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FOREWORD 

A research investigation "Load-Carrying Capacity of Concrete Beams 
Reinforced with Helical Compressive Reinforcement," sponsored by the 
Assistant Secretary of the Army (R&D), was authorized by memorandum for: 
Chief, Concrete Division, dated 29 October 1964, File WESVB, subject: 
"In-House Laboratory Initiated Research Program, FY 65." 

The work was performed at the Concrete Division of the U. S. Army 
Engineer Waterways Experiment Station, during the period from January 
1965 to December 1966, under the direction of Messrs. Bryant Mather, 
Thomas B. Kennedy, and James M. Polatty, Dr. Eugene F. Smith, and 
Dr. Helmuth G. Geymayer. This report was prepared by Dr. Geymayer. 
Messrs. James E. McDonald and Frank B. Cox assisted in the computations. 
Prof. Hans Gesund, Department pf Civil Engineering, University of Kentucky, 
provided helpful comments as a result of a review of a draft of this 
report. 

Director of the Waterways Experiment Station during the investi-
gation and the preparation and publication of this report was COL John 
R. Oswalt, Jr., CE. Mr. J. B. Tiffany was Technical Director. 
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NOTATION 

a Depth of rectangular stress block 
A Area under stress-strain cuTve for a given .concrete strain 

A-X- Area enclosed by cucvature distribution curve 
~ Area of tensile reinforcement 
AR Area of compressive reinforcement 
A Area of tensile reinforcement s 
A,'. Area of compressive reinforcement 

'-' 

b Width of beam 
C Total compressive force 

CG Center of gravity 
C 'l'otal compressive force carried by concrete c 
CR Total compressive force carried by compressive reinforcement 

cl Distance from CG of tensile reinforcement to top fiber (d. for 
distinct layer of reinforcement) i 

d' Distance from CG of compressive reinforcement to top fiber 
e. 

l 
Width of the portion of a concrete stress-strain curve correspond-
ing to t. 

l 
E Modulus of elasticity 

E Modulus of elasticity of concrete c 
ER Modulus of elasticity of reinforcement 
f Concrete stress c 
f' Compressive strength of concrete c 
f Yield strength of reinforcement y 
f 'l'ensile strength of reinforcement 
u 
h Height of beam 

Diutinct layer or portion i 

ix 



I Moment of inertia of cross section 

It Moment of inertia of transformed cracked section 
J Ratio of distance between centroid of compression and centroid 

of tension to the depth, d 
kd Distance from NA to top fiber 

L 

Shape factors of stress block 

Ratio of average concrete compressive stress to compressive strength 
Ratio of depth to resultant of concrete compressive force 
to depth Of NA 
Relation between actual maximum stress and compressive strength 
according to standardized tests 
Length of beam between supports 

M Resisting moment 
Mc Moment of resultant concrete compressive force about the NA 
M Moment about symmetry axis of area under curvature distribution m curve 
M Ultimate resisting moment u 

n Ratio of modulus of elasticity of steel to that of concrete 
nR Number of layers of tensile reinforcement 
nR Number of layers of compressive reinforcement 
N Axial thrust 

NA 
p,p' 

p 

r. 
l 

SA 
t. 

l 

T 

x,y 
y 

m 
E: c 

E: co 
E: cu 

E: f!, 

Neutral axis 
Reinforcement ratio (tensile and compressive reinforcement, 
respectively) 
Load 
Distance from centroid of an arbitrary strip in the compressive 
zone of a beam to NA 
Axis of symmetry 
Width of an arbitrary strip in the compressive zone of a beam 
Total tensile force 
Coordinates in the Cartesian coordinate system 
Midspan deflection 
Concrete strain at any location 
Concrete compressive strain in top fiber 
Ultimate concrete compressive strain 
Longitudinal strain 

x 



ER Tensile strain in tensile reinforcement 
ER Compressive strain in compressive reinforcement 
Et Transverse strain 
E Reinforcement strain at yielding y 
E Strain at any location ~ 
~ 
~ Distance from NA 

e 
A Angle between the tangent to the bending line at point 

the original beam axis 
GAB Beam rotation between points A and B 

et Total rotation of a simply supported beam 

A and 

s Distance from CG of an area A under the stress-strain cu:eve for 
an assumed E co 

l/p=~ Curvature at a particular point on a flexed member 
aR Average stress in tensile reinforcement 
a' Average stress in compressive reinforcement R 
)i Capacity reduction (or safety) factor 

xi 
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CONVERSION FACTORS, BRITISH TO METRIC UNITS OF MEASUREMENT 

British units of measurement used in this report can be converted to metric 

units as follows: 

inches 
feet 

Multiply 

cubic feet 
cubic yards 
pounds 
tons 
pounds per square inch 

inch-pounds 

By 

2.54 
0 .301~8 
0.0283168 
0.764555 
0 .1~5359237 

907.185 
0.070307 
0.011521 

xiii 

centimeters 
meters 

To Obtain 

cubic meters 
cubic meters 
kilograms 
kilograms 

kilograms per square centimeter 
meter-kilograms 





SUMMARY 

This report outlines a general iteration analysis procedure for 
estimating the flexural strength, the moment rotation, and the load-
deflection characteristics of reinforced concrete members with arbitrary 
cross section and arbitrary reinforcement (but symmetrical about the 
plane containing the applied loads). The method is based on the tradi-
tional assumptions made in elementary beam theory and on the actual stress-
strain relations of the reinforcement and concrete ac determined in stan-
dard tects but does not specify an ultimate compressive strain for concrete. 

Results of tests on 11 simply supported beamc of 6-ft span rein-
forced with single or multiple layers of high-strength steel, alumimun, 
and fiber-glass rods, both with and without helical confining reinforce-
ment in the compression zone, are described and compared with analytical 
results. Agreement of theory and experiment was considered satisfactory 
in the majority of tests. It was also found that: 

a. Helical compressive reinforcement significantly increaced 
the ductility of all beams and the load-carrying capacity 
of, 11overreinforced 11 beams. 

b. Deformed fiber-glass rodc developed good bond with concrete, 
enabling the fiber-glass-reinforced beams to exhibit higher 
ultimate moments than their high-strength steel-reinforced 
counterparts, despite deflections that were two or more 
times larger than those of the steel-reinforced beams. 

c. The ultimate concrete compressive strain measured on the 
top beam surface preceding the formation of first spalls 
is a function of the strain gradient and varied from 0.003 
to 0.007, depending on the strain gradient. 
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STATIC TESTS OF REINFORCED CONCRETE BEAMS 

DEVELOPMENT OF ITERATIVE ANALYSIS PROCEDURE AND TESTS OF 
BEAMS REINFORCED WITH STEEL, .ALUMINUM, AND FIBER GLASS, 

WITH AND WITHOUT HELICAL COMPRESSIVE REINFORCEMENT 

PART I: INrRODUCTION 

Background 

1. The development of new reinforcing materials for reinforced con-
crete construction, e.g., deformed fiber-glass rods, plastics, and high-
strength steel, and the renewed (military) interest in utilizing locally 
available reinforcing materials as unconventional as bamboo for expedient 
reinforced concrete construction necessitated a review of current design 
and analysis procedures and created a demand for a simple but universal 
flexural analysis procedure applicable to all material combinations and 
cross-sectional geometries. 

2. Current ultimate-strength design (USD) proceduJ:'es, the best 
known of which is described by Whitney ahd Cohen1 and outlined in the ACI 

2 Code, are generally based on the assumption of an ideal, linear-elastic, 
perfect plastic behavior of the reinforcement. For most of the kinds of 
unconventional reinforcing materials mentioned above this assumption is 
not valid. In fact, some of the new materials, such as fiber glass and 
bamboo, are extremely brittle and do not show any plasticity at all. 

3. In addition to unconventional materials, new reinforcing methods 
3 l~ have r~cently been proposed. For example, Base and Read ' found greatly 

improved ductility for reinforced concrete beams with helical (steel) re-
inforcement in the compression zone. The use of helical or spiral rein-
forcement to confine compressed concrete, thereby improving its strength 
and, more important, its ductility, is by no means a new idea. Spirally 
reinforced columns have been used for 30 or more years with great success, 
and their good ductility is widely recognized. 5' 6 Several investigations 
have also shown that closely spaced ties help to improve the ductility of 

7-11 12 flexural members. Romualdi and Ramey recently reported improved 
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ductility for concrete beams reinforced with random fibers. 
4. The importance of ductility was strongly reemphasized during the 

last d~cade in connection with protective and/or earthquake-resistant con-
struction. However, to ensure the high ductility ratios desirable in 
blast-resistant structures, which usually also involve high reinforcement 

ratios, the conventional design concept of relying entirely on the yielding 
of the reinforcement for ductility ( 11underreinforcing") appears no longer 
practical. To economically prevent the threat of brittle failure in these 
structures, the compressive ductility of concrete itself should be improved. 

5. It has been demonstrated by the work reported her,ein and by 
other investigators 3, 7, 9-l4 that concrete properly confined by lateral 
reinforcement has a considerable load-carrying capacity up to strains well 
in excess of 1 percent,* or more than three times the strain usually con-
sidered "ultimate" for concrete. This fact could, and should in the au-
thor's opinion, be utilized extensively to provide additional ductility in 
reinforced concrete members. 

6. Again, one of the primary obstacles to the rapid introduction of 
unconventional reinforcing methods, such as confining compressive rein-
forcement or random-fiber reinforcement, in flexural members is the lack 
of, or rather the unfamiliarity of designers with, suitable design and 
analysis procedures. Current ultimate-strength design in this country is 
based on 0.003 ultimate concrete strain, and will, therefore, not reflect 

1~ the advantages of confining Teinforcement. In addition, analytical meth-
ods to evaluate the flexural ductility or complete "resistance function" 
of reinforced concrete members though by no means newl5,l6 are still not 
widely used. 

7. In this light, the need for a general yet simple analysis method 
for reinforced concrete in flexure seems quite apparent. The proposed 
numerical method is based on actual experimentally determined stress-
strain characteristics of concrete and reinforcing materials, rather than 
on idealized assumptions, and is thus applicable to any material combina-
tion. It is thought that it not only gives a fairly accurate estimate of 

·lt- Strains in excess of 5 percent at loads about 40 percent below the 
maximum have been reported.7 
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the ultimate flexural strength, but also allows an evaluation of the com-
plete load-deflection or flexural resistance function of the analyzed mem-
ber, regardless of its cross-sectional geometry, provided only that symmetry 
about the plane containing the applied loads is assumed. 

8. Ideally, the tedious numerical analysis will be programmed on a 
computer, using actual stress-strain curves or tables of the materials used 
and the contemplated cross-sectional geometry as input for ultimate moment 
and moment-curvature computations. Subsequently, rotation-distribution or 
load-deflection plots could be derived for any load arrangement of interest. 

Objective 

9. The objectives of this study were to: 
a. Develop a universal iteration analysis procedure for estimat-

ing the ultimate moment and the flexural resistance function 
(moment-rotation or load-deflection function) of reinforced 
concrete members with any cross-sectional geometry, such that 
the actual stress-strain relations of the concrete and of any 
arbitrary reinforcement are utilized instead of quasiactual 
or fictitious stress-strain relations. 

b. Verify experimentally the accuracy of the analytical methods 
by tests of simply supported reinforced concrete beams with 
various unconventional reinforcing materials and different 
reinforcement geometries. 

c. Investigate the feasibility of using helical confining rein-
forcement in the compression zone of reinforced concrete 
beams as a means to improve their ductility and strength. 

d. Evaluate the performance of a recently developed deformed 
fiber-glass reinforcing rod. The new rod has a textured 
surface intended to assist in overcoming the bond problems 
usually associated with fiber-glass reinforcement. 

Scope 

10. Current ultimate-strength design methods were reviewed, and a new 
analysis procedure was developed, the results of which .were then compared 
with actual test results obtained for eleven 4- by 9- by 76-in.* concrete 
beams (6-ft span), reinforced with various amounts of high-strength 

* A table of factors for converting British units of measurement to metric 
units is presented on page xiii. 
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steel, aluminum, and fiber glass, with and without helical reinforcement 
in the compression zone. The beams were tested to failure under two 
symmetrical line loads applied one on each side, 6 in. from the beam cen-
ter line. Loads were increased in steps, with several intermediate un-
loading cycles to check on nonelastic deformations. Deflections, rein-
forcement ancl concrete strains, and crack formations were monitored 
throughout the tests. 

11. Cylindrical specimens, with and without helical reinforcement, 
served to determine the stress-strain characteristics of concrete, and 
standard tension tests on reinforce!llent coupons yielded stress-strain data 
for the different reinforcing materials. 



PART II: DEVELOPMENT OF ANALYSIS PROCEDURE 

Current Ultimate-Strength Design Procedures 

12. Ultimate-strength formulas used in preparing Whitney and 
Cohen's design curves1 and quoted in the ACI Code2 are based on reinforc-
ing steels having definite yield points, or rather on steels with an 
ideal, bilinear, elastic-perfect plastic stress-strain characteristic as 
well as on the simplifying assumption of a rectangular compressive stress 
block.l,l7 For the concrete rectangular sections these assumptions lead 
to the well known basic design equation 

where 

where 

M = ¢ [(A - A f ) f ( d - ~) + A If ( d - d f )1 u s s y 2 s y J 

M = ultimate resisting moment 
u 
y5 = capacity reduction (or safety) factor 

A s = area of tensile reinforcement 
A' = s area of compressive reinforcement 
f y = yield strength of reinforcement 

(1) 

d distance from extreme compression fiber to centroid 
of tensile reinforcement 

d' = distance from extreme compression fiber to centroid 
of compressive reinforcement (A - A')f s s y 

o.85f 'b c 
a = depth of rectangular stress block = 

f' = ultimate compressive strength of concrete c 
b = width of compression face of rectangular member 

13. Additional simplifications for the designer were proposed by 
:Jeveral authors, mostly through the use of nomographsl,lS or tables,l9, 20 

and Zweig21 even suggested an iterative solution of the "cumbersome quad-
ratic equation." 

14. The Whitney ultimate-strength design concept1 is generally 
credited with producing a rather conservative estimate for the ultimate 
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moment of conventional reinforced concrete members, provided the steel 
reinforcement comes reasonably close to the assumed linear, elastic-perfect 
plastic stress-strain curve. However, since the concept is based on 0.003 
ultimate concrete strain and on an elastoplastic stress-strain relation 
for the reinforcement, it may often considerably underestimate the flexural 
strength of reinforced concrete members, and it fails to give any indica-
tion of their deformational characteristics. 

15. The feasibility of using a true, nonlinear stress-strain curve 
for reinforcing materials such as high-strength steel rather than a ficti-
tious bilinear stress-strain relation in an iterative ultimate-moment 

22 analysis was demonstrated by Sinha and Ferguson. Besides the traditional 
assumptions of plane sections remaining plane, concrete not taking any 

! tension, and the absence of slip between steel and concrete, the authors 
also assumed a rectangular compressive stress block (with a == 0.85 kd 

where kd is the distance from the neutral axis to the top fiber of the 
concrete) and an ultimate compressive strain E of 0.003 for the con-cu 
crete. An arbitrary position of the neutral axis was then selected, and 
the resulting total compressive force C and total tensile force T were 
computed. For flexural members without thrust, T must equal C thus 
the position of the neutral axis was subsequently shifted until the equi-
librium was reasonably well achieved. E. F. Smith, in a yet unpublished 
paper, went one step further and replaced the rectangular stress block by 

23 a more realistic modified Hognestad stress block--or even the experi-
mentally evaluated actual stress-strain curve--yet still using 
as a failure criterion. 

E ::: 0.003 cu 

16. A computer study of yield moments of conventionally reinforced 
21~ concrete beams published by Dunham and Gesund in 1960, however, indi-

cates that the shape of the compressive stress block has little influence 
on the yield moment if the reinforcement ratio stays below about 1~ percent 
and the reinforcement has an ideal elastoplastic characteristic. Granholm, 
in his recent book, 25 chose a somewhat different, but also essentially 
iterative, approach to the analysis of beams reinforced with steel of non-
linear stress-strain characteristics. Approximating the stress-strain 
curve by a polygon and assuming that the reinforcement stresses stay within 
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an arbitrarily selected linear portion of that polygon, he again arrived 
at the familiar quadratic equation for kd . Subsequently, by calculating 
the reinforcement stresses, it must of course be verified that the right 
portion of the stress-strain polygon has been used. Since a constant set 
of stress block shape factors k1 to k3 is maintained for a given 
concrete, the analysis is again implicitly based on the ultimate strain 
failure theory, apparently taking 0.0035 as the ultimate concrete 8train. 
It seem8 interesting to mention at this point that as early as 1953 the 
Austrian Code for ultimate-8trength design26 wa8 based upon a parabolic 
compressive stress block, identical with Hognestad 's parabola, and upon 
a nonlinear, empirically determined stres8-ntrain curve for the 8.teel 
reinforcement, the shape of which changes with five different 8teel cate-
gories. A maximum allowable concrete strain of 0.002 and a variable ad-
miss~l.ble maximum nteel strain between 0.0017 and 0.0052, depending on the 
steel category used, constitute the failure criterion. Extensive tabu-
lation facilitates a relatively speedy design despite the more complex 
design foundations. A similar approach to flexural design and analysis 

' ' Be'ton. 27 was later recommended by the Cami te Europe en du 
17. It appears evident then that present ultimate-moment analysis 

procedures are more concerned with a "maximmn serviceability moment" than 
with the "true ultimate moment." In other word8, a flexural member i8 
considered failed when the deformations or cracks start impairing its 
serviceability, though this may occur considerably below its actual ulti-
mate load-carrying capacity. 

