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PREFACE 

The study described herein was sponsored by the Office, Chief of 

Engineers , U. S. Army (OCE), as a part of the Mobility and Weapons Ef

fects Technology RDT&E Project No. 4A762719AT40, Work Unit 001 , "Air

field Pavement Design and Parametric Sensitivity Analysis," and Work 

Unit 003 , "Rigid Airfield Pavement Load- Deformation Response Analysis." 

The study was conducted during the period from 1 October 1978 to 

30 September 1979 . 

This report is Report 1 of a three- report series concerning the 

computer programs WESLIQID and WESLAYER , which provide for analysis of 

rigid multicomponent pavements with discontinuities on liquid founda

tions (WESLIQID) and on linear layered elastic solids (WESLAYER) . This 

report presents the theoretical background and numerical results and 

discusses the capability of the two programs and their logic. Reports 2 

and 3 are user ' s manuals for WESLIQID and WESLAYER, respectively. 

The study was conducted by the U. S . Army Engineer Waterways 

Experiment Station (WES) , Geotechnical Laboratory (GL) , under the gen

eral supervision of Dr . Don C. Banks, Acting Chief , GL; Dr . Paul F . 

Hadala , Assistant Chief, GL; and Mr . Alfred H. Joseph , Chief , Pavement 

Systems Division (PSD) , GL . Dr . Yu T. Chou, PSD , was in charge of the 

study and is the author of the report. Professor Y. H. Huang of the 

University of Kentucky , who originally developed the computer programs, 

assisted in the study. 

COL John L. Cannon, CE, and COL Nelson P . Conover , CE , were Com

manders and Directors of the WES during this study and the preparation 

of this report . Mr . Fred R. Brown was Technical Director • 

• 
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CONVERSION FACTORS , U. S. CUSTOMARY TO METRIC (SI) 
UNITS OF MEASUREMENT 

U. S. customary units of measurement used in this report can be con

verted to metric (SI) units as follows: 

Multi,El;l B;l To Obtain 

Fahrenheit degrees 0 . 555 Celsius degrees or Kelvins* 

feet 0 . 3048 metres 

inches 2 . 54 centimetres 

pounds (force) 4 . 448222 newtons 

pounds (force) per cubic 0 . 2714 megapascals per metre 
inch 

pounds (force) per inch 175 .1268 newtons per metre 

pounds (force) per square 6 . 894757 kilopascals 
inch 

* To obtain Celsius (C) temperature readings from Fahrenheit (F) 
readings , use the following formula : C = 0 . 555(F - 32) . To obtain 
Kelvin (K) readings , use: K = 0. 555(F - 32) - 273 . 15 . 
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STRUCTURAL ANALYSIS COMPUTER PROGRAMS FOR RIGID 

MULTICOMPONENT PAVEMENT STRUCTURES WITH DIS

CONTINUITIES--WESLIQID AND WESLAYER 

PROGRAM DEVELOPMENT AND NUMERICAL PRESENTATIONS 

PART I: INTRODUCTION 

Background 

1 . The determination of stresses and deflections in concrete pave

ments due to wheel loads has been a subject of major concern for nearly 

half a century . In the early 1920 ' s , Westergaard (1925) assumed the sub

grade to be a Winkler foundation* and assumed that the slab was infinite 

in extent in all directions away from the load, and used the theory of 

elasticity to develop a mathematical method for determining the stresses 

in concrete pavements resulting from corner , edge , and interior loads . 

In extending the method to airport pavements, he later developed new 

formulas (Westergaard 1939 , 1948) that give the stresses and deflections 

at an edge point far from any corner and at an interior point far from 

any edge . These formulas were then employed by Pickett and Ray (1951) 

to develop influence charts, which have been used by the Portland Cement 

Association (1955, 1966) for the design of highway and airport pavements. 

