


FOREWORD 

The investigation described herein was performed by the U.S. Army 
Engineer Waterways Experiment Station (WES) for the Office, Chief of 
Engineers, in accordance with the Instructions and Outlines for Develop-• 
ment of Engineering Criteria for FY 1966-68. This report describes . 
the theoretical development and treatment of wave propagation in multi
layer systems. 

Engineers of the Soil Dynamics Branch, Soils Division, WES, ac
tively engaged in the theoretical application, analysis, and report 
phases of this study were Messrs. R. W. Cunny and z. B. Fry, and Dr. G. Y .. 
Baladi. The work was done under th.e general supervision of Mr. J. P. 
Sale, Chief, Soils Division. The report was prepared by Dr. Baladi. 

I COL Levi A. Brown, CE, and COL Ernest D. 1'eixotto, CE, were 
Directors of the WES during the study and the preparation of this · 
report. Mr. F. R. Brown was Technical Director. 
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NOTATION 

c Phase velocity 
e Volumetric s~rain 
E Elastic modulus 

f Frequency 
h Depth of layer 
H Thickness of layer 

H Hankel functions of zero order 0 
J Bessel functions of zero order 

0 

u,v 

r,9,z 

Displacements in r and 0 ~irections, respectively 
Cylindrical coordinates 

x,y,z Cartesian coordinates 

* 

t 
v c 
v s 

t 

>..,G 
\I 

Time 
Compression wave velocity 
Shear wave velocity 
Wavelength* 
Lam~ constants 
Poisson's ratio 
Mass density 

Displacement potentials 
Rotational potential 
Irrotational motion 

>.. has been used elsewhere but is not used here to avoid conflict with Lame constant. 
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CONVERSION FACTORS, BRITISH TO METRIC UNITS OF MEASUREMENT 

British units of measurement used in this report can be converted to 
metric units as follows: 

Multiply By To Obtain 

inches· 2.54 centimeters 
feet 0.3048 meters 
pounds per square inc.h 0.070307 kilograms per square centimeter 
pounds per cubic foot 16.0185 kilograms 
feet per second 0.3048 meters per second 

ix 



SUMMARY 

The research reported herein was initiated to derive a method for 
predicting the thicknesses of layers in a layered medium by use of in
duced forced-wave motion at the surface of the medium. Each layer of 
the medium was assumed to be homogeneot,18, isotropic, elastic, and in 
welded contact with both the layer above and beneath it. 

The general differential equations of motion were employed sep
arately in each layer of the medium. The mathematical difficulties of 
solving n-layer system were overcome by using the condition at the inter
face of two adjacent layers. 

The solution presented herein was found to give satisfactory re
sults and to be more accurate than the half wavelength criterion whicJ:l. 
simply states that the calculated modulus applies to the material at a 
depth equal to one-half the surface wavelength. 

It is recommended that an extensive field test on controlled 
layered systems be conducted and complete descriptions of the dispersion 
curves for a multilayer system be obtained in order to verify the solution. 
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THEORETICAL INVESTIGATION OF THE HAIJF WAVELENGTH THEORY 

PART I: INTRODUCTION 

Background 

1. In recent years, the subject of determining the thickness and 
properties of layers through the use.of forced vibration on the surface 
of a layered system has received considerable attention from analysts 
and experimentalists. Bromwich1 was the first to study wave propaga
tion in a semi-infinite solid covered.by a solid layer of uniform thick
ness of steady-state waves of long length aompared with the layer 

2 thickness. Love extended the work of Bromwich to include waves of 
lengths comparable to or.smaller than the layer thickness. Since that 
time, numerous attempts have been ma.de to minimize the imperfections 
of the application of theories concerning elasticity, resonance of crust
al columns, and scattering, and even drastic modifications have been 
made in the fundamentals of the classical theory of wave propagation 
in search of a theory for determining the thicknesses and properties of 
layers in a layered system. 

2. For some time, the U. S. Army.Engineer Waterways Experiment 
Station (WES) has made field investigations of the dynamic elastic 
~~operties of soils as determined by steady-state.vibrat~on of in situ 
soils. These.studies were generally conducted to provide input data 
for the design of foundations for structures with high stability require
ments and/or to determine the- thickness and- the- e-lasttc- characteristics
of layered media, such as pavement structures. The details of ~he pro
cedure and test technique involved are presented in reference 3. Sub
sequently, the procedure was incorporated in Engineer Manual 1110-
345-310, Engineering and Design, Foundations Subject to Vibratory 
Loads. 4 

3. The method of dynamic testing· for determining the thicknesses 
and properties of lnyers consists of inducing a forced-wave motion by 
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placing a controlled-frequency oscillator on the surface of the layered 
medium. The tests include the determination of the wavelengths by 
measuring the radial distnnces from the vibrator at which the wave motion 
is in phase with the vibrator motion. The phase velocity c is then 
calculated by.use of the following equation: 

c = f9., '(l) 

where f is the frequency. The pha~e velocity is then plotted against 
the wavelength 9., to produce a characteristic dispersion curve (fig. 1). 
In certain cases, it is found that there are spe~ific wavelengths at 
which abrupt changes in phase velocity occur. An empirical law proposed. 

