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Abstract:  Routine military activities such as demolition and artillery 
training create noise, which should be mitigated, if possible. Yet, little 
information is available about the sound absorption and propagation 
parameters for commonly used granular materials, especially at low 
frequencies. In this study, soundwave propagation parameters were 
measured for crushed limestone and pea gravel, at frequencies between 25 
and 200Hz. Tests were performed using a very large, standing-wave tube 
with an array of microphones along its length. The tube was filled to 
varying depths with sound-absorbing materials and featured a pressure-
doubling barrier at the bottom of the tube. Wavelength and attenuation, as 
well as input impedance values, were calculated. Methodology was to fit 
the parameters of a presumed Green’s function (representing the standing 
wave in the tube) to the sound pressure amplitudes, as measured by the 
microphones. While this worked well for some frequencies and some 
depths of gravel, in other cases various modifications were made for more 
consistent results. Results show that phase velocity and attenuation 
estimates decrease monotonically for both the materials tested. Detailed 
results are presented via tables and graphs within the body of this report. 
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Notations  

The following is a list of symbols and definitions used throughout this re-
port. Where symbols appear in both upper and lower case, the uppercase 
symbols represent frequency domain quantities and the lowercase symbols 
represent time domain quantities. A single subscript represents the ma-
terial layer: air (0), porous medium (1), or termination (2). A pair of sub-
scripts represents the interface between two adjacent layers. 

Symbol Definition 

( )txp ,  sound pressure (Pa), as a function of position and time; 

( )fxP ,  (complex) spectral sound pressure (Pa/Hz); as a function of position and 
frequency; 

( )txv ,  particle velocity (m/s), as a function of position and time; 

( )fxV ,  (complex) spectral particle velocity (m), as a function of position and fre-
quency; 

( )fxZ ,  (complex) acoustic impedance (Pa⋅s/m), as a function of position and fre-
quency; 

( )fxY ,  (complex) acoustic admittance (m/Pa/s), as a function of position and fre-
quency; 

( )fmnΓ  (complex) acoustic reflection coefficient (dimensionless), at the mn inter-
face, for waves directed from m  toward n , as a function of frequency; 

( )fmnΘ  acoustic reflection phase angle (rad), at the mn interface, for waves di-
rected from m  toward n , as a function of frequency; 

x  position (m) along the axis ( x -axis); 

t  time (s); 

f  frequency (Hz); 

( )fZm  (complex) intrinsic acoustic impedance (Pa⋅s/m), as a function of frequen-
cy; 

( )fYm  (complex) intrinsic acoustic admittance (m/Pa/s), as a function of frequen-
cy; 

( )fmα  acoustic attenuation factor (1/m), as a function of frequency; 

( )fcm  acoustic phase speed (m/s), as a function of frequency; 

( )fmλ  acoustic wavelength (m), as a function of frequency; 

( )fmβ  acoustic phase factor (1/m), as a function of frequency; 

Several defining relations (≡ ) exist between the quantities: mm fc λ≡ , mm λπβ /2≡ , 

ZY /1≡ , mm ZY /1≡ , VPZ /≡  and ( ) ( )[ ]ΓΓ≡Θ − Re/Imtan 1 . 
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1 Introduction 

Background 

This document reports the experimental results of a study of low-
frequency (25 – 200 Hz) sound-wave propagation in two representative 
types of “gravel,” both a coarse crushed-limestone and a smaller, stream-
formed “pea gravel.” Such materials have been considered as media for the 
absorption of sound energy from military activities such as demolition and 
artillery training, but there is little available information on their sound 
absorption and propagation properties at the low frequencies. While theo-
ries exist for sound waves in porous media (Attenborough 1992), very few 
have been tested for either the prediction of propagation or absorption ef-
fects in the low-frequency range under consideration for such military 
noise (Fellah et al. 2006; Frederickson 1996). 

An experimental program measuring actual sound propagation over beds 
of crushed rock (Attenborough 2004) did not yield results that could be 
extrapolated to more general situations. Thus, there is a need for basic ex-
perimental data that can be used for the prediction of sound absorption 
and propagation in various contexts. 

Several experiments have reported acoustic characteristics of rigid, air-
filled porous media. Papers reporting measurements of dispersion, atten-
uation and impedance for gravel, sand, or soils, including Attenborough 
(1985), Bolen and Bass (1981), Dickinson and Doak (1970), Embleton et al. 
(1983), Frederickson et al. (1996), Hess et al. (1990), Hickey and Sabatier 
(1997), and Hutchinson-Howorth et al. (1993). Of those papers, only three 
report data for frequencies as low as 100 Hz, and only Bolen and Bass 
(1981) report data for 40 Hz. The level-difference technique used by Hess 
et al. (1990), and the propagation inverse-modeling approach of Bolen and 
Bass (1981), Dickinson and Doak (1970), and Embleton (1983) become in-
sensitive to the value of ground impedance for low frequencies such as 40 
Hz and 100 Hz. The impedance tube first used by Dickinson and Doak 
(1970) is difficult to manage for outdoor measurements, and requires 
lengths comparable to one-quarter wavelength in air for the lowest fre-
quency of interest. 

Even for measurements made above 200 Hz, the results cannot confident-
ly be extended to lower frequencies or other physical contexts. Sound 
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propagation experiments within and over porous media present many dif-
ficulties, including: (1) susceptibility of buried microphones to damage 
from the porous medium, (2) mathematical complications arising from 
three-dimensional geometry, and (3) lack of structural rigidity within 
many porous materials. Therefore, an experimental procedure was devel-
oped to acquire acoustic wave propagation data at low frequency, and to 
account for the above-mentioned difficulties. 

Objective 

The objective of this work was to develop an experimental procedure that 
would acquire acoustic wave propagation data at low frequency in two rep-
resentative types of “gravel” — a coarse, crushed limestone and a smaller, 
stream-formed “pea gravel.” The objective included overcoming the inhe-
rent difficulties found in previous experiments using porous materials. 

