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FOREWORD 

The investigations reported herein compris~ preliminary studies to 
evaluate the applicability of the finite element method for computing 
stresses and displacements beneath a levee. The ,study was conducted during 
February and March 1969 by the U. S. Army Enginee.r Waterways Experiment 
Station (WES) at the request of the President, M~ssissippi River Commission 
(MRC). 

The work was performed under the general supervision of D. C. Banks, 
Chief, Rock Mechanics Section; W. C. Sherman, Chief, Soil and Rock Mechanics 
Branch; and A. A. Maxwell, Acting Chief, Soils Division. s. J, Johnson, 
Special Assistant, Soils Division, reviewed this report. R. I. Kaufman, 
Chief, Geology, Soils, and Materials Branch, MRC, and F. J. Weaver, Engi
neer, Geology, Soils, and Materials Branch, MRC, provided many valuable 
comments and suggestions during the preparation of this report. This re~ 
port was prepared by J.B. Palmerton, Rock Mecha~ics Section, WES. 

President of the MRC during these investigations was Maj. Gen R. G. 
MacDonnell. Director of the WES during these investigations and the prep
aration of this report was COL Levi A. Brown, CE.' Technical Director was 
Mr. F. R. Brown. 
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CONVERSION FACTORS, BRITISH TO METRIC UNITS OF MEASUREMENT 

British units of measurement used in this report can be converted to metric 

units as follows: 

Multi;El:;i By To Obtain 

feet 0.3048 meters 

pounds per square foot 4.88243 kilograms per square meter 

pounds per cubic foot 16.0185 kilograms per cubic meter 

xi 



SUMMARY 

A preliminary finite element analysis was made for a levee test sec
tion constructed within the Atchafalaya Basin Protection Levee system. The 
analysis was perfonned to explore the applicability of the finite element 
method for studying the behavior of levees placed on weak foundation 
materials. ' 

Three types of finite element analyses are described. The first, the 
secant method, approximates the stress-strain curves with elastic and plas
tic envelopes. The second, or tangent method, approximates the stress
strain curves with a hyperbola. Analysis of incremental construction is 
possible with the tangent method. The third analysis is a linear elastic 
technique. · 

The stresses and displacements predicted by the finite element method 
for various loading conditions during construction are also presented 
herein. 
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PRELIMINARY FINITE ELEMENT ANALYSIS 

ATCHAFALAYA BASIN PROTECTION LEVEES 

TEST SECTION 3 

PART I: INTRODUCTION 

1. Design and construction of levees in the Atchafalaya Basin are 

difficult due to soft organic and medium clays which deform excessively un

der load. Kaufman and Weaver* have described the design, construction, and 

instrumentation of three test sections that were constructed in the area 

for the purpose of obtaining information on the field behavior of various 

types of levee sections. Initial field observations pointed out the need 

for more refined procedures for analyzing the results. 

2. This report describes some of the results of preliminary studies 

of test section 3 using the finite element method. This study was autho~ 

rized by the Mississippi River Commission to evaluate the applicability of 

the finite element method for predicting the behavior of the test section. 

Three types of analyses em;ploying two different finite element computer pro

grams were employed to investigate the stresses and displacements occurring 

in the test section. Direct comparison of field measurements and the pre

dictions by the finite element method were not made because the construc

tion sequence assumed in the finite element analysis was different from 

that actually employed and because the levee.has not yet been raised to the 

final grade studied in the finite element analysfa. 

3. The purpose of this report is to demonstrate the potential of the 

finite element method in the evaluation of stresses and displacement in and 

beneath soil structures. The effects of parameters such as strength, non

linear stress-strain characteristics' ancr sequence or- construction can be 

investigated by use of this method. 

* R. I. Kaufman and F. J. Weaver, "Stability of Atchafalaya Levees," ASCE, 
Soil Mechanics and Foundations Division, Journal, Vol 93, 'No. SM4, July 
1967, pp 157-176. 
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PART II: FINITE ELEMENT COMPUTER PROGRAMS 

4. Both computer programs developed for analysis of the levee test 

·section are modifications of a program written by E. L. Wilson.* The 

method first described is the secant modulus method. The second method is 

called the tangent modulus method. The secant modulus method is applicable· 

for problems in which all loads act simultaneously upon the foundation. 

