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IV

SUMMARY

Experiments on the plastic deformation of polycrystalline ice were
carried out by measuring contraction of the inner cavity of ice cylinders
under external hydrostatic pressure. The purpose of this experimental
work is to simulate, on a very small scale, the deformation of a tunnel
in glacier ice and to get an estimate of tunnel closure to compare with
the theoretical value derived from compression or tension tests.

A hollow cylinder of ice was placed in a steel tank and high hydrostatic
pressure was applied through oil to its outer surface. Contraction of the
cavity inside the cylinder was measured continuously by the movement of
oil from the cavity to a capillary tube.

The deformation vs time curves are similar to those obtained in com
pression or tension tests by previous investigators. Minimum strain
rate was calculated from the minimum deformation rate on the curves.
Relationships between minimum strain rate £ and applied pressure p,
or between i and the circumferential stress at the surface of the inner
cavity differ from the power law of the type

• _ n
e - ao"

Dependence of n on the stress is discussed and the results are com
pared with results of previous laboratory tests and glacier measure
ments. Analysis of the shape of time-deformation curves makes it
clear that viscoelastic models proposed by former investigators do not
have much meaning in respect to the mechanism of plastic deformation
of ice.



PLASTIC DEFORMATION OF HOLLOW ICE CYLINDERS UNDER

HYDROSTATIC PRESSURE

by

Akira Higashi

INTRODUCTION

Many investigations on the plastic deformation of ice crystals have been carried out.
Recent reliable experiments on the creep or plasticity of the ice are those of Gerrard
(1952), Haefeli (1952), Glen (1955), Jellinek (1956), and Landauer (1957). Except for
those of Glen and Jellinek, these experiments utilized closure of tunnels or boreholes
in glaciers in the Alps or in Greenland.

Glen carried out his laboratory experiments by compression tests. He obtained a
flow law which stated that the minimum creep rate was proportional to the third power
of the stress. This law was applied to the results of tunnel experiments using the theo
retical interpretation by Nye (1953). Landauer also found that his results with tunnel
closure coincided approximately with this law.

However, experiments on the contraction of the inner cavity of ice cylinders under
high hydrostatic pressure might give results more applicable to the closure or collapse
of tunnels in glaciers, which is a current problem in arctic engineering.

Commercial polycrystalline ice and also artificially made snow-ice were used in the
tests. Cylindrical ice specimens with one closed end were deformed plastically under
hydrostatic pressure. The pressure range was chosen to cover higher pressures than
those which had been obtained in tunnel experiments hitherto.

APPARATUS

A steel chamber which was used by Rigsby (1957) for experiments on shearing de
formation of ice under hydrostatic pressure was employed as a pressure chamber in the
experiments. An ice cylinder of about 95 mm height was mounted on the base plate of
the chamber with a detachable mounting plate. The inner cavity of the ice cylinder was
connected to a small hole at the center of the base which in turn was connected to a

capillary tube. The capillary tube was used to measure the contraction of the inner
cavity of the ice cylinder. Various types of capacities and graduations of the tubes were
used according to the expected volume change for each experiment. Accuracy of the
measurements was between 10"Jcm3 and 10"'* cm3. The diagram of the apparatus is
shown in Figure 1.

Hydrostatic pressure from a nitrogen
cylinder was applied through the oil in
the chamber. The oil was supplied
through a funnel connected to the tube
between the pressure chamber and the
nitrogen cylinder. The pressure was
kept constant within 1 psi by a pressure
regulator on the nitrogen cylinder. The
pressure was checked by means of a
pressure cell connected to the top of the
chamber.

Temperature of the specimen was
controlled by keeping the chamber in a
constant temperature enclosure. The
temperature in this box fluctuated more
than 1C, but the oil and the chamber
damped fluctuations so that the temp
erature as measured by a thermocouple
in the chamber was constant within

0. 1C.