Approach 

A procedure was created to test the acoustic properties of a porous me-
dium (in this case, gravel), making use of knowledge from prior studies 
and the ERDC-CERL acoustical impedance-measuring instrumentation. 
Experiments were conducted on the premises of CERL, and utilized daily 
participation of personnel from both CERL and the University of Illinois. 
Researchers noted the study's findings and also reported limitations dis-
covered in testing the acoustic properties of such porous mediums. (Please 
see chapter 2 for a complete outline of the procedures used.) 

Mode of Technology Transfer 

This report will be made accessible through the World Wide Web (WWW) 
at URL: 

http://www.cecer.army.mil 

http://www.cecer.army.mil/�
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2 Data Reduction 

Description of Instrumentation 

ERDC/CERL has acoustical impedance-measuring instruments intended 
for use at low frequencies (Swenson 1993; Lee and Swenson 1992). One of 
the instruments is a Kundt’s tube (or “Impedance Tube”), consisting of a 
tube made from Schedule 80 steel pipe that is 7.3 m in length, 76 cm in 
diameter, and has microphone ports every 20 cm along a straight line in 
the wall of the tube. A heavy steel lid is bolted to one end of the tube, pre-
sumably forming a rigid termination, and a 12-in loudspeaker (in this case, 
the MTX Thunder T9512-04) in a heavy plywood baffle, forming the driv-
ing sound source at the other end. Instantaneous sound pressures are 
measured by 32 precision microphones in the ports and recorded by two 
16-channel oscilloscopes (Yokogawa DL750 ScopeCorders). The louds-
peaker can be excited by continuous-wave signals at discrete frequencies 
or by broad-band random noise. 

For experimental investigation of the properties of the porous medium 
(gravel in this case), the tube is filled part way, leaving a substantial depth 
of air above the gravel. It is assumed that the porous medium is homoge-
neous and isotropic on a length scale of a small fraction of a wavelength, 
and that the sound field can be modeled by the classical wave equation. 
The radial dimension of the tube is expected to restrict the sound field to 
plane-wave modes along the length of the pipe at the frequencies of inter-
est, and the rigid barrier at the bottom of the tube is assumed to be a pres-
sure-doubling surface. The wave propagation parameters of the porous 
medium are attenuation, phase velocity, complex intrinsic impedance and 
complex input impedance at the air/medium boundary. These can, in 
principle, be determined by choosing a Green’s function that represents 
both incident and reflected pressure waves, in both the filled and unfilled 
portions of the tube, and by fitting the unknown parameters of the Green’s 
function to the measured data by a least mean-squares estimation proce-
dure. With 32 measured complex pressures available, it should be possible 
to determine the six unknown parameters. The parameters of the air above 
the filled portion of the tube are presumed to be known.  

In practice, the process does not work equally well for all parameters and 
for all frequencies and both types of gravel. It has proven necessary to use 
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a number of special procedures for determining some of the combinations. 
Those procedures are presented below. In the case of the intrinsic imped-
ance, no credible determinations have so far been achieved by using the 
generalized Green’s function, although all other parameters can be re-
ported with a satisfactory degree of confidence. 

The Yokogawa DL750 ScopeCorder records the instantaneous voltage out-
put of up to 16 microphones on a Compact Flash disk in a proprietary code 
which must be processed into a form acceptable to MATLAB®*

Procedure 

 (The 
Mathworks Inc. of Natick, MA) for further analysis. The Yokogawa’s out-
put waveform file contains a vector of integer values for each channel. 
Each channel also writes a header file containing – among other parame-
ters – the voltage resolution. When voltage resolution is multiplied by the 
integer vector, the result gives that channel’s instantaneous voltage input 
at each sampling. The array of microphones used in experiments consists 
of some combination of the following models: B&K models 4144, 4145, 
4190, 4191, 4193, and Larson Davis model 2570. 

It is desirable to work with amplitudes in pressure values, thus the sensi-
tivities of each transducer must be calculated to convert the waveforms 
from volts to pascals. A steady calibration signal of 124 dB re 20 μPa at 
250 Hz is provided to each microphone individually by a Bruel & Kjaer 
(B&K) Pistonphone Type 4228. A sufficiently long (typically 10 s) calibra-
tion waveform is recorded on each channel and imported into MATLAB, 
using the above method. To reduce the possibility of noise on the channel, 
the data are filtered to contain only the band that is plus or minus one se-
mitone from the calibration frequency, i.e. Hz2250 12/1±× . The rms voltage, 

( )
rms

ia , of the calibration signal is read from the waveform. The rms pres-
sure of the calibration signal is computed from the known calibration level 
according to: 

 ( ) ( )20/124
0rms 10×= pp i  Eq 1 

                                                                 
* MATLAB® is a high-level language and interactive environment that enables the user to perform computationally inten-

sive tasks faster than with traditional programming languages such as C, C++, and Fortran. 
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where the reference sound pressure is taken to be: Pa200 µ=p . The sensi-

tivity for the i -th channel in volts per pascal is then: 

 ( ) ( ) ( )
rmsrms / iii paS =  Eq 2 

Finally, by using the Yokogawa’s output, waveforms from any experiment 
can be converted from voltages to pressures, ( )( )tixp ,  by dividing the rec-

orded voltages by the appropriate channel sensitivity, where ( )ix  indicates 

the height of the microphone port, connected to channel i  above the steel-
plate termination. 
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3 Determination of Propagation 
Parameters 

Helmholtz Equation in 1-D 

Waves in the porous fluid-filled network within granular media are often 
treated as waves propagating in viscous fluids, with material parameters 
adjusted to account for the observed wave motion. Recently, growing at-
tention has been given to the time behavior of waves in media that are re-
laxing, attenuating, and dispersive. These studies hold the promise of pro-
viding a more comprehensive view of the dispersion function, as well as 
providing insight into the micro-physical processes that are acting on 
waves. We limit the present discussion to the spectral domain for waves, 
and adopt the effective fluid model only so much as needed to describe the 
measurements. The spectral sound pressure is the Fourier transform of 
sound pressure, 

 ( ) ( )[ ] ( )∫
∞

∞−

−== dtetxptxpFfxP ftj π2,,,   Eq 3 

 ( ) ( )[ ] ( )∫
∞

∞−

− == dfefxPfxPFtxp ftj π21 ,,,   Eq 4 

The variation of pressure and its Fourier transform with height, x , is de-
fined explicitly as ( )fxP ,  and ( )txp , . Similar relations equate spectral par-

ticle velocity, ( )fxV , , to the particle velocity, ( )txv , . 