2. In spite of their wide acceptance and usage , the Westergaard 

solutions have been subject to many criticisms, including the following: 

a. The solutions are based on an infinitely large slab, with 
a load at the corner, on the edge, or in the interior. 
They may not be applicable to today's airfield pavements 
for aircraft equipped with large multiple-wheel gear loads . 

b. The assumption of a Winkler foundation is not realistic 
because a Winkler foundation consists of a series of 
springs in which the pressure at any point between the 

* A Winkler foundation is also called a liquid foundation . The inten
sity of the reaction of the subgrade is assumed to be proportional to 
the deflection of the slab and to be vertical only; frictional forces 
are neglected. 
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slab and the subgrade is directly proportional to the 
deflection only at that point and not elsewhere . 

c . The slab and the subgrade may not always be in full con
tact as assumed in the Westergaard solution . Gaps are 
frequently observed in the subgrade near the joint because 
of pumping action or plastic deformation . Temperature 
warping can also cause the slab to curl up and lose con
tact with the subgrade . 

d . Westergaard solutions are based on an infinitely large 
slab with no discontinuities and thus could not be applied 
to analyze stress conditions at a joint or at a crack . 

3. In the 1960 ' s, a discrete element method based on the finite 

difference technique was developed at the University of Texas (Hudson 

and Matlock 1966) to analyze concrete slabs . The method considers the 

slab to be an assemblage of elastic joints , rigid bars , and torsional 

bars . This method of modeling was helpful in visualizing the problem 

and forming the solution . It does give reasonable values for pavement 

deflections , but there are problems in achieving accurate stress values 

along the edges . Serious problems exist in the analysis of joints , 

cracks , and gaps under the slab because of the nature of the method . 

4. The Corps of Engineers (CE) realizes that much of the main

tenance of rigid pavements is associated with cracks and joints . The 

current CE rigid pavement design procedures (Department of the Army and 

the Air Force 1970) have certain limitations that were imposed by the 

state of the art at the particular stage of development . During the 

development of the procedure , it was necessary to make simplifying assump

tions and in many instances to ignore the effects of cracks and joints . 

Since the advent of high- speed computers and the development of the finite 

element method , a more comprehensive investigation of the state of 

stress at pavement joints , cracks , and other locations in multicomponent 

pavement structures is now tractable within the assumptions of the theory 

of elasticity . Consequently, a better and more reasonable design method 

m~ be developed for rigid pavements . 

Pur~ose 

5. The purpose of the study was to develop two- dimensional workable 
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finite element computer programs that have the capability of analyzing 

stress conditions in a rigid pavement containing cracks and joints and in 

the supporting subgrade soil . The programs should be able to analyze 

slabs made up of two layers of materials with different engineering 

properties , and should be able to accommodate full or partial loss of 

subgrade support over designated regions of the slabs . The subgrade 

soil can be either the Winkler foundation or a layered elastic solid . 

The program should be easy and economical to operate . 

Scope 

6. The finite element comput er pr ograms ori ginally developed by 

Professor Y. H. Huang (Huang and Wang 1973 , 1974 ; Huang 1974a , 1974b) 

of the University of Kentucky were modified and extended to suit the 

purpose of this study . The programs were developed based on the t wo

dimensional plate- bending theory . Two computer programs were developed : 

one named WESLIQID and the other WESLAYER . WESLIQID is developed for 

subgrade soil represented as a Winkler foundation . The program can 

treat any number of slabs connected by steel bars or other load trans

fer devices at the joints . WESLIQID can be applied to two- layer slabs , 

either bonded or unbonded . WESLAYER is for subgrade soil represented 

as either a linear elastic solid or a linear elastic layered system. 

lecause of additional computer storage space and other computational 

complexity , WESLAYER is limited to two slabs connected by load transfer 

devices . 

1. Report 1 of this series presents the basic theoretical 

development of the programs . Explanations are given in the concept of 

stress transfer along the joint and the capability of the programs . 

Numerical results are presented comparing the values computed by the 

computer programs with field measurements and with those computed by 

the Westergaard and other available .programs . The design implication 

of the computed results are discussed . 

8. Reports 2 and 3 are user ' s manuals for WESLIQID and WESLAYER , 

respectively . Descriptions of the two programs are presented in detail , 
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and the programming approaches and logics are also explained . The flow

charts and input guidance are presented with several example problems 

that illustrate the use of the input guides . 
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PART II: FINITE ELEMENT PLATE- BENDING MODEL 

Introduction 

9 . To analyze the stress conditions of a rigid pavement involv

ing cracks and joints, the most ideal representation of such a system 

would be the application of a three- dimensional finite element method. 