18. While such an approach seems logical and appropriate for con-
ventional reinforced concrete design, there are some important new develop-
ments, such as limit design and dynamic analysis of structures, that re-
quire a more precise knowledge of ultimate moments and of deformational 
characteristics beyond the elastic range up to and at actual failure. 
Present standard ultimate-strength analysis procedures can obviously not 
yield this knowledge, and will not even allow a fairly realistic estimate 
of ultimate moments if other than conventional materials and reinforcing 
techniques are used. 
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Derivation of Numerical Analysis Concept 

Basic assumptions 
19. As is common in analysis procedures based on the elementary 

beam-bending theory, the following assumptions will be made: 

a. 

b. 

c. 

d. 

Fiber strains are proportional to the distance from the 
neutral axis (Bernoulli-Navier hypotheses). 
No slip occurs between reinforcement and concrete (perfect 
bond). 
The contribution to the flexural strength of the member 
from the tensile strength of the concrete is negligible 
(zero tensile strength of concrete). 
Stress-strain relations determined in standard uniaxial 
tests are representative for the material behavior in the 
flexed member. 

Assumptions ~' £, and particularly ~may admittedly be somewhat debatable 
simplifications for a beam approaching failure; however, practically all 
ultimate-design concepts for concrete are based on the same assumptions, 
and it was believed that they should at least allow a reasonably close 
approximation. Assumption ~ was made for convenience rather than from 
necessity. The iteration analysis could very well include the contribu-
tion of the tensile strength of concrete, if so desired. However, since 
the primary concern is with the behavior of heavily reinforced flexural 
members approaching failure, it was believed that any contribution to the 
flexural strength from the tensile strength of the concrete is small enough 
to be neglected. 
General relations in axi-
syrnmetrical reinforced concrete sec-
tions under transverse bending moment 

20. For the general case of an arbitrary cross section symmetrical 
about the plane of loading and having multiple layers of tensile and com-
pressive reinforcement as shown in fig. 1, the general relations given by 
equations 2-L~ can readily be deduced by fulfilling the plane strain and 
equilibrium requirements. 

ET] = 
E co 
kd 

8 

• T] (2) 



7') 

d 7) 

l 
f 

SA 

€ co 

A~-+- - -- --fET= .. €~ 
b = f ( 1)) / kd 

I d 
2 NA 

I (a) 

I 
(b) 

CT R 

f c 

fc=f(EcJ 

(d) 

OR=f(ER) 

(e) 

f =f(TJ€ ) c ' c 0 

f-------- CTR2 

'---------- CTR 1 

(c) 

Fig. 1. Stress and strain relations in axisymmetrical cross section 

nR 

M = L ~i (JRi (di 
l 

- kd) 

n' R 
+\A_'.cr'.(d! 

L-11.l Ri l 

l 

- kd) 

kd 

+ J bfc T]dTJ 
0 

Terms used in equations 2-4 and fig. l are defined as follows: 
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~i 
~i 

b = f(TJ) 
CG 
d. 

l 

d! 
l 

f 
(! 

h 

i 
kd 

M 

~ 
n' R 
N 

NA 
SA 

E co 
E = f(TJ,E ) c co 

ER. l 

E~i 

E 
11 
11 

crRi 

area of one tensile reinforcement layer 

area of one compre~sive reinforcement layer 

width of beam as a function of 11 
center of gravity 
distance of CG of individual tensile reinforcement 
layer from top fiber 
distance of CG of individual compressive reinforce-
ment layer from top fiber 
concrete stress 

height of beam 

1, 2, 3 ... 
distance of NA from top fiber 
transverse moment 

number of layers of tensile reinforcement 

number of layers of compressive reinforcement 

axial thrust 

neutral axis 

axis of symmetry 

compressive strain in top concrete fiber 
concrete strain at any particular location 

tensile strain in individual layer of tensile 
reinforcement 
compressive strain in individual layer of compres-
sive reinforcement 

strain at any location 11 

distance from NA 

average stress in individual tensile reinforcement 
layer (tensile stresses are taken positive, com-
pressive stresses negative) 

E 
curvature = co 

kd 

If b = f(11) , crR = f(ER) , and fc f(Ec) are known simple analytical 
functions or can be approximated by such functions, equations 3 and 4 can 

be integrated. 

21. For a given cross section and a given 

10 
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unknowns (kd , ERi , E~i , and fc) can then be computed from equations 
2 and 3 and the stress-strain relation. Finally, equation 4 will yield 
the bending moment of the cross section for the assumed value of E co 
If E co is a defined maximum allowable concrete strain (for instance 
0.003), equation 4 will yield a "defined ultimate moment," meaning a 
moment that causes the defined maximum concrete strain to occur, thereby 
fulfilling a chosen failure criterion. This defined failure may well occur 
considerably below the true ultimate or collapse moment. 
Iterative solution for M 

22. Generally speaking, analytical functions for b , fc , and crR 
will not be known, and it will be necessary to begin with experimentally 
evaluated stress-strain curves for the concrete and the reinforcing mate-
rial and a plot of the cross-sectional geometry. In this case, a numerical 
approach is the logical and o~en the only feasible solution. 

23. The consecutive steps of such an iterative analysis are briefly 
as follows. 

a. Select a value for E co If the analysis is to be based 
on the maximum strain failure theory, common practice in 
reinforced concrete analysis, an ultimate compressive 
strain E cu of the concrete must be specified or assumed. 

In this country, E = 0.003 cu is generally used for uncon-

fined concrete. If the value for E is uncertain (for cu 
instance, if the concrete ductility is increased by confin-
ing or random fiber reinforcement) or if the true maximum 
moment capacity of the section is desired rather than the 
moment that causes a specified E , different values for cu 
E co can be assumed until a maximura for M results. By 
consecutively taking different values for E , a moment-co 
curvature, a moment-rotation, or a load-deflection diagram 
can also be obtained, as will be shown later. 

b. Assume an arbitrary position of the neutral axis (i.e. a 
value for kd ) . 

c. Divide kd and E into n parts, thereby splitting the co 
compression zone of the beam and the portion of the concrete 

11 



Fig. 2. 
kd 

stress-strain curve to the left of E co into n strips 
The actual stress-strain curve and the shape of 

AR2& -

er 
T1 

er ,,, ___ _ 

E' 
----r'-'---(-----::-'--c!--------ER 

f. R1 E R2 

CF' r 

E co 

-----•.--er; 

er 
1----~ Rt 

-----O"R2 

Approximation of stress-strain curve and stress block by dividing 
and E into n :parts and subsequent flexural analysis co 

the beam section can be approximated by adjusting the 
length of these rectangular strips. The "normalized" width 
t./kd of individual strips in the compression zone must 

l 
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equal the normalized width e./E of the corresponding 
l co 

strip in the concrete stress-strain curve (e.g., t 3/kd = 

e3/Eco ), and the length of the strips should represent an 
average value within the strip width. The necessary number 
of strips n depends on the accuracy required; n = 5 to 10 
will probably suffice in most instances. 

d. Compute the compressive force carried by the concrete (C ) c 
by summing up n products b.f .t. 

l Cl l 

n 

c = ~.f .t. 
C L._'.;l Cl l 

1 

* 

e. Compute reinforcement strains within all layers of tensile 

and compressive reinforcement 

f. 

E 
co( ) ERi = kd di - kd 

and find the corresponding reinforcement stresses and 
I 

0Ri 
from the stress-strain diagram of the reinforcement. 

Compute total tensile force carried by tensile reinforcement 

and the compressive force carried by the compressive rein-

for cement nR 

L 
1 

A' I R.aR. l l 

~· Check whether Cc + CR + T = N (= 0 for bending without 
thrust), where C is the total compressive force carried c 
by the concrete, CR the total compressive force carried 

* The area of compressive reinforcement, if any, must be excluded from the 
concrete area. 
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by the compres:oive reinforcement, and T the total tensile 

force, or reasonably close to it. If not, assrnne a differ-

ent location of NA (i.e. a different kd) and start again 
at step £. Repeat this operation until equilibrium of 
forces within the section is achieved with reasonable 
accuxacy (e.g. 1%). 

h. Compute the moment of all forces about some reference line--
for instance, the NA. 

M A .rJR.(d. - kd) + -hl l l 
A~ . rJR' . ( d ~ - kd) -hl l l 

n 

+\b.f .t.r. L l Cl l l 

1 

2lt. For rectvngular beam cross sections such as those tested in this 
2lt 

prr1~'.ram, the analysis can be simplified considerably and speeded up by: 

f I 
c 

a. Numerically integrating the stress-strain curve of the 

E co 

Fig. 3. Stress-strain and 
k -E curves 1 co 

b. 

concrete, computing a shape factor 
k1 for various E values, and co 
plotting a k1-e curve (fig. 3). co 
For any assumed maximum concrete 
strain e , the corresponding co 
total compressive force C in the 
concrete can then readily be com-
puted from 

C = k1 ( E ) f 1 kdb co c 

where k1 is the value taken from 
fig. 3, f' the compressive strength c 
of the concrete, b the width of 
the beam, and kd the depth of the 
neutral axis. 
Deriving a second plot for k = _s_ 

2 E 
as a function of with k2 

co 
E co 

being the ratio of depth to the 



Fig. 4. 

resultant of concrete compressive force to depth of neutral 
axis (see fig. 4). 

k2 versus E co 

The moment of the resultant concrete compressive force about the NA can 
then also readily be expressed as 

Values for k1 and k2 for the concrete stress-strain curves used in 
this investigation (with and without helical confining reinforcement) are 
listed in table 4 and shown in plate 12a. 

25, For a conventional, underreinforced rectangular beam section it 
is easily seen (plate 12b) that the maximum moment (after yielding of all 
tensile reinforcement) is arrived at when the ratio of the stress block 
parameters k2jk1 becomes a minimum, Using the parameters in table 4, a 
k2/k1 versus Eco diagram was dravm for plain and helically reinforced 
concrete (plate 12b), which clearly shows that in an underreinforced 
conventional beam the maximum moment will theoretically occur at a max-
imum concrete strain slightly in excess of 0.003, a finding that is of 
course in good agreement with current USD theories. However, if the 
compressed concrete contains helical confining reinforcement of the type 
used in this investigation, the maxi1num moment will not be developed 
until the maximum concrete strain E exceeds O.OO!t. Current USD pro-co 
cedures will therefore slightly underestimate the flexural strength of 
beams with helical or other confining compressive reinforcement even if 
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the tensile reinforcement is truly elastoplastic. The underestimation 
becomes much more significant however if strain hardening effects are 
also taken into consideration. 

Moment-curvature and 
moment-rotation relations 

26. Af3 established in the previous section, any assumption for a 
maximum compressive concrete strain E in a given flexural reinforced co 
concrete member will lead to a particular bending moment if the stress-
strain characteristics of the concrete and reinforcing material are known 
and the equilibrium of forces as well as the plane strain requirements 'are 
fulfilled. Thus, by successively assuming different values for E , a co 
moment-E and a kd-E relation are obtained. co co 

Fig. 5. Curvature 
l/p 

27. The curvature l/p at a particular 
point of the flexed member (fig. 5) is then given 
by 

l/p 
E co 

= kd = <I>(x) 

so that from the E -moment and the E -kd co co 
relations, a moment-curvature relation (fig. 6) 
can easily be derived. With the aid of the 
moment-curvature diagram,* a plot of the curvature 
distribution along the beam <I> = f(x) is subse-
quently drawn. Integration of the curvature dis-
tribution along the beam leads to the rotation 
distribution. The rotation eAB between points 

A and B, i.e. the tangent of the angle included by the tangents to the 

/
x=B 

bending line at points A and B, is given by eAB = x=A <I>(x) dx . The 

total rotation et of a simply supported beam of length L (from support 
L 

to support) is therefore et =l <I>(x) dx . More frequently, however, 

* The moment-curvature diagram is sometimes referred to as the moment-
rotation diagram, particularly in test reports. Since measurements are 
taken over a finite length of the beam, the rotation between the gage 
points is measured and the term rotation instead of curvature is exact--
though somewhat misleading. 
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p p 

y 

t-----x 
L 

MOMENT DISTRIBUTION 

---------
BEAM BENDING LINE 

y = f(x) 

y = je(x)dx 

M 

MOMENT-CURVATURE 
DIAGRAM 

CURVATURE DISTRIBUTION 
C}l = f(x) 

ROTATION DISTRIBUTION (WITH RESPECT TO THE 

e(x l =I (x) = JcI> (x ldx 
LEFT SUPPORT, OR USING 
THE DOTTED REFERENCE 
LINE, WITH RESPECT TO 
THE CENTER OF THE BEAM) 

Fig. 6. Basic relations between moment, curvature, rotation, 
and deflection in a simply supported beam 

the beam rotation is expressed for half the beam length only, 
L/2 

e1/ 2 =! ~(x) dx , or for the beam length between the section of 
0 

maximum moment and an adjacent section of zero moment. Let e be the 
angle between the tangent to the bending line and the original beam axis; 
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th e b Comes ·tan(e e ) and e1/:2 = tan(eA - eM), or for en AB e A - B 

small angles e = e AB A 

Load-deflection curves 
28. Derivation. Integration of the rotation distribution 

e(x) = f 1 (x) (i.e. double integration of the curvature distribution 

cI> = f 2 (x)) eventually yields the bending line of the beam for the given 

moment distribution. The deflection at point B of a beam (fig. 7) is given 
by the equation 

~ J <D(x)(~ - x) dx 

A B 

Fig. 7, Deflection at point B 

For the simply supported, symmetrically loaded beam tested in this program, 
the midspan deflection is therefore 

L 
2 

f 
0 

In practice, the area-moment technique is a convenient tool to numerically 
solve the above integra1. 28 

29. Accuracy. Generally, the <I>= f(M) , <I>= f 2 (x) , and 0 = f 1 (x) 
functions will be derived from experimental stress-strain curves and not 
expressed in analytic terms. Therefore, integration must be performed 
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numerically, and unless a computer is available, a fairly crude interval 
will be used, resulting in a relatively poor accuracy. However, it is 
necessary to remember that the whole analysis is of an approximate nature 
only. Some of the traditional assumptions made in elementary beam-bending 
theory are rather questionable for a reinforced concrete beam approaching 
failure, and a stress-strain curve determined in a standard uniaxial com-
pression test may not faithfully describe the behavior of concrete in the 

. 29 30 compression zone of a flexed member. ' Therefore, one cannot expect 
a high accuracy of the computed load-deflection curve (or resistance 
function) at or close to failure. However, the traditional linear (semi-) 
elastic approach to "instantaneous" curvature and deflection analysis in 
reinforced concrete appears an even worse approximation though well justi-
fied by simplicity and fair agreement with test results31 as long as con-
ventional materials are used and loads stay in the range of working loads. 
But it is also quite obvious that the assumption of a constant elastic 
modulus for concrete (E ), which is the basis of most well known defor-

. · tc 32-34 b t• 1 1. t• t h. h mation analysis concep s, ecomes en ire y unrea is ic a very ig 
M concrete stresses. In the familiar curvature equation ~ = EI both the 

elastic modulus E and the moment of inertia I are actually functions 
of the concrete stress (or of M), a fact that is all too frequently 
forgotten. The majority of methods assume a constant EI value through-
out the beam regardless of the moment distribution,2 ' 32 ,33 or two sepa-
rate but constant EI values for the cracked and uncracked sections, 31~,35 
resulting in a linear or bilinear load-deflection curve. Only the more 
elaborate deflection analysis procedures, such as method B of Yu and 
Dontes32 or those of Branson31 and others, 36 implicitly reflect the con-
tinuous change of EI with M in their empirical formulas and thus 
result in a more realistic nonlinear load-deflection curve. None of the 
above-mentioned concepts, however, appear really suitable for unconven-
tional (i.e., nonsteel) reinforcement or for evaluation of deflections 
under loads approaching the ultimate. 
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PART I II: TEST CONDITIONS AND PROCEDURES 

Material s 

30 . The mater i al s used in the concrete mixtur es wer e type I port-

land cement manufactured in Miss i ss ippi and crushed limestone aggregate 
(3/ 8-in . maximum s ize ) obtained from Tennessee . Five different reinforc -
ing mat erial s were used i n the test beams : 

a . Deformed high- strength steel bars , No . L~ (1/2 -in. diameter), 
obtained in Mi ss i ss ippi (beams 1, 2, 3 , l+). 

b. Plain s tructural-grade steel bars , No. 3 (3/8-in. diameter), 
obtained i n Mississ ippi (s tirrups ), 

c . Steel helixes , 2-in. di ameter, about 1 -1/l+-in. pitch, wound 
from 1/ 8- in.-diameter cold-finished steel wire (b eams 4, 7, 
9' 10 ' 11). 

d . Deformed polyester-resin-bound fib er-glass rods (fig . 8 ), 
approximately 1/2-in. diameter, obtained from New J ersey 
(b eams 8 , 9, 10). 

e . Plain aluminum bars, 1/2-in . diameter , obtained from 
Mi ss i ssippi (b eams 5, 6, 7, 11). 

Fig . 8 . Deformed fiber-glass 
rods after tensil e t est 

31. Results of s tandard tensile 
te s t s on reinforcing materials are com-
piled in table 1, and average stress -

s train curves are shown in plate 1. Prob-
l ems wer e encount ered in t es ting the fib er -
glass rods , s ince despite the elaborate 
preparations of the end grips all s pecimens 
failed in the grips and the true tensile 
strength was not obtained (fig. 8). Also, 
due to the strongly t extured surfac e of the 
deformed fib er glass , the actual diameter 
or cross-sectional area of a rod i s some-
what questionable and varies along the rod, 
s o that the calculat ed stresses may be in 
error by as much as approximately 5 
percent. 
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Mixtures 

32. A concrete mixture was proportioned with 3/4-in. maximum size 
crushed limestone aggregate to have a slump of 2 ~ 1/2 in. and a compres-
sive strength of 3000 psi at 28 days. Mixture data and physical proper-
ties of the concrete are given in table 2 and plate 2. 