The tangent modulus method can be used for cases in which the load may 

change with time, thus permitting analysis simulating actual construction 

procedures. 

Secant Modulus Method 

5. A curve representing the relation between the deviator stress 

(cr1 - cr3) and the axial strain € as determined from a triaxial test is 
. ax i 

shown in rfig. 1. The two straight-line portions OA and AB · represent an 

approximation to the curved line. The slope of the elastic portion of the 

curve OA is denoted as Ee ; the slope of the plastic portion AB is 

denoted as Ep The point A represents the deviator (a1 - a3) • As the 

deviator (a1 - a3),is ircreased beyond (a1 - a3)Y ·,the st!ess ~tate is 

represented by the line i AB. At any point D on tpe line, the secant modulus 

OD is given by: 

(1) 
- a ) - (a - er ) ( 1 - m) 

3 1 3 y 

where 

6. The implement~tion of the secant modti.lus method in the finite 
I 

. element method is summarized as follows: 

a. A grid is prepared, as shown in fig. 2, by dividing the levee 

* E. L. Wilson, a computer program entitled "Analysis'of Plane Stress 
Structures," Jill1e 1966, Division of Structural Engineering and Structural 
Mechanics, University of California, Berkeley, Calif. 
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and foundation into regions or elements. Each.element is 

given proper material properties such as Young's modulus E , . e 
Poisson's ratio ~ , unit weight r , strength (cr1 - cr3) , 

and ratio of plastic to elastic modulus m • y 

b. The elastic stresses are computed by the finite element 
I 

method assuming the proper E for each element. 
e 

c. A mobilization factor is calculated for each element by com-

paring the elastic stresses to the stresses at yield, i.e. 

M = (crl - crJ) 
(crl - cr3 

y 

(2) 

For any element in which the mobilization factor is greater 

than unity, compute the secant modulus Es by use of 

equation 1. 

d. New values of stresses are computed using the secant moduli 

in overstressed elements and elastic moduli elsewhere. 

e. Mobilization factors are checked again., and if large changes 

have occurred, new secant modulus values are computed, and 

the problem is solved again. 

7. The above procedure, in effect, softens the overstressed regions, 

causing more of the load to be supported in regions where the mobilization 

factor is less than one. The checking of overstressed elements and assign

ment of new moduli a.re done automatically by the computer. Different val

ues of Ee and EP can be used for each material, but these moduli are 

in no way dependent upon changes of stress as contrasted with the tangent 

modulus method. 

Tangent Modulus Method 

8. The second finite element method used to investigate the Atchaf

alaya levee problem considered the effect of residual initial stresses, 

nonlinear stress-strain relationships, and simulation of construction se

quences. Some of the capabilities of the computer program were not re

quired for this analysis, but will be briefly described bec13.use they could 

be incorporated if desired. 
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9. The state of stress existing in the ground before construction is 

frequently of importance to the behavior of a structure. The initial state 

of stress can be achieved by adjusting the boundary conditions to obtain 

the desired result; however, provisions are made in the computer program 

for including an initial stress determined by simply multiplying 

k , according to the equations: 
0 

where 

CJ = vertical stress y 
CJ = horizontal stress 
x 

CJ = 'YY y 

CJ = k CJ 
x 0 y 

'Y = unit weight of material . i 
! 

y = depth to the point in question 

k = lateral earth pressure coefficient 
0 

CJ by 
y 

This technique is particularly usef'ul when a·different k value exists 
0 

for each material. 

10. Kondner* showed that for many soils, a nonlinear stress-strain 

curve (such as in fig. 3) can generally be approximated by a hyperbola. 

