansion
of ice, determined from all data by the

method of least squares. Standard deviations
are shown. Equation of curve:

a • 106 = 52.5186-0.1 8525t + 0.008854t2
. , r . _.. -0.00023712t3.

by a method of least squares. This
determination disregards orientation,
type of ice, or grain size. This can be
used as a good average for the coefficient
of linear thermal expansion for all types of ice with a maximum deviation of
±0.8x 10 at any temperature. The standard deviations determined are considerably
larger than the estimated error. The most plausible explanation for this is that the
value of the coefficient of thermal expansion obtained from these measurements consists
of two parts: first, the actual thermal expansion,which is the larger, and,second, the
relieving of stresses present in the specimen. These stresses can be either thermal,
induced in the freezing process, or mechanical, caused by machining the ice rod.

There are two ways of relieving stresses in a material. One would be to hold the
material near its melting point for a relatively long period of time; another is
temperature cycling. Both of these take place during the course of the measurements.

The coefficient of expansion for ice does not seem to depend on the type of ice,
whether single or polycrystalline, on the £-axis orientation, or the grain size.
Table III shows the mean values for the coefficients of linear thermal expansion at
various temperatures and their standard deviations. Although slightly greater
coefficients of expansion do occur for artificial single crystals with c_-axis parallel to
the cylinder axis, the differences are less than the standard deviations for these
values. They are overshadowed by a quantity which is assumed to be the relieving
of stresses.

Values for C , the specific heat at constant volume, have not been determined
— V ipreviously for ice. The molar heat ordinarily measured is C_p, the heat at constant

pressure. C and C are related by the thermodynamical equations (Seitz, 1940):

(8)

where V is the molar volume and P the pressure.
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Table III. Coefficients of linear thermal expansion of different
types of ice tested at various temperatures, a(x 106) .

Sample and
run no.

0 -5 -10 -15 -20 -25 -30

Single - Parallel

5-1 53.09 51.06 50.85 50.74 49.62 49.97 48.27

6-1 53.03 52.99 52.46 52.46 51.94 51.11 49.13

6-2 52.84 52.47 52.06 51.54 50.86 49.95 48.76
6-3 52.35 51.42 50.83 50.40 49.96 49.29 48.22

6-4 52.34 51.57 51.25 50.50 49.88 49.18 48.44

Mean 52.92 51.99 51.60 51.13 50.45 49.90 48.56
Standard

Deviation
±0.60 ±0.65 ±0.83 ±0.78 ±0.85 ±0.85 ±0.34

Single- Normal

3-1 52.65 52.04 51.58 51.16 50.65 49.93 48.88

4-1 53.73 53.38 52.82 52.07 51.11 49.93 48.59
5-1 52.55 51.84 51.33 50.90 50.43 49.80 48.90

5-2 51.62 50.92 50.68 50.36 49.94 49.41 48.13

5-4 51.09 50.20 49.63 49.48 49.38 49.07 48.21

Mean 52.33 51.68 51.21 50.79 50.30 49.63 48.54

Standard

Deviation
±0.91 ±1.08 ±1.05 ±0.84 ±0.60 ±0.34 ±0.32

Polycrystalline -Nornlal

7-2 52.40 51.87 51.55 51.25 50.76 49.88 48.39
7-1 53.21 52.28 51.80 51.49 51.06 50.23 48.69
8-1 51.32 51.28 50.60 50.14 49.73 49.24 48.51

8-2 51.81 50.99 50.48 50.09 49.66 48.99 47.91

9-1 51.86 51.09 50.54 50.08 49.60 48.99 48.13

Mean 51.13 51.50 50.99 50.61 50.16 49.47 48.32

Standard

Deviation
±0.52 ±0.49 ±0.56 ±0.63 ±0.62 ±0.50 ±0.28

i fdv
Vl 9T

* vVsp/t

(9)

(io;

where a is the coefficient of volume expansion and X the compressibility,
v

Equation 8 becomes

TVa2
C -C = s •

p v x
(11)

From the measurements made here, the coefficient of volume expansion is equal
to three times the coefficient of linear expansion. Table IV shows calculated values
for C using values of C from Barnes and Maass (1 930) , X = 1.11 x 10"11 for ice at

—v to —p
- 16C, taken from Jona and Scherrer (1952).
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Table IV. Computed values of specific heats of ice and
Gruneisen's constant as a function of temperature.

Temp (C) C
P

C
V

C /C
P v

y
' an

y
1av

0

-10

-20

-30

0.4873
0.4770

0.4647
0.4504

0.471

0.462

0.451

0.439

1.035

1.033

1.030

1.026

0.774

0.769
0.771

0.770

0.784

0.781

0.785

0.778

All values of C and C are in cal/g-C. In developing an equation of state for metals

on the assumption of central force interaction of atoms, Gruneisen found that the
volume expansion coefficient is proportional to the heat capacity over a wide range of
temperatures (Seitz, 1940). This relationship is expressed by the following equation:

Y =

3a V
i

C X
v

(12)

Where y is known as Gruneisen's constant. For most ordinary materials y is
between 1 and 3, generally in the neighborhood of 2. The values of y for ice are
somewhat less than 1. Values of less than y = 1 have been found for quartz,
y = 0.71; for zircon, y = 0.43; and calcite.y = 0.51 (Handbuch der Physik, vol.X).

Two calculations of Gruneisen's constant were made and are shown in Table IV;
y was obtained using values of an annealed specimen (#9) for which a low

coefficient was obtained, and v was obtained from the average coefficient of linear
'av te

thermal expansion shown in Table II.

CONCLUSIONS

The following conclusions can be made from the results reported in this paper.

1. The orientation of the c_-axis; the type of ice, whether single or
polycrystalline; and the grain size do not appreciably affect the values of the
coefficient of linear thermal expansion. Ice is practically isotropic with respect to
thermal expansion in the temperature range 0C to -30C.

2. Annealing of the ice specimens occurs during the course of measurement, due
to temperature cycling and holding the ice near its melting point for an appreciable
length of time.

3. Values of Cv, the specific heat at constant volume, were obtained for ice.
The ratio of Cp/Cv averages 1.030 in the temperature range 0 to -30C.

4. Gruneisen's constant was calculated to be about 0.78 and independent of
temperature between 0C and -30C.

5. The average coefficient of linear thermal expansion of ice of any type or
orientation can be represented by the equation:

a • 106 = 52.5186 - 0.18525t + 0.008854t2 - 0.00023712t3

maximum standard deviation is ±0.8xl0"6.
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