FUNNEL FOR OL

I 1PRESSURE
REGULATOR

NITROGEN

CYLNOER

Figure 1. Apparatus for measuring de
formation of hollow ice' cylinders under
hydrostatic pressure. Scale is arbitrary

except around the chamber.
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SPECIMENS

Almost all the tests were carried out with specimens of commercial ice. Mean grain
size of this kind of ice was several milimeters. Some of the specimens consisted of bun
dles of columnar crystals. Ice cylinders from these specimens were cut with the cylinder
axis almost perpendicular to the direction of the crystal columns, in order to expose many
crystals on the inner wall. An example is shown in Figure 2. In spite of these columnar
structures, the overall distribution of the orientation of the individual crystals was be
lieved to be random.

Artificially made snow-ice was also used. To reduce air bubbles, compacted snow
was evacuated with a vacuum pump before water was filled into the container. Complete
air-free snow-ice could not be obtained. A typical example is shown in Figure 3. A
few air bubbles can be seen; the density of this snow-ice was about 0. 907. The size of
the grains of snow-ice was approximately 1 mm diam and it was rather more homogene
ous than the commercial ice.

Ice cylinders were machined by lathe in a cold room at -IOC. Special attention was
paid to the drilling of the cylindrical cavity, because, when the drilling speed was too
high, some cloudy layers appeared in the ice. Such a layer is considered to start from
a place of strain or fault caused by drilling. Moderate drilling speed proved best to
avoid such damage.

Diameters of the inner cavity before and after the experiments were measured on a
thin horizontal section of the ice cylinder, frozen to a glass slide. Under a microscope,
the diameter can be measured to 0.01 mm. Figures 2 and 3 are photographs of such
sections.

Selection of the size of the ice cylinder was governed mainly by the size of the pres
sure chamber. The length was about 95 mm. To get a fairly large ratio of length to
diameter of the cylinder, the outer diameter was about 26 mm. The inner diameters
were about 2. 6, 5.1, and 10. 5 mm. Except for the one with 10. 5 mm ID, the cylinders
can be considered as having a thick wall. The thickness of the ice at the top of the
cavity was about 20 mm.

The specimen was frozen on a mounting plate whiah has a rough surface of fine
grooves and a small hole in the center. The mounting was done in a cold room at -10C.

Figure 2. Photomicrograph of a thin
section of ice cut perpendicular to the
cylinder axis (under crossed polaroids);
commercial ice, sample 13 after tests.

Figure 3. Photomicrograph of a thin
section of snow-ice perpendicular to
the cylinder axis (under crossed polar

oids); sample 14 after tests.
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EXPERIMENTAL PROCEDURES AND RESULTS

Before placing the mounting plate with the ice cylinder on the base plate, the cavity
was filled with silicone oil by syringe. The same kind of oil was used to fill the con
necting tube up to the zero level of the capillary tube. Oil of 10 centistokes viscosity
was selected in order to get rapid response in the narrow tube at the low temperature.
A little skill was needed to attach the mounting plate on the base plate of the chamber
without letting air bubbles into the cavity. The oil level in the capillary tube was ad
justed to about the zero point of the scale. After the mounting plate was tightened to
the base plate with screws, the top of the chamber was screwed on and the chamber was
filled with oil.

The pressure was applied quickly. Taking this time as the point of time origin, the
rise of the oil meniscus in the capillary tube was read. The intervals between readings
were short in the first stage, during which the deformation rate was very rapid, but
after about two hours, once an hour was quite sufficient. In the final stage, several
hours' interval was permissible.

Duration of each test was about 45 to 80 hours. As in Glen's (1955) tests, more than
40 hours were required to reach the nearly linear stage of creep (minimum strain rate).
After enough time had passed to measure the strain rate in the linear region, the pres
sure was released instantaneously. This pressure release caused an abrupt fall of the
meniscus of the oil in the capillary tube, which was considered to correspond to the
elastic part of the deformation.

Usually other tests at different pressures were carried out on the same specimen
after one or two days interval. Figure 4, a typical example of the deformation curves,
shows the results of successive tests on sample 9, which had 5. 1 mm initial inner
diameter. It can be seen that the capillary rise during the 100 psi test started from
39 x 10 "3 cm3, which the curve of the 50 psi test had approached asymptotically after
the pressure was released. The starting point of the 150 psi test is at the same level
as the asymptote of the final curve of the 100 psi test. Each curve reached the constant
rate of creep after about 40 hours. Minimum creep rate was calculated from these
linear sections of the curve.