The two asymptotes of the hyperbola are the initial tangent modulus Ei 

and the deviator stress at failure (CJ - CJ. ) • Duncan** has f'urther 
1 3 y 

proposed that the initial tangent modulus Ei can be expressed as 

(3) 

(4) 

(5) 

where K and n are constants depending on the type of material. The as

_ymptote _to_the hyperbola-representing-the strength of the material can be 

related to Mohr-Coulomb failure criteria. For stress circles tangent to 

* R. L. Kondner, "Hyperbolic Stress-Strain Response: Cohesive Soils," 
ASCE, Soil Mechanics and Foundations Division, Journal, Vol 89, No. SMl, 
Feb 1963, pp 115-143. 

** J. M. Duncan, University of California, Berkeley, personal 
communication. 
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Fig. 3. Hyperbolic stress-strain curves 
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the Mohr-Coulomb strength envelope, the deviator stress at failure 

(a1 - a3 ) can be expressed as 
y 

where 

(a1 - cr3) = 2c cos ¢ + (a1 + cr3) sin ¢ 
y 

c = cohesion 

¢ = friction angle 

By substitution, Kondner's hyperbola can be expressed as 

where 

e: = axial strain 

(6) 

(7) 

Differentiating the above expression with respect to e: gives the follow-
' , I 

ing expression for the slope or tangent modulus · Et • 

( E~) 
+ 

Solving the equation of the hyperbola for € and substituti~g into the 

preceding equation for the tangent modulus Et gives the foilowing 

equation: 

E. 
J. E = -..-~~~~~~~~~~~~--

t [ l+ """(a_l ___ cr_3 ..... ~-:--___,,~ cr ..... 3 l---cr-3~if 

(8) 

(9) 

Finally, substitution for the two asymptotes Ei and (a1 - a~) yields 

Kcrn 
- y 

(10) 

Since the mobilization factor was defined as 
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C11 - 0'3 
M = (crl - cr3) 

y 
the expression for the tangent modulus can be written simply as 

( 2 bis) 

(11) 

From the above equation, it is seen that if the mobilization factor is one, 
n 

Et = 0 and if M = 0 , Et = Ei = Kcr3 • The above equations demonstrate 

that the tangent modulus of a stress-strain curve can generally be ex

pressed in terms of quantities measurable by common laboratory methods: K , 

n , cr1 , cr3 , c , and ¢ . The above expressions hold only for monoton

ically increasing values of the deviator stress (cr1 - cr3). For decreasing 

deviator stress, the computer program arbitrarily sets the tangent modulus 

Et equal to Ei , the initial modulus. This method is supported by ob

servations of cyclic loading tests. The method of solution used is piece

wise linear. After each addition of load, the mobilization factors are 

computed, and a new tangent modulus for each element is calculated accord

ing to Et = Ka~ (1 - M)2 • The load is again applied using the new mod

uli. Several iterations may be necessary for convergence. 

11. An examination of the above equations for the tangent modulus 

shows that a modulus of zero is predicted only at infinite strain. Quite 

often, failure of a soil sample is assumed to occur at some definite strain, 

say five or ten percent. That is, 100 percent mobilization of strength 

should occur at a definite strain, not infinite strain. ·Three stress

strain curves are shown in fig. 3: the actual curve, Kondner's hyperbola, 

and a corrected hyperbola. Although the corrected hyperbola also does not 

predict zero tangent modulus at the failure strain, it does predict a mobi

lization factor of one at the specii'ied fa-ilu:re strain, whereas- Kondner-' s

hyperbola predicts a mobilization factor of one at infinite strain. The 

corrected hyperbola is determined by calculating a slightly increased value 

for the asymptote representing the strength of the soil satisfying the con-
1 

dition that the mobilization factor is unity at some finite strain· €0 

The new pseudo strength of the soil is denoted by (cr1 - cr3) • Then the 

basic equation of Kondner's hyperbola can be modified as c 
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€ (12) 
..2: + € 

Ei (erl - 0"3) 
. c 

It can be shown that the quantity 

tion of the actual strength (cr1 -

strain € as 

(er - er ). can be expressed as a f'unc-
1 3c 

cr3) , the initial modulus Ei , and the 
y 

0 

(a - a ) = 
1 3 c 

Ei€o (erl - cr3) 

€.oEi - (crl - er3) 
y 

(13) 

Therefore, the equation of the corrected hyperbola becomes 

Obviously at 

E,€ 
1 

€Ei 
1 + ...,----""-.... -

( cr l - 0"3) 
y 

€ 

€ 
0 

€ = € , the above equation yields the desired result of 
0 

at € = € 
0 

(14) 

(15) 

Use of the corrected hyperbola will generally give a better fit to the ac

tual data than assuming a mobilization factor of unity at infinite strain. 

