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SUMMARY

The depth-density relationship of the surface snow to 30-ft depth
at three locations on the Greenland Ice Cap east of Thule is presented.
Rates of accumulation and densification deduced from the pit studies
are used in elementary mathematical expressions developed in this
report. These expressions describe a densification process applicable
to continuously accumulating polar snow, between the depths of 10 and
40 ft. Loads, densities, and rates of densification are presented in
relation to depth and time and applied to problems of undersnow
military construction.



SNOW DENSIFICATION THEORY AND ITS ENGINEERING APPLICATION

by

R. W. Waterhouse and H. F. Steeves

Introduction

At the site of Camp Century, a military undersnow research camp 138 miles inland
from TUTO on the Greenland Ice Cap, snow conditions were investigated as a research
task in support of the preliminary camp construction. No knq>wn investigation of the
snow in depth had previously been made within 10 miles of this location.

The techniques to be used in the construction of Camp Century were previously
developed at Site 2, located 220 miles inland. They are dependent on a perpetual cold
dry snow condition. Properties of the snow in depth were obtained at Camp Century
primarily to search for evidence of melting during past summer seasons and to sub
stantiate the predictions from Benson's work (1959; 1960)-used for the initial siting of
Camp Century, planned to be at the margin of the melt zone. Camp Century is believed
to be located at the margin of the accumulation zone (Fig. 2). Benson's (I960) report
on the snow conditions in depth for Sierra (1954-55), at Mile 120 on the trail shows that
significant melting can be expected in this region.

Field investigations

In July and August 1959, members of Project 13. 1 and 13.2 obtained the stratigraphy,
temperature, and density to 15 ft in an open trench and density to a depth of 40 ft from
cores at Camp Century site.

The useof the Peter' snow milling machine has simplified snow-profile studies by
providing exposed trench walls to 20 ft in depth, eliminating the hand excavation of pits.
The location of the trench wall used in these studies is shown on Figure 2, Standard
techniques (see SIPRE Instruction Manual 1 and Benson, 1959) were used for density,
temperature, and stratigraphic interpretation to a depth of 420 cm on the trench wall.
Cores were taken with a 4-in. standard coring auger from the trench floor to a depth of
1240 cm below the snow surface. Cores from a second cored hole in the trench floor and
adjacent to the first were used for density determinations from 1240 to 1786 cm. These
data are shown in Figures 1 and 2.

Depth-density graphs for Sierra, Century, and Site 2 (Fig. 1) reflect the differences
in temperature and snow accumulation at the three locations. Site 2 at an elevation of
7000 ft has an annual mean accumulation of 47 in. of snow and an annual mean temperature of
-25C. Camp Century at approximately 6000 ft elevation has an accumulation of apprpx.
30 in* of snow with broad fluctuations from year to year. The mean annual temperature
is higher by about 2C. Mile 120, Sierra site, at elevation 5400 (Benson, 1959) has 24 in.
mean annual accumulation with considerable ice in the profile, indicative of a relatively
higher summer temperature. The mean annual temperature, however, is still within the
-25 to -23C range, suggesting the probable presence of comparatively lower winter
temperatures.

Selected cores were sent to the central snow laboratory at Site 2 for further analysis
(see Table I).

Table I. Unconfined compressive strength and permeability of undisturbed
natural snow cores, (7. 62 cm diam, 17*1.0 cm long). Avg rate of loading

0. 52 kg/cm2-sec. Values are mean of 4 tests.

d, depth
(cm)

570

670

770

<r, compressive*
strength (psi)

62

52

56

* Shear failure or rapid flow.

k, coefficient of
permeability

(cm/sec)

64

105

76

v, density
(g/cm3)

0.467

0.436
0.461
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Figure 1. Density profiles -—Sierra, Camp Century, and Site 2,

Application of profile data

Snow deposited under different atmospheric conditions and different times of year
exhibits differences in properties which require the snow profile to be portrayed as a
layered system.

The most obvious differences in the layers are the density and snow structure,
which relate to strength and permeability, properties of prime importance in the design
and operation of undersnow facilities.

Strength of snow, as an example, becomes important where snow roofs over open
trenches require sound arch abutments and where foundations of structures placed in
trenches must be designed to limit settlement rates. A profile of values for strength
and densification rates would be useful for such designs.

Cooling and ventilating an undersnow trench complex is conveniently done by drawing
air from wells or boreholes in the snow. Variations of snow permeability affect the
cooling capacity of such wells so that a permeability-coefficient profile is required before
a study of the problem can be made.

