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I. INTRODUCTION 

Wave propagation .in random media is now a subject area dating back several decades 
[1, 2]. However, due to the inherent mathematical difficulties and relevance in geophysical 
and radiophysical problems, most studies were confined to harmonic-type solutions of lin
ear wave equations with random index of refraction in continuous or discrete media, and 
wave scattering at random surfaces. Thus, most of the problems connected with wavefront 
propagation, and especially in a nonlinear setting, are so far understood only in the context 
of such phenomena taking place in deterministic media. 

In this report we give an account of our recent research on wavefront propagation in 
random media that builds on that reported in [3]. As it is classically the case in stochastic 

. mechanics, the main objective is to study the effects of randomness • that is, material 
microscale randomness - as compared to deterministic solutions. In our subj~ct area this 

. randomness is due to the spatial heterogeneity of the microstructures, and the goal always 
is to assess tlie effects it has on the propagating waves. 1\vo categories of problems are 
being studied: 1. transient waves in granular microstructures, and 2. acceleration wave
fronts in nonlinear elastic/dissipative media and nonlinear elastic composites. Definitions 
of these three type~ of media are given in Section 2.1 of Chapter II. The rest of that chapter 

" deals with a~ extension of the method of analysis developed in [3] to a microstructure m_ade 
of nonlinear elastic random grains of power law type. Chapter ill reviews some basic fea
tures of wave propagation in two and three dimensions and sets the stage for analysis of 
cylindrical and spherical waves in media with isotropic randomness. 

The second problem category is mainly concerned with solution of a Bernoulli equation . . 
in a random medium setting, Chapter VI. As is well known, the deterministic medium set-
ting received considerable attention some twenty years ago, and was applied to acceleration 
wavefronts in granular media by several authors [4]. However, ours is the first analysis of 
a corresponding stochastic problem. We address the problem of determination of random 
critical initial amplitude and random time to form a shock:. A very similar problem of shock: 

. formation due to an initially weaker wave propagating in a layered nonlinear elastic com-
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posite, rather than a nonlinear elastic continuum with dissipation, is being studied iii Chap

ter V. We show that the same tools may be used in both cases. 

Finally, we would like to point out that a common feature· of wave phenomena in both 

problem categories is t~e Markovian character of forward propagating disturbances, and 

. hence the use of Markov diffusion processes in this field of research. 
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II. FURTHER RESULTS ON 1-D WAVE PROPAGATION IN MICROSTRUCTURES 
WITH NONLINEAR ELASTIC GRAINS 

2.1 Models of Random Nonlinear Media 

As is commonly done in stochasti~ mechanics, by a random medium B we understand 
a family {B(oo); Cr.> e C} where each B(oo) is a deterministic medium; C is a sample space 
equipped with a a-algebra and a probability distribution P(oo). In this report we consider all 
B(oo) to be semi-infinite one-dimensional media: x E [O, oo], except Chapter ID where x 
is replaced by radius r. Three types of models are introduced. 

A. Granular media: every B(oo) is a sequence of grains~ homogeneous continua - of ran
dom geometric and physical properties. · 

A.1 Bilinear elastic granular media: length 1, mass density p, and two elastic moduli F.o, E1; 

see Fig. la). The stress level a* separating both linear elastic ranges is assumed determin
istic. The stress-strain law of each grain is 

CJ - E0 (co) e if 

. a - o0 +E1 (co) (e-e0) 

101 < 10~ 

if 101 ~ 1001 
(2.1) 

Tln~s, Bis desc~ibed by a vector random process parametrized by x: {l, F.o, Etlx· Three gen
eral types of a bilinear elastic granular medium may be considered: 

i) all grains are of a soft characteristic, Fig. la), 

ii) all grains are of a hard characteristic, 

iii) both types of grains are present. 

A.2 Nonlinear elastic i:ranular media: length 1, mass density p, and the elastic modulus E 
are random; see Fig. lb). The stochastic stress-strain law is 

a - E(co)e0 (2.2) 

where n > l, or< 1. The random medium B is now described by a rand~m process {l, E}x· 
Three general types of this model analogous to those of bilinear elastic grains model Al 
may be considered here. 
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C1 . C1 C1 

a) b) 

0 N 

c) 

e: 

Figure 1. Constitutive laws: a) soft bilinear elastic, b) soft nonlinear elastic, 

c) linear-hysteretic. 