12. Simulation of a construction sequence is provided for in the 

computer program. Two different techniques are employed. In the first, 

the addition of material (such as building a levee) is accomplished simply 

by assigning weight to the proper elements in the· proper sequence. Thus, 

if the stresses created in the foundation under a levee due to building the 

levee by placement of a series of lifts are of interest, the following pro

cedure can be used: 

_a. -A-finite-element-grid-is prepared with elements in both 

levee and foundation (see fig. 2). 

b. All stresses and displacements are set to zero or any other 

desired initial condition. 

c. By finite element method employing tangent modulus approach, 

the stresses and displacements caused by the load of the 

10 



first lift are calculated. These values are added to the 

initial state of stress and displacement (displacements gen

erally set to zero initially). 

d. Weight is given the next lift and the procedure repeated to 

determine the new stresses and displacements. 

e. The process is continued until all lifts are in place. 

The above procedure was employed for the Atchafalaya Levee analysis. 

13.· The second technique involves the removal of material, as would 

be the case for cutting a slope or excavating a canal. The procedure for 

excavation is considerably more difficult than that which involves addition 

of material. One of the boundary conditions requires that the stresses 

along the line of excavation be zero. This condition can be accomplished 

by examining the state of stress before removal of material and calculating 

the necessary stresses to be applied to the line of excavation so that the 

sum of the previous and the applied stresses is zero. In order to examine 

the existing stress state, an initial stress state (other than zero) must 

be known or assumed. 

14. A simplified flow diagram for both removal and addition of ma

terial is shown in fi'g. 4. Generally, three iterations per construction 

step are sufficient. 

11 
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PART III: STA'IEMENT OF PROBIEM AND RESULTS 

15. Test section 3 was constructed in the East Atchafalaya Basin 

Protection Levee to evaluate the adequacy of the levee design criteria that 

were tentatively.adopted for the project in 1963. At that time, the crown 

of the existing levee was at el 16.* The test section was designed to 

have a safety factor of 1.3 for the end-of-construction case with the 

levee crown raised to an interim grade of el 27. The design was based on 

undrained shear strengths obtained from undisturbed borings made when the 

levee was at el 16. Ultimately, it was plapned to raise the levee grade · 

by placing a 5-ft** layer on the crown, which was to allow for future 

settlement. 

16. The levee test section is founded on a clay topstratum extend

ing from ground surface (el 3) to el -120. The topstratum overlies a thick 

pervious sand substratum. The levee consists of clay obtained from a deep 

borrow pit on the floodway side of the levee and has a saturated unit 

weight of 105 pcf. The borrow pit serves as a navigation channel and 

extends to el -20. Water in the channel and groundwater are normally at 

about el O. However, in the finite element analysis, these water eleva

tions were assumed to be at el 3. Results of Q ~riaxial compression 

tests on undisturbed boring samples taken to desig!i the test section show 

that the foundation shear strength increases with ~epth. These data also 

indicate that, due to past levee construction, the foundation has .consoli

dated to the extent that its shear strength is greater under the levee than 

that at the same elevation beyond the levee toes. Results of the Q tests 

indicate that the soil is a p = 0 material. 

17. For the purposes of the finite element analyses, the foundation 

This :znnation was- se-lected-material was generalized as_ shown in fig. 5. 
! 

to agree insofar as practical with zonation and shear strengths used in de-

sign, although liberty had to be taken with the design data to generalize 

the topstratum into a number of zones that the computer program could 

* All elevations (el) cited herein are in feet referred to mean sea level. 
** A table of factors for converting British units of measurement to 

metric units is presented on page xi. 
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accommodate. Each soil zone was assumed isotropic. Poisson's ratio was 

assumed to be o.495 to sinru.late undrained shear with zero volume change. 