Another example of the deformation curves is shown in Figure 5 for sample 8, with
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Figure 4. Time vs deformation of inner Figure 5. Time vs deformation curves of
cavity of ice cylinder; sample 9. Numbers inner cavity of ice cylinder; accelerated
at the left of ordinate show the starting creep curves for sample 8.

points for each curve.
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26 mm outer diameter and 10. 5 mm inner diameter. In this figure, the actual deforma
tion is plotted. The curve for 75 psi is plotted at different scales for both deformation
and time (indicated by "75 psi modified"), as the rate and magnitude of the deformation
were too large to plot at the same scale as the other curves. The curves have different
features from the ones in Figure 4. After the decrease following the initial stage of rap
id increase, the curves have increasing slope. This type of curve is generally called a
curve of accelerated creep. In this case the minimum strain rate was obtained from the
minimum slope of the curve between the initial stage and the accelerated part.

All the experimental results are shown in Table I. Differences in initial inner diam
eter in different experiments with the same specimen were due to the permanent def -
ormation of the cavity during the experiment.

Examination of thin sections of the ice cylinders after the test, under a microscope,
sometimes revealed that a particular grain at the wall of the cavity moved inward more
than others. In general, the cavity contracted uniformly and kept its circular shape
fairly well.

ANALYSIS OF THE DATA

To obtain the minimum natural strain rate, the deformation rate shown in Table I
must be divided by the volume of the cavity at the time when this minimum deformation
rate was reached. This volume was calculated from the initial volume of cavity minus
the decrease of volume shown by the total rise of the oil meniscus in the capillary tube.
As the strain rate thus obtained is a volumetric one, it must be converted to the linear
strain rate. As the axial strain is zero for a perfectly plastic thick-walled cylinder
with a closed end (Nadai, 1950), contraction can be considered to occur only in the radi
al direction. Therefore, the linear strain rate is taken as one half of the volumetric
strain rate.

Results of these calculations are also shown in Table I. Pressure vs the minimum
natural strain rate is shown in Figure 6, where the scale on both coordinates is loga
rithmic. Relationships are grouped by the inner diameter of the cylinder and expressed
by three curves.

To compare these results with the results of former compression and tension ex
periments, the plastic parameters were obtained in the following way. If the ice cylin
der is considered as an ideally plastic material, the stress distribution in the ice will
be expressed by the following equations (Nadai, 1950):

cr = -k In —
r a

<rt = -k (1 +In |)

o- = -k (1/2 + In- )
z a

(1)

where r and a represent the current radial distance and inner radius, and k the yield
stress.

Stress components at the surface of the cavity can be obtained by substituting a for r
in eq 1. Naturally the radial component cr = 0 and the circumferential component

cr. • -k. The value of k is obtained from the relation of pressure p to the radial stress

at the outer surface of the cylinder, p = -k In —. The stress which gives rise to yielding

is the circumferential component of the stress at the inner surface; its magnitude is

p/ln|.
The relationship between minimum natural strain rate and. p/ln _ is plotted on

Figure 7. In this way the three curves of Figure 6 are generalized and the relation is
now expressed by one curve.



Table I. Experimental results

Exp. Type Sam Initial Initial Pressure Min volume Temp Volume of Natural Linear

no. of ple outer inner (psi) deformation (C) cavity when volume natural

ice diam diam rate constant strain strain

(mm) (mm) (cm3/hr) creep was

obtained

(cm3)

rate

(hr-l)
rate

(yr"1)