A.3 Linear-hysteretic granular media: length l, mass density p, and two moduli Eo and E1 

are random; see Fig. le). The stress-strain curve is a straight line OM on initial loading to 

M; its slope defines the initial modulus Eo· Upon unloading the stress-strain curve is 

another straight line MN which defines the second modulus E1 

(2.3) 

H material is reloaded, it follows the line NM to M, and then continues along the initial 

loading line.Bis now described by a random process {l, Eo, E1}x· 

B. Nonlinear elastic/djssipative continuum: every B(oo) is a deterministic continuum, 

whose response, with regard to the acceleration waves which we study later, is determined 

by two random functions of x, namely µ(x) and fJ(x). A physical interpretation of these two 

functions is given in Chapter Iv. 

C. Nonlinear elastic laminated composite: every B(oo) is a periodic array of alternating lay

ers with parallel plane boundaries; this model is based on a deterministic model analyzed 

in [5]. Each cell of the composite consists of two layers a = 1, 2 with each layer being 
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described by three random variables: mass density Pa• tangent modulus Ew and second

order modulus Ea· 
In all the above models the material properties are generally assumed to have a Markov 

property in x, although here, for simplicity, white-noise processes are employed. 

2.2 Basic Model of Disturbance Propagation 

In this section we give a brief account of the method employed in analysis of wavefronts 

propagating in granular media (model A). In accordance with our basic formulation [4, 5], 

we model disturbance evolution in the x,t space-time with reference to a mean (ensemble 

average) characteristic. There are two choices, which we illustrate here for the case of linear 

elastic grains: 

- parametrization by time t, in which case the wavefront evolution is described by a Markov 

_vector process 

a~d is referred to a mean characteristic specified by <c> = <(E/p )112>; 

- parametrization by position x, in which case the wavefront evolution is 

described by a Markov vector process 

(2.4) 

(2.5) 

and is referred to a mean characteristic specified by (c-1f 1 = {(E/p)-112f 112 • In the 

above, (· } denotes ensemble average, l; denotes the disturbance amplitude (either stress 

or velocity), while; and 'tare defined by 

't (x, co) - t (x, co) - (t (x)} 

;(t,co) - x(t,co)-{x(t)} · 

The evolution of l; is described by a transmission coefficient itT defined by 

(2.6) 

(2.7) 

(2.8) 

in which i and t denote the incident and transmitted quantities, respectively. Using a rigid 

s . 



grain boundary model, we derive itT in ca~ of linear elastic grains - for t; being stress - as 

(2.9) 

Markov processes Wt and W x modelling propagating disturbances may conveniently be 

approximated by diffusion processes. Further reference is made to [7], where transient 

waves propagating in particular granular media models A.1, A.2 and A.3 are analyzed, and 

only note here the salient features of these studies: 

i) in the special case of medium's properties being of l>-correlated type, the vector process 

(t;,f;)t, or (t;, 't)x, is Markov; 

ii) this process is multiplicative in t;, and additive in f;, or 

iii) in each case the forward characteristics of the deterministic problem (homogeneous 

medium) provide a reference for Wt and W x processes - modelling the families of stochas-

-tic- disturbances-and-the-entire-space4ime-m11y-be described probabitisticalty. 

2.3 Wavefront Propagation in Microstructures with Nonlinear Elastic Grains 

In this section we consider response of a microstructure made of nonlinear elastic grains 

- Model ·A.2 - with all the grains of a soft or a hard type. The first task is in a determination 

of the transmission coefficient itT, which we define here by 

•a - T1a (2.10) 

where the 'it' superscripts are dropped for clarity. Also, we introduce a reflection coefficient 

At the rigid boundary between two grains we have two conditions of continuity 

t0 + r0 _ 10 

•v- rv - 1v 

where v denotes the particle velocity. (2.12) leads, in view of (2.10) and (2.11), to 

T+R -· 1 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

In order to use the second condition of continuity - i.e. (2.13) -we recall that along the char-
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acteristics described by 

1 
dv - (:t: ( ))do pc a (2.15) 

In view of the weak material randomness assumption, we may neglect the backward-scat

tered waves in both neighboring grains and integrate the above along the forward charac

teristic only. Thus, we find for the wave on the incident side 

where C is an integration constant. By noting from (2.2) that 

equation (2.16) leads to 

where 

Similarly, we find for the reflected and transmitted waves 

in which 

l+n 

'v - 'B ('a) 2n 
l+n 

tv - tB {'a) 2n 

1 
-- 1 -1 

tB • -2n 2 (' ) -2 (tE) 2n 
1 +n p 

(2.16) 

(2.17) 

(2.18) 

(2.19) . 