The density profile^has recently become of value in relation to water -well develop
ment where btfres are produced to depths of 150 ft or more using steam. Cavities
steamed open at the bottom of such wells form water reservoirs. Steam requirements
and time schedules of production depend on the density and temperature of snow through
which the wells are thawed.

Underlying all special applications for profile data is the need for the graphical plot
from which numerical values for snow accumulation and density change can be taken and
applied in generalized mathematical form. Finally, when averaging values to study the
general behavior of property changes in depth, the profile is a graphic reminder that
caution is required in applying generalized formulations. Because of the layered structure
of snow, variations from the mean for many engineering properties are significant to
depths of 40 ft.
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Densification theory

Recently, Bader (I960) has extended Sorge's (1935; 1938) work to produce general
ized equations for the accumulation-densification balance in snowpacks of the type under
study here.' A brief exposition of this work with simplified assumptions is presented in
this report to demonstrate its usefulness in engineering problems and to show the de
pendence of the system on constants derived from a snow profile. The accumulation-
densification problem is applicable in high polar ice fields where accumulation of snow
is continuous and.free of melting. The following theoretical expressions require that
the annual accumulation of snow Abe a constant. One further assumption at present
is that the volume of an element of snow changes at a rate proportional,to the pressure
upon it: i. e. , the rate of change of the thickness of a layer and rate of change of snow
density are directly proportional to pressure. The theory is most accurately applicable
to snow between 10 and 40 ft depth.

The definitions of the terms to be used are as follows:

A (g/cm2-yr)

v (g/cm3)

Yo (g/cm3)
h (cm)

t (yr)

v (yr"1)

<r (g/cm2)

a (g/cm3-cm)

V (cm/yr)

= rate of snow accumulation,

= density of snow at any depth h,

= density of snow at the surface,

= depth below the snow surface,

= time for a particle to reach depth h (age of the snow),

= specific velocity of densification of a layer of unit thickness,
i. e. , a layer 1 cm thick is reduced by v cm in one year,

= pressure on particle at depth h,

= density gradient assuming a uniform increase of density
with depth,

= vertical velocity of a snow particle referred to snow" surface.

A DENSIFYING SNOW PROFILE

. Accumulation A

&0 Surface velocity = /)£ upward

= a (assumed constant)
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Fundamental relationships.

By assumption

•y = yq + ah

dv

dh=a'

By definition

jtt = V (Directed downward relative to the surface).

(1)

(2)

(3)

Signs will be applied to the vector quantities only as required by the mathematics.
(Some of the literature on the subject has assigned a plus (+) to downward displacements
arid velocities'; )

The rate of contraction of a layer is the difference in velocity V^ between the top
and bottom of the layer

V4AV h2

V. - V, „ = AV
top bottom -J--J vdh.

7^
K

*• A snow layer of any depth.

By inspection

r

0=At =J Ydh

(the pressure increase with depth is time dependent),

and

n

vdh

(4)

(5|

(6)

(the velocity of a particle moving downward from the surface equals the velocity of
depth increase due to accumulation minus the velocity of contraction in that depth).

Useful relationships. From eq 5 an expression is derived for the depth h reached
by a snow particle in time t after deposition at the surface:

n n

At =\ Ydh =\ (vo+ah) 4h

ah2
At = Yoh + ~2~

(7)

(7a)
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h = Wjt+ZaAt)2"7Q (gV
a . v • •

The densification of a layer can be determined by successive application of eq 8 vary
ing t;. however, it is more convenient thus:

From eq 5 Adt = Y<ih and -?r- = —

Therefore, from eq 3,

V = - and V! = —, V2 =— .
V * Yi Yz

Jhe rate of contraction of the layer (hj-hj) in thickness is

.(v.-v.)•= AV =a|%- -i). (9)
If the layer considered has a boundary at the surface, from eq b, 4 and 9

v2=Jl_(a„a.J
2 Yo Wo **«/

v2= — (10)
2 Yz "

Y2 being at the lower boundary of the layer.

In eq 9, AV is a rate of compressive flow or contraction of a layer in cm/yr. The
symbol

f =A(J---A-) '' (11)
c \Yi Yz/

is suggested because of its rheological connotation (Reiner, 1954).

Eq 6 can be used also to solve for h applying the expression

v =^f ' (Bader, 1953). (12)

For preliminary work, A was determined from the snow profile showing depth,
annual layering, arid density. For a particular number of years, a total weight of snow
accumulated can be computed from the corresponding depth and density, then the mean
annual accumulation A is determined from this.