Specimens 

33, Eleven rectangular reinforced concrete beams, having a constant 

width of 4 in., a constant depth of 9 in., and a length of 76 in., were 
tested on a simply supported span of 72 in., center-to-center of support. 
Two symmetrical loads were applied 6 in. off the beam center line. All 
specimens had an average concrete strength of 3420 psi (determined on 6- by 
l2-in. cylinders at 28 days age), and were reinforced with vertical stir-
rups (No. 3 at 5-in. spacing) except for a 10-in. length between the two 
loading points. Four test beams contained longitudinal high-strength 
steel reinforcement, three were reinforced with deformed fiber-glass rods, 
and four with plain aluminum bars. Five of the 11 beams contained helical 
reinforcement in the compression zone. Geometry, type, and amount of rein-
forcement in individual test beams are shown in table 3. 

34. Strain gages were attached to the longitudinal (tensile and com-
pressive) reinforcement bars (see paragraph 39), and the leads were brought 
out at the sides and the top of the beam. The concrete was placed in 
plywood forms and consolidated with small internal vibrators. 

35, During the casting of beam specimens, three standard test cyl-
inders (6 by l2 in.), twelve 3- by 6-in. cylinders, and six control beams 
(6 by 6 by 30 in.) were also made. 

36. Upon completion of fabrication, all specimens were covered with 
burlap and moist-cured for 7 days. Forms and molds were removed at 3 days 
age. On the day before testing, measuring points for Demec surface strain 
measurements were glued to the specimens (see paragraph 40). 

37, Average stress-strain curves obtained on six of the 3- by 6-in. 
cylinders (three with and three without helical reinforcement) are shown 
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in plate 2a. Up to about 0.003 concrete strain, the average stress-strain 
curves were very nearly the same , and only for strains beyond this value 
did the effect of helical reinforcement become significant. For this 

-6 reason, up to a s train of 3000 x 10 the same stress -strain curve was 
used for both confined and unconfined concrete, whereas for s trains ex-
ceeding this value two different curves were utilized in the analysis 
(plate 2b). 

Loading Apparatus 

38. A rigid s teel testing f rame was used for all beam tests, and 
beams wer e supported on a half-rocker system at both sides, as shown in 
fig. 9. Loads were applied by means of a single hydraulic jack and a 

Fig. 9. Loading apparatus 
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distributing steel channel that transferred the entire load to the two 

loading points 6 in. off the beam center line. Steel pads, l in. wide, 
between the rollers and the beam served to distribute loads and support 
reactions. 

Instrumentation 

39. Longitudinal strains in the tensile and compressive reinforce-
ment were measured in the center of the beam using l/4-in. bonded resist-
ance strain gages (SR-4 type). 

40. Concrete surface strains on top and at the sides of the beam 
center were measured with 2-in.-gage-length mechanical Demec gages located 
as shown in fig. lO. 

38" 

76" 

I 

~I 
-0-di-0M: 

\ I I ~ 
-0-0-qi 

= t 
~1 

TOP VIEW 

~-- 38" 

76" 

: 

2" 
1-1 I I 

h -0-0-0-0-0 

I I I I I I I 
~11-1-1-(r-r-1-1-

SIDE VIEW 

NOTE: SCALE DISTORTED 12 HORIZONTAL 
TO 5 VERTICAL. 

MIDHE/GHT 

Fig. lO. Location of strain-measuring disks 
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41. Dial gages, 1 in. long, mounted on an independent scaffold so 
as to be unaffected by possible deformations of the testing frame, served 
to determine beam deflections at five points along the span. 

1~2. A combination of a 50-ton hydraulic jack and a 2500-psi pre-
cision pressure gage, calibrated before and after the test series, was used 
to apply and measure the total load. 

Test Procedure 

1~ 3. A beam was placed in the testing frame, and the load distribut-
ing beam was put on top of it. Particular attention was given to an exact 
alignment of the test beam, the supports, and the loading assembly to en-
sure true axisymmetric bending. 

1~1~. Five dial gages were then mounted on a separate scaffold and 
zeroed against the underside of the beam. Strain gages were connected with 
a Wheatstone bridge, and initial (electrical and mechanical) strain read-
ings were taken. 

45. Loads were applied in steps of 500 lb (total load), and beam 
deflections were read after each increase of load. At intervals of 1000 lb 
(total load), a f'ull set of mechanical concrete surface strains and elec-
trical reinforcement strain readings was taken. Upon completion of strain 
measurements, which generally required about 3 minutes, deflections were 
read for a second time under the same load. 

46. Loads were completely released at intervals of 3000 lb to 
check on nonelastic deformations (deflections and strains) of the beam, 
prior to continuation of loading. A full load-unload cycle, leading to 
a total load 3000 lb higher than the maximum load achieved in the fore-
going cycle, usually took around 15 to 20 minutes to complete. 

47. Cracks were observed throughout the test, and all hairline 
cracks were marked with ink. Upon any significant change of the crack 
pattern a Polaroid picture was taken. 

48. All beams were tested to failure; whenever feasible, tests were 
continued beyond the maximum load-carrying capacity or ultimate moment into 
the descending branch of the load-resistance function. 
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PART IV: BEAM TEST RESULTS 

49. The principal results of the beam tests, including ultimate 
loads calculated from the data in table 5 and those determined from the 
tests, the mode of failure, and midspan deflections at various increments 
of load, are summarized in table 6. 

Beam Cracking and Failure 

50. Maximum crack widths are given in table 7. Photographs 1-12 
show crack patterns developed under various loads. 
Steel-reinforced beams 

51. All four high-strength steel-reinforced beams failed w~thin 3.5 
percent of their predicted failure load, generally in an essentially com-
pressional mode. Beam 1, with a distinctly underreinforced section, ex-
hibited the conventional failure pattern of initial reinforcement yield, 
followed by compressional failure of the concrete (photograph 1). Beam 1~, 

which contained helical reinforcement in the compression zone, showed ex-
tremely good ductility even though failing in a compressional mode, demon-
strating the beneficial effect of confining compressive reinforcement with 
regard to ductility. Individual beam behavior is described below. 

52. Beam 1. First hairline cracks became visible at midspan under 
3000-lb total load (photograph 1) and subsequently grew more prominent and 
numerous as loads increased (photograph 1). At a total load of 6000 lb, 
10 cracks could be observed within the midhalf of the beam. At 12,000-lb 
total load, i.e. shortly before failure, the number of cracks had almost 
doubled. Yielding of reinforcement began at a moment of approximately 
180,000 lb, or a total load of 12,000 lb. Shortly after, the maximum load 
(12,200 lb) was reached, and the concrete near the top beam surface failed 
in compression (photograph ld). 

53. Beam 2. First hairline cracks were observed at about 4000-lb 
total load. Crack patterns for 6000-, 12,000-, and 16,000-lb total loads 
and after failure are shown in photograph 2. At a total load of 16,800 lb, 
sudden failure occurred in the concrete compression zone. 
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5L~. Beam 3. Hairline cracking again started at about L~OOO-lb total 
load and subsequently followed a pattern similar to beam 2. The maximum 
load was reached at 18 ,L~OO lb, at which point the beam failed in a compres-

sional mode. Crack configurations for 6000-, 12,000-, 18,000-, and 
18,400-lb ·total loads are shmm in photograph 3. Some hairline cracks in 
the upper part of the beam, shovm as dotted lines in photographs 3c and d, 
appeared upon unloading of the beam from a total load of 18,000 lb. 

55, Beam L~. The first hairline cracks were detected under L~500-lb 
total load. Surface spalling in the concrete compression zone began under 
a total load of 15,500 lb (photograph 4c) and gradually progressed until 
the maximum load (17,550 lb) was reached. Midspan deflections at that 
point were in excess of 3 in. and rapidly increasing (photographs 4d and e) 
so that the test had to be discontinued, since neither the loading nor the 
support systems were designed for extreme beam deflections. Photograph 5 
is a close-up of the plastic hinge at midspan and shows drastic surface 
spalling of the compressed concrete, but also indicates that the concrete 
within the reinforcing spiral was well confined and still appeared to have 
considerable load-carrying capacity. 
Aluminum-reinforced beams 

56. All aluminum-reinforced beams, except beam 11 which failed in 
bond, developed a flexural strength within about 2-1/2 percent of the pre-
dicted value, with beams 5 and 7 failing in the anticipated compressional 
mode and beam 6 experiencing shear failure. Beam 11 experienced a prema-
ture bond failure and therefore did not develop its theoretical flexural 
strength. 

57, Beam 5. Initial cracking started at about 3000-lb total load. 
Crack patterns under 3000, 6000, and 12,000 lb and after failu:ce are shovm 
in photograph 6. At 13,500 lb, the beam failed suddenly in a compressional 
mode. 

5(3, Beam 6. The first hairline cracks were again observed under 
3000-lb total load. Photograph 7 shows crack patterns at loads of 6000, 
12,000, 15,000, and 15,500 lb. Under a total load of 15,500 lb, a sudden 
shear failure occu:rTed close to one support of the beam. Subsequent inves-
tigation revealed that during beam fabrication two stirrups had 
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inadvertently been omitted at the very end of this beam, and this negli-
gence caused the beam to fail in shear before its flexural capacity was 
quite exhausted. 

59. Beam 7. Hairline cracks were first observed at L~OOO-lb total 
load. Crack patterns under 6000- and 12,000-lb total loads, resembling 
those of beam 6, are shown in photographs Ba and b. At 13,000-lb total 
load, concrete spalling began in the compression zone of the beam (photo-
graph Be), and at 14,200-lb total load, when midspan deflections of the 
beam reached 1.75 in. and were still increasing rapidly under constant 
load (photograph Bd), the test was discontinued and the beam unloaded. 

60. Beam 11. Initial cracking of this beam was observed under 
2500-lb total load. At B500-lb total load, about 111. percent below the 
theoretical flexural capacity, the plain reinforcement rods gradually lost 
bond to the concrete and their slippage resulted in failure (photograph 9). 
Fiber-glass-reinforced beams 

61. As would be expected for a reinforcing material with a Young's 
modulus as low as that of fiber glass, all beams started to exhibit visible 
cracks under relatively low load, and cracks grew rather large when loads 
increased (table 7). Two of the three fiber-glass-reinforced beams (both 
containing helical reinforcement in the compression zone) experienced a 
rather unusual failure mode--a sudden shear failure occurred along the 
plane of reinforcement when midspan deflections had reached about 2.5 in. 

62. Beam B. The first hairline cracks were observed under 2000-lb 
total load, and cracks subsequently developed at the location of every 
stirrup over almost the entire length of the beam (photograph 10). At a 
total load of 13,500 lb, the beam failed in a compressional mode. Hair-
line cracks, shown as dotted lines in photograph lOc, appeared on top of 
the beam upon unloading from 12,000-lb total load. 

63. Beam 9. Beam cracking again started at a total load of 2000 lb 
and subsequently followed a pattern similar to that of beam 8 (photograph 
11). At a total load of 14, 000 lb, surface spalling of the concrete began 
in the compression zone of the beam and expanded when loads were further 
increased. Tensile cracks at that point were very large, and beam deflec-
tions exceeded 2 in. At a total load of 16, 300 lb with midspan 
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deflections approaching 3 in., the beam suddenly failed in shear along a 
horizontal plane at the level of the reinforcement (photograph llf). 

64. Beam 10. The cracking sequence and mode of failure (photo-
graph 12) closely resembled those of beam 9. Bottom shear failure occurred 
at 17,300-lb total load and approximately 2.5-in. midspan deflection. 

Beam Deflections 

65. Load-deflection data for individual beams are presented in 
table 8 and compared with calculated curves in plates 3-5. A summary of 
the calculated load-deflection curves is given in table 21. Due to the 
lower elastic modulus of aluminum and fiber glass, the ascending branch 
of the load-deflection curves of aluminum- and fiber-glass-reinforced 
beams was more curved and had a significantly smaller average slope than 
that of steel-reinforced beams. All beams with helical reinforcement in 
the compression zone, except beam 11 which prematurely failed in bond, 
exhibited a far better ductility and clearly showed the effect of con-
fining compressive reinforcement. 

Strain Readings 

66. Average electrical strain readings on the tensile andthe com-
pressive reinforcement and average mechanical surface strain readings on 
the top and the sides of the beams, all taken in the midbeam region, are 
given in tables 9-19 and plotted in plates 6-8. 
Reinforcing rods 

67. Strains listed in tables 9-19 are usually an average of three and, 
in some cases, six individual readings. Variations of individual readings 
were generally within .:::_ 10 percent from the mean, but in steel-reinforced 
beam 1 (after yielding occurred in one rod), and in the fiber-glass-
reinforced beam 9, some individual readings deviated more than 100 percent 
from the average so that the calculated average has doubtful significance. 

68. Readings were taken at total-load increments of 1000 lb, and 
upon unloading, until the reinforcement started to yield or gages failed. 
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Malfunction of a recorder caused total loss of electrical strain readings 
in beam 7. 
Concrete surface 

69. Concrete compressive strains listed in tables 9-19 are an aver-
age of four individual readings on the top surface of the midbeam section, 
each taken over a 2-in. length (fig. 10). Individual readings generally 
varied less than.:!:_ 10 percent from the arithmetical mean. A few readings 
deviated up to about 20 percent from this mean when beams approached 
failure and surface spalling was imminent or had already started. All 
readings were taken in 1000-lb total-load increments and at unloading 
until the concrete surface started to spall and the measuring disks came 
loose. 

70. Lateral (expansive) strains on the top concrete surface are 
an average of three individual readings in the midbeam area, each taken 
over a 2-in. length as with the compressive strains. Since most of the 
readings were relatively small (< 300 x 10-6), posing a challenge to the 
measuring method used, the deviations of individual readings from their 
means were large, particularly at lower loads where, in some instances, 
they exceeded 100 percent (linear deviation). 

71. Average concrete strains measured on the side of the beam are 
the average, :respectively, of 8 midheight and 12 level-of-bottom-
reinfo:rcement readings in the midspan region (fig. 10), each taken over 
a 2-in. length. Due to the cracking of the concrete, individual readings 
varied extremely. Somewhat surprisingly, however, calculated average 
surface strains at the level of the reinforcement were in f'air agreement 
with average reinforcement strains, except for fiber-glass-reinforced 
beams 9 and 10, where reinforcement strains at midspan were considerably 
smaller than average surface strains, probably indicating a partial loss 
of bond. 

Moment-Curvature Relations 

72. The midspan curvatures given in table 20 were calculated from 
average concrete compressive strains and average :reinforcement strains 



and plotted against midspan moments to give an experimental moment-
curvature relation. The resulting experimental moment-curvature curves 
are compared with calculated curves for each beam in plates 9-11. Since 
no re'inforcement strain could be obtained for beam 7, average surface 
strains at the level of reinforcement were used to calculate the experi-
mental moment-curvature relation for this beam. For comparison, the same 
procedure was used for beam 9, and two experimental curves are shown for 
this beam in plate 11; one is based on measured average reinforcement 
strains and the other on average surface strains at the level of the 
reinforcement. 
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PART V: DISCUSSION OF RE3UL'I'S 

Ultimate Moments 

73. Steel- and aluminum-reinforced beams 1 through 7 showed an 
excellent agreement of calculated and measured ultimate moment:J with de-
viations between theoretical and experimental results corwistently smaller 
than 3.5 

711-. 

flexural 

percent, an extraordinary result for reinforced r.!oncrete. 
Beam 8, reinforced with two fiber-e;lass rods, developed a 

strength some 6 percent higher than that predicted by the calcu-
lations, a deviation that appears still acceptable if the potential error 
in the assumed reinforcement area is considered. Fiber-glass-reinforced 
beams 9 and 10, however, had ultimate flextrral strengths 14.6 and 11.11-

percent, respectively, higher than calculated. It is believed that this 
difference may have originated from posGible material variationG (e.g. 
slightly larger average area, or greater modulus of elasticity of the 
fiber-glass rods) and/or resulted from the fact that these two 'beams 

· exhibited extremely large deformationG before reaching the ultimate flex-
ural capacity and, therefore, the simplifying assumptions made in the 
analysis caused larger errors than in more conventional beams that reached 
their maximum moment at a ~onsiderably smaller curvature or rotation. 
Specifically, it is believed that the uniaxial stress-strain curve used in 
the analysis for helically reinforced concrete did not reflect the true 
behavior of the concrete in the beam compression zone for the large ::itrain 
gradients prevalent in these two beams at top-fiber strains exceeding 0.005. 