(2.20) 

(2.21) 

Upon substituting (2.16) and (2.18) into (2.8), we find with the help of (2.9) an implicit 

equation for T (~ill) 
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where 

2n 
l+n l+n 

T ( l T2il 1, 1 0 + \-. - ) - -Jtx 

it iB x- - -tB 

1 1 

(tP' 2 (tE' 2n 

\ip) \tE) 

We note first that the case n=l results in the well known expression for T, namely 

where 

(2.22) 

(2.23) 

(2.24) 

(2.25) 

Furthermore, we note that whenever n ;ie 1 and x = 1, T = 1 satisfies equation (2.22), as 
should be the case. On the other hand, when n • 1 and x ;ie 1 this equation is not solvable 
in a closed form. However, a solution can always be obtained by using a numerical method 
for finding the rootS of an implicit equation. Further results are given in [8]. 
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ill. A FRAMEWORK FOR WAVE PROPAGATION IN 2-D AND 3-D. 

In this chapter we develop basic relations governing the evolution of characteristics in 
2-D and 3-D settings, which are to be used in cylindrical and spherical wavefront propaga
tions. The chapter on 1-D propagation in nonlinear elastic random microstructures relies on 
the introduction of the {l;, f;h Markov process, which was developed in the previous report 
[3] and papers [9, 10, 6]. Hence it is not discussed here. 

3. 1 Basic Model of Evolution of Cbaracteristics 

It follows from our previous studies that one of the two important phenomena in wave
front propagation in discrete random media - recall the ~ and f;t processes - is the modula
tion of disturbance amplitude carried along any given characteristic; this is modeled by the 
~ process. Description of this phenomenon is of fundamental importance since the other 

phenomenon - tnat of cffffusfon ot cfiaracteristics - depends~ in general, on the phase veloc
ity and hence on the amplitude modulation. 

In the following we adopt the rigid grain boundary model and recall the definition (2.8) 

of the transmission coefficient T. It should account now for two effects: 

i) partial energy loss due to backscattering (analogous to the 1:.n case), 

ii) non-zero curvature. 

By writing· 

(3.1) 

~e represent the first effect by a coefficient Tb while the second one by Tc. Now, Tb follows · 
from Section 2.3. On the other hand, Tc in case of linear elastic media may be assessed from 
basic results for either cylindrical wave propagation 

o2R - canst (3.2) 

or for spherical wave propagation 

(3.3) 

where R is the radius of wavefront's curvature. 
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3.2 Evolution of Characteristics 

The dynamics of characteristics is given by 

dX 2 - -c y 
dt .. (3.4) 

dY 1 
- - cV (-) dt c 

where X is the position of the ray and Y its direction. It is clear from (3.4) that (X, Yh is a 

Markov vector process. The randomne~ of the process is due to the randomne~ of the 

phase velocity c. While ct may be taken as a Markov process itself, we shall henceforth 

assume that it is a strictly homogeneous random process, i.e. statistics of care independent 

of time t. 

The simplest case arises when the 2-D and 3-D, in which a cylindrical or spherical wave 

propagation - due to a source at the origin - takes place, has the property that the random 

field of material properties is isotro_pic. In that situation Y is const~nt along any ray ema
nating from the origin, and we can use the ~t Markov proce~ to describe the fluctuations 

of x, about the mean path 

{X) - {c)t (3.5) 

In fact, in this case 

dX 
- - ce dt (3.6) 

where e is the unit' vector parallel to Y. Consequently, the entire phenomenon is axisymmet

ric and may be described in terms of an r, t - diagram, where r is the radius from the origin. 

The proposed solution method consists of the following steps: 

a) for a given boundary value problem find a solution for a homogeneous medium case 

using the established methods (see e.g. Chapter IV of [11 ]), 
I 

b) use this solution as a reference for a heterogeneous medium case by: 

- finding the forward evolution of field quantities (stress, particle velocity) with the help of 

the ~ pr0ce~ along the mean characteristics, apd 

- using the mean. characteristics as reference for the ~ proce~. 

10 



Notesj 

i) these problems are in the class of stochastic quasi-linear hyperbolic systems; solutions 

can be accomplished very effectively with the help of numerical methods; 

ii) the assumption of axisymmetric property of random field of material properties renders 

these problems analogous to the 1-D problems, for which the techniques have been devel

oped in the previous report (3]. 