In the following equations, the quantities for sound pressure, particle ve-
locity, and their spectra are understood as local averages over one or a few 
grain sizes. The averaging volume is representative when the results do not 
depend on the size of the volume, such as when the wavelength is much 
greater than the pore scale. In handbooks on porous media, the appropri-
ate local average of some quantity is called the “Representative Elementary 
Volume” (REV) (Bejan 2004; Bear 1972). Considering only plane waves in 
a uniform homogeneous and isotropic medium simplifies the analysis and 
agrees with many (but not all) of our measurements. 

We will assume that the 1-D Helmholtz equation applies to the spectral 
sound pressure in the network of air-filled pores permeating a rigid gravel 
layer, such that: 
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 ( ) 02

2

2

=−+
∂
∂

Pj
x
P αβ   Eq 5 

with the general solution, 

 j x x j x xP Ae e Be eβ α β α− −= +   Eq 6 

where A  and B  are functions of frequency, and are also subject to boun-
dary and input conditions. The phase factor ( β ), phase speed ( βπ /2 f ) 

and attenuation factor (α ) in the medium may be (dispersive) functions of 
frequency. The separated time dependence for P  is ftje π2 , implying that 
waves associated with coefficients A and B are propagated toward decreas-
ing and increasing x, respectively. Note that the signs attached to α imply 
that both waves will undergo exponential decay in the directions of propa-
gation. 

 

The Standing Wave Green’s Function 

 Z 1

 x

 x = L

 Z 2

 Z 0

 x = 0

 
Figure 1.  Partially filled impedance tube. 

All measurements were taken in a tube, terminated with a heavy steel 
plate, underlying a gravel layer of variable depth L  (see Fig. 1). At the up-
per end of the impedance tube, a loudspeaker was used to generate either 
a tone or band-limited random noise. The source frequency was kept low 
in order to propagate only waves of normal incidence to the interfaces of 
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air/gravel and gravel/steel plates. The transverse modes composing the 
field around the loudspeaker were evanescent and strongly decaying. The 
x -axis has its origin at the gravel-backing interface (i.e., gravel/steel 
plate), and x is increasing upward. For the fields below the speaker region, 
within medium 0 ( Lx ≥ , air), medium 1 ( 0≥≥ xL , porous), and at the 
bounding medium 2 ( 0=x , rigid), the spectral sound pressure and par-
ticle velocity are:  

 ( )
( ) ( )[ ]

( ) ( )[ ]



≥≥+
≥Γ+

=
−−−

−−−

(porous)0,

(air),
,

1111

00

1

010

xLeeA

LxeeA
fxP

xjjxjj

LxjLxj

αβαβ

ββ

  Eq 7 

and 

 ( )
( ) ( )[ ]

( ) ( )[ ]



≥≥−
≥Γ−

=
−−−

−−−

(porous)0,/

(air),/
,

11

0010

1111

00

xLZeeA

LxZeeA
fxV

xjjxjj

LxjLxj

αβαβ

ββ

 . Eq 8 

The intrinsic impedance for the hard backing is assumed to be infinite, so 
the velocity is zero and the sound pressure is twice the incident value at 
the backing plate ( 0=x ). At the 01 interface ( Lx = ), the sound pressure 
solutions on either side must match in value; the same condition applies to 
the sound velocity, yielding: 

 ( ) ( )[ ]LjAA 111010 cos21 αβ −=Γ+   Eq 9 

Taken together, these relations complete the specification of the spectral 
sound pressure and spectral particle velocity, within and above the porous 
layer. 

Standing Wave Amplitudes 

At any point above and within the porous layer, the squared absolute spec-
tral sound pressure is: 

 ( )
( )[ ]{ }

( )[ ]





≥≥−

≥Γ+Γ+
=

−−

0,cos2

,Re21
, 2

11

2

1

2
01

2

01

2

02
0

xLxjA

LxeA
fxP

Lxj

αβ

β

  Eq 10 

Defining 01Θ  to be the phase angle of 01Γ : 

 01
0101

ΘΓ=Γ je  Eq 11 
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and using the trigonometric identity, 

 ( ) ( ) ,2cosh2coscoscos2 hgjhgjhg +=−+  Eq 12 

the standing wave above and inside the porous layer takes the form: 

 ( ) ( )[ ]{ }
( ) ( )[ ]





≥≥+

≥−−ΘΓ+Γ+
=

0,2cosh2cos2

,2cos21
,

11

2

1

00101

2

01

2

02

xLxxA

LxLxjA
fxP

αβ
β

 Eq 13 

Together with the interface condition of Eq. 9, these equations exactly spe-
cify the spectral sound pressure under the model conditions. 

Determination of Characteristic Impedance 

Above the porous layer, the reflection coefficient and its phase are featured 
quantities. At the top of the porous layer ( Lx = ), the input impedance to 
the surface is continuous, thus matched in value to the impedance in the 
air just above the surface. Using Eqs. 7 & 8 to form the ratio of spectral 
sound pressure to spectral particle velocity, gives the input impedance: 

 ( ) ( )[ ]LjjZZfLxZ 111
01

01
0 coth
1
1

, αβ −=
Γ−
Γ+

==   Eq 14 

This equation yields a unique value for the unknown characteristic imped-
ance 1Z , at a particular frequency f, once supplied with 1α , 1β , 01Γ , 01Θ , 

0Z  and L . 