75. Aluminum-reinforced beam 11 eventually failed in bond at a load 
some 111- percent under its predicted flexural strength; but this result is 
not in disagreement with the theory since bond failure was not anticipated 
in the analysis. Up to the premature bond failure, the beam behavior was 
in good agreement with calculated moment-curvature and load-deflection 
curves. The reasons why beam 11 failed in bond while all other aluminum-
reinforced beams did not, even though their calculated bond stresses were 
somewhat larger, remain unknovm. Possibly a few drops of form oil could 
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have reduced bond despite careful precautions to keep form oil off rein-

forcing rods. 
76, Finally, it appears interesting to compare the computed and 

eXI?erimental results for steel-reinforced beams l through l+ with results 
of conventional USD procedures. Since all four beams were "underrein-
forced" (the reinforcement ratio of beams 2 and 4, however, exceeded the 
0,75 pb limit set by the Code) and the reinforcing steel had a bilinear 
elastoplastic stress-strain cur·ve, standard USD procedures should be 
applicable and should yield satisfactory results. Actually, setting 
r) = 1 , the ACI eq_uation (16-1)2 and standard analysis using the Whitney 
stress block for beam 3 yield ultimate moments within about 5 .2 percent 
of the test results for all four beams. It should be reiterated, however, 
that this agreement was obtained on beams that fulfilled two important 
prereq_uisites for application of standard analysis procedures, i.e. P < pb 
and an elastoplastic stress-strain curve of the steel reinforcement. 

Moment-Curvature Relations 

Steel-reinforced beams 
77. In only two instances did values differ more than 15 percent 

from the calculated moment-curvature curves (plate 9); thus, agreement 
between experimental and theoretical results can be considered fair. In 
f 8.ct, if all the simplifications in the analysis, possible material varia-
tions, inaccuracies in positioning the reinforcement, short-term creep 
effects, and difficulties in obtaining accurate average midspan curvature 
measurements are taken into account, the agreement is rather satisfactory. 
The differences occur only in the very last curvature measurements for 
beams 2 and L~ (when the top concrete surface was about to or had already 
started to spall) with curvature values approximately 20 percent larger 
than the calculated values, still an acceptable difference for reinforced 
concrete approaching failure. 
Aluminum-reinforced beams 

I 
78. Agreement was again q_uite satisfactory, with maximum deviations 

between calculated and measured curvatures staying within about 20 percent 
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(plate 10). Whereas in most other beams measured curvatures were somewhat 
larger than calculated values, a fact that could be attributed to short-
term creep, the opposite was found for b€!am 6 (plate lOb) and no specific 
cause for this result is knmm. However, since the deviations were well 
within the 20 percent margin, material variations and/or other experimental 
inaccuracies can be blamed. 
Fiber-glass-reinforced beams 

79. While beam 8 showed an almost ideal agreement between theory 
and experiment (plate lla), the two other fiber-glass-reinforced beams 
did not. For beam 9, the differences between average strain readings on 
the reinforcement and average strain readings at the same elevation on the 
sides of the beam were very large (plate llb). Since both averages were 
obtained from greatly varying individual readings, neither one appears 
conclusive. Statistically, the mean suxface strain derived from 12 vrlde-
spread individual readings bears more significance than the reinforcement 
strain, averaged from three greatly varying measurements (e.g. at 10,000-
lb total load the standard deviation of the mean reinforcement strain is 

-6 -6 1090 X 10 compared with 570 X 10 for the mean surface strain). Plate 
llb shows that the calculated curvatm·e values agree quite well with test 
results based on surface strain measm·ements. In this light, the average 
reinforcement strain appears in error, a conclusion that is also Gtrongly 
backed by plate 5b. If reinforcement strains truly reflected the beam 
curvature, the measured deflections should be smaller than the calculated 
deflections, yet the opposite is true. All this then leads to the con-
clusion that cm·vatures based on surface strain measm·ements should be 
used for the comparison with computed values; and, indeed, agreement is 
then rather good. 

80. For beam 10 there was also a considerable difference between 
average reinforcement strains and pertinent average surface strains 
(plate llc). However, the difference i;3 not as great as for beam 9 and 
could be explained by gradual loss of bond in the midspan region. For 

I 
this beam, reinforcement strain measurements appear reliable (individual 
readings did not vary more than usual, e.g. standard deviation of the 

-6 mean at 10,000-lb total load was 221 x 10 ) , and cm·vatures based on 
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reinforcement strains are in better agreement with calculated values too. 
Yet at very high moments (:::;tarting at about 75 percent of the ultimate), 
the difference between measured and calculated curvatures exceeded 20 
per~ent, probably because compressive concrete strains exceeded 0.007, 
and the surface began to spall, making accurate surface strain measure-
ments almo:::;t impossible. 

Load-Deflection Relations 

81. Measured midspan beam deflections were generally larger than 
calculated deflections, particularly at higher loads, an effect that can 
be attributed partly to the different loading rate in the uniaxial com-
pres;3ion tests (which yielded concrete stress-strain curves used for the 
calculations) and in the actual beam tests. Beam tests usually took about 
2 to 3 hours, compared with 10 to 15 minutes for the cylinder test; thus, 
it is likely that short-term creep affected the beam test results but not 
the uniaxial test results. In addition, the beams were unloaded several 
times, while concrete stress-:::;train curves used· in the analysis reflect 
a single (i.e. the first) loading cycle only. Furthermore, the analysis 
did not consider the contribution of shear forces to the beam deflections. 

82. For reasons unknown, the difference between calculated and 
measured deflections was more pronounced on steel-reinforced beams than on 
aluminum-reinforced beams. All fom· aluminum-reinforced beams showed very 
nice agreement between theoretical and experimental load-deflection curves 
(plate 4), but the theoretical midspan deflections for three of the four 
steel-reinforced beams were up to 30 percent smaller than the measured 
deflections (plate 3). For comparison, midspan deflections of these four 
beams were calculated according to the ACI Code2 (plate 3), a method that 
usually gives good results at working loads. 30 The resulting straight 
line fits quite well to deflections calculated by the numerical analysis 
method up to about 90 percent (beams 2-~-) and 95 percent (beam 1) of the 
ultimate load. But agreement with measured values is as bad or worse for 
the ACI method as for the numerical analysis method, which can be taken 
as another indication that the slow and repetitive loading caused unusually 



large deflections. In thic light then, the agreement of theoretical and 
experimental load-deflection curvec ceemc acceptable for all beamc, ex-
cluding perhapc the two fiber-glass-reinforced beams, 9 and 10, for which 
the measured deflections were up to 50 percent larger than the calculated 
deflections and the ultimate moments come llt- and 11 percent, recpecti vely, 
higher than anticipated. 

Strain Readings 

Compressive concrete strain and spalling 
83. Comprescive concrete strains on top of the beam surface were 

taken in 1000-lb total-load intervals and upon unloading until sudden beam 
failure occurred or until concrete spalling caused the measuring disks to 
come loose, a mechanism that indicated imminent failure in all but the 
helically reinforced beams. It is interesting to note that ultimate 
compressive strains measured on top of the beam prior to spalling were 
around 0.003 for all steel-reinforced beams, around 0.005 for aluminum-
reinforced beams (except beam 11, which prematm·ely failed in bond), and 
around 0,007 for fiber-glass-reinforced beams, a result that proves the 
influence of the strain gradient (or of the curvature) on spalling and 
ultimate concrete strain. 

81t-. Helical reinforcement in the compression zone did not signifi-
cantly affect surface spalling, but it efficiently confined the concrete 
enclosed by it and enabled the beam to maintain or increase its load-
carrying ability even after extensiv~ sm·face spalling had occm-red. While 
all beams without helical reinforcement failed shortly after the first 
spalls developed, beams with helical reinforcement (excluding beam 11) 
still had a reserve load-carrying capacity of some 10 to 15 percent left 
after first spalling began. Even more pronounced was the beneficial 
effect on ductility as discussed in paragraph 92. 
Lateral top surface ctrains 

85. It was originally hoped that the transvdrse-::itrain measurements 
would allow an interesting insight into the behavior of the compression 
zone and how it is influenced by helical reinforcement, strain gradients, 
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etc. However, the measuring method used was not sensitive enough, and 
the scatter of individual readings, particularly at initial stages of 
loading, was too great to allow any meaningful conclusions. 

86. The observed ratio E\/E £ of transverse to longitudinal strains 
was generally in the range of 0.15 to 0.30, with a clear tendency to in-
crease at large longitudinal strains and a somewhat mystifying trend for 
higher values at very low transverse strains. 

Comparison of Reinforcement Strains and Surface 
Strains at the Level of Reinforcement 

87. Except for fiber-gla;Js-reinforced beams 9 and 10, average 
(bottom) reinforcement strains agreed quite well with average surface 
strains at the level of the bottom reinforcement; the two averages gener-
ally differed by less than 15 percent. This comes somewhat as a nurprise 
if the large varia:tions in strains due to cracking are considered. Wnereas 
rJurface strains on measuring intervals bridging a crack were, of course, 
very large, adjoining uncracked sections frequently showed no surface 
lengthening at all. In fact, a few of them shortened slightly during 
some ctages of loading. From this it can be concluded that the rather 
unusual procedure of taking multiple mechanical surface strain measul'e-
ments on the tension side of a reinforced concrete member not only gives 
an accu.rate indication of crack width (a value otherwine hard to obtain), 
but also allows a fairly accurate estimate of average reinforcement strains 
or beam curvature, provided slippage between concrete and reinforcement is 
localized and minor. 

88. For the two fiber-glass-reinforced beams, the difference be-
tween surface and reinforcement strains in significant (beam 10) or even 
very great (beam 9). For bemn 10, this difference can still be attributed 
to gradual local loss of bond (a mechanism discussed before and suggested 
as explanation for large deflection::.;). Average reinforcement strain read-
ingn for beam 9 are thought to be in error. 
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Comparison of Alumimun and Fiber Glass 
with Steel Reinforcement 

89, Due to the lower elastic moduli of aluminum and fiber glass, 
deflections of all beams reinforced with these two materials were con-
siderably larger, and cracks formed earlier and were wider than they were 
in steel-reinforced beams (see plates 3-5 and table 7). This was, of 
course, particularly dramatic for fiber-glass-reinforced beams, which in 
the elastic range developed almost four times the deflections of equivalent 
steel-reinforced beams, a factor that reflects the ratio of moduli 

E /Ef = 4. 51~ , s g 
90. Notwithstanding their large deformations, the fiber-glass-

reinforced beams exhibited at least the same ultimate strength as compara-
ble steel-reinforced beams, if proper measures were taken to prevent pre-
mature collapse of the concrete compression zone (helical reinforcement 
for higher reinforcement ratios). In none of the three fiber-glass-
reinforced beams tested was failure caused by fracture of the reinforcement 
rods or loss of bond. 

91. Bond of plain aluminum bars to concrete was satisfactory except 
for beam 11, which failed in bond for reasons unknovm. Calculated bond 
stresses for this beam were lower than those for the other aluminum-
reinforced beams. 

Effect of Helical Reinforcement 

92. The effect of confining reinforcement in the compression zone 
was clearly demonstrated in this program, and can distinctly be seen in 
plates 3-5. All beams with helical reinforcement in the compression zone 
(beams l~' 7, 9, 10, and 11) underwent much larger def'ormations before ulti-
mate collapse than their counterparts with no such reinforcement (again 
excluding beam 11). For underreinforced beams, i.e. beams such as beam 4 
in which failure is associated with reinforcement yield, the improved 
ductility of the compression zone merely results in an increased ductility 
of the beam without significantly affecting the ultimate moment. Plate 12b 
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shows that after yielding of the reinforcement in such a beam the con-
stant total concrete compression force C = A f theoretically reaches s y 
its highest position in the beam section (ultimate moment condition indi-
cated by a minimum k2/k1 ratio) at a maximum concrete strain E co 
slightly in excess of the familiar 0.003 if the stress-strain curve of 
plain concrete cylinders (plate 2a) is used for the compression zone, 
whereas for a helically reinforced compression zone the maximum moment 
is not reached until the maximum concrete strain is somewhat in excess 
of o. ool~. In overreinforced beams, however, or in connection with a main 
reinforcement material of low modulus (e.g. fiber glass) helical compres-
sive reinforcement will also considerably increase the ultimate moment 
capacity (compare beam 9 with beam 8 in table 6). 
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PART VI: CONCLUSIONS AND RECOMMEJWATIONS 

Conclusions 

93. The described iterative flexural analysis method appears to 
give satisfactory results with respect to ultimate moments and moment-
curvature relations and seems to allow a fairly accurate prediction of 
load-deflection or resistance functions of reinforced concrete members 
loaded in their plane of symmetry up to failure, regardless of their 
section geometry or the stress-strain characteristics of the materials 
used. 

91~. Helical confining reinforcement in the compression zone of 
reinforced concrete members will significantly increase their ductility 
and can increase the strength of overreinforced beams or of beams rein-
forced with a low-modulus material such as fiber glass. Helical rein-
forcement has little influence on the formation of first surface spalls. 

95, Deformed fiber-glass reinforcing rods achieve satisfactory bond 
with concrete, thus eliminating the bond problem usually associated with 
fiber-glass reinforcement. Fiber-glass-reinforced beams exhibit about 
four times the elastic deflections of equivalent conventionally reinforced 
beams (and accordingly much wider cracks) but can achieve at least the 
same ultimate strength and show excellent resilience up to ultimate fail-
ure. The ultimate moment of a fiber-glass-reinforced beam with confining 
compressive reinforcement can indeed be considerably higher than that of 
an identical beam reinforced with high-strength steel. 

96. Chemical reactions, if any, between aluminum and the alkalis 
of the cement do not preclude the development of ;Jatisfactory bond between 
plain aluminum-alloy rods and concrete. 

97. The maximum compressive concrete strain, measured on the top 
beam surface preceding the formation of surface spalls, is strongly in-
fluenced by the prevalent strain gradient. Though values were near the 
familiar 0,003 in conventionally reinforced beams, values as high as 0.007 

were measured in fiber-glass-reinforced beams with extraordinarily large 
strain gradients. 
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98. Due to the distinct influence of stress or strain gradients 

on the stress-strain characteristics of concrete, as well as due to 
geometry, reinforcement, past history, testing machine loading rate, and 
repeated loading effects, it is believed that a stress-strain curve de-
termined in a standard uniaxial static compression test on concrete cylin-
ders will not reflect the true behavior of the concrete in the beam. 
Therefore, if not for other reasons, an analytical prediction of the beam 
response can only be of an approximative nature. However, the degree of 
approximation will be improved if the test conditions under which the 
concrete stress-strain curve is obtained more realistically reflect the 
loading rate and the past loading history of the beam. For the tests de-

1 

scribed in this report, it would have been advantageous to. determine con-
crete stress-strain characteristics under very slow loading rates and 
during repeated loading, reflecting the actual conditions of the beam 

test. 
99. Multiple mechanical strain measurements on the tensile concrete 

surface are a convenient tool to determine crack widths, and if taken at 
the level of reinforcement, their average can be used to estimate tensile 
reinforcement strains, despite the extreme variation of individual read-
ings, provided bond between concrete and reinforcement remains essentially 
intact throughout the beam. 

100. The stress distribution within the concrete in the tensile beam 
region, as affected by cracking, progressive loss of bond, and shear 
forces, needs further study. 

Recommendations 

101. Other types of confining compressive reinforcement, such as 
closely spaced prefabricated latticed ties, tubular meshes, etc., should 
be investigated. Helical reinforcement, though very effective, does not 
appear to be the most practical or best confining reinforcement for flexu-
ral members. A study on the effect of confining reinforcement on the be-
havior of dynamically loaded beams should be initiated to evaluate the 
potential of such reinforcement in protective construction. 

l.1.0 
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102. The feasibility of combining confining compressive reinforce-

ment and low-modulus tensile reinforcement (fiber glass) to construct very 
flexible and resilient reinforced. (or prestressed.) concrete members of 
high ultimate strength, and their potential application (for instance, in 
underground. protective structures) should perhaps be further investigated.. 
It appears conceivable that such a member, while having the same or even 
higher ultimate moment capacity than a conventionally reinforced beam, 
would deflect and activate soil arching at much lower loads. 

103. Additional tests on beams with more complex section geometries 
(T-beams, triangular sections, etc.), axial thrust, and other (nonbilinear) 
reinforcing materials should be performed. to verify the universal appli-
cability of the outlined. analysis procedure. 

104. Research into the influP-nce of stress (or strain) gradients on 
the load-carrying capacity and the deformation characteristics of plain 
concrete should be continued.. Concrete stress-strain curves used in the 
analysis should be obtained under test conditions that closely reflect the 
loading rate and loading sequence of the beam test, and, if at all pos-
sible, an attempt should be made to simulate the strain gradients that will 
exist in the compression zone of the beam. 
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Table 1 
Strength Data for Reinforcing Materials 

Diameter 
Type of Material in. 
Deformed high-

strength steel 
bars (No. 4) 1/2 (nominal) 

Deformed fiber-
glass rods 
(No. 4) 1/2 (nominal) 

Plain aluminum 
bars 0 .lt56tt 

Cold-finished 
steel wire 0 .1211.·X-

Note: NA= not applicable. 
·X- Average of three specimens. 

** Average of two specimens. 

Yield 
Elastic Strength f y 

Modulus ER (0.2% Of'fset 
psi Method) , psi 

6 
~30.5 x 10 ·)(- ~71,230-x-

~6. 70 x 6 10 ·)(--)(- NA 

9 .ltlJ. x l06tt 4l1,3oott 

29.1 x 106-x- 78 ,980-x-

Tensile 
Strength 

f u 
psi 

102, 700-x-

86,785-x-,t 

57,llOtt 

83,590-x· 

t All specimens failed in the grips. True tensile strength probably 
much higher. 

tt Average of four specimens. 