However, to reduce errors in interpreting stratigraphy for different periods of
years, a specific year which is well defined by stratigraphy may be taken and A
estimated from eq 7a in the form

A = h ( x ah \

In using this equation, after choosing a well-defined_t and corresponding h, only a must
be found from the field data. A mean line through the density-depth graph (Fig. 1)
extending from 0 to maximum h, gives a well-defined line (the slope of which is a)
which can be varied only slightly if it is to fit the complete range of depths. Substitution
in the equation gives the best value for A for the period considered.
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EXAMPLE:

Camp Century: t = 6 yr; h •••= 380 cm (well-defined point);

a = 0. 00015 g/cm4 Yo = °- 370 g/cm3

. h /• , ah \ 380 f n ~-n ^ 0. 00015x380 \ ,R , „, _2A =f \Vo +"xy =~g- ^°- 370 + £ / = g/cm2-yr.

Comparison of two methods of determining A indicates an excellent correlation:

Engineering applications

Depth-time (h-t), depth-pressure (h-<r), and depth-densification velocity (h-v)
graphs were produced using the constants a and A, as determined from snow profiles
typical of Sierra, Century, and Site 2. Figures 2 and 3 show these graphs for Camp
Century and Site 2.

Four example problems show the engineering application of Figures 2 arid 3 and
the mathematical expressions.

EXAMPLE 1 - Determine the rate'of contraction and thickness Hx after 1 yr of a snow
layer initially 100 cm thick and 0. 5 g/cm3 in density - Site 2.

Solution 1:

From Figure 3, when y = 0. 500, v = 0. 02 yr-1. f = vAh = 0. 02 (100 cm) = 2 cm

densification during the year, and Hj = 100 - 2 = 98 cm.

Solution 2:

From f = A
c Yi Y2 V

For 100 cm, if a = 0. 000122, density increase = 0. 01222

Y2 = 0. 500 + 0. 012 and A = 40. 7 !.

fc =40-7 (<T5 •ormj =40-7 (^045)= 1-8 cm/^r
and Hx = 100 - 1. 8 - 98. 2 cm.

DENSIFICATION

THICKNESS AFTER

1YEAR
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EXAMPLE 2 - Determine the vertical closure during the first year of an undersnow
excavation 20 ft (610 cm) deep, disregarding snow roof load - Site 2

Assume arch haunch initially at 80 cm from surface

hj = 80 cm

h2 = 80 + 610 = 690 cm

Solution:

At 80 cm, Yl = °- 3<?0

and at 690 cm Y2 = °- 475

f =A(—-—)- =40.7(2.56- 2. 11) =
c \Yi Yz/ '

= 18. 3 cm (first yr closure).

Note: Field measurements indicate that,
probably due to the influence of the roof load,
actual settlements for such cases were three

times the computed value. If the haunch
shearing force could be considered as snow
accumulation a closer approximation to the
actual first-year subsidence would be possible.

EXAMPLE 3 - What is the difference in densification rate for foundations in snow density
Y = 0.45 g/cm3 and y = 0- 54 g/cm3 other things being equal? Solve for Camp
Century and Site 2.

Solution:

(1) Camp Century
Aa

From Figure 2 v = —g- = specific densification rate

when y = °- 45» v = 0. 017 yr"1

when y = °- 54*> v = 0. 013 yr-1

difference in densification rate = 0. 017 - 0. 013 = 0. 004 yr-1.

(2) Site 2

From Figure 3:

when y = °- 45-« v = 0. 025

when y = °- 54» v = 0. 016

difference in densification rate = 0. 025 - 0. 016 = 0. 009 yr"1.

EXAMPLE 4 - A structure is to be placed horizontally in a cavity 30 cm deep excavated
into a snow stratum of density 0. 4 g/cm3 at Camp Century. What clearance must be
allowed for a 5-yr density-dependent closure?

Solution:

From Figure 2:

when y = 0- 4 g/cm3-, v = 0. 022 yr-1

f = vAh = 0. 022x30 = 0. 66 cm/yr
c

assuming that v remains constant
during the 5-yr period:

Clearance = 5x0. 66 = 3.3 cm:

(Actually v will decrease slightly
with time so that 3. 3 cm is on the safe

side).

Center closure may be up to several times this value depending primarily on the width
of cavity. The influence of the cavity size and shape is being studied and will be reported
on later.

SURFACE
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