Power Absorption and SWR 

The value of 01Γ  is related to the spectral power absorption of the entire 

porous layer, and some simple properties of the standing wave above the 
layer. The following two quantities contain equivalent information, and 
measurements of them can be used somewhat interchangeably with 01Γ : 

1. absorption coefficient for spectral sound power, ratio of absorbed to inci-

dent spectral sound power, 
2

011 Γ−=a ; and 

2. standing wave ratio (SWR), ratio of largest to smallest absolute spectral 
sound pressure, ( ) ( )0101 1/1 Γ−Γ+=SWR . 

From time to time, each of the above relations was useful when interpreting 
the measurements. 
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4 Parameter Estimation 

Fitting to Green’s Function 

The acoustical parameters were determined in a two-stage process, involv-
ing measurements at heights along the impedance tube for the frequencies 
25, 50, 75, 100, 150, and 200 Hz. In the first stage, the unknowns 1A , 

111 /2/2 λππβ == cf  and 1α  were determined by fitting Eq. 7 for 0≥≥ xL  to 

measurements of the standing wave amplitude ( )fxP ,  taken at a few dis-

crete probe ports within the porous layer. In the second stage, the un-
knowns 0A , 01Γ , 01Θ , were determined by fitting Eq. (13) for Lx ≥  to 

measurements of the standing wave amplitude at positions above the sur-
face. 

Fitting in either stage was done via optimization, to minimize the differ-
ences between measured and modeled values of ( )fxP , , with frequency 

held fixed, and then repeating for all frequencies of interest. For the objec-
tive function to minimize, we chose the 2l -norm of the mismatch between 
measurement and model. The 2l -norm of a sequence iδ  is given by the 

mean-square error (MSE) of the sequence (Weisstein 2008), 

 ∑
=

=
N

i
iN 1

22 1 δδ  Eq 15 

The mismatch quantity for each measurement in the porous layer was: 

 ( ) ( )fxPfxP iii ,, modelmeas −=δ  Eq 16 

The process of optimization to minimize the mismatch 2l -norm (known as 
the Least Mean-Squared-Error (LMSE)) and extract the model parameters 
can be difficult. 

For the first-stage optimization, at each frequency, an initial value of 1A  

was estimated as the amplitude of the microphone closest to the gravel-
backing interface, and then allowed to vary. Values for 1α  and 1λ  were li-

mited to reasonable search ranges, and the mean-squared error was calcu-
lated between the measured pressure amplitudes and Eq. 7 for 0≥≥ xL . 
The search was performed using a simple, brute-force method of incre-
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mentally trying increasing values of 1α  and 1λ , while retaining the combi-

nation of values that yielded the LMSE.  

For the second stage, an initial approximation of 0A  was taken as the 

highest-measured pressure in the tube, and then was allowed to vary 
slightly. The other parameters were swept over the ranges 10 01 ≤Γ≤  and 

010 2π≤ Θ ≤  while 0β  was held fixed. Again the LMSE was used to deter-

mine the parameters that gave the best fit. 

Finally, the interface matching condition in Eq. 9 was used to evaluate the 
characteristic impedance, 1Z . 

Evaluations of |A0| or |A1| should not apply across repeated measurement 
trials because input sound pressure was varied somewhat between ses-
sions. Additionally, some (small) variations between trials may be antic-
ipated in the material parameters, as they depend on ambient conditions. 
However, evaluations of |A0| and |A1| and the material parameters do pro-
vide useful information for the reflection properties in the same trial, via 
Eq. 9. 

Alternatively, Eq. 7 can be fit to an entire dataset, having points in both the 
air and the porous medium, via a global fit. The fit was based on varying 
seven parameters: 1β , 1α , ( )01 /Re ZZ , ( )01 /Im ZZ , 0f , 0A , and L . Parame-

ters were randomly selected by using a Monte Carlo strategy, to minimize 
the MSE because of the large number of fit parameters. To improve con-
vergence, the ranges of the fit parameters were limited by taking into ac-
count the range of reasonable values for each parameter. For example, the 
depth of the layer, L , was allowed to vary ±4.0 cm to account for possible 
errors in the measurements. The best-fit using Monte Carlo was termi-
nated at the point where the MSE decreased by less than 0.1% in three 
consecutive updates of the MSE, or when the number of trial solutions 
reached 500,000. 

Several other parameters could be estimated from the parameters ob-
tained from the best-fit routine. From the values of 1β , the wavelength and 

sound speed could be estimated. The reflection coefficient, 01Γ , could be 

estimated according to: 

 
( ) ( )[ ]
( ) ( )[ ] 1cot/

1cot/

1101

1101
01 +−

−−
=Γ

LjZZ

LjZZ

αβ
αβ

 Eq 17 
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Finally, the input impedance at the surface of the porous layer could be 
estimated according to Eq. 14. 

Estimation of Phase Velocity by Correlation 

Given a forward traveling wave in a non-dispersive medium, the phase ve-
locity may be computed by using a max-correlation method. Two micro-
phones are separated by a known distance, x∆ , along the direction of tra-
vel of the sound wave. Then the digital signal, [ ]h n , as recorded by the 

second microphone, will be a delayed and attenuated version of the signal, 
[ ]g n , recorded by the first microphone, with some amount of noise intro-

duced by propagation. The two received signals are cross-correlated using 
the following equation: 

 (g  )h [ ] [ ] [ ]∑ +≡
j

jnhjgn *  Eq 18 

The maximum value of the cross-correlation result occurs at the sample 
delay, dn  (dimensionless integer), which best aligns the second signal with 

the first. Then knowing the sampling rate, sf  (samples per second), the 

phase velocity between the microphones is approximated by: 

 ( ) ( ), /g h s dv f f n x≈ ∆  Eq 19 

The approximation arises from variables such as the digitization of the 
signal, the bandwidth of the input signals, and the finite width of the 
microphones. In dispersive media, ( )fv hg ,  is a function of frequency. 