Table 2 
Concrete Mixture Data and Results of Tests 

Material 
Type I cement 
Fine aggregate 
Coarse aggregate 
Water 
Admixture::; 

Type of Specimen 

Standard 6- by 6- by 
30-in. beam 

Standard 6- by 12-in. 
cylinder 

3- by 6-in. cylinder 
3- by 6-in. cylinder 

with 2-in. steel 
helix 

on Concrete Control Specimens 

Mixture Data (1-bag Batch) 
Volume, cu ft 

(Solid) 
0 .lt79 
2.057 
2.140 
1.320 
None 

Strength Data 
Age Compressive 
days Strength, psi 

28 

28 

29-33 

29-33 

3lt20-x-x-

3785t 

3748tt 

Weight, lb 

94.o 
356.1 
3~7.3 

82.5 
None 

Modulus of 
Rupture, psi 

598-X-

Note: Water-cement ra~io b~ weight, 0.877; slump, 2-lfa. in.; cement factor, 
lt.5 lb/cu yd; unit weight, fresh mixed, 144.o lb/cu ft. 

·X- Average of six tests (CRD 16-66) .37 
-x-r. Average of three tests (CRD 14-65).37 

t Average of six tests. 
tt Average of five tests. 



'I'able 3 
Reinforcement of Test Beams 

Type and Amount of 
Beam Tensile Reinforcement 

1 

2 

3 

5 

6 

7 

8 

9 

10 

11 

High-strength steel 
2 No. LJ bars 
(1/2-in. diameter) 

High-strength steel 
3 No. 4 bars 
(1/2-in. diameter) 

High-strength steel 
3 No. 4 qars 
(1/2-in. diameter) 

High-strength steel 
3 No. 4 bars 
(1/2-in. diameter) 

Aluminum 
4 plain bars 
(1/2-in. diameter) 

Aluminum 
)_~ plain bars 
(1/2-in. diameter) 

Aluminum 
4 plain bars 
(1/2-in. diameter) 

Deformed fiber glass 
2 rods 
(1/2-in. diameter) 

Deformed fiber glass 
2 rods 
(1/2-in. diameter) 

Deformed fiber glass 
3 rods 
(1/2-in. diameter) 

Aluminum 
2 plain bars 
(1/2-in. diameter) 

'I';ype and Amount of Com-
pressive Reinforcement 
None 

None 

High-strength steel 
1 No. LJ bar 
(1/2-in. diameter) 

2 steel helixes 
(2-in. diameter) 

None 

Aluminum 
2 plain bars 
(1/2-in. diameter) 

2 steel helixe s 
(2-in. diameter) 

None 

2 steel helixes 
(2-in. diameter) 

2 steel helixes 
(2-in. diameter) 

2 steel helixes 
(2-in. diameter) 

D 
D 
D 
w 
Q 
~ 
hJ 
D 
u 
Ll u 

Sketch of 
Cross Section 
Beam cross 

section 4 by 
9 in. (nominal) 

Effective depth 
8 in. (nominal) 



Table 4 
Normalized Stressec and Shape Factors kl and y-'2 for Concrete 

Stress-Strain Curve o·r Compressive Stress Block 

f f' kl k2 E c c co Helically Helically Helically 
io-6 Rein- Rein- Rein-

in./in. Plain forced Plain forced Plain forced --
0 0 0 0 

375 o.42 0.228 0.333 
750 0.65 0.383 0.367 

1,125 0.80 0.500 0.377 
1,500 0.91 0.589 0.385 
1,875 0.96 0.658 0.391 
2,000 0.98 0.678 0.395 
2,250 0.99 0.710 o.4oo 
2,625 1.00 0. 75lt 0 .11-08 
3,000 1.00 0.784 o.415 

3,375 0.95 0.805 0.807 0 .lt23 0. lt22 
3,750 0.90 0.818 0.826 0 .11-32 0 ,lt28 
lt '125 0.83 0.97 0. 82lt 0 .8ltO 0 .4ltl o.434 
lt ,500 0.78 0 .91t 0.823 0.850 o.452 o.44o 
lt' 875 0.72 0.89 0.816 0.855 o.462 o.446 
5,250 o.66 0.87 0.806 0.857 o.472 0 .lt52 
5,625 0.60 0.83 0.795 0.857 0 .lt82 o.~·59 
6,ooo 0 .51t 0.80 0.780 0.856 0 .lt93 0 .lt65 
7,000 0.38 0.70 0.735 0.839 0.521 o.481 
8,ooo 0.21 0.59 0.680 0.815 0.555 0.500 
9,000 0.05 0 .lt9 0.620 0.786 0.590 0.518 

10,000 0 0.39 0.558 0.751 0.619 0.535 
12,000 0 0.20 o.647 0.570 
14,ooo 0 0 0.563 



'l'able 5 
D3.ta Used in Analy8is of Brc:am.s 

Compressive strength of concret·e (with aml without helical r·eini'orcement), 3750 psi 

Moclulu.s of ela8tici ty of Gteel reinforcement, 30. 5 X 10° prJi 

Yield point of lonu;itudinal high-,3trenu;th .steel rcin.t'orr:ernr1nt, 71,230 p;Ji 
G Modulus of ela;;ticity of fiber-gla,s.s reinforcement, 6. 70 X 10 p.si 

Actual Dimen.:;ion.s and Hcinforccment 

Width Effective Depth Area of Hcinforcement 
b dl d2 d' p p' 

Al /1.2 Bemn in. in. in. in. Type of I\c:ini'orccw)nt A' of L _1,_ 
1 11.02 7.80 High-;;i;rrc:nc;th ;:;teel o.36ox 1.15 
2 3.96 7,75 High-;;trenc;th ;;teel 0.500->: 1.89 
') 
.) 3.88 7,70 1.00 m.u;h-;; trenc;th .steel 0.580·>:· 0 .180·X· l.9l1 
1, l, .08 7.70 High-:Jtrenu;th .~t8cl·l'.-Y· 0.580): 1.135 
5 3.92 7 ,'(8 6.28 Alwnimun 0.392 0.392 2 ,5'/ 
6 3,98 7.90 6.210 1.00 Alwnimun 0.392 0.392 0.392 2 .J19 
7 3,95 7.81 6.31 Alwninwn-X-X 0.392 0.392 2. '.Jll 
8 3,9l1 '( .72 Fiber r,lass 0.360 l.J.8 
9 3.91 7.67 Fiber c;la;:;rr!'.->'.· 0.360 1.20 

10 3,89 7.63 Fiber gJa;.:;;3-X·X· 0.5110 1.82 
11 l1.06 7.92 AlurninwnH:- 0.392 1.22 

Ilote: Stres.s-.strain curvc.s u~:ecl for concretrc are .shO\'m in platr; 21J; tho;;r; for rcin-
forcinu; r.mtcrials are .show11 in pb.t•; 1. 

0.60 

1.25 

cL1 cli.stancr; from cenh·oid of bottom layer of tcn;Jilr; l'';inforeement to top of 
beam. 

cl:L.3tance from centroicl of ;;0conCl layer of tcrwilc rr~inforcem·~rrl; to top of 
bearn. 

cl' distance from centroid of' cornprc;rn:Lve re;inforccmerrL to t0p of tile i.Jer.un. 
A1 area of liottom layer of tcmsilr" rcini'ol'cement. 

A2 ar'".l. of ;;econd lay0r of tr~nc:L1c reini'orcewmt. 

A' area o:f r:ompre;;;:;ivr; relnforr;ciwmt. 
,, 

·X· A reduction of thrc rrcinforcemcnt CJ.l'eCJ. iiy '.l.11 rn11ounl; of o.o~' :i.u.'- 1n.:.: ncr..:r;:J;;.'J.ry· 
in tlvc midlircarn ;;ectlon of .stra:Ln-c;a[;erJ rr~:Lnl'ore:Lnc; lYJ.r;; • 

. ;,-;:. Il•c!.Ull3 lw.ll fFclical rc;inforcc;HFcffi; in r;vlf!Jll:'C.e8:Jion zonr3, 



Table 6 
S1.121l.I!l3..rv of Test Results 

Total Ulti~_ate Load, lb 
Beam Reir:forcer::ent Theoretical Actual Deviation,* e 

Midspan Deflection, in Inches, 
at a Total Load in Pounds of 

6000 
Ulti-

9000 12.000 15,0JJ !!:2.te 

l 2 high-strength steel bars, I\o. 
4 1.16 :percent 

11,300** 
11,62ot 

12,200 +3.4 0.052 0.131 0.219 o.430 0.740 

2 3 high-strength steel bars, I1:0. 17,300** 16,Soo -2.9 0.045 
1, 1.9 percent 16,()0t """t-: 

3 1 high-strength steel bar, ~~o. 18,360- 18,400 +0.2 
4 (co~ressive); 3 high- 18,3oot 

0.046 

strength steel bars, I\o. 4 

4 2 helixes .~ 2-in. dic.Jn.eter .; 17,370*-* 17,550 +l.0 0.044 
3 high-strength steel baI'S, 16,75ot 
llo. 4 

5 4 alu.lfilnum bars, 1/2-in. 13,33°'* 13,500 +l.3 0.075 
diameter 

6 2 alum.in um. bars, 1/2-in. 15,700** 15,300 -2.5 
diar:eter ( corrpre ssi ve); 4 

0.055 

allllY'inurr. bars, 1/2-in. 
diameter 

7 2 helixes, 2-in. dia.T?:eter; 4 13,900** 14,200 +2.1 0.057 
alu.rninu..~ bars, 1/2-in. 
dia-rneter 

11 2 helixes, 2-in. diameter; 2 9,960** 8,500 -14.6 0.092 
alur.J.inuJn bars, 1/2-in. 
diameter 

8 2 fiber-glass rods, 1/2-in. 12,67()'fc* 13,500 +6:6 0.173 
diameter 

9 2 helixes, 2-in. diar..eter; 14,050** 16,100 +14.6 0.181 
2 fiber-glass rods, -1/2-in. 
diameter 

10 2 helixes, 2-in. dia..1!1.eter; 3 15,530** 17,300 +11.4 0.149 
fiber-glass rods, -1/2-in. 
diameter 

* Deviat:i.,en of actual load from the theoretical load calculated from the data in table 5. 
** Calc~ted from the data in table 5. 

t Calculated fro:n ACI 318-63,2 equation 16-1, 1-;ith yf = 1. 

0.102 0.165 0.246 0.336 o. 555 

0.101 0.161 0.235 0.311 -0.600 

0.102 0.170 0.250 0.341 -3.0 

0.205 0.352 0.532 -0.90 

0.176 0.303 o.451 0.715 ~0.90 

0.186 0.334 0.530 1.7 

0.275 0.67 

0.406 0.700 1.10 -1.5 

o.431 0.735 1.17 2.04 -2.8 

0.346 0.607 0.950 1.55 -2.5 

l1Iode of Failure 
Yield of rein-

forcement: 
concrete 
failed in 
co:rr:pressicn 

Compressional 

Corc.pressive 

Compressive 

Compressive 

Shear at support 

Compressive 

Bond 

Compressive 

Shear at level 
of rein-
forcement 

Shear at level 
of rein-
forcement 



Table 7 
Maximum Crack Widths 

Approximate 
Cracking Load Maximum Crack Width in inches Failure 
(Detection of Under a Total Load in pounds of Load 

Beam First Cracks), lb 3,000 6,ooo 9,000 12,000 152000 lb 
1 3000 0.002 0.005 0.007 0 .Olt7 12,200 

2 lfOOO ·X- 0.003 0.005 0.006 0.007 16,800 

3 ltOOO ·X- 0.003 0.005 0.006 0.007 18 ,ltOO 

4 11500 ·X- 0.002 0 .OOlt 0.006 0.007 17,550 

5 2800 0.005 0.010 0.015 0.020 13,500 

6 3000 0.003 0.008 0.013 0.018 0.021 15,300 

7 lJ.000 ·X· 0.007 0.012 0.020 111,200 

11 2500 0.008 0.017 8,500 

8 2000 0.0111 0.031 0.053 0.080 13,500 

9 2000 0.0111 0.032 0.053 7E-X- 7<-X- 16,100 

10 2000 0.010 0.022 0.036 0 .05lt ·X-X- 17,300 

Note: 0.008 in. is frequently considered the maximum allowable crack width 
in conventional reinforced concrete. \~J 

* Cracks could not be detected. 
7<* Not measured. 
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fJ,l'.)'.J 
o.1i::;J1 
0,1'/2 
rJ,l'('.) 
IJ,J_fj() 
1/,1'.)~J 
r),2fJJ 
(J,211 
f).2~!.l 

D,225 
(),l)jlj 

IJ,'J::,G 
1).22'.) 
fJ,2J? 
rJ,25L 
0.255 
o.2Gf~ 
1),2'() 
o.21JC 

0,'Jl2 
l),IJJ.2 
'J,')15 
(),')l') 
'.J • r:t~l~ 

I),()]() 

(j. ')]~::! 

r),ryjfj 
1J, 1JlffJ 
1),0'.).l 

IJ,'J'(J. 
IJ,'J'(') 

r),'YfJ 

(J,J.1'( 

O.llf') 
0.152 
0,031 
o.03rJ 
0,157 

'J.259 
1J.~!G5 
1J,Ol;C 

r),3'YJ 
r),J0G 
f). 3~:.·r 
'). 3!;); 
0. 353 
0. 3G·r 
o. 3t)5 
f), 3'.J3 
o,<)r~() 

o.0G2 
o,1;'Jl 
0.111'.) 

O.l~!~l 
r;,lrlf'( 
0.ltC'.J 
rJ)I)] 
1J,51JG 
f), 5·y::; 
I), 5'J5 
IJ,'522 
O,fJ23 
1),'(l'") 

J),.?QJll '1 

f),IJ~'.) 

r),r)2G 
IJ.IJJ)f 
r),fj)!f 
1),IJ.J.l 

o,o_u:; 
fJ,IJJ.'.J 
rJ, 1X~l 

O,'Jl;() 
tJ,'Y;'J 
r;,U:i2 
o. 1iJ1 
I)• r }~() 

f),~;Fjlj 

f.J,'f)') 
'J,lJ.fJ 
0,)22 
() • .lJ1 
r),l)'( 
(J, ).(~_' 
r;,liYJ 
r),2fJJ 
f),~~'r{ 

o.1·1G 
0.1DrJ 
(),OJIJ 
o.rY;G 
u.1eG 

<J, ·y)] 
').JlJ. 
rJ,O)l~ 

1),052 
0.3l~J 
o, 33G 
l'.J. '3'..lr~ 
IJ,Jt)I) 
o. 383 
O,l;r;'.) 
0.ln3 
O)i-]O 
0.!1'.)l 

O,l+o)l 

0, 51') 
'J.525 
fJ,552 
fJ,5fJ2 
f), 5'.)? 
fJ,(i37 
0,715 
0,'(;/J 

(J.')27 

(),f/;') 

IJ, 1Jl)i 

0,0JIJ 
fJJJ]l 
l),IJ'J'.) 
1),IJ(J5 
l),')15 

0, 1)21) 

1),fJ'}{ 
o. 1x:;1 
f),1)'(') 
rJ,0')0 
IJ,VJ) 

').11)5 
l),ll'.J 
1J,ll11 
1J.ll16 
rJ •. V)2 

O,liJC 

lj .~!J'( 

0.2\5 

0,C82 
0.0'.)2 
0,10') 
O.lllf 
IJ,125 
0,ll+'( 
r).150 
r;,031 
().02.') 
r;.155 
O,lbD 
0.187 
0,190 
o.2or; 
0.215 
fJ,221 
0.233 
rJ.~!'.)l 

rJ,25'1 
(),rJ!;5 

1J.Olf3 
1J,2G2 
r;,27G 
fJ.~~?l 

0.2)5 
r), 3liJ 
C), 335 
f),3l+1 
0.3'.J'.) 
0.372 

0.:-iz:G 
I), 5();3 
o,G15 

fa.ilu.re 
1J/55'( 

(). (~;:;') 

IJ,l'JJ 
rJ,lif.J 
'J, l~.!~ 
1J,13G 

Q,IJ'.)l 
0,057 
o.0ei·r 
0,0'(0 
0.0'{1~ 

o.oDIJ 
0.0'.)0 
r),IJJ.6 
0,0l'{ 
0,IJ'.)"j 
1J,ll)J. 
IJ.111 
0.113 
0,11) 
0.12'.J 

'J.U2 
(,_J.)llJ 
0,1'.)'J 
IJ,15)1 
0.027 

,J. ')~~c 
o.1:n 
0.105 
C),1'13 
1J.l'{G 
fJ,lefJ 

0.220 

0,?25 
o.o')I.~ 
o,ryy~ 

IJ,22'.) 
0,23'.J 
0,2'.)2 
o.~~51i 
(J.21~G 
0,2i}J 
o.28C 

0, 3r;2 
o. 335 
'J, 352 

0 
o,rfJ6 
0.')10 

(J,1)25 

U,OJJ. 
f),()j(~ 

0,0J? 
fJ,f)'::/) 

'),')~::::' 

fJ,'J'f() 
'J,fJ'(7 

1J,lll1 
rJ.123 
'J.12'( 
'J,l.T1 
'),1!1C 

fJ,ll;') 
o. l. :A~ 
(J.10'{ 
rJ,l?.S 
0.113? 