/' . 
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IV. ACCELERATION WAVEFRONT PROPAGATION IN A NONUNEAR ELASTIC/ 
DISSIPATIVE CONTINUUM 

4.1 Problem Statement 

An acceleration wavefront is a wavefront on which there is a jump in particle accelera
tion. It is well known that the evolution of an acceleration wavefront of amplitude a is gov
erned by a Bernoulli (or Ricca ti) type equation 

da 2 dx - -µ(x)a+f:l{x)a (4.1) 

Here µ(x) represents dissipation and depends upon the state of the medium ahead of the 
wavefront, while ~x) depends on the elastic response of the material. In the special case of 
a linear elastic material, f:l(x) becomes identically equal to zero, which results in a well
known exponential decay of waves in many dissipative media (e.g. linear viscoelasticity). 
Chen [12, 1~], and McCarhtyJ14_] are_good_generalieferences on the subject, but Menon 
et al [15] provide a more systematic and correct study of the global behavior of such waves. 
However, it has to be pointed out that all the studies were conducted in the setting of deter
ministic media, that is with µ(x) and f:l(x) being deterministic functions of x and the analysis . 
reported here and in [16] is the first one to deal with a stochastic equation (4.1). 

The main focus of studies of global behavior of acceleration waves concerns establishing 
conditions under which the wave damps out (a(x) - 0), becomes stable (a(x) - canst), 
or blows up to oo at a finite distance. The latter case corresponds to a shock wave forma
tion. It is a quite general result that the initial amplitude ao has to exceed a so-called critical 
amplitude ac in order for the wave to change into a shock wave. In case of a material 

described by µ(x) = µ = const > 0 and ~x) = f:l = const > 0, ac is given by 

µ 
a - -c f:l (4.2) 

while the distance to form a shock is given by 

(4.3) 

12 



The main question we ask is this: "What is the effect of spatial randomness ofµ and ~ 

on ac and ; ?" Henceforth, µand f3 are taken as two random processes ~ = {µ(x); x > O} 

and flx = {f3(x); x > O}, i.e. model B. In particular, we assume 

µ c x) - (µ) + r 1 c x) 

f3(x) - (f3)+r2 (x) 

Vx 

Vx 

Where r 1(x) and r2(x) are zero-mean ~-correlated processes, such that 

(4.4) 

At this point we note that by adopting r 1 and r 2 to be Gaussian, we would i) violate the 

assumption of positiveness of µ(x) and f3(x), and ii) allow extreme variabilities in a. 

By a standard substitution 

~(x,c.o) - [a{x,c.o)]-1 Vx 

the original nonlinear-equatimr {4-. i} is transformed-into 

~ 
- - µ(x)l;-f3{x) dx l; (0) 

Vc.o 

so that the problem of shock formation is equivalent to a problem of~x) - 0. 

4.2 The Diffusion Founulation 

(4.6) 

(4.7) 

We introduce a diffusion formulation for the random process {~x); x > O}. Thus, the 

forward Kolmogorov (or Fokker-Planck) equation is 

!P(z,xlz',x') - Lr(z,x)P(z,xlz',x') uX . (4.8) 

where z and z' are values in the range of the random variable l;(x) and 

(4.9) 

is the forward operator in which 

A(z, x) - az + b B(z,x) - cz2 +dz+e (4.10) 

13 



Because the usual rules of calculus were used in the derivation of the phenomenological 

equation ( 4.1), the coefficients A(z, x) and B(z, x) must be interpreted according to the Stra

tonovich rules (see e.g. [17]) 

a - (µ)-g11, b - -(f:J), c - g11, d - -2g12, e - g22 (4.11) 

Of course, one could also modify ( 4. 7) to a stochastic differential equation that describes 

the evolution of ~x) according to the Ito calculus, and arrive at the same diffusion formu

lation. 

The backward Kolmogorov diffusion formulation is 

:xp (z, xi z' ,x') • Lb (z',x') P (z, xi z.',x') 

2 
Lb(z'x') - A(z'x')L+B(z'x')-0-, ' oz' ' oz' 2 

in which A(z~~ x'_) and_B(z~,_x'-)_are_giy_en_b:y -the-same .forms-as{4.t0). 

(4.12) 

(4.13) 

· We observe that the problem of determination of a (random) critical inverse amplitude 

tc consists in finding all the trajectories arriving at a value z = 0 and position l; from -00 • 

This is equivalent to a problem of solving the backward equation ( 4.12) for all distances 

preceding the point of shock formation at l; given the final condition 

p ( z, xi z ',x ) - p ( z, x 'lz' ,x' ) - b ( z - z' ) (4.14) 

and evaluating the transition density p(z, x I z', x') at x - x' = oo. As shown in Section 4, 

one can, in this way, derive the unique value of tc in the deterministic problem. For sim

plicity, we set x = 0, so that we are interested in a limit x' - -oo • 

Unfortunately, the solution of backward and forward equations is very unwieldy due to 

the nonhomogeneous nature of the drift and diffusion coefficients. Thus, we decide to 

determine tc in terms of its moments, so that we consider the following problem: 

"find { (t;c) 0 ), given the final conditions {?;0 (0)) - 0". 