5 by W. Heukelom states that the ,depths of the interfaces of successive 
layers are given by one-half the corresponding wavelengths at which 
these abrupt changes in ~elocity occur. Data obtained from tests 
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LAYERED SYSTEM 
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Fig. 1. Characteristic dispersion curves. Curves I, II, III, 
and IV are the dispersion curves for the complete layered sys
tem corresponding to the different waveforms in the. system 
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performed at WES indicate that in some cases the half wavelength law 
works well, but in others there is a noticeable difference behwen mea
sured depths and the values of the. corresponding ha.lf wavelengths. 
Therefore, the purpos? of this paper is to present the theoretical rela
tion between the wavelength at which an ab·rupt change occurs and the 
depth of the interface involved and to determine under what conditions 
the half wavelength law is valid. 

Approach 

4. In many problems of interest, the half space may be divided into 
homogeneous and isotropic elastic layers by the planes: 

where 

and the 

z = 0 
th 

n 

n 

zi = L. 11i• 

i=l 
·c2) 

is the free surface; H. is the thickness of the ith layer; . J. 

layer extends to infinity, i.e., H = ~ • If the half n . 
space does not consist of homogeneous and isotropic elastic layers, such 
a region can always be divided into.layers so that it is reasonable to 
assume that each layer exhibits· a constant velocity and will have proper
ties that are independent of load and time. 

5. The general differential equations of motion are employed sepa-
rately in each layer of the.medium. Two adjacent layers are assumed to be 
welded together at their interface (i.e., displacements are continuous). . . . . 

The complet.e .solution of the problem of wave propagation in an n-layered . 
medium presents very great mathematical difficulties. These difficulties 

can be overcome by:. considering the continuity condition at the- interfaee-· 
of two. adjacent layers only. 
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PART II: THEORETICAL DEVELOPMENT 

Governing Equations of Motion for n-Layered 
Elastic 1Half Space 

6. Let p. , A.. , and \I. be the average of the mass density and elas-. J. l. l. 
.tic constants of the medium forming the layer (i = 1 , 2 , ••• n). Because 
of the axial symmetry in the distribution of all quantities involved, only 
two components of displacement u~(r,z) and v.(r,z) have to be con-1 . l. 
sidered. The latter component is taken parallel to the z axis; the 
former is perpendicular to it .. 1he differential equations of motion of 
the .i th ·layer are the Na vier equations for an elastic body where the 
body forces are absent. 

Pi_1\ 2 (A. • + \) . ) grad div = \) .'\/ . u. + u. l. l. l. . l. l. 

(3) 

P :v. 2 + (A. • + \) . ) grad div v. = \) .'\/ v. 
i· l. l. l. l. l. 1 

where 

Potential Function and Displacement 

.7-. ·_To _determine the displacements in -an -elastic solid body, it is 
convenient to define a scalar potential ~ and a vector potential t as 
follows: 

u = a~ i + a 2* i ' v - ~ + 1 ..£. (_r :vri) 
i· a r a r a z i - a z r a r \ u 

(4) 

or, in vector form 
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· S ( u., v. )" = grad ¢ + curl ~ . 
1. 1. 1. 

(5) 

and 

(6) 

where e = e + e + e is the volumetric strain. In general, the above x y z 
equations of moti.on represent the prop~gation of a disturbance which in-
volves both equivoluminal (e = 0) flnd irrotational rriotion,. (0 = o) ' 
where e = div S(u.,v.) and 0 = 1/2 curl 8 • However, by introducing 1. 1. 

the potentials functions ~ and w , separate wave equations can be 
obtained for these 1.-wo types of motion. Therefore, equat~on 3 can be 
written in the following genera~ form: 

2 0 u. 
p __ 1 = (A + 

ot2 · 

2 0 v. 
_!. - {A + 

P ot2 - ( a2ui 1 oui o2v i) v (aui ov i) . 2\1) + - -- + -- - - - - -. oz or r oz . a 2 r oz or z . 