'J(r;B1!1) 
11 
12 
l!J 
21, 

25 
2? 
31 
32 
JG 

123 
12) 
12? 
135 
13'1 

1)(13'.:/J) 
'.) 
') 

n 
JJ1 

(Contlr11.11y-1) 

15 
21J 
~y:; 

2'{ 
31 

Lo:..i.d 
~ 

11,C.00 

1J.,5CYJ 
12,001) 

12' )Cl) 
l·~,'jJ(J 

'.//) 
l,ry:;rJ 
l,5rJrJ 

2,C/JO 

3,'YYJ 
·5,5v:i 
11,000 

l+, )00 
5,rJ(lJ 

5,')'J) 

G,rJl;rJ 

•S,C//) 

'( ,5r:;rJ 
FJ,r)ly) 

fJ,'.lh 
'),l)f)0 

].'),5'JfJ 
11//){) 

.lJ.,5fJ() 
12~UJIJ 

).~l ,fJ/j 
0 

15!,UYJ 
15-!,51/) 

13,1_y::,rJ 

0 
'( ,15') 

'j(/j 
l, 1Jfj 

l,'.l./J 

?.,'fh 

::->,5'./) 
3,r./YJ 

D<Jfl.ectJ.orw, in !n-::hes, at Location 
} 

_l_ 2 (Mid"pan) _4_' _ --2.__ 
Derun '( (Contin,_10:!'1) 

0.215 o. 383 o,l1-5li. 
0,22l; r).1100 0,lf7l.;. 
0.233 O.lfl6 O)f'.)!~ 
0,2!1') O.l:/15 0,530 
0,258 0,l+6rJ IJ.550 

IJ,];'23 
0.5Jl 
f),6()1 

1),02) 
r),r:·25 

o.oivr 
o.o:;r) 
(J, 1)Glt 
l),(iiJ5 
0,0F)') 

rJ,')2C 
fJ.fJ2)f 
fJ,fJ'.)l 
IJ,lf)J 
1).121 
f),J2'j 
').13'1 
fJ,161 
0.165 
fJ,J.iJl 

0,2CifJ 

(),:;25 
'),f)')l 
rJ,r_;{Jlf 
'J,:.:;!1'.) 
(J,5'(1 

I), 59'.J 
'J.C~;l+ 
'J.GG:; 
l),G')'( 
C),'('('I 

'J.l'.)'.J 

') 
'),(JI)'{ 
(),!Jlr; 
0.'Jll 
'), 1)22 

l),1;!16 
0.050 
o,rJG') 
OJJl)5 
0,0?3 

0.780 
l,07 
1,28 
l,1+J. 
l),81 

.B·~0in FJ 

') 

(),!)'(') 
O,OfJ5 
(J,111) 
(J, ll;fJ 
fJ,151f 

(1,0lf~J 

OJJl;!1 
0,1;/J 
O.Wl 
0,2]2 

rJ.21e 
r),2112 
0,2'(] 
0.21~5 
0.312 

0.517 
o. 5!;.!f 
o. 49'1 
o.G15 
IJ,131 

l),'/01 
rJ,'(10 

rJ, 7G2 
OJ.ll'J 
fJ,IJ3r) 
o.8·~5 
'),(jf)I) 

~~:?.2~ 
'J.l)Ll 
0,)) 
1.01 

l.22 
1. 31 
l.l+i) 

l)JYJ') 
(J,IJl:,i 
'),'Jl'( 
<J,'J)') 

1J,fJ80 
0,0)5 
').l?? 
o.1G2 
0.173 

0, 579 
0,633 
o.GGG 
0,'('(I) 
0,850 
o,99r) 
LJC 
1.5'.J 
l,'(lf 
Lll 

0.0?2 
0.'Y)') 
0.131 
O.lT~ 
0,1'1B 

o,1J5G 
0.051 
o,11J5 
'J.211 
o,2!iB 

o.lt0.S 
0.1117 
(J,O')G 
rJ,'YJfJ 
0.!128 

(J,GOl 
rJ.G37 
0.?'Jf) 
0,'(2<J 
(),J.50 

f),fJ')'( 
'),'.)!; 
'),')(, 
1. fJ!~ 
l.l'J 

.L.12 
0,1'.) 
O.l~J 
1.16 
J..22 

l. 30 
1. J)~ 
1.11-!1-
J..Cil 
1.85 
0, 

o.r)l() 
0,1)1.G 
fJ,1)1.-'J 
(J,f)l1!1 

O.O?? 
0,10'1 
f),lli5 
0.181 
0.1?1 

O,J'IO 
0, 388 
l),J~r)l 
f),lf2') 
o.l1lfJ 

o,lf65 
o. 505 
0, 53') 
0.605 
o.GG0 
I), 750 
1.()6 

0, 1)0') 
0.016 
0.03(; 
0,'JJJ 

0,1'.)0 
0.151, 
fJ,051) 
0,l')tf'( 
IJ,162 
o.11J3 
0.215 
r),222 
').2115 
0,21)0 
o.21J'r 
0, 313 

IJ,J'./) 
o.3G1J 
0,087 
o.ce1 
0, 361; 

f), 511 
1), 5112 
0, 5?? 
0.•S1G 
(),13!1 

0.12'( 
rJ,.JJJ 
IJ,GG; 
rJ. 71yr 
I), '(22 

(J,'(71J 
IJ,IJ22 
O,fJJ'.) 
(J,8'('.) 
1),'.)l(i 

fJ,9)1.3 
IJ,l'('.) 
1.J,171 
l,()2 
1.05 
1.12 
l.15 

(J,IJJ.7 
0,()J'.) 

f). r~iJ'( 

0.0~!1 
<),12? 
0,1'.:i'.) 
o.1.S7 

0.200 

0.232 
o.2!1rJ 

fJ,2511-
0.275 
0,206 

0,1,02 
o. 55J 
0.626 
0,690 
o. 3'.)2 

r),l)(f( 

0.012 
0. 1)23 
fJ,025 

0,J2l 

0,125 
'l.13? 
0.159 
o.1G2 
0,1'1? 

0, 511 

(J. 521~ 
IJ,11./J 
rJ,C/)G 
0, ))lt 
0.71? 
1),612 
o,GJ,1J 

0.710 
o. 7e5 
fJ.157 

fJ,(Jl.2 
0.022 
o.r)!10J 
0,'J50 
O.GGJ 
0.035 
r),0')1) 



33 
3? 
l? 

l+r) 
!;r) 

l;.5 
1;'( lf,5(Jf) 
l;fJ 5/YJO 
52 
53 5,5UJ 
55 G,ry,rJ 
5'..l 
61 
61~ 
G? G,rJJf) 

;J,'.:lJ'J 
),()(.i(J 

'),t'.YY) 
J,'.:'/)0 

J.fJ,'Jlj[J 

io,50:.i 
11,'Y)O 

11,'.'l/J 
J2,'JIJ() 

J;:,O'JO 
12' 51JIJ 
13,'YJfJ 

13,500 
il+,ooo 

0 
ll~/J'JI) 

J)t,'.}00 
15,r)IJO 
l'.),50') 
lG,r:.01) 
1G,J'JO 

0(1ry,o) 0 
11 
lJ 
ll; 
it; l,'./i) 

l'I 2,'YYJ 
~;!f 
2'.) 2,5'YJ 
2G 3,r)l)r) 
2? 
3'l 0 
jlt 
35 3,1)')0 
3f) 3,500 
3'1 l+,0')') 

3? 
l;l lt,5')0 
112 5,')00 
11'( 
1;8 '.}' ~)1)0 

5'J G,UY) 
'.)] 
)'( 
Cl 
C2 G,rf)O 

GJ G,50rJ 
G!1 7,rfYJ 
C8 
'(2 '( ,5r_;rJ 
'(!-1- fJ,rJr)(J 

'I? eo 8,5'~0 
l)J. '),t/J) 
fJli-
eG 

_1_ 
!3C'!llr.! 

o.r:'2'J 
0,')26 
(J,0'.)5 
'J.111 
fJ,12'.) 

0.13'1 
').15Cl 
1J.167 
0.1'(5 
0,180 

'), 3.1.') rJ, 58) 
'), 331 u.C1fJ 
f), 352 o.CG!1 
'), 3.Sl1 'J,01G 
0, 1J'(2 fJ,].j!J 

(J,12!+ 
'),'(IJl 
u,7!j3 
C),'(j] 
o,!Jl3 

u.lt61 1),fJ') 
lt,88 0,'.)1+ 

0.')5 
f),522 O.?? 
CJ,'.;N3 i,0J1 

fJ,l'J2 0,2l 
0,0')'( I_)'~'.() 

o. '.i~Ll i,1!1 
o.;:;10 1.1'1 
o.G/l l.22 

O,(}J.l 1.2'1 
--'*-* 1. 31J 

1. 3J 
(J,]0 
l,lf'( 

1.57 
].,'(IJ 

Ex11lu.;iv·.:::-ty1)'.::: 
l'•.:infor<.:::•.:::n;..:r1t 

~ 

0,0l') (J,')12 

0,'H5 r;,<)20 
r),r)ll) 0,'X!2 
IJ, 1)25 IJ,'JJ5 

0,(Jl;2 1J,C6'( 
O,Ol1FJ fJ,')'(FJ 
0.0GrJ '),Vf) 
U,O'(? u.133 
r),OfJlJ 0.1!12 

Q,IJJO 0.01~7 

0.027 0.011-1 
O.OIJ5 o,111i~ 

0.0)11 o.11SJ 
(),11)'( fJ,l'.)') 

0,115 U,201 
0.125 0.221) 

0,lltr) U,21+'( 
0,1!;7 (J,2'.)') 
O,l)Ll fJ,2'(8 

0,1'(3 o. 310 
o,rno o. 321 
0. 1)1'( o.o·r6 
0,0!1!1 Q,IJ'{l 
rJ,lf)3 1), 32') 

o. ")'.)IJ 
'),IJ-'_/J 
(J,111)+ 
f),113!-1-
r1,!1C!-1-

0,271~ O,l-1-I}) 
o.~'J'l 0,'.)'Jll 
O.]!Y( 0,5!12 
0,31? o. 561 
0,'J'72 0.110 

** Dl:tl gage..> rc1?1overJ. 

_1,_ 

rJ,:;,fYJ 

rJ,C!+J 
fJ,0)'( 
I), c(35 
<J,'(')') 
'), ].!;!f 

'J.121) 

Q,f;0'.) 
f),'(2.11 
0,'((l 
O,'(IJ? 

o.?6 0,8'.) 
l.')3 0,'.)l 
1.05 0,')2 
l.10 0,)'( 
1.1'1 l, 1J2 

o.:~2 0,21 
o.r.:1 'J.21) 

1.2? l.11 
l. 33 1. 1)1 
l.. J~) l.?.l 

J..ll'( 1.2'1 
l,;iFJ LJ!f 
J..01 i,!11) 

o. 3J;. I), Jl 
l.'f'I l.'.::i'J 

::?.22 
~Io 5') 

:.:11<.:ar 1\tlJ.'U.l".; ut l~ii·~ 

r),'JE~ 0,')J.l 
o,r);.!l 'J. 1:'/.~'J 

0, 1Ptl 
r),r)"3'.) 

(J,0'(') rJ,'.JOl 
fJ,r_,LJ'( <),If(!{ 

U,112 r), l<:2 
0,J)i') U,lj!1 
f),l'.:lJ f) .1J1~~ 

o,r.Jl1C 
f),(:lt3 
o.11-1!t 
rJ,lCJ 

0,212 0.1'.)l 

r),223 o.21n 
0.211-5 o.~~2') 

fJ,2'(5 IJ,2);'( 
0,2iJ'( o,2:;;!J 
o,yJ'.) 'J,2.'(IJ 

o. 3!1°$ (J,3J2 
o. 35G 'J. 321 
CJ,r)fJ2 0,'J'(•$ 
r),'J'(>3 (J,')'(2 
o.:f/; 0,3J) 

o. 3')) 'J, 3'.)'.) 
fJ,!1!1!1 (), ]')') 
0.1+~1 'J.ltl2 
r),l;FJl (J, l-1- 3~:! 
r).'.)15 o.J1G3 

u,55!-1- fJ,!;81) 
u,5C5 (J,5(;•6 
o.(iff '). )!11~ 
f),1)28 I)' ~:/)~! 
(). i:-~Jl- '), ll'.) 

_L 

IJ,21)2 

r), \f_)'.? 

f),!f.!ll 
'J.FI! 
fJ,5f'j'( 
o.1~1·J 
'),(;lj'.) 

0,G85 
--X·ll· 

lt:!V•.;l 01' 

u.02'( 

IJ,l)'fJ 
rJ,ir;G 

O.lll 
fJ,l'.":!l 
(J,l]l; 
u.111 1J 
rJ,l'.lJ 
!),li'.:11 

IJ,l'J)j-

0,233 
0,2'./) 

o.2Cn 

'), 

•rlrn·J 
~ 

'/) 
?L 
'J2 
:n 
')r~ 

l'.)2 

IJ(.t!1!1fJ) 
2 
3 

12 
lJ 
lfl 
l'I 
l') 
25 
2? 

l'.),ry_:,o 

l'(, ·yy) 

() 

"J,ljj) 
3,'.)rJfJ 
!;/YJrJ 

'(,'.lYJ 
{,lj FJ

1
<)rh 

'/? 
'13 
'('( 

Ik~Cl.•.."!(:l;lrJ)J.l, Jn ]Er~h<~J, ·I~ f,{i1~·1l;!on 

J 
_1_ ~1.0. _1_, - _L 

IJ,ljo~5 
1),)) 
'),'JI; 
1.1)1; 
l..l.5 
l. lrJ 

o,r.J!Jl 

l),l)lJ1 

fJ,1'(5 

J.<) (~onl;ln•_1·.:::·l.) 

fJ,lJ.l 

l.·~5 
.L.'( l 
].,iJ!; 
J..')~ 

L?'J 
2 .l~) 

J.k~Dn ll 
n 
(J,(/;!1 
0.'Y)) 
'). ( )].~-, 

fJ, 112) 

!J,'.)'P 

'J, 111 

l,r)'( 
1.1?. 
l. lf) 

1),()<J',.i 
1J,G2IJ 
'J,G'.:/J 
'J.1.C(; 
IJ, 7~~ 

i.{,·r !),!})) 

l. ·rG 1),'Jl. 
:~.11 Lil) o,•y; 
2.:?l Lil') n,'Jr'; 
~) • '?IJ ~?' IJ!t J..<Jl 

r;>:plo:.;l v~-t.vp•.: 1.1l"H".tl' 
f11J.lu::•: 1.lt thr.: J.cvc.L of 
l't'j !lf01''~'..'ll1•:1Jt 

CJ 
(),')(;1~ 

IJ,1)1') 
1). '~If( 
l),l)J.l 

r),rJlJ. 
o,r)l'( 

0,()(J') 
l),')!11) 
(J,'J'.)i\ 
IJ,IJ'(l 

I),] Jl IJ,U'(J 

0,IJ::}j 
0,f)')') 
1),l'JJ 

').112 
(),J.25 

!) , l ')'.~ 

1J,J.!1C 
0,1•~'.) 
1),1•~'( 
C),['(') 



Table 9 
Average Strains.* Beam 1 

Concrete 

Top Sm·face Top Surface 
Time Load Compressive Lateral Midheight 
min lb Strain** Straint Straintt 

0 0 0 0 0 
9 1,000 -60 +30 0 

15 2,000 -170 +50 0 
18 3,000 -300 +70 +74 
26 0 -70 +20 +25 
31 4,ooo -450 +70 +198 
38 5,000 -590 +120 +248 
44 6,ooo -730 +150 +322 
51 0 -140 +20 +99 
59 7,000 -910 +190 +422 
64 8,ooo -1070 +210 +471 
72 9,000 -1270 +230 +521 
77 0 -250 +40 +99 
83 10,000 -1500 +280 +595 
91 11,000 -1780 +330 +644 
98 12,000 -3080 +820 +2331 

* All strain readings shmm are in 10- in./in. 
** Average of 4 readings. 

t Average of 3 readings. 
tt Average of 8 readings. 

t Average of 12 readings. 
tt Average of 6 readings. 

Surface Strain 
at Level of 

Tensile Rein- Reinforcement 
forcement:F StrainH 

0 0 
+50 +51 

+120 +135 
+350 +364 

+70 +89 
+620 +634 
+820 +846 

+1040 +1029 
+200 +120 

+1260 +1229 
+1440 +1383 
+1640 +1528 

+250 -56 
+1880 +1666 
+2550 +1914 
+6620 +5741 



Table lO 
Average Strains 2* Bea.~ 2 

Top Surface Top Surface 
Ti.'?le Load Compressive 
min lb Strain** 

0 0 0 
6 l,000 -80 
ll 2,000 -l50 
l5 3,000 -230 
l9 0 -30 
26 4,ooo -400 
30 5,000 -490 
38 6,ooo -6l0 
44 0 -90 
53 7,000 -750 
6l S,ooc -890 
67 9,000 -l060 
~'.:\ 
t~ 0 -l90 
81 10,000 -l230 
87 11,000 -1410 
oc; 
./ ./ 12,000 -1620 

101 0 -350 
108 13,000 -1960 
ll5 14,ooo -2090 
l?O 15,000 -2370 
l28 0 -440 
135 i6,ooo -2850 
145 16,800 

* All strain readings shown are in 10-b in./in. 
** Average of 4 readings. 

t Average of 3 readings. 
tt Average of 8 readings. * .A_verage of 12 readings. 
** Yielding started at one gage location. 