An experiment was designed where broadband noise was propagated into 
the tube filled with gravel, and recorded on all the channels within the 
medium. The received signals were filtered using a rectangular band-pass 
structure that was centered at a particular frequency of interest, cf , with a 

constant value of bandwidth per center frequency equal to 3. Then, each 
pair of signals can be cross-correlated to get a set of values for hgv , , which 

are averaged to give the particular estimate of phase velocity, ( )cfvavg , for 

cf . Repeating for a range of frequencies gives the medium’s phase velocity 

dispersion curve. 

The estimated wavelength within the medium can be calculated for the 
range of frequencies by: 
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 ( ) ( ) cc ffvf /avg=λ  Eq 20 

In the tube with a hard-reflecting termination, a secondary peak in cross-
correlation arises, due to the reflected wave traveling opposite to the for-
ward wave. The time delays associated with the two peaks will necessarily 
be of opposite signs, because the waves are traveling in different direc-
tions. 

When the separation between microphone ports is small, in relation to 
wavelength, estimates of phase velocity are prone to error. As such, port 
pairings were limited to those no less than 60 cm apart. Further, the qua-
si-sinusoidal nature of the filtered waveforms creates an envelope around 
the peaks of the correlation function, rather than a single distinct peak. 
When dealing with ports close to the reflecting surface, the envelopes of 
the forward correlation and the reflected correlation interacted to give 
ambiguous results for dn . This is avoided by working with port pairs that 

are farther away from the reflecting surface, where the backward-moving 
wave is more attenuated, and the correlation envelopes are further sepa-
rated in n . By the same logic, this method proves to be particularly effec-
tive in highly attenuating media, where standing waves are not readily ob-
servable. This makes it complementary to the Green’s function fit where 
visible standing waves are beneficial. We conclude that this max-
correlation method must be applied with care, and only in circumstances 
in which a significant reflected wave is absent. 

Approximation of Wavelength and Attenuation Factor 

Inside the porous layer, the amplitude of the standing wave yields access to 
the attenuation factor and wavelength (and equivalently, the sound speed). 
Within the porous layer, under conditions where 1xα >>1, the standing wave 

behaves with simple exponential decay toward decreasing x , 

 ( ) ( )[ ]xAfxP 1

2

1

2
2exp, α≈  Eq 21 

Alternately, but still within the porous layer, for the situation 1xα <<1, the 

standing wave behaves as a cosine square, 

 ( ) ( )
( )

2 2

1 1
2 2

1 1

, 2 cos 2 1
4 cos

P x f A x
A x

β
β

≈  +  
≈

 Eq 22 
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It is possible to simplify the fitting process in the regions where Eqs. 21 
and 22 apply, because fewer unknowns are present in the approximate 
functions. The approximations allow better insight into estimations of ma-
terial parameters. 

Parameter Estimation Using Nodal Positions 

Setting ( ) 0/, =∂∂ xfxP  in Eq. 13 indicates that the nodal positions x exact-

ly satisfy: 

 ( ) ( ).2sinh2sin 1111 xx ααββ =  Eq 23 

In contrast, Kinsler et al. (Kinsler 1982) provides nodal locations 
( ) 2/12/2 1 ππ −= ncf , for { },3,2,1=n , apparently neglecting the effects of 

attenuation. Analyses considering the effects of attenuation on the nodal 
positions appear in Moore (1960) and Crandall (1926). Varying pressure 
amplitudes resulting from system resonances, fixed microphone positions, 
and imprecise control of excitation frequency make it difficult to estimate 
the nodal positions by manual frequency sweep. Therefore, we did not fur-
ther pursue this approach. 
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5 Results 

The wave propagation parameters were estimated for two types of gravels 
— crushed limestone and pea gravel. The discussion in this section refers 
to four methods of estimating these parameters. The first, called the expo-
nential fit, uses the approximation of Eq. 21 to fit a single exponential to 
the pressure standing wave, within the porous medium. The second me-
thod, the porous medium fit, considers only the standing wave in the por-
ous medium and applies Eq. 13 for 0≥≥ xL . The third method, the com-
bined fit, applies Eq. 13 in both the porous layer and in the air, subject to 
the boundary condition of Eq. 9. Finally the correlation method refers to 
results obtained via the max-correlation method, which was presented in 
Section 3.2. 

Crushed Limestone 

Type CA-7 crushed aggregate limestone is graded as follows: all particles 
are less than 25 mm in size, 50 percent are less than 12.5 mm, 7.5 percent 
are less than 6.3 mm, and 2 percent are less than 1.8 mm. 

Attenuation 

Figure 2 shows the results for the attenuation in nepers/meter as a func-
tion of frequency, measured by two methods, at different depths of 
crushed limestone. Values were obtained by the exponential fit method, 
using amplitude data from the top half of the tube, when it was filled to a 
7-m depth. In this circumstance, the reflected wave at the top half has 
been substantially attenuated so that the standing wave ratio is small. Fur-
thermore, at the four higher frequencies, the Green’s function fit to the da-
ta exhibits only small departures above and below the exponential compo-
nent, and these positive and negative departures tend to cancel each other 
in the exponential fitting process. This effect is exemplified in Figure 2. At 
the two lower frequencies, the standing wave ratio is much higher, owing 
to the lower attenuation and significant reflected wave from the steel plate. 
Also, the wavelength is longer, so the excursions from the exponential 
curve do not balance out. Thus, the porous medium fit is preferred for the 
25- and 50-Hz attenuation estimates. 