18. Fig. 5 also shows the levee at various stages of construction. 

The encircled numbers in the various portions of the levee identify each 

major construction phase considered in the analysis. Zone 2 shows the ap

proximate outline of the levee at the time the foundation was explored and 

the test section was designed. The test section fill consists of Zones 1 

and 3. Zone 1 is underwater fill placed in the river-side borrow pit as 

part of the stability berm required for the test section. Zone 3 is the 

remaining portion of the test section, which was constructed so as to have 

its crown at el 27. Zone 4 is a 5-ft-thick cap to be placed on the crown 

at a later date to compensate for settlement. As of the date of the writ

ing of this report, ~one 4 had not been constructed. Thus, the actual con

struction sequence was Zone 2 followed by Zone 1 plus 3. Many of the fi

nite element analyses of this report were made assuming that all four levee 

zones were in place. This was done to predict the state of stress in the 

foundation after all fill had been placed. 

19. The initial state of stress in the levee foundation was set 
equal to zero. The stresses induced in the foundation are due to the 

weight of levee material and fill placed in the ,navigation channel for the 

floodway-side stability berm. In the equation for tangent modulus, the 

values of n and ~ were assumed to be zero. Thus, the equation for the 

tangent modulus became 

K 
Et = -----------2. 

C"l - 0"3 J ·. 
- (a - a ) 

1 3 

(16) 
+ 

2c 

The value of K was 36oc. .. The finite element gridused-inthe-compute-r' 

program is shown in fig. 2. The base of the clay at el -120 was assumed 

fixed against horizontal and vertical motion because the underlying sand is 

relatively incompressible in comparison with the clay topstratum. The two 

vertical ends of the finite element grid were assumed restrained against 

·horizontal movement but were allowed to displace vertically. 

20. Normalized stress-strain curves were furnished by the 
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Mississippi River Commission. They were determined from.analysis of sev

eral Q and R triaxial compression tests performed on samples of the 

clay foundations. The data indicated that the majority of samples reached 

a peak strength at an axial strain of approximately 5 percent. Two secant 

modulus approximations to the normalized stress-strain curve are shown in 

fig. 6. Since the factor of safety was designed to be 1.3, the average mo

bilized shear strength should be approximately 75 percent of the strength. 

Accordingly, lines OBC are characterized by 

E = 200c e 

E = ll.8c 
p 

(17) 

' 
where S e 

is defined as the strength corresponding to the yield point. 

order to best fit the curve at strains exceeding about 2 percent n , a 

second approximation was made. Thus, lines OAC are given by 

E = lOOc 
e 

E = 8.8c 
p 

s = o.85c e 

Obviousl~, there are many combinations of lines that could be used to ap

proximate the actual curve. Within the zones of the levee, the modulus 

was not permitted to vary with the stress state but was held constant; 

-that -is, -for the -first -ca::,---e, -E -= E = -2ooc ·; and _-for the secona case, 
e p 

E = E = lOOc e p 

In 

21. The same normalized stress-strain curve is shown in fig. 7. The 

two hyperbolas mentioned earlier are also shown in this figure. Kondner's 

hyperbola was used for the analysis. 

22. Three types of analysis of the levee foundation were made: 

elastic method, secant modulus method, and tangent modulus method. The 
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purely elastic analysis was made for comparison purposes. 1'wo elastic cases 

were considered. Both were made with the secant modulus computer program 

by simply assuming for the first case that Ep =Ee = lOOc., and for the 

second case that E = E = 200c The resulting stress distribution for 
p e 

both cases is identical since the moduli for the first case (E = lOOc) are 
e 

directly proportional to the moduli of the second case (E = 200c) . e 
23. The mobilization factor contours ((cr1 - cr3)/2Se) for the first 

elastic analysis (E = lOOc, S = 0.85c) are shown in fig. 8. Similarly, e e 
mobilization factors for the second elastic analysis, in which E = 200c e 
and S = o.75c , are shown in fig. 9. e As would be expected, the mobili-

zation factors are generally higher for the latter case, as the latter 

strength is somewhat lower. 