Lateral 
Straint 

0 
20 
70 
70 

0 
90 

l?O 
l40 

50 
l60 
l90 
2l0 

50 
220 
300 
360 

90 
400 
400 
420 
270 
780 

Concrete 

Mid.height 
Straintt 

0 
0 
0 
0 
0 

25 
99 

l24 
25 

149 
l24 
l49 

0 
198 
l74 
l98 

0 
198 
l98 
l74 

0 
l49 

~uriace i:;rain 
at Level of 

Tensile Rein- Reinforcement 
forcement* Straint 

0 0 
50 63 

l20 l30 
250 235 

50 60 
420 420 
600 588 
740 737 
l50 l60 
890 900 

l020 l033 
ll90 ll88 
l70 l93 

1310 1338 
1490 l49l 
l64o 1645 

220 225 
1790 1792 
l910 l930 
2080 2078 

300 245 
2260 2253 

2580H 



Table ll 
Average Strains,* Bea.~ 3 

Concrete 
Surface Strain Reinforcement 

Top sm~face Top Sur lace at Level of' Compressive Tensile 
Ti!nl.3 Load Cor1pressive Lateral Midheight Tensile Reinforcer:ient Reinforcement 

r.tln lb St::.·aini(-X- Straint Straintt Reinforce!'1_ent* Straint Straint 

0 0 0 0 0 0 0 0 
5 l,000 -60 

13 2,000 -l40 
20 50 50 
30 50 lOO 

-43 53 
-ll8 138 

1"' -'- 3.002 -230 20 50 250 -190 278 
23 0 -20 20 0 50 -77 58 

59 4,ooo -300 60 74 450 -315 450 
67 5,000 -450 100 99 570 -383 595 
74 6,ooo -570 lOJ 99 620 -455 755 
82 0 -60 "" CL 74 150 -93 138 
SS 7,000 -720 l50 l49 840 -555 943 

95 s,ooo -830 
lOl 9,000 -930 

120 l49 920 
160 198 l090 

-634 1055 
-722 1218 

llO 0 -lOO 0 50 l50 -ll3 165 
ll6 l0,000 -l090 l90 248 l220 -813 1375 
1?3 ll,000 -1::050 230 248 l340 -922 1530 
l30 l2,000 -l40o 250 273 1490 -1028 1670 
l36 0 -200 0 50 lOO -140 187 
1 t:;0 13,000 -l570 -/~ 

162 14,ooo -l750 
00'1 347 l6lO ~,,v 

340 298 l7l0 
-ll65 1813 
-1248 1930 

167 15,000 -l900 380 298 l84o -1340 2065 
172 0 -220 140 50 l50 -173 l93 
182 16,ooo -2160 
193 l7,000 -2400 
263 l8,ooo -3250 

430 298 1960 
490 372 2l80 
6So 

-1522 2223 
-l6l5 2395 
-l790 2707** 

267 0 -820 270 l066 1860 -ll5 256 

7' ... Ul strain readings sho1·:n are in 10 . /· in. 1 in. 
** Average of 4 readings. 
t Average of 3 readings. 

tt Average of 8 readings. 
Average of 12 readings. _,_ 

;-

Yielding started at one gage location. 



Top Surface 
Time Load Compressive 

min lb Strain** 
0 0 0 

15 1,000 -70 
22 2,000 -200 
28 3,000 -310 
35 0 -20 
43 4,000 -410 
50 5,000 -560 
55 6,ooo -700 
65 0 -100 
72 7,000 -860 
81 8,ooo -970 
90 9,000 -1140 
97 0 -200 

144 10,000 -1320 
153 11,000 -1520 
160 12,000 -1770 
170 0 -360 
179 13,000 -2000 
186 14,ooo -2230 
193 15,000 -2560 
202 0 -590 
211 16,ooo 

* All strain readings shown are in 10- in./in. 
** Average of 4 readings. 

t Average of 3 readings. 
tt Average of 8 readings. * Average of 12 readings. ** Yielding started at one gage location. 

Table 12 
Average Strains 2* Beam 4 

Concrete 

Top Surface 
Lateral Mid.height 
Straint Straintt 

0 0 
-40 0 
-20 0 
-10 25 

0 50 
+70 50 
-40 74 
+70 74 
-50 0 
+70 99 

+120 99 
+120 99 

-10 99 
+160 149 
+210 149 
+260 149 

+20 74 
+260 174 
+390 174 
+520 174 
+190 0 

Surface Strain 
at Level of Tensile 

Tensile Rein- Reinforcement 
forcementf Straint 

0 0 
50 52 

150 128 
270 250 
100 35 
500 408 
670 557 
840 708 
170 90 

1020 870 
1140 1002 
1340 1153 

20 110 
1490 1275 
1690 1462 
1860 1585 

270 103 
2010 1723 
2210 1873 
2410 2115 

370 193 
4643H 



Table 13 
Average Strains,* Beam 5 

Concrete 
Surface Strain 

Top Surface Top Surface at Level of 
Time Load Compressive Lateral Mid.height Bottom 

:rriin lb Strain** Straint 

0 0 0 0 
5 1,000 -50 70 
9 2,000 -220 60 

14 3,000 -440 llO 
23 0 -110 40 
28 4,ooo -650 140 
36 5,000 -830 190 
42 6,ooo -1040 220 
47 0 -220 70 
54 7,000 -1330 270 
60 8,ooo -1550 290 
66 9,000 -1780 370 
71 0 -410 90 
So 10,000 -2260 440 
88 ll,000 -2730 550 
94 12,000 -3370 740 

101 0 -960 360 
108 13,000 -4830 1260 

* All strain readings shown are in 10- in./in. 
** Average of 4 readings. 

t Average of 3 readings. 
tt Average of 8 readings. 

=i= Average of 12 readings. 

Straintt Reinforcement=l= 
0 0 

25 150 
74 320 

248 790 
74 300 

372 1260 
546 1560 
645 1930 
124 450 
818 2410 
918 2730 
967 3150 
124 550 

1141 3570 
1240 4140 
1339 4710 
124 840 

1488 6550 

Reinforcement 
Bottom Layer Second Layer 

Reinforcement Reinforcement 
Straint Straint 

0 0 
So 58 

285 193 
817 550 
258 185 

1223 878 
1608 1130 
2012 1385 

368 283 
2403 695 
2748 1903 
3123 2145 
457 333 

3518 2398 
4030 2718 
4597 3055 
803 468 

5723 3673 



Table 14 
Average Strains,* Beam 6 

Concrete 

Top Surface Top Surface 
Time Load Compressive Lateral Midheight 
min lb Strain*"- Straint Straintt 

0 ("\ 0 0 0 \_ 

2 l,000 -60 40 0 
6 2,000 -160 60 25 

15 3,000 -350 100 99 
?<" 
~c'. 0 -40 70 99 
60 4,ooo -510 150 347 
69 5.000 -680 170 521 
76 6,ooo -890 220 670 
84 0 -150 50 174 
90 7,000 -1100 250 843 
97 8,ooo -1280 260 942 

103 9,000 -1520 300 1066 
112 0 -230 70 174 
118 10,000 -1790 350 1190 
125 11,000 -2c;70 430 1339 
132 12,000 -2370 510 1463 
137 0 -260 200 521 
145 13,000 -2810 610 2007 
151 14,ooo -3270 730 2331 
158 15,000 -4450 1120 3001 

* All strain readings shmm are in 10- in./in. 
m:- Average of 4 reaaings. 

t Average of 3 readings. 
tt Average of 8 readings. 

f Average of 12 readings. 

Surface Strain 
at Level of Compressive 

Bottom Reinforcement 
Reinforcement* Straint 

0 0 
50 90 

170 150 
500 255 
120 210 
890 520 

1290 655 
1610 790 

350 415 
2010 995 
2310 1140 
2650 1310 

370 525 
2950 1475 
3400 1675 
3790 1890 

500 660 
4360 2300 
5180 2705 
7420 3395 

Reinforcement 
Bottom Layer Second Layer 

Tensile Tensile 
Reinforcement Reinforcement 

Straint Straint 

0 0 
90 12 

238 90 
710 282 

50 -75 
1050 533 
1353 733 
1685 967 

450 -50 
2010 1192 
2293 1385 
2610 1597 

-35 -138 
2938 1848 
3328 2135 
3660 2350 
-108 -190 
4070 2580 
4768 2955 
6568 3832 



Table 15 
Average Strains 2* Beam 7 

Concrete 

Top Surface Top Surface 
Time Load Compressive Lateral Mid.height 
min lb Strain** Straint Straintt 

0 0 0 0 0 
6 1,000 -90 70 -25 

16 2,000 -210 120 0 
23 0 -60 70 0 
32 1,000 -100 150 +25 

37 2,000 -220 140 0 
42 3,000 -430 170 +99 
51 4,ooo -700 230 322 
66 5,000 -970 260 521 
78 6,ooo -1210 310 645 
87 7,000 -1530 400 794 
93 8,ooo -1910 440 918 

103 9,000 -2320 610 992 
114 10,000 -2900 770 1091 
123 11,000 -3650 1090 1166 
134 12,000 -4670 1560 1339 
143 13,000 -6130 2590 1587 

* All strain readings shown are in 10- in./in. 
**" Average of 4 readings. 
t Average of 3 readings. 

tt Average of 8 readings. 
:f Average of 12 readings. 

Surface Strain 
at Level of 
Bottom Rein- Reinforcement 
forcement:f Strain 

0 Malfunction 
20 of recorder 

100 caused loss 
20 of strain 
50 readings 

150 
420 
890 

1240 
1560 
2030 
2330 
2730 
3120 
3650 
4320 
5430 



Time 
min 

0 
12 
25 
32 
38 
43 
49 
56 
62 
72 
78 
85 
92 
99 

108 
118 
125 
138 

Load 
lb 

0 
1,000 
2,000 
3,000 

0 

4,ooo 
5,000 
6,ooo 

0 
7,000 
8,ooo 
9,000 

0 
10,000 
11,000 
12,000 

0 
13,000 

Top Surface 
Compressive 

Strain** 
0 

-80 
-410 
-670 
-150 
-910 

-1150 
-1440 

-300 
-1810 
-2090 
-2590 

-440 
-3170 
-3980 
-4850 
-150 

-6780 

* All strain readings shmm are in 10 
-:Hf Average of 4 readings. 

t Average of 3 readings. 
tt Average of 8 readings. 

:J: Average of 12 readings. 
:J::J: Average of 6 readings. 

Table 16 
Average Strains,* Beam 8 

Concrete 

Top Surface 
Lateral J:.'.lidheight 
Straint Straintt 

0 0 
50 25 
90 347 

110 744 
0 248 

170 1066 
190 1339 
200 1587 

50 372 
210 1934 
440 2182 
570 2480 
250 521 
730 728 

1260 2976 

1950 3174 
1420 620 

3274 

in./in. 

Surface 
Strain at 
Level of Reinforcement 

Reinforc ement:f StrainH 

0 0 
70 70 

1,240 1,213 
2,130 2,109 

640 516 
3,050 2,977 
3,920 3,769 
4,860 4,602 
1,170 653 
6,150 5,595 
6,700 6,314 
7,740 7 ,322 
1,310 858 
9,400 8,243 

11,100 9,305 
11,900 10,129 
2,010 1,183 

11,390 



Top Surface 
Time Load Compressive 
min lb Strain** 

0 0 0 
500 

9 1,000 -120 
15 2,000 -480 
27 3,000 -750 
33 0 -180 
40 4,ooo -1030 
48 5,000 -1300 
55 6,ooo -1560 
61 0 -310 
69 7,000 -2010 
78 8,ooo -2360 
84 9,000 -2830 
90 0 -490 
99 10,000 -3440 

110 11,000 -4380 
118 12,000 -5310 
124 0 -5210 
137 13,000 -7060 
142 i4,ooo 
145 0 
155 15,000 
158 16,ooo 

* All strain readings shown are in 10- in./in. 
** Average of 4 readings 

t Average of 3 readings. 
tt Average of 8 readings. 
* Average of 12 readings. 

Table l7 
Average Strains,* Beam 9 

Concrete 
Surface 

Top Surface Strain at 
Lateral Midheight Level of Reinforcement 
Straint Straintt Reinforcement:f Straint 

0 c 0 0 
350 

-50 0 120 517 
Bo 198 1330 1,242 

130 496 2320 l,906 
50 99 620 

180 719 3280 2,568 
250 868 4250 3,258 
300 9w /~ 5160 3,741 
60 124 910 

400 1166 6470 4,400 
440 1290 7380 4,847 
680 1488 8500 5,367 
300 198 1310 500 

1080 1637 9950 5,990 
1770 6,434 
2420 6,898 

198 628 
4850 7,400 

7,975 
830 

10,417 
11,562 



Table 18 
Averas;e Strains,* Beam 10 

Top Surface Top Su:rface 
Time Load Compressive 

min lb Strain** 
0 0 0 

13 1,000 -100 
17 2,000 -330 
26 3,000 -620 
30 0 -120 
37 4,ooo -860 
42 5,000 -ll40 
50 6,ooo -1420 
57 0 -260 
64 7,000 -1870 
74 8,ooo -2250 
81 9,000 -2720 
86 0 -480 
93 10,000 -3400 

100 ll,000 -4200 
109 12,000 -5130 
ll6 0 -1480 
165 13,000 -7330 
173 14,ooo -9320 
182 15,000 
188 0 
195 16,ooo 

* All strain readings shown are in 10 in./in. 
** Average of 4 readings. 

t Average of 3 readings. 
tt Average of 8 readings. 
* Average of 12 readings. 

H Average of 6 readings • 

Lateral 
Straint 

0 
-10 

40 
80 

0 
140 
180 
230 

50 
330 
410 
540 
190 
740 

1040 
1530 

3070 
4820 

Concrete 

Mid.height 
Straintt 

0 
10 

150 
500 
150 
740 
970 

ll70 
200 

1440 
1610 
1860 

200 
2060 
2260 
2360 
170 

2430 
2480 

Surface Strain 
at Level of 

Tensile Rein- Reinforcement 
fore ement:F StrainH 

0 0 
20 105 

890 666 
1,360 1,400 

220 393 
2,360 2,008 
3,150 2,586 
3,720 3,145 

600 501 
4,540 3,874 
5,380 4,384 
6,ooo 5,063 

740 571 
6,840 5,719 
7,840 6,510 
8,680 7,146 

940 736 
9,770 7,998 

10,490 8,828 
9,756 
1,079 

n,075 



Table 19 
Averag_e Strains 2* Beam 11 

Concrete 

Top Surface Top Surface 
Time Load Compressive Lateral 

min lb Strain** Straint 
0 0 0 0 
3 1000 80 20 

13 2000 190 50 
19 3000 540 90 
29 0 60 50 
38 4000 850 120 
44 5000 1130 210 
52 6000 1430 290 
59 7000 1750 300 
68 8000 2280 370 
73 8500 3030 590 

* All strain readings shown are in 10- in./in. 
** Average of 4 readings. 

t Average of 3 readings. 
tt Average of 8 readings. 

:J: Average of 12 readings. 
:J: :J: Average of 5 readings • 

Midheight 
Straintt 

0 
0 

124 
620 
223 
942 

1215 
1538 
1810 
2108 
2877 

Surface Strain 
at Level of 

Tensile Rein- Reinforcement 
forcementt Strain:J:t 

0 0 
120 73 
500 257 

1540 1356 
450 422 

1980 1967 
2880 2516 
3520 3094 
4320 3699 
5030 4368 

5659 
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Table 21 
Calculated Load versus Midspan Deflection 

Load 
lb 1 2 10 11 

0 o.ooo 0,000 0,000 o.ooo 0,000 o.ooo o.ooo o.ooo 0.000 o.ooo o.ooo 
11-,000 0.124 0.124 0.260 0.278 0.196 0.174 
6,ooo 0.111 0.083 0.075 0.193 0.183 0.191 0 .11-111- o.425 0.302 0.271 
8,ooo 0.158 0.113 0.100 0.111 0.269 0.249 0.267 0.566 0.584 o.418 0,396 
9,000 o.642 
9,500 0.9611-
9 ,8511. 1.428 
9,960-x- 1.633 

10,100 0.203 0.149 0.1411- 0.147 0.354 0.322 0.351 0.739 0.761 0.539 
11,000 0.229 
11,802* 0.612 
12,000 0.183 0.174 0.180 o.465 . 0)1-06 o.453 0.939 0.965 0.675 
12' 500 1.020 
12 ,666"* 1.103 
12,800 0.545 
13,000 0.511-4 
13,322* 0.654 
13,500 0.616 
13,906* 0.808 
111-,000 0.224 0,201 0.219 0.548 1.293 0.837 
111-,032-* 

0.762 
1.329 

15,000 0.948 
15,534* 1.075 
15, 711vx- 1.118 
16,ooo 0.261 0.237 0.261 
17 ,300•* o.428 
17, 373-x- O)f77 
18,000 0.333 
18 ,300-x- 0.533 
Postultimate Load 

18,210 0.723 
17,366 0.511 
17 ,231f 0.585 
17,166 O.lJ.93 
15,692 1.212 
15,434 1.116 
15 ,1311 1.146 
13,866 1.367 
13,734 0,950 
13,282 0.707 
13,182 0.752 
12,156 l.:t.39 11,738 0.715 
11,630 0.802 
11,500 0.877 
11,280 0.950 

9,852 l .11J.1 
9,820 1.735 

* Ultimate load. 



a. Total load, 3000 lb 

b. Total load, 6000 lb 

c. Total load, 12,000 lb 

d. Total load, 12,200 lb (ultimate) 

Photograph 1. Development of cracks, beam 1 



a. Total load, 6000 lb 

Q ....... 
,~v 

b. Total load, 12,000 lb 

c. Total load, 16,ooo lb 

d. Total load, 16,800 lb (ultimate) 

Photograph 2. Development of cracks , beam 2 



a. Total load, 6000 lb 

b. Total load, 12,000 lb 

c. Total l oad , 18 , ooo lb 

d. Total load, 1 8 , 400 lb (ultimate) 

Photograph 3. Development of cracks , beam 3 



a. Total load , 6000 l b 

b. Total load , 12,000 lb 

c . Total load , 16 , ooo lb 

d . Total l oad , 16 , 500 l b 

e . Total l oad, 17, 550 l b (ultimate ) 

Photograph 4. Development of cr acks , beam 4 



Photograph 5. Close -up of midbeam section after failure , 
beam 4 



a. Total load, 3000 l b 

b. Total load, 6000 lb 

c. Total load, 12, 000 lb 

d . Total l oad , 13,500 lb (ultimate) 

Photograph 6. Development of cracks , beam 5 



a . Total load, 6000 lb 

b . Total load, 12,000 lb 

c . Total load, 1 5 , 000 lb 

d. Total load, 15,500 lb (ultimate) 

Photogr aph 7. Development of cracks, beam 6 



a. Total load, 6000 lb 

b. Total load, 12,000 lb 

c. Total load, 13, 500 l b 

d. Total load, 14, 200 l b (ultimate) 

Photograph 8. Development of cracks , beam 7 



a. Total load, 3000 lb 

b. Total load, 5000 lb 

c. Total load, 8500 lb (bond failure) 

Photograph 9. Development of cracks, beam 11 



a. Total load, 2000 lb 

b. Total load, 6000 lb 

c. Total load, 12,000 lb 

d. Total load, 13,500 lb (ultimate) 

Photograph 10. Development of cracks, beam 8 



a. Total load, 2000 lb 

b. Total load , 6000 lb 

c . Total load, 12,000 lb 

~ 

d. Total load, 14,ooo lb 

e . Total load, 1 5 ,500 lb 

f. Tot a l load, 16 , 300 lb (ultimate) 

Photograph 11. Development of cracks, beam 9 
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APPENDIX A: EXAMPLE OF A COMPLETE BEAM ANALYSIS (BEAM 1) 

Symbols used in this appendix are defined in the Notation preceding 
the main text of this report. 