To that end it is convenient to introduce a reverse distance y = -x, and then, using (3.4), 

to set up a stochastic differential equation in y for a random process~= {~y); y > O} 

14 



dt; 
dy - .- ({µ) + gu) + {~) (4.15) 

The corresponding Fokker-Planck equation for the probability density of t;(y) is 

Jt<z,y) - -lzc[A(z)p(z,y)])+ a"z2[B(z)p(z,y)J p (z, 0) - 6 (z) (4.16) 

with drift and diffusion coefficients given by (4.10). 

4.3 Moments of the Critical Inverse Amplitude 

i) First Moment 

It follows from ( 4.15) that evolution of the first moment is governed by 

f y {t;,) · - a {t;,) + b t;,(O) - 0 

from which- we- find 

b {t;,(y)) - -(exp(ay) -1) a 

(4.17) 

(4.18) 

It follows from this and from (4.11)1,2 that the ensemble average of a Critical inverse ampli

tude {~) is 

. b {~) 

{~) - -3 - (µ) + g 
. . 11 

(4.19) 

Next, recalling Jensen's inequality [18], observing that 

(4.20) 

and that the critical amplitude of the deterministic problem is 

a (µ) 
( c) det • (ITT (4.21) 

we conclude that the ensemble average critical amplitude of the stochastic problem is 
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greater than ( ac><iet , providing the random noise r 1 is present 

·(4.22) 

In case of no noise in J!x (i.e. r 1 = 0), the above is replaced by a weak inequality. 

ii) Second Moment 

According to (4.15) the second moment's evolution is governed by 

(4.23) 

with the initial condition 

(4.24) 

from which, using (4.18), we find 

(t2 (y)) - C21exp[(2a+2c)y] +C22exp[ay] +C23 (4.25) 

where 

~ (b + d) - e 
a 

C23 • ---a+c 
c - _2b (b + d) 

22 a (2c +a) 

e- ~ (b + d) 
C .:. 2b(b +d) +--a __ 

21 a (2c +a) c +a 

It follows from the above that 

which reduces to b2/a2 in the deterministic case as expected. 

iii) ThirdMoment 

The third moment's evolution is found from (4.15) to be governed by 

16 

(4.26) 

(4.27) 



fy (t;3) - (3a + 6c) (t; ) + (3b + 6d) (t;2) + 6e(t;) (4.28) 

from which, using (4.18) and (4.25), we find 

(t;3 (y)) - C31exp[(3a+6c)y] +C32exp[(2a+2c)y] +C33exp[ay] +C34 (4.29) 

The constants ~i, i = 1, ... ,4, are given by (A.1 - 4) in the Appendix. It follows then that 

(4.30) 

iv) Fourth Moment 

The fourth moment's evolution is found from (4.15) to be governed by 
. 

fy(t;4) - (4a + 12c) (t;4)+ (4b + 12d) (t;3)+ 12e(t;2) (t;4 (0)) - 0 (4.31) 

Employing (4.2), (4.8) and (4.12) we find 

(t;4 (y)) - C41 [ ( 4a + 12c) y] + C42 [ (3a + 6c) y] + 

C43 [ (2a + 2c)y] + C44exp [ay] + C45 
(4.32) 

Also in this case, the relevant constants C4j, i = 1, ... ,5, are given explicitly in the Appendix 

by formulas (A6 - 10). It follows then that 

(4.33) 

v) Dependence of the four moments of 'r:c on the correlatedness of µx and Px 
First we recall from Subsection i) that the critical amplitude of the deterministic problem 

is smaller, or weakly smaller, than the critical amplitude of the stochastic problem accord

ing as the random noise is, or is not, present in Jlx· Also, it follows from Eq. (4.19) that as 

the noise in Jlx increases, the critical inverse amplitude decreases unaffected by the noise 

in ~x· However, in case of an Ito, rather than the Stratonovich, interpretation of ( 4. 7), it fol

lows from ( 4.19) that there is only a weak inequality. Thus, the_ principal conclusion con

cerning the first moment of critical amplitude, is that it is very likely to be increased by the 
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presence of noise, whereby the choice of the interpretation of a stochastic differential equa

tion driven by a white noise would have to be made, ultimately, on the basis of experiments 

(see e.g. [19]). 