An obvious result in Figure 2 is the discrepancy among the top, bottom 
and top-and-bottom attenuation curves. We have only speculations for 
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this surprising result, which has been confirmed by repeated measure-
ments and a variety of computations. Although the crushed limestone is 
assumed to be of the same technical specification and was obtained from 
the same retail source, it was delivered in 2 batches, at an interval of 1 
year. The first batch, which was used to fill the lower half of the tube, may 
have had higher moisture content than the second batch, which filled the 
top half of the tube. Gravitational compression or settling may be involved. 
Complicating matters is the fact that sound amplitude correlation mea-
surements, made at different heights in the tube, resulted in insignificant 
variations of phase velocity with height. One conclusion that can be made 
is that in such a poorly defined medium as crushed limestone, substantial 
variations in sound propagation parameters may occur. 
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Figure 2.  Attenuation coefficient in different segments of the impedance tube estimated by 
the exponential fit, combined fit, and porous medium fit. Estimates using mostly ports above 
the middle of the filled tube show an average attenuation that is about half that of estimates 

using ports primarily below the middle. For estimates using nearly equal numbers of ports 
above and below the middle of the tube, the average values lies between the other two. 

Wavelength 

Figure 3 illustrates the variation of wavelength in crushed limestone with 
frequency, as determined by fitting the parameters of the standing wave 
function to the measured amplitude data, both in the porous medium 
alone and in the entire tube. In this case, the data appear to be well-
conditioned to estimate wavelength from parameter fitting, as the results 
are consistent between the two. Efforts were also made to determine phase 
velocity, from correlation of amplitudes from pairs of microphone ports 
(using the relationship between wavelength and phase velocity), with 
mixed results. While the wavelength values agreed at the higher frequen-
cies, at 25 and 50 Hz the correlation-derived values exceed the parameter-
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fitted values by about 40%. This results from the difficulty experienced by 
the correlation method, in the presence of high standing wave ratios. 

0 50 100 150 200
0

2

4

6

8

frequency (Hz)

w
av

el
en

gt
h 

(m
)

Crushed Limestone

 

 

Porous Medium Fit

Combined Fit
Average Values

 
Figure 3.  Wavelength in crushed limestone. Data points are estimated from standing wave 

fits within the porous medium alone and from combined fits. 
The average curve is also indicated. 

Variation of Phase Velocity with Height 

The apparent variation of attenuation with depth prompted comparisons 
between fits made only in the bottom of the tube to those made only in the 
top. The results are given in Figure 4. While the data are noisy, it appears 
that the phase velocity does not vary strongly with height, unlike the at-
tenuation. 

0 50 100 150 200

150

200

250

300

frequency (Hz)

ph
as

e 
ve

lo
ci

ty
 (

m
/s

)

 

 

Top of Tube Average

Bottom of Tube Average
Fits in Top

Fits in Bottom

 
Figure 4.  Variation of phase velocity with depth in the tube. 

Values result from fits to only the top half and only the bottom half of the tube. 
There is no clear trend of phase velocity varying with depth. 
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Input Impedance 

Input impedance is estimated by fitting the parameters of the standing 
wave, including the reflection coefficient, to the amplitude data in the air 
above the crushed limestone. The results vary strongly with frequency, as 
the pressure-doubling termination of the tube results in high SWR at the 
lower frequencies. The results for various depths of crushed limestone 
gravel are given in Table 1 (Eggerding 2008). 

Table 1.  Crushed limestone standing wave parameters. 

 1 meter 2 meters 

Freq |Γ01| Θ01 SWR ZL/Z0 |Γ01| Θ01 SWR ZL/Z0 

25 0.84 6.28 11.5 11.5 + 0.0j 0.47 4.65 2.77 0.61 – 0.73j 

50 0.26 5.08 1.7 1.18 – 0.56j 0.73 3.58 6.41 0.16 – 0.22j 

75 0.66 4.64 4.88 0.29 – 0.64j 0.52 2.2 3.17 0.39 + 0.45j 

100 0.75 4.08 7 0.18 – 0.50j 0.67 0.5 5.06 2.01 + 2.35j 

150 0.54 3.14 3.35 0.30 + 0.0j 0.58 3.83 3.6 0.30 – 0.33j 

200 - - - - 0.54 0.94 3.35 1.08 + 1.33j 

 3 meters 4 meters 

Freq |Γ01| Θ01 SWR ZL/Z0 |Γ01| Θ01 SWR ZL/Z0 

25 0.69 4.15 5.45 0.24 – 0.53j 0.43 3.2 2.51 0.40 – 0.03j 

50 0.59 1.7 3.88 0.44 + 0.78j 0.49 5.22 2.92 0.99 – 1.12j 

75 0.59 5.65 3.88 1.66 – 1.76j 0.6 1.57 4 0.47 + 0.88j 

100 0.6 3.33 4 0.25 – 0.09j 0.6 4.4 4 0.37 – 0.66j 

150 0.65 4.65 4.71 0.38 – 0.86j 0.51 3.46 3.08 0.33 – 0.14j 

200 0.56 6.22 3.55 3.51 – 0.36j 0.5 2.58 3 0.36 + 0.26j 

Pea Gravel 

Pea gravel is somewhat more homogeneous in particle size and is smaller 
(compared to the diameter of a microphone port) than is the crushed li-
mestone. It follows that there should be fewer local distortions of the 
sound pressure fields in the neighborhood of microphone ports, thus fewer 
anomalous pressure data points. Comparison of Figure 2 with Figure 5 
suggests that the attenuation is higher in the pea gravel and that the stand-
ing waves are less pronounced, owing to weaker reflected waves, especially 
near the top of the gravel column. It was judged that a 4 m depth of pea 
gravel would suffice to characterize its wave propagation parameters, thus 
leaving a minimum of 3 m of air space to determine the input impedance 
of the gravel, as terminated by the pressure-doubling plate. 
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We performed a standard sieve analysis (ASTM Standard C136; USACE 
EM1110-2-1906) on the gravel. Results were that approximately 65% of the 
particles were between 12.7 mm and 6.4 mm, 28% between 4.76 mm and 
6.35 mm, and the remaining 7% were smaller than 4.76 mm. By subse-
quently applying ASTM Standard D2487 and using the Unified Soil Classi-
fication System (USCS) the pea gravel was classified as “gravel, poorly 
graded” (GP). Alternatively, using the highway construction classification 
system (ASTM Standard D3282; AASHTO Standard M145), the pea gravel 
was classified “A-1-a” – a poorly-graded, non-plastic, fine gravel. 