Assume 

f = 71,230 psi y 

ER= 30.5 X 106 psi (plate 1) 

f' = 3750 psi c 

Stress-strain curve of concrete, plate 2b 

k1 and k2 values, table 4 

Computation for Moment-Curvature Relations 
and Ultimate Moment 

€ = 0.000375 co 

k1 = 0.228 , k2 = 0.333 (table 11-) 

c = k f'kdb 1 c 
€ 

T =As k~o (d - kd)ER 

From C = T : 

(No iteration necessary for this case) 

I I 
-0-0-t--

I I 

k2(7.80 x 0.228 x 3750 x 4.02) + k(o.36 x 0.000375 x 30.5 x 106) 

- (0.36 x 0.000375 x 30.5 x 106) = 0 

Al 



26,800k2 + 4,117k - L1,117 = 0 

k = 0.322 

Eco 0.000375 lL~.9 x 10-5 l/in. 
cl> = kd = 0 . 322 x 7 . 8 = 

M = k f'bkd(d - k2kd) = 0.228 X 3750 X 4.02 X 0.322 X 7.80 (7.80 1 c 

- 0.333 x 0.322 x 7.80) 

M = 60,117 in.-lb 

Assume E = 0.00075 co 

kl= 0.383 ' k2 = 0.367 

k2(7.80 X 0.383 X 3750 X L~.02) + k(0.36 X 0.000750 x 30.5 X 106) 

- (0.36 x 0.00075 x 30.5 x 106) = 0 
2 

45,03~k + 8,235k - 8,235 = 0 

Check for reinforcement strain: 
E 

E = ~ ( d - kd) = 0 .0011~2 < E R kd y 

0.00075 5 
cl>= 0 _ 31~6 x 7 .8 = 27.8 X 10- l/in. 

M = 0.383 X 3750 X 4.02 X 0.346 X 7.80(7.80 - 0.367 X 0.346 X 7.80) 

M = 106,100 in.-lb 

A2 



Assume E = 0.001125 co 

kl = 0.500 ' k2 = 0,377 

k2(7,80 x 0.5 x 3750 x 4.02) + k(0,36 x 0.001125 x 30,5 x 106) 

- (0.36 x 0.001125 x 30.5 x 106) = 0 

58,79ok2 + i2,35ok - i2,350 = o 

k = o. 365 

- 0.001125 
ER - 0.365 X 0.635 = 0,00195 < E y 

~ = 0.001125 = 39 5 10-5 l/' 
~ 0.365 X 7,8 · X in. 

M = 0,5 X 3750 X 4.02 X 0.365 X 7.8(7,8 - 0,377 X 0,365 X 7,8) 

M = 14~-, 300 in. -lb 

Assume E = 0.00150 co 

kl= 0.589 ' k2 = 0.385 

k2(7,80 x 0.589 x 3750 x l+,02) + k(0.36 x 0.0015 x 30,5 x 106) 

- (0.36 x 0.0015 x 30,5 x io6) = 0 

2 69,257k ·+ 16,1~70k - 16,11.70 = 0 

k = 0.383 

A f = bkdf'k s y c 1 

A3 



Asfy 0.36 X 71,230 == 
k == k bdf' = 0.589 x 4.02 x 7.8 x 3750 l c 

~ - O.OOl5 = 52.0 x 10-5 l/in. - 0.37 x 7 .8 

0.370 

M =A f (d - k2kd) = 0.36 X 71,230(7.8 - 0.385 X 0.370 X 7,8) s y . 

M == 171,500 in.-lb 

Assume € = 0,00225 co 

k1 = 0.710 , k2 = o.4oo 

0. 36 x 71, 230 
k == 0.71 x 4.02 x 7.8 x 3750 = 0·307 

0.00225 - 1 -5 ;· 
~ = o. 307 x 7.8 - 9~.o x 10 1 in. 

M = 0.36 x 71,230 x 7.80(1 - o.~. x 0.307) = 175,450 in.-lb 

Assume € = 0.00300 co 

k1 == o. 781~ , k2 = o.415 

0.2180 
k = o. 784 == 0.278 

0.003 8 -5 ;· ~ == 0•273 X 7.8 == 13 .3 x 10 l in. 

~ == 200,011~(1 - o.415 x 0.278) = 177,000 in.-lb 

Assume € = 0.00375 co 

k1 == 0.818 , k2 == o.432 

0.2180 
k == o. 818 = 0.266 



"" 0.00375 8 -5 ;· ~ = 0 . 266 X 7 . 8 = 1 0.7 x 10 1 in. 

M = 200,014(1 - o.432 x 0.266) = 177,030 in.-lb ->M u 

Assume E = 0,00450 co 

k - .0.2180 - 0.265 - 0.823 -

;r, 0.004.5 -5 ;· 
~ = 0 •265 X 7 •8 = 217.7 x 10 1 in. 

M = 200,014(1 - o.452 x 0.265) = 176,070 in.-lb 

Assume E = 0,00525 co 

Assume 

k1 = 0.806 , k2 = o.!+72 

k = 0.2180 = 0 270 
0.806 . 

<D = 0.00525 = 21~9.3 X 10-5 l/in. 
0.270 x 7 .8 

M = 200,0llf(l - O.li-72 X 0.270) = 1711,530 in.-lb 

E = 0,00600 co 

k1 = 0.780 , k2 = o.!+93 

k = 0.2180 = 0 279 
o. 780 . 

"" = 0 ·006 = 275 7 x 10- 5 l/" ~ 0.279 X 7.8 · in. 

M = 200,011~(1 - o.493 x 0.279) = 172,500 in.-lb 
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Assume E = 0.007 co 

kl= 0,735 ' k2 = 0.521 

k - 0.2180 = 0 296 
- o. 735 • 

<D = o.oo7 = 303.2 x 10- 5 l/in. 
0.296 x 7.8 

M = 200,014(1 - 0.521 X 0,296) = 169,170 in.-lb 

Summary 

Max Curva- Moment Max Curva-
Concrete tu.re cD Concrete tu.re <D 

M Strain lo- 5 lLin. Strain E in. -lb E 
co co 

Moment 
M 

in .-lb 10-5 l[in. 

0.000375 14.9 60,117 0.00375 180.7 177,030--'> M u 

0.000750 
0.001125 
0.001500 
0.002250 
0.003000 

15. 

L 12" J. 
p 

27.8 105,840 0.00450 217,7 176,070 
39.5 141~ ,300 0.00525 249,3 174,530 
52.0 171,500 0.00600 275,7 172,500 
94.o 175,450 0.00700 303,2 169,170 

138.3 177,000 

Area-Moment Computations for Deflections 

P SA 

'2 + \ 
LOADS 

72" 

M~ MOMENTS 

L/2 

CURVATURE 

A6 

Midspan deflections under 
a total load 2 P of 6000 lb 

[ p = 3000 lb 

{ 

M1 = 36,000 in.-lb 
~ = 72,000 in.-lb 
M3 = 90,000 in.-lb 

{

<l>l 

<D2 = 17 .o X 10-5 l/in. 1 plate 
<D 3 = 23,0 X 10-5 l/in. j 9 



Section Area A* 10-5 Moment M about SA , 10-5 in. 
m 

I~ } 24 x 17.0 x 1/2 = 204 204 x (12 + 0.33 x 24) = 4080 
III 

IV 
v 

VI 

6 x 17 .o = 102 
6 x 6.o x 1/2 = 18 

6 x 23.0 = 138 

L: 462 

102 x 9 = 918 
18 x (6 + 2) = 144 

138 X 3 = 41Lt 

Ym = L kX~ - L Mm=- (462 X 36 - 5556)10- 5 = 0.111 in. 

Midspan deflections 
under a total load of 8000 lb 

p = 4000 lb 
M1 = 48,000 in.-lb 
~ = 96,000 in.-lb 
M3 = 120,000 in.-lb 

Section 

Ii } 
III 

IV 

v 
VI 

Area A* , 10-5 

2L~ X 25 X 1/2 = 300 

6 x 25 = 150 
6 x 7 x l/2 = 21 

6 x 32 = 192 

L: 663 

<Ill 

<D2 = 25.0 X 10-5 l/in. 
<D 3 = 32.0 x 10-5 l/in. 

Moment M about SA , 10-5 in. m 

300 x (12 + 8) = 6000 

150 x 9 = 1350 
21 x 8 = 168 

192 x 3 = 576 

Ym = (663 X 36 - 8094)10- 5 = 0.158 in. 

Midspan deflections 
under a total load of 10,000 lb 

Ml = 60,000 in.-lb 
~ = 120,000 in.-lb 
M3 = 150,000 in.-lb 

A7 

<D1 = 15 X l0- 5 l/in. 
<D2 = 32 X 10-5 l/in. 
<D 3 = lt2 X 10-5 l/in. 



Section 

I 

II 

III 
IV 
v 

VI 

Area A* , 10-5 

12 x 15 x 1/2 = 90 
12 x 15 = 180 

17 x 12 x 1/2 = 102 
32 x 6 = 192 
10 x 3 = 30 
6 x 1t2 = 252 

L 846 

Moment M about SA , 10-5 in. 
m 

90 x (24 + 4) = 2,520 
180 x 18 = 3,240 
102 x 16 = 1,632 
192 x 9 = 1, 728 

30 x 8 = 240 
252 x 3 = 756 

10,116 

Y = (846 x 36 - 10,116)10- 5 = 0.203 in. 
m 

Midspan deflections 
under a total load of 11,000 lb 

M1 = 66,ooo in.-lb 
~ = 132,000 in.-lb 
M3 = 165,000 in.-lb 

Section 

I 

II 

III 
IV 
v 

VI 

Area A* 10-5 

12 x 16 x 1/2 = 96 
12 x 16 = 192 

12 x 20 x 1/2 = 120 
6 x 36 = 216 
3 x 12 = 36 
6 x lt8 = 288 

Midspan deflections 
under a total load of 11, 802 lb (M ) u 

Ml= 70,812 in.-lb 

A8 

~l = 16 x 10- 5 l/in. 
~2 = 36 x 10-5 l/in. 
~3 = 48 x 10-5 l/in. 

Moment M about SA , 10-5 in. m 

96 x 28 = 2,688 
. 192 x 18 = 3,456 
120 x 16 = 1,920 

216 x 9 = l,941t 
36 x 8 = 288 

288 x 3 = 861t 

11,160 

~l = 17 X 10- 5 l/in. 



~ = 141,624 in.-lb 
~ = 177,030 in.-lb 

Section 

I 

II 

III 
rr 
v 

VI 

Area A* 

12 x 17 x 1/2 = 102 
12 x 17 = 204 

12 x 22 x 1/2 = 132 
6 x 39 = 234 

3 x 142 = 426 
6 x 181 = 1086 

L: 2184 

~2 = 39 X 10-5 l/in. 
~3 = 181 X 10-5 l/in. 

Moment M m about SA 

102 x 28 = 2,856 
204 x 18 = 3,672 
132 x 16 = 2,112 

234 x 9 = 2,106 
L1-26 X 8 = 3, 408 

1086 x 3 = 3 258 

17 ,La2 

Y = (2184 X 36 - 17,412)10-5 = 0.612 in. 
m 

Midspan deflections under a total 
load of 11,738 lb (postultimate) 

M1 = 70,428 in.-lb 
M2 = 140,856 in.-lb 
~ = 176,070 in.-lb 

~l = 17 X 10-5 l/in. 
~2 = 38,5 X 10-5 l/in. 
~3 = 218 X 10-5 l/in. 

in. 

Section Area A* 10-5 Moment M about 
m 

-5 SA , 10 in. 

I 
II 

III 
IV 

v 
VI 

102 
20L~ 

21.5 x 6 = 129 
6 x 38.5 = 231 

3 x 179,5 = 538.5 
6 x 218 == 1308 

l: 2512.5 

2,856 
3,672 

129 x 16 = 2,06~. 

231 x 9 = 2,079 
538.5 x 8 = 4,308 
1308 x 3 = 3 924 

18,903· 

Ym = (2512.5 X 36 - 18,903)10-5 = 0.715 in. 
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Midspan deflections under a total 
load of 11,635 lb (postultimate) 

M1 = 69,816 in.-lb 
M2 = 139,632 in.-lb 
~ = 174,530 in.-lb 

Section Area kX- 10-5 

I 102 
II 20lt 

III 6 x 21 = 126 

IV 6 x 38 = 228 
v 3 x 211 = 633 

VI 6 x 249 = 1494 

L: 2787 

<P1 = 17 X 10- 5 l/in. 
<P 2 = 38 X 10- 5 l/in. 
<D

3 
= 2lt9 X lo- 5 l/in. 

Moment M about SA , 10- 5 in. 
m 

2,856 
3,672 

126 x 16 = 2,016 
228 x 9 = 2,052 
633 x 8 = 5,064 

llt9lt x 3 = lt' 482 

20,142 

ym = (2787 x 36 - 20,142)10- 5 = o.802 in. 

Midspan deflections under a total 
load of 11,500 lb (postultimate) 

Ml = 69,000 in.-lb 
M2 = 138,000 in.-lb 
~ = 172,500 in.-lb 

Section Area A* 2 10-5 

I 6 x 16.5 = 99 
II 12 x 16.5 = 198 

III 6 x 21 = 126 
IV 6 x 37 .5 = 225 
v 3 x 238.5 = 715.5 

VI 6 x 276 = 1656 

L: 3019.5 

Moment 

<D 1 = 16.5 X 10- 5 l/in. 
<P 2 = 37.5 X 10- 5 l/in. 
<P

3 
= 276 X 10- 5 l/in. 

M about SA , 10-5 · m in. 

99 x 28 = 2,772 
198 x 18 = 3,564 
126 x 16 = 2,016 

225 x 9 = 2,025 
715.5 x 8 = 5,724 

1656 x 3 = lt 968 

21,069 

Y = (3019.5 X 36 - 21,069)10- 5 = 0.876 in. m 

AlO 



Midspan deflections under a total 
load of 11,278 lb (postultimate) 

Ml = 67,668 in.-lb cJi1 = 16 X 10-5 l/in. 
cJi 2 = 37 X 10- 5 l/in. 
cD = 303 X 10-5 l/in. 

M2 = 135,336 in.-lb 
}II"] = 169,170 in.-lb - 3 

Section 

I 
II 

III 
DJ 

v 
VI 

Area A-X- 10- 5 

6 x 16 = 96 
12 x 16 = 192 
6 x 21 126 
6 x 37 - 222 

3 x 266 = 798 
6 x 303 = 1818 

l: 3252 

Moment M about SA , 10- 5 in. 
m 

96 x 28 = 2,688 
192 x 18 = 3,1156 
126 x 16 = 2,016 
222 x 9 = 1,998 
798 x 8 = 6,3811. 

1818 x 3 = 5 454 

21,996 

Y = (3252 X 36 - 21,996)10- 5 = 0.951 in. m 

Ultimate Moment According to ACI 318-632 

Equation 16-1 with cJi = 1 

( 0.36 x 71,230 ) Mu= 0.36 X 71,230 7.80 - 1. 7 x 3750 x £~. 02 
l\ = 1711,350 in. -lb 

Corresponding to a total ultimate load of 11,620 lb 

Elastic Deflections According to ACI 318-632 

E = 57,500 J3750 = 3.52 X 106 
c 

6 ER = 29 X 10 psi 

n = ER/E c = 8 . 2 5 

All 

psi 



0.36 4.o2 X 7 . 8 · 71,230 = 817 > 500 (therefore, transformed 
cracked section) 

L 2 
~.O~kd = 8.25 X 0.36(7.80 - kd) 

2.0l(kd) 2 + 2.97kd - 23.2 = 0 

kd = 2.'(5 in. 

It = L~.02 X 2,753/3 27.9 

+ 0.36 x 8.25(7.8 - 2.75) 2 = 75.7 
6 .4 103. in. 

Y = ~ (3 X n 2 - L1. X 302 ) l 4.lOP X 10-5 
m 2 ~ 3. 52 x 103. 6 x 106 = 

For a total load of 

Pt = 2P = 10,000 lb 

Y = 0.205 in. m 

Al2 
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