The dependence of second, third and fourth moments on t~e five parameters a, b, c, d, · 

e, according to the Stratonovich interpretation, is shown graphically in Figs. 1, 2, 3. First 

we note that this dependence is illustrated here in terms of the central moments m2, m3, m4 

of~ about the mean (t;c} . Thus, using the well known relations between the central 

moments and the moments about the origin (the latter ones being derived above), we plot 

m2, m3, m4 as functions of c and e over a unit square [O, 1] x [O, 1] in three cases: 

a) µx and fix are fully positively correlated random processes, d = 2(ce)112; 

b) ~ and f3x are uncorrelated random processes, d = O; 

c) ~and f3x are fully negatively correlated random processes, d =~ce)112. 

In keeping with the assumption of large signal-to-noise ratio, the means (µ) and (f3) are 

taken e_gual to 10. 

Following are the principal conclusions: 

i) in case a) we observe that positive correlation inµ and f3 due to the stochastic competition 

between dissipation and elastic nonlinearity combine to decrease all three moments, that is 

a weaker scatter - as measured by tha standard deviation m2 - a weaker skewness - as mea

sured by m3 - and a weaker flatness - as measured by m4; this effect is most interesting in 

Fig.la); 

ii) as correlation decreases the s~tter increases - see case b)- until in case c) both random 

effects combine to maximally increase all three moments; 

iii) the skewness of (t;c} is always nonnegative implying that the skewness of the average 

critical amplitude (ac} is nonpositive; 

In case of the Ito interpretation (g11 absent in (4.11)1), all the plots of three central 

moments in each of three cases considered here increase in magnitude by up to -50% but 

remain very similar in character, and hence, are not presented here. 

Clearly, higher moments of~ could also, in principle, be obtained explicitly but the cor

responding formulas become unwieldy even with the help of symbolic manipulation. 
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Figure 1. Dependencies of the second central moment m2 of the critical inverse amplitude 

l;c on c and e for a) full positive correlation, b) zero correlation, 

and c) full negative correlation betweenµ and ft 
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· Finally we note that the backward diffusion formulation my be employed to solve for 

the distribution of this random variable ~x') at an arbitrary preceding distance x', which 

leads to a shock t; = 0 at x . This is to be accomplished by solving ( 4.12) with the initial 

condition 

p (0, x'I z', x') - p (0, xi z', x') - 6 (z') 

The mean oft;(x') in this problem can be found directly from (4.15) as 

(t;(x')) _ -b (e-a(x-x') + l) 
a 

4.4. Distance ffimru to Form a Shock 

(4.34) 

(4.35) 

The backward diffusion formulation serves to determine the random distance r; to form 

a shock. To that end we observe that the problem of finding the random variable r; is equiv

alent to a problem of random passage distances ("random passage times" in the classical 

terminology of stochastic processes) through a boundary at z = 0. Furthermore, we observe 

that the process stops at z1 = 0 (shock forms) as well as z2 = oo (acceleration wave dies 

out), so that both of these are the so-called absorbing ~oundaries. Now, we let l;(Zj I z) be 

the first passage distance for absorption at Zj, i = 1, 2, conditioned on the initial (arbitrary) 

value z in the r~nge [z1, z2]. The corresponding probability density p(Zj I z', x) , which is 

homogeneous in x, satisfies the backward diffusion equation (recall ( 4.13)) 

.(4.36) 

The initial and boundary conditions in the case of boundary z1 are 

p (01z',0) - 6 (z') 
p (010, x) - 6 (x') p (01 oo, x) - 0 

(4.37) 

A similar set of conditions holds for the zi boundary. 

In view of the z' -dependence of the drift and diffusion coefficients (recall 4.10), solution 

to the above cannot be obtained in a closed form, and a recourse to rather involved numer

ical methods is necessary. 
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The above developments allow one to set up a simpler problem of finding the overall 

probability of absorption R(O I z') at z1 = 0 (not at zi). Noting that it can be calculated as 

co 

R (OI z') - Ip (01 z', xrdx 
0 

we observe from the diffusion equation above that R(z1 I z') is governed by 

with the boundary conditions 

R(OjO) - 1 R (Oj oo) - 0 

Since absorption occurs either at z1 or at zi, we have 

R (z~z') - 1- R (z1jz') 

(4.38) 

(4.39) 

(4.40) 

(4.41)_ 

Unfortunately, also this simpler, elliptic rather than parabolic, problem evades an explicit 

solution. Even in the special case of no noise in J!x - i.e. when c = d = 0 - we find 

R (01 z') - Jexp (- 2: (z') 2 - bz' - C1) dz'+ C2 (4.42) 

in which the constants are to be determined from ( 4.40). Thus, the determination of all 

probabilities R(Zjl z') and p(Zj I z', x) requires a numerical approach. 
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V. ACCELERATION WAVEFRONT PROPAGATION IN A NONLINEAR ELASTIC 

COMPOSITE 

Here we show how an analogous problem of acceleration wave propagation in a setting 

different from the ~ne considered in the preceding section - namely in a nonlinear elastic 

composite - may be studied with the same tools. We follow the model of Chen and Gurtin 

[5]. Following that reference and model C of Section 3, it is necessary to introduce several 

more random variables: 

Ca = [Ea1Pal112 - speed in layer a, 

Ta = la/ca - transit time in layer a, 

T = T 1 + T 2 - transit time in one cell. 