Attenuation 

Figure 5 gives the attenuation vs. frequency for the pea gravel, as deter-
mined by both the combined fit to both media at once and the fit in the 
porous medium alone. As the attenuation is relatively high, the porous 
medium procedure gives the more consistent results. 
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Figure 5.  Attenuation coefficient in pea gravel, estimated by the combined fit 

and the porous medium fit. Both methods give nearly steady, monotonically increasing 
functions of frequency for the attenuation coefficient. 

Wavelength 

Figure 6 gives the wavelength vs. frequency for pea gravel, computed by 
both the combined fit and the correlation methods. Because the attenua-
tion in this medium is considerably greater than in the crushed limestone, 
the correlation method gives more consistent results than does the com-
bined fit method. 
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Figure 6.  Wavelength in pea gravel, estimated by the combined fit and the correlation 

method. Due to high attenuation within the medium, the combined fit estimations have wide 
deviations at some frequencies. The correlation method proves to be very stable in the pea 

gravel, since reflection waves are of low amplitude. 

Phase Velocity 

Figure 7 shows the phase velocity vs. frequency within the pea gravel. 
Again, due to the high attenuation, the correlation method provides the 
most consistent results. The pea gravel did not suffer from the same varia-
tions in phase velocity with depth that was observed in the crushed limes-
tone. 

0 50 100 150 200
150

160

170

180

190

200

Pea Gravel

frequency (Hz)

ph
as

e 
ve

lo
ci

ty
 (

m
/s

)

 

 

Correlation Method

Average Values

 
Figure 7.  Dispersion of phase velocity in pea gravel, estimated by the correlation method. 

Input Impedance 

Standing wave parameters calculated in the air region of the pea gravel 
tests are reported in Table 2. Where there were multiple datasets for the 
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same gravel depth, the complex reflection coefficients were averaged, and 
the SWR and input impedance were calculated from those averages. 

Table 2.  Pea gravel standing wave parameters. 

 1 meter 2 meters 
Freq |Γ01| Θ01 SWR ZL/Z0 |Γ01| Θ01 SWR ZL/Z0 

25 0.86 6.28 13.46 13.451 – 0.32j 0.59 5.15 3.88 0.769 – 1.26j 

50 0.58 6.09 3.73 3.339 – 1.091j 0.13 5.21 1.29 1.099 – 0.249j 

75 0.59 5.31 3.90 0.947 – 1.43j 0.58 2.55 3.82 0.285 + 0.284j 

100 0.70 5.08 5.70 0.511 – 1.32j 0.65 1.63 4.63 0.391 + 0.863j 

150 0.69 4.79 5.47 0.381 – 1.004j 0.66 5.28 4.88 0.777 – 1.533j 

200 0.52 3.97 3.21 0.365 – 0.389j 0.66 2.79 4.96 0.207 + 0.168j 

 3 meters 4 meters 
Freq |Γ01| Θ01 SWR ZL/Z0 |Γ01| Θ01 SWR ZL/Z0 
25 0.76 4.08 7.33 0.171 – 0.495j 0.73 3.14 6.41 0.156 – 0.0j 

50 0.65 1.70 4.63 0.369 + 0.809j 0.63 5.91 4.41 2.68 – 2.06j 

75 0.61 5.65 4.13 1.616 – 1.858j 0.59 2.45 3.88 0.289 + 0.333j 

100 0.62 3.46 4.25 0.241 – 0.149j 0.63 5.59 4.41 1.42 – 1.89j 

150 0.48 5.18 2.87 0.963 – 1.082j 0.67 5.22 5.06 0.686 – 1.46j 

200 0.43 0.03 2.50 2.494 + 0.082j 0.68 4.71 5.25 0.368 – 0.93j 

Comments 

Gravels are poorly-defined media, with acoustical parameters that can 
vary significantly from sample to sample. While the gravels used by the 
construction industry are classified in ways that are adequate for that in-
dustry, those classifications probably are not useful as predictors of acous-
tical parameters. Thus, numerous repetitions of experimental tests of the 
sort presented here, in order to increase the precision of parameter esti-
mation, probably are not justified. As a result, the results presented herein 
can be considered representative, but not definitive. 

The initial approach to the measurement of acoustical parameters was to 
construct a Green’s function, representing an incident and a reflected wave 
of sound pressure in the tube, including both the gravel and the air above 
it, and to fit the parameters of the Green’s function to the measured ampli-
tudes by the statistical processes described earlier. In several cases this 
“global” process proved unable to yield credible estimates for one or more 
parameters, perhaps because the measurement errors by chance excessive-
ly affected those particular parameters. In those cases, restricting the fit-
ting process to a smaller region of the tube sometimes yielded consistent 
results. In other cases, correlation methods or fitting to a simple real ex-
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ponential function proved more reliable, especially when the reflected 
wave was substantially reduced by attenuation. 

In summary, for problems for which the measurements are inherently im-
precise and in which several parameters are to be determined from the 
same data set, it may well be necessary to attack the problem in a piece-
meal way, choosing methods which are optimal for specific parameters, 
rather than attempting to estimate all parameters at once by a global 
process. 



ERDC/CERL SR-09-1 23 

 

References 
American Association of State Highway and Transportation Officials (AASHTO). 1991 

(2004). AASHTO Standard M145: Materials for aggregate and soil-aggregate 
subbase, base and surface courses. Washington, DC: AASHTO. 
http://www.transportation.org

American Society of Testing and Materials (ASTM). 2006. ASTM Standard C136: Test for 
sieve or screen analysis of fine and coarse aggregates. West Conshohocken, PA: 
ASTM International. DOI:10.1520/C0136-06, summary available at: 

 (accessed Jan. 2009). 

http://dx.doi.org/10.1520/C0136-06 

———. 2006(e1). ASTM Standard D2487: Standard practice for classification of soils for 
engineering purposes. West Conshohocken, PA: ASTM International. 
DOI:10.1520/D2487-06E01, summary available at: 

(accessed Jan. 2009). 

http://dx.doi.org/10.1520/D2487-06E01 (accessed Jan. 2009). 