- v ( a2ui - a2v i) 
~-· .::i.. 2 

· 'tJLl -.L Or 

(7) 

where t is the time. By substitution from equation 4 into equation 7, it 
may be shown that equation 6 is satisfied if the functions ~ and w are 
solutions of the following equations: 

where 

a2~. , = _l_· __ 1 V2'f 
v2. ot2 , i 

C1 

5 

(8) 

(9) 



Vc 1. and V . in this case are the compression wave and shear wave . s l. 
velocities, respectively. 

General Solution for n-Layers 

8. By the standard technique of separation of yariables~7 the 
following is written: 

~.(r,z,t) = ~.(R,t) = ~.(R) · T(t) 
l. l. l. 

V .(r,z,t) = V .(R,t) = '¥ .(R) • T(t) l. l. . l 

} 
where 

Substituting equation 10 into equation 8, the following is obtained: 

V2'R.(R) . T(t) = _!_ d2T(t) . ~.(R) 
i . v2. dt2' i 

Cl 

2 
v2'f.(R) • T(t) = _!_ d T(t) · 'f.(R) 

i v2. dt2 i 
. Sl. 

or 

V2 V,i(R) __ i_ d2T(t) 2 . 2 2 
""---"-~- = -w = -k c ci ~i(R) - T(t) dt2 

2 
2 V 'fi(R) = _l_ d2T(t) 2 2 2 

Vsi 'f i(R) T(t) dt2 = -w = -k c 

(10) 

(11). 

(12) 

where w2 = k2c2 is a separation constant that is cho~en to be a real 
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negative number since it is experimentally known that a periodic wave 
phenomenon is involved. Thus: 

.. v2 ~.(R) 
1 

. 2 2 . 
+ k__£_ ~.(R) = O 

v2. 1 
C1 

2 2 
v2'i'. (R) + k__£_ 'i'. (R) = 0 

1 v2. 1 
81 

(13) 

(14) 

. (15) 

· where 2TT k = £ ; .Q. is the wavelength; and c is the phase velocity. 
9. The solution to equation 15 is 

T(t) ;::: Al cos kct + B2 sin kct = c1 cos kc (t - -r) (16) 

where A and B or C and -r are to be determined from the initial 
conditions, if a complete solution is required .. 

iu. to solve equations l::i and 14, let: 

(17) 

(18) . 

Substitution of equations 17 and 18. into equations 13 and 14 yields: 

d2R1(r) z1(z) dR1(r) a2z1(z) 
Zl ( z) 2 + r d r + Rl ( r) 2 

dr dz 

2 2 
+ 15....£._ • R1(r)Z1(z) = 0 (19) 

v2. 
C1 
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The solutions of these equations are: 

R1(r) = D1.J (kr) + E1 .H (kr) 
1 0 1 0 

(21) 

(22) 

R2(r) = D2 .J (kr) + E2 .H (kr) 
1 0 1 0 

(23) 

(24) 

where o1i , Eli , r1i , o2i , E2i , and r21 are constants o~ integra
. tion; and J (kr) is the Bessel func.tion of zero order and H (kr) is 

0 0 
the Hankel function of zero order. 8 Since no singularity at the origin 
is admissible, E1 . = E2. = 0 and the Hankel function does not participate. 

1 1 . 

Therefore, equations 21-24. become: 

(25) 

(26) 
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(27) 

(28) 

Substitution of equations 16, 25, 26, 2?, and 28 into equation 10 gives 

~.(r,z,t) = A.J (kr) cos (kz Jf0) cos [kc(t - 'I")) (29) l. l. 0 

. 
v.(r,z,t) = B.J (kr) cos(kz~ cos (kc(t - T)) (30) l. l. 0 

Sl. . 

The pisplacements are given by equation 4. Therefore, the displacements 
f th . th i · or - e 1 ayer are: 

u. = 
l 

. ~'· J 2 . \) .. 
sin kz ~ - 1 

B. 2 V • 
l - ....! kj c - l 81 A.kJ'(kr) 

Ai V2. ~ ~~ 1 o 
. s l. cos kz '1 T -1 

Cl. . 

x cos (kz J ~;i -1 }os [kc(t- T)] (31) 
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V; = -t·.k ~l l l ~ 7 - J 
Cl 

rJ_ ~r(kr) + 1 L kJ~(kr )J . 

X B.k 
l 

Transition Velocities 

CM [kc(t - T)j (32) 

11. An examination of the velocity-wavelength dispersion curves 

in fig. 1 reveals that at certain wavelengths, abrupt changes in velocity 

occur. To accommodate the change in velocity; there must be an as.so

ciated change in the wave. This may manifest itself in a change of direc

tion. That is, there is a ~hange in both compression and shear wave ve

locity as the wave passes through an interface between two adjacent layers. 