The evolution of wavefront amplitude after passing through one period of the composite is 

given by (see equation (19) in [5]) 

-a('I') 1 --62 
a(O) - 1-a(O)[q>1 +(1+b)q>2] 

(5.1) 

where 

(5.2) 

As pointed out in [5], "a careful study of this equation leads to the conclusion that the wave 

will grow or decay according as a(O) is greater than or less than the number:" 

62 
a - ----,-,---=-=--

s '1'1 + ( 1 + b) '1'2 (5.3) 

Since Pw Ea and.Ea are random (for a = 1, 2) in all the layers of the composite, there 

is no single deterministic value of ac. Evolution of the acceleration wave is a random pro

cess with a blow-up to oo - i.e shock formation - occuring at a random time (or, equiva-

, lently, random distance l;) rather than a single deterministic time. This process is 

parametrized by a discrete distance: a1c = {a(k); k = 0, 1, 2, ... }.Next, we write (S.1) as 
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(1- (bk)2) 

1 - Cka1t-1 
(5.4) 

which illustrates the Markov property as well as the nonlinear character of ak. However, by 

introducing a random variable 

?;(k,w) - [a(k,w)]-1 Vk Vw (5.5) 

we arrive at a linear multiplicative Markov process tic. which evolves according to 

(5.6) 

The above may be written in a finite-difference form analogous to ( 4. 7), that is 

where we have identified the analogues µ(k) and ~(k) of µ(x) and ~(x), respectively. It fol

lows now that the same derivations as those of section 4. apply to the ·determination of 8c 

and J;. Thus, we can use a diffusion approximation - in continuous distance x - for the pro

cess tic. in which the drift and diffusion coefficients are of the same forms·as in (4.10). 
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VI. CONCLUSIONS 

Two generic categories of problems are treated in this report: 

1. wave propagation in discrete media, 

2. acceleration wavefronts in continuous and layered media. 

This classification is somewhat arbitrary in that layered media belong to a category of dis

crete media, but it reflects the commonality of phenomena studied in the second category 

and the approach employed. 

In the first category we follow the approach developed in the previous report [3], which 

is based on a combination of the method of characteristics and vector Markov diffusion pro

cesses to assess the evolution of forward propagating disturbances. One component of the 

vector describes the amplitude of the field quantity (e.g. particle velocity) at the distur

bance, while another one describes the scatter in arrival times. 

In Section 2.1 microstructures of _three different Jypes _ar~ Defined! 

- bilinear elastic (soft or hard) grains, 

- nonlinear elastic (soft or hard) grains, and 

- linear-hysteretic grains. 

Wave propagation in microstructures of the first type was dealt with in [6], while that in the 

third type was treated in [3]. Thus, the second type is treated here. As shown in Section 2.3, 

the tt process modelling the forward evolution of a disturbance may be formulated in the 

same fashion as in other cases; the ;t process is then driven by tt. Results for these three 

different types of granular media - models Al, A2 and A3 - are reviewed in [7]. 

Research in the first category is complemented by a framework for cylindrical and spher

ical wave propagation set up in Chapter ill. The conclusion is this: assuming that the mate

rial properties are dependent on the radius r only, the analysis may be conducted in the r,t

plane with the mean characteristics providing reference for the ;t processes, and the for

ward evolution being described by the·~ processes. A number of deterministic problems 

solved in the literature (see e.g. [11 ]) can now be generalized to much more realistic random 

heterogeneous media settings. 
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In the second category of problems we investigate the propagation of acceleration wave

fronts. In the deterministic case their evolution in nonlinear elastic dissipative media is typ

ically described by the Bernoulli equation, see e.g. [12]. One very important aspect of the 

global behavior of acceleration wavefronts concerns the possibility of formation of shocks, 

in a finite time, according to the initial amplitude being greater than or less than a certain 

critical value. In Chapter IV we focus on the assessment of two important quantities - crit

ical value and the distance to form a shock - in the random setting. Again, Markovian evo

lution of disturbances provides the basis of analysis. The principal conclusions are: 

- the ensemble average critical amplitude in the stochastic problem is greater, or weakly 

greater, than its counterpart in the deterministic problem with (fJ) and (µ), 

- a similar conclusion follows from ( 4.37) regarding the amplitude which in a given finite 

distance would result in a shock, 

- a system of equations for.determination of the probability distributions of distances to 

form a shockissetup, but a recourse to computations lias to tie made to approximate iliem. 