1 Commercial 5 25.4 2.56 200 0.225xl0"3 -4.2 0.356 6. 3l6xl0"4 2. 766

2 Commercial 8 25.8 10.54 50 2.66 xl0~3 -4.2 6.385 4.17 xlO"4 1.826

3 Commercial 8 25.8 10.36 25 0.71 xlO"3 -4.2 6.176 1. 152xl0~4 0. 505

4 Commercial 8 25.8 10.08 75 33.3 xlO"3 -4.2 5.84 52.04 xlO"4 22.80

5 Commercial 9 25.7 5.08 52 0.10 xlO-3 -4.2 1. 504 0.665xl0"4 0.292

6 Commercial 9 25.7 4.98 100 0.43 xlO"3 -4.2 1.469 2.935xl0~4 1.286

7 Commercial 9 25.7 4.88 153 1.97 xlO"3 -4.2 1.399 14.72 xlO"4 6.445

8 Commercial 10 25.7 2.30 150 0.065xl0"3 -4.2 -.289 2.248xl0"4 0. 984

9 Commercial 10 25.7 2.17 250 0.68 xlO-3 -4.2 0.257 26.46 xlO"4 11.59

10 Commercial 12 26. 1 5. 18 100 5.16 xlO"3 -1.9 1.313 39.3 xlO"4 17.2

11 Commercial 13 26.0 5.12 100 0.25 xlO-3 -10.8 1. 115 2.17 xlO"4 0.95

12 Snow-ice 14 26.0 4. 14 100 0.42 xlO"3 -4.2 1. 187 3.54 xlO"4 1.55
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50 | r

20 40 60 100 200 300 500

p, EXTERNAL PRESSURE (PSI)

Figure 6. Minimum strain rate vs
external pressure. x = snow-ice
of 26 mm OD and 5. 1 mm ID. Num
bers at the points are experiment

numbers (Table I).

10 20 40 60 100 200 500

p/U-£, CIRCUMFERENTIAL STRESS IN THE CAVITY (PSI)

Figure 7. Minimum strain rate vs
circumferential stress in the cavity.

As can be seen in Figure 7, the points of experiments 2, 3, and 4 are systematically
apart from a curve drawn through other points. This is probably due to the character of
the specimens for these experiments; a cylinder with a 10.5 mm inner diameter cannot
be considered as thick-walled. This fact is also provec^ by the time vs deformation
curves in Figure 5, which showed accelerated creep after a comparatively short time of
deformation.

An interesting feature of the curves in Figures 6 and 7 is that the relationship between
the logarithm of the strain rate and the logarithm of the stress is not expressed by a
straight line. If the curve on Figure 7 is approximated by a straight line in the stress
range between 50 and 80 psi, the slope is about the same as for Glen's results. But this
curve obviously deviates from a straight line, the slope increasing with increasing stress.

Experiments 1 to 9 were carried out at -4.2C. To see the effect of temperature, ex
periments 10 and 11 were made at -1.9C and -10. 8C respectively. Specimens for these
experiments had 5. 1 mm inner diameter and sustained a pressure of 100 psi. Tempera
ture dependence of the minimum strain rate is shown in Figure 8. Though the number
of points is not sufficient for this purpose, a straight line based on the equation
i - A/exp(-Q/RT) is drawn in this figure; the activation energy Q calculated from the
slope of this line is 37.8 kcal/mole.

Experiment 12 was carried out with a specimen of artificial snow-ice (at -4. 2C) . As
can be seen in Figure 6, the value of 1. 55 yr"1 for minimum strain rate at 100 psi is near
the corresponding curve for commercial ice. It can be said that, for thick-walled cylin
ders, there is no appreciable difference in the minimum strain rate due to the grain
size in the range of one to several millimeters.

DISCUSSION

An interesting feature of the test results is that the minimum strain rate is not pro
portional to a constant power of the stress. The slope of the curve increases with in
creasing stress. Such a tendency can be seen in some previous results on the plastic
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deformation of ice and metals. Even

though Glen drew a straight line in his
plot of the double logarithmic relation
ship between minimum strain rate and
stress, his points have a tendency to the
same type of curve as observed here.
Results obtained by Servi and Grant (1951)
on the creep of high-purity aluminum re
vealed the same tendency. So it may be
said that the third power law is only an
approximation of the relationship between
the minimum strain rate and the stress

in some range of the stress. In other
words, the value of power n in the equa
tion

€ = acr (2)

is an increasing function of the stress.
Another proof of this concept is that the
extrapolation of this curve to the smaller
range of stress gives n = 1. This coin
cides with the results of Jellinek (1956)
who concluded that the plastic deformation of ice in the stress range up to 2.5 kg/cm
(35. 5 psi) obeyed the Newtonian flow law.