———. 1993 (2004e1). ASTM Standard D3282: Standard practice for classification of 
soils and soil-aggregate mixtures for highway construction purposes. West 
Conshohocken, PA: ASTM International. DOI:10.1520/D3282-93R04Eo, 
available at: http://dx.doi.org/10.1520/D3282

Bear, Jacob. 1972. Dynamics of fluids in porous media. Mineola, NY: Dover. 

 (accessed Jan. 2009). 

Attenborough, Keith. 1985. Acoustical impedance models for outdoor ground surfaces. 
Journal of. Sound and Vibration 99(4):521–544. 

———.. 1992. Ground parameter information for propagation modeling. Journal of the 
Acoustical Society of America 92(1):418–427. 

——— , Alan Cummings, Piyush Dutta, Paul Schomer, Erik Salomons, Edwin Standley, 
Olga Umnova, Frank Van Den Berg, Frits Van Der Eerden, Pieter Van Der Weele, 
and Eric Védy. 2004. Blast-sound-absorbing surfaces: A joint project of the 
ERDC and the Netherlands Ministry Of Defense. ERDC/CRREL TR-04-17. 
Hanover NH: U.S. Army Engineer Research and Development Center. 

Bejan, Adrian, Ibrahim Dincer, Sylvie Lorente, Antonio F. Miguel, and A. Heitor Reis. 
2004. Porous and complex flow structures in modern technologies. New York: 
Springer-Verlag. 

Bolen, Lee N., and Henry E. Bass. 1981. Effects of ground cover on the propagation of 
sound through the atmosphere. Journal of the Acoustical Society of America 
69:950–954. 

Crandall, I. B. 1926. Vibrating systems and sound. New York: D. Van Nostrand. 

Dickinson, P. J., and P. E. Doak. 1970. Measurements of the normal acoustic impedance 
of ground surfaces. Journal of Sound and Vibration 13:309–322. 

Embleton, Tony F. W., J. E. Piercy, and Gilles A. Daigle. 1983. Effective flow resistivity of 
ground surfaces determined by acoustical measurements. Journal of the 
Acoustical Society of America 74(4):1239–1244. 

http://dx.doi.org/10.1520/C0136-06�
http://dx.doi.org/10.1520/D2487-06E01�


ERDC/CERL SR-09-1 24 

 

Fellah, Z. E. A., M. Fellah, N. Sebaa, W. Lauriks, and C. Depollier. 2006. Measuring flow 
resistivity of porous materials at low frequencies range via acoustic transmitted 
waves (L), Journal of the Acoustical Society of America 119(4):1926–1928. 

Frederickson, Carl K., James M. Sabatier, and Richard Raspet. 1996. Acoustic 
characterization of rigid-frame air-filled porous media using both reflection and 
transmission measurements, Journal of the Acoustical Society of America 
99(3):1326–1332. 

Heather M. Hess, Keith Attenborough, and N. W. Heap. 1990. Ground characterization 
by short-range propagation measurements. Journal of the Acoustical Society of 
America 87(5):1975–1986. 

Hickey, Craig J., and James M. Sabatier. 1997. Measurements of two types of dilatational 
waves in an air-filled unconsolidated sand. Journal of the Acoustical Society of 
America 102(1):128–136. 

Hutchinson-Howorth, Craig, Keith Attenborough, and Nicholas Heap. 1993. Indirect in 
situ and free-field measurement of impedance model parameters or surface 
impedance of porous layers. Applied Acoustics 39:77–117. 

Kinsler, Lawrence E., Austin R. Frey, Alan B. Coppens, and James V. Sanders. 1982. 
Fundamentals of acoustics, 3d ed. New York: John Wiley and Sons, Inc. 

Lee, Jinkyo. and George W. Swenson Jr. 1992. Compact sound absorber for low 
frequencies, Noise Control Engineering Journal. 38(3):109–117. 

Moore, R. K. 1960. Traveling wave engineering. New York: McGraw-Hill. 

Swenson, George W., Jr. 1993. A standing-wave facility for low-frequency 
impedance/absorption measurement. Applied Acoustics 40:355-362. 

United States Army Corps of Engineering (USACE) – Principal authors B.N. MacIver and 
G.P. Hale. 1970. Appendix V: “Grain size analysis” in 1986 publication of 
Engineering Manual 1110-2-1906: Laboratory soils testing. Vicksburg, MS: U.S. 
Army Waterways Experiment Station. 

Weisstein, Eric W. 2008. L2-Norm, From MathWorld—A Wolfram Web Resource. 
Available at http://mathworld.wolfram.com/L2-Norm.html (accessed January 2009) 

http://mathworld.wolfram.com/L2-Norm.html�


ERDC/CERL SR-09-1 25 

 

Acronyms and Abbreviations 

Term Spellout 
AASHTO American Association of State Highway and Transportation Officials 
ASTM American Society for Testing and Materials 
CA crushed aggregate 
CERL Construction Engineering Research Laboratory 
CN CERL - Installation Division 
CN-N Installation Division - Ecological Processes Branch 
ERDC Engineer Research and Development Center 
ERDC-CERL Engineer Research and Development Center, Construction Engineering 

Research Laboratory 
LMSE Least Mean-Squared-Error 
MSE Mean Squared Error 
REV representative elementary volume 
SWR standing wave ratio 
TR technical report 
URL universal resource locator 
USACE U.S. Army Corps of Engineers 
USCS Unified Soil Classification System 
WWW World Wide Web 
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