The stocha~tic model developed in Chapter IV was set in the context of white-noise ran

dom media, which leads to the basic type of a stochastic differential equation. Thus, con

sidering the ide~lized nature of white-noise processes in physical settings, as well as the 

issue of their Gaussian versus non Gaussian property, the present model should serve as a 

stepping-stone for analysis of acceleration waves in more realistic - i.e. spatially-correlated 

- random media where µx and IJx will themselves be taken as Markov processes. 

It is important to note that both problem categories studied in this report provide a step

ping-stone for analyses of two- and three-dimensional.situations. In fact, the Bernoulli 

equation describes acceleration waves in such generality. On the other hand, the stochastic 

treatment of waves in space-time -as pursued in our first problem category-falls in the class 

of stochastic quasi-linear hyperbolic equations, which, interestingly, are in the same general 

class as the equations governing plastic flow of spatially random media [20]. 

Finally, an analogous problem of shock formation in a nonlinear elastic composite is 

considered in Chapter V. We derive basic relations, which show that the same mathematical 

method as that employed in Chapter IV applies here as well. Thus, qualitatively similar 

conclusions. are expected here. 
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APPENDIX 

The four constants appearing in ( 4.29) have been found as 

C31 - { [ ( 48ac2 + 36a2c + 6a3) d + 24abc2 + 18a2bc + 3a3b] C22 + 

[ (72ac2 +60a2c+12a3) d + 36abc2 + 30a2bc + 6a3b] C21 + 

[ ( 48ac2 + 28a2c + 4a3) d + 24abc2 + 14a2bc + 2a3b] C23 + [Babe+ 2a2b] e} (D3)-1 

where 

. C33 - -{ [ 48bc2 + 36abc + 6a2b] e + 

{[ ( 48ac2 + 36a""2c + 6a3 ) d + 24abc"2 + 18a2bc + 3a3b] C22} (D3)-1 

C34 - - { [ ( 48ac2 + 28a2c + 4a3) d + 24abc2 + 14a2bc + 2a3b] C23 -

{ [ 48bc2 + 28abc + 4a2b] e} (D3)-1 

The five constants in ( 4.32) have been found in the following form 

C42 - - { [2160c3 - 1692ac2 + 432a2c + 36a3] d + 720bc3 + 564abc2 + 

{ 144a2bc + 12a3b} C31 (D4)-1 
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C41 - { [ ( 1080c3 + 666ac2 + 13Sa2c + 9a3) d + 360bc3 + 222abc2 + 4Sa2bc + 3a3b] C34 + . 

[ ( 1080c3 + 756ac2 + 168a2c + 12a3) d + 360bc3 + 252abc2 + 56a2bc + 4a3b] C33 + 

[ ( 1296c3 + 972ac2 + 234a2c + 18a3) d + 432bc3 + 324abc2 + 78a2bc + 6a3b] C32 + 

[ (2160c3 + 1692ac2 + 432a2c + 36a3) d + 720bc3 +564abc2 +144a2bc + 12a3b] C31 + 

[1080c3 + 756ac2 + 168a2c + 12a3] eC22 + [1296c3 + 972ac2 + 234a2c + 18a3] eC21 + 

{ [ 1080c3 + 666ac2 + 135a2c + 9a3]} eC23 (D 4)-1 

C43 - - { [ ( 1296c3 + 972a2c + 234a c + 18a3) a+ 432bc3 ~ 324abc2 + 78a2bc + 6a3b] C32 + 

{ [1296c + 972ac + 234ac + 18a] eC21 } (D4)-1 

C44 - -{ [ (1080c3.+ 756ac2 +168a2c+12a3) d + 360bc3 + 252abc2 + 56a2bc + 4a3b] C33 + 

{ [ 1080c3 + 756ac2 + 168a2c + 12a3] eC22} (D 4) -1 

where 

C45 ·- -{ [1080c3 + 666ac2 + 135a2c + 9a3] (eC23 + dC34) + 

{ [360bc + 222abc + 45abc + 3ab] C34} (D 4)-1 

D4 - 1080c4 + 1026ac3 + 357a2c2 + 54a3c + 3a4 

31. 
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