In order to compare the present results with those obtained . Glen's experiments
or from glacier measurements, both the minimum strain late a^a the circumferential
stress in Figure 7 should be converted into the octahedral ones. This was done by
the following calculation (Nadai, 1950).

By definition the octahedral shear strain is

3 V6t 6r>2+<€z - 6t)2+(. <z>

1 1 ' 1 i

-

v o't

-

-

°6 >so"
-

"

1 1 i

"

o -

36 37 38 39X10"*

l/T, RECIPROCAL OF ABSOLUTE TEMP. (K"1)

Figure 8. Temperature dependence
of minimum strain rate expressed by

log.0 g vs l/T.

where g , e., e are radial, circumferential, and axial natural strain, respectively.

Eliminating € by the condition of incompressibility

<r + 't+£z=0

Y is expressed as

t t z z

Then as e =0 from the condition of one closed end of the cavity,

y * ±Jj H = ±n/T er •

Therefore, the octahedral strain rate -y is

At the surface of the inner cavity

T
Y - (3)
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On the other hand, octahedral shear stress is

r = "J ^(crt - o-r)2+ (crz - o-t)2+ (<rr - <rz)2 .

°"r + °"tAs the equation y = « holds when axial strain vanishes,

. 1 /T
T - * /3 / \ • /I / I

At the surface in the cavity, as cr =0

T=Jt °t =Jl P/lnI\ ' (4)
In Figure 9, a double logarithmic graph, the data of Figure 7 are converted into octa

hedral shear strain rate and shear stress by eq 3 and 4. The shape of the curve is similar
to that in Figure 7. For comparison, Glen's data and results of Jungfraujoch pipe experi
ments by Gerrard are also reproduced (Glen, 1955; Nye, 1953). Extrapolation of the
curve for the present experiments is almost parallel with the line for Gerrard's results.
This may be another proof of the concept that the slope of the curve decreases in the range
of smaller stress and gives a result which resembles Newtonian flow.

The discrepancy between these results and Glen's data at higher stress must be in
vestigated by further experiments. However, it is quite interesting that the experiments
on the deformation of ice cylinders yielded almost the same results as the compression
tests.

A rheological interpretation of the data was tried. For this the transient part of the
creep curve must be expressed by the Voigt unit (the third term) in the following equation.

6 " E + tJI + F7 (1 " e > (5)

which is the same as the equation given by Jellinek. Therefore, the difference in strain
value between the extrapolation of the linear part at minimum creep and the actual creep
curve (called "residual Voigt model strain" and denoted by the sign c ) must be equal
to the -^t e . Hence, log € must be proportional to the time t.

When the values of ev were calculated from the deformation curves shown in Figure 4
and plotted as log cv vs time, curves as shown in Figure 10 were obtained. They seem to
have three straight segments and indicate that eq 5 must be altered to include three dif
ferent Voigt terms, Wakahama (1957) proposed an equation which has two different Voigt
terms, whereas Jellinek (1956) found an equation with one Voigt term, like eq 5. Jellinek's
results were derived from experiments of comparatively short duration (1 and 2 hr) and
Wakahama's equation was calculated from experiments covering 10 to 20 hours. So it may
be said that the number of the Voigt terms employed to interpret the deformation curve
depends on the duration of the experiment and it will not have very much physical meaning
to let the Voigt models represent any mechanism of deformation.

To clarify the mechanism of deformation, further experiments making use of different
grain sizes of polycrystals and of single crystals are needed. Observation of the contrac
tion of tunnels or boreholes at a depth which corresponds to several bars or more of shear
stress is desirable to check the validity of the results presented here.
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