24. Results of the secant modulus method are shown in figs. 10 and 

11. Fig. 10 shows information for the case in which E = lOOc 
e 

E = 8.8c ,: and S r = p.85c . Fig. 11 shows the results 
p e for E = 200c e 

E = 11.Bc , and S = 0.75c . 
p e The mobilization factors, vertical dis-

placements, and horizontal displacements are shown for each case. Compari-

son of figs. 10 and 11 with figs. 8 and 9 for the elastic cases shows con-

siderable differences. Results by the secant modulus method.show a redis

tribution of shearing stresses under the center of the levee. The elastic 

analysis shows mobilization factors considerably greater than one immedi

ately under the center of the levee. Use of the reduced modulus for over

stressed elements results in lower shearing stresses in the region below 

the center of the levee and gives, in general, higher shear stress values 

latera~ly when compared with the elastic case. Although not shown in figs. 

8 and 9, the secant modulus method also gives greater horizontal movement 

in the central portion of the foundation than the elastic case. 

25. Results from the tangent modulus method are shown in figs. 12-16. 

The levee was assumed to be constructed in four phases, as indicated by the 

figures. The first load was the crosshatched area indicated in fig. 12. 

This fill, which consists of most of the material placed in the retaining 

dike for the berm, was assumed to be submerged; accordingly, a unit weight 

of 38.5 pcf was assigned. Mobilization factor contours resulting from this 

load are shown in fig. 12. 
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26. The second load application is shown by the additional cross

hatched area in fig. 13. This area roughly conforms to the shape of the 

old levee that existed before instrumentation. The measured field displace

ments differ considerably from the calculated displacements because the 

movement caused by fill area 2 is not reflected by field measurements. Mo

bilization contours resulting from both applications of load are shown in 

fig. 13. The crosshatched area in fig. 14 shows all test section fill and 

the previously constructed levee in place. Again, mobilization contours 

resulting from load increments 1, 2, and 3 are shown. Currently, plans call 

for placement of a 5-ft lift of fill.on top of the levee at some future 

time. The effect on the mobilization factor of placement of this fill is 

shown in fig. 15. The computed measurements were on the same order of mag

nitude as the field measurements. However, movements are continuing due to 

viscous effects not considered in this preliminary study. 

27. Due to the low rate of dissipation of pore pressure, it has been 

decided to defer raising the grade of the levee (1construction phase 4). 

Horizontal displacements resulting from the construction sequence are shown 

in fig. 16. The numbers 1, 2, 3, and 4 encircled in the various portions 

of the levee indicate the sequence of construction assumed in the finite 

element analysis. Within the foundation, the total horizontal displacements 

are given at various positions. The numbers adjacent to the displacement 

lines refer to the total horizontal displacements caused by all loads added 

up to that point. For example, lines numbered 2 show the total horizontal 

displacement resulting from load 1 and load 2. Also shown in fig. 16 are 

the vertical displacements along the base of the levee resulting from all 
I 

loads. 

28. Field settlements occur, in time,_ that are approximately_ equa.L 

to the height of the additional fill.material. Although this is more than· 

likely a viscous effect, the tangent modulus method indicates a settlement 

of 1.15 ft due to a fill thickness of 5 ft (construction phase _4). For 

construction phase 3, an 11-ft fill caused a computed settlement of only 

1.32 ft. Thus, it may well be that the fill height is approaching a termi

nal height. 

29. The analyses used for this investigation are admittedly crude ·· 
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and oversimplified. This preliminary study neglects .. the effect of consoli

dation and viscous creep on the deformations. Continuing field observa

tions indicate that the effect of creep is of great importance. The 

stresses predicted from the analyses in this report may be fairly accurate, 

but prediction of deformation is not reliable since creep effects are not 

considered. A study is presently being undertaken to incorporate the 

viscous effect into the finite element method of analysis. Hopefully, with 

this technique, accurate predictions of deformation for various loads, 

strength parameters, initial stress states, construction phases, creep 

properties, and levee shapes will be possible. 
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