12. Thus, depending on whether c <> V. . or c <> V . , the potential 
Sl Cl · 

function ~ and v in the various layers will be.purely sinusoidal or 

purely attenuativ.e. ·As the c veloc~ty increases (the wavelength de

creases), the number of layers that have sinusoidal potential functions 

increases. Increasing the wavelength (decreasing the velocity) to a 

. great extent will result in the entire layered system being described 

by purely attenuative wave potentials, 

Boundary Conditions 

13. In this case, there is a semi-infinite elastic medium di.vided 

into elastic layers of uniform thicknesses H. (fig. 1). Assuming that 
l 

the layers are in welded contact at the interface and the depth of the 
ith layer is h. , the following continuity conditions are obtained: 

l 

u. = 
l 

and 

10 

at z = h.· 
l 

(33) 



At the· surface of the first layer, 

where 

(cr) = (T )·= O at z = O 
z 1 rz 1 

2 ovi 
(cr ) = A.V ~- + 2v. ;---z . 1 1 1 uZ 

1 

(T ) : 
rz . 

1. 

v _1+_1 (au. ov.) 
i oz or 

Substitution of equations 31 and 32 into equation 33 gives: 

(34) 

(35) 

(36) 

sin (<hi~) . - ( ) B. ~ . V. ~ 
1 - A: kJ ~ - 1 0 ;1 

) Aj_kJ?(kr)_ cos khi ~ ~ -1 

s 1 cos kh . Jc -l . c 1 

1 v2 .. 
L \ Cl. . j 

= 
__ sin(hi~) 

1 - Bi+lkJ ~2 - l \' si+l A. kJ'(kr) 
AHl V-2 . I I ') \ 1+1 0 

- - si+l cos ~hi J~:+l -~ J 

11 



A.kJc
2 

- l · J (kr) 
i v2 . o . 

ci 

~ '(kr) ] · 
+ tor + kJ~.(kr) Bi+lk cos 

J (kr) 
0 

sin 

(38) 

14. Suppose that the stiffness of the material of the layers de
creases with increasing depth. In this case, the wavelength R.. of the 

i 
ith layer at its interface with the i+lth layer is associated with 
c = V • • Therefore, equation 37. gives: si 

Therefore 

·~h. ·~=TT ~ii '1T- 1 
· si+l 

\ -1/2 

-1 

12 

(39) 



15. If the stiffness of the. material of the layers increases with 
depth, then the wavelength £. of the ith layer at its interface with 

l. 

the i+lth layer is associated with. c = Vsi+l . Therefore, equation 37 

gives: 

h. = 
l. 

2 

sin 

211 
t. 

l. 

~=rr 
v . 

Sl. 

c 9,. = ·~\ vsi+l l. 

Jv!i+i 2 v2. 
s l. 

- 1 
v2. 

s l. 

-~ 
-1/2 

(40) 

By· determining the velocity and wavelength at the point where the differ~ 
ent sections of the dispersion curve join, the depth of the specific 

puint or layer can be determined • 

. 16. Fig. 2 presents the solution of equations 38 and 39 where 

h1/ 9,i. is plotted as a function of V ./V ·+l or · V ·+1/V : and this 
Sl. Sl: Sl: Sl. 

may be used to determine the depth of a layer in amultilayer system. ' 
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PART III: COMP.ARISON OF RESULTS WITH FIELD DATA 

17. Equation 39 should be applied in an arialysi8 of data from 
regions where the stiffness of the subsurface layers decreases with depth, 
as would be the case in a typical pavement structure. Data shown in 
table 1 and fig: 3 were taken from a series of tests conducted as a part 
of the tests of the AASHO road, 9 where stiffness decreased with depth. 
Fig. 3 shows a relation between the shear wave velocity and depth. 
The solid lines in the figure were computed by use of the empirical half 
wavelength equation; the dashed lines were computed by use of equation 
39. From examination of fig. 3, it appears that the half wavelength 
equation did not predict the depth of t~e layers as accurately as did 
the proposed equation. 

18. The application of equation 40 is appropriate for data from 
regions where the stiffness of the subsurface layers increases with depth, 
such as occurs in natural stratified layers. Table 2 and fig. 4 were 
taken from reference 10, which describes a series of tests that were co~
ducted at Waldorf, Maryland, where stiffness increased with depth. Fig. 4 
shows a comparison between the results obtained using the half wavelength 
equation and those obtained using eq1,1ation 40. It is clear that the 
depths of layers computed by use of equation 40 are much closer to the 
actual depths than those computed by use· of the .half wavelength equation. 

15 
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PART IV: CONCLUSIONS AND RECOMMENDATIONS 

Conclusions 

19. A complete description of the dispersion curves for a three
layer system upon an infinite substratum would requir~ the evaJ,uation of 
a 16th order determinant. This· is complicated mathematically and is 
tedious. For the purpose of this study,_ a complete description was con
sidered unnecessary since it was not desired to characterize the entire 
dispersion curve; only a relation between the wavelengths and depth of 
interfaces at specific points was required. 

20, The method of solution presented herein was found to give 
satisfactory results. The use of this. method ·provides more accurate re
sults than does use of the half wavelength method. 

Recommendations 

21. Based on results of the analysis presented herein, it is re
commended that:. 

~· Extensive field tests.on controlled ·1ayered systems be 
conducted to further verify the ~olution. presented herein •. 

£. A cc:nplctc dc!:;cripticn of the dicpcrcicn Ct!rvcc for c 
multilayer system be obtained in order to extend the 

\ method presented" h~rein and -thus permit its use in 
the design of pavements runways, embankments, etc. 

18 
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... 

Thick
Test ness•'• 
No. in. 

24 5-9-12 

25 5-9-8 

Frequency 
cps 

50 
75 

100 
150 
300 
400 
500 
750 
900 

1200 
1500 

50 
75 

100 
150 
200 
300 
400 

. 500 
750 
900 

1200 

Wave- · 
length 

ft 

10.82 
9.90 
7.50 
5.20 
4.34 
3.11 
2 .45 
2 .45 

·2. 02 
1.41 
1.21 

11.90 
10.02 

7.50 
5.28 

. 4 .09 
4.22 
3.16 
2.51 
2.51 
2.10 
1.57 

Table 1 

Summa1'Y of Dynamic Field Test Data 

AASHO Road Test 

Velocity 
fps 

541 
742 
750 
780 

1302 
1244 
1225 
1838 
1818 
1692 
1815 

595 
752 
750 
792 
818 

1266 
1264 
1255 
1882 
1890 
1884 

Wet 
Density 

pcf 

132 
132 
132 
132 
144 
144 
144 
144 
147 
147 
147 

132 
132 
132 
132 
132 
132 
144 
144 
147 
147 
147 

Young's 
Modulus 

psi 

25,100 
47,100 
48,100 
52 '000 

158,000 
144,000 
139,800 
314,000 
313,000 
273,000 
313,000 

30,300 
48,300 
48,100 
53,600 
57,200 

149,000 
148,800 
146,700 
337,000 
340,000 
338,000 

Remarks 

AASHO--Loop 5, Section 427: Generator 18 ft 
from north edge of pavement. Section not 
failed under regular road tests. No heavy 
load applications. Unable to receive fre
quency of 2000 cps 

AASHO--Loop 5, Section 447: Generator 18 ft 
from north edge of pavement. Section not 
failed under regular road tests. No heavy 
load appliGations. Unable to receive fre
quencies of 1500 and 2000 cps 

First number in thickness column denotes inches of pavement, second number denotes inches of. base, and 
third number denotes inches of subbase. A table of factors for converting British units of measurement 
to metric units is presented on page ix~ 



Table 2 

Summ3.ry of Datat Waldorf2 Mar~land 

Material Cond :Lt ion Seismic Tests Vibration Tests 
Wave Wave Modulus Wet 

Unit Veloc- Fre- Wave- Veloc- 103 QSi 
Depth Weight ity quency length ity Depth Poisson's Shear Compres-

v ' ft v , fps ft Description QCf c pepth, ft f , cps t ' ft s _ft_ Ratio, \I G sion E 

0-4 Cemented gravel 105 1100 0-3 .o . 150 1.9 285 1.0 0.42 1.8 5.1 
and top soil 

4-8 Sandy clay (CL) 2100 3.0-14.0 120 3.3 395 1.6 3.5 9. 9· 

8-16 Sand and gravel 4500 :~4. 0-37. 0 100 4.0 400 2.0 3.6 10.1 
(SP) 

16-24 Firm silty Clay 80 8.5 680 4.2 10.5 29.3 
(CL) 

24-34 Soft silty clay 70 12.3 860 6.2 16.7· 46.8 
(CL) 

42 28.0 1175 14.0 31.2 87.4 

35 28.0 980 14.0 21.7 60.8 

30 38. 9 1165 19.4 0.46 30.6 85.9 

25 50.4 1260 25.2 35.9 100.5 
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