The inherent flexibility of such an approach permits the analysis of a 

rigid pavement with steel bars and stabilized layers and provides an 

efficient tool for analyzing stress conditions at the joint . Unfor

tunately, such a procedure would require a tremendously large amount of 

computer core space to solve an extremely large number of simultaneous 

equations . Such a procedure is highly uneconomical and impractical 

until much larger, less costly computers become available . Also, the 

use of a three- dimensional finite element method still could not solve 

some basic problems existing in a r i gid pavement , such as the loss of 

support between the pavement and the subgrade due to temperature warping 

or other causes . The difficulty lies in satisfying the continuity con

ditions in the three- dimensional finite element method . However, this 

problem does not exist in the two- dimensional plate- bending model used 

in this study . 

10 . Recently, several researcher s used the finite element plate

bending model for analysis of concrete pavement with considerable 

success . They are : Eberhardt (1973a , 1973b) , Huang and Wang (Huang and 

Wang 1973 , 1974; Huang 1974a , 1974b) , Pichumani (1971) , and Tabatabaie 

and Bar enber g (1978) . The obvious advantage of the plate-bending model 

is that it is t wo- di mensional ; it can thus save greatly on the computer 

cor e space and computing time and can make the model workable and more 

acceptable to the general users . 

11 . Af ter a thorough review of the available models , it was 

decided that the models developed by Huang and Wang (1973 , 1974) were 

mor e complete than the others . Mainly , these programs consider the 

partial subgrade contact of the pavement and elastic subgrade 
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foundation, which are essential considerations in a rational pavement 

design. 

Brief Description of the Model 

12. The finite element method employed in this study is based on 

the classical theory of a thin plate by assuming that the plane before 

bending remains a plane after bending . Because the slab is modeled as 

a thin plate , there is no variation in vertical deflection along the 

thickness of the plate ; i . e . , the deflection at the top of the plate 

is the same as that at the bottom. When the slab is divided into 

rectangular finite elements , the division is made only in the longitu

dinal and transverse directions; the vertical direction is not needed. 

The model is thus two- dimensional. Another advantage of the plate

bending model is that the application of finite element method does not 

involve the subgrade soil and thus saves computer time . Only the sub

grade reactive forces acting at the nodes are important . The subgrade 

reactive forces are evaluated by numerical procedures . 

13 . The procedure of the model can be found in many textbooks and 

papers , such as Zienkiewicz and Cheung (1967) and Cheung and Zienkiewicz 

(1965) , and will not be presented herein . Only the gener al approach is 

described. 

Slabs on the Winkler foundation 

14 . Figure 1 shows a rectangular finite element with nodes* i , 

j , k , and t . At each node , there are three fictitious forces and 

three corresponding displacements . The three forces are a vertical 

force F · a moment about the x- axis 
w ' 

y-axis M y The three displacements 

M 
X 

are 

; and a moment about the 

the deflection in the 

z-direction w ; a rotation about the x- axis e ; and a rotation about 
X 

the y- axis e 
y 

These forces and 

Winkler foundation , are related by 

displacements , for plates on a 

* Symbols used in this report are listed and defined in the Notation 
(Appendix B) . 
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F. o . 
l. l. 

Fj 0 . 
[K) J + kab 

Fk 
-

ok 

FR. oR. 

where 

[K) - stiffness matrix of the slab, the 
depend on the dimensions a and 
the Young ' s modulus and Poisson ' s 

o - displacements in the slab 

o ' - displacements in the subgrade 

k - modulus of subgrade reaction 

At any given node i 

F 
wi 

F . - M ' o . 
l. xi l. 

M yi 

where w. is vertical deflection . 
l. 

y 

i 

f------- x 

z 

W. 
l. 

- a 
xi 

9 yi 

2a 

' 

k 

0 ! 
l. 

0 ' 
J 

0 ' k 
0 ' 

R, 

coefficients of which 
b of the element and 
ratio of the slab 

o' -
l. 

w. 
l. 

0 

0 

e ( t-1 ) 
y y 

e (M > 
X X 

w (F ) 
w 

FORCES AND CORRESPONDING DISPLACEMENTS 

Figure 1 . Rectangular plate element 
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15. The stiffness matrix for a rectangular element was tabulated 

in Table 7 . 1 of the book by Zienkiewicz and Cheung (1967) and is used 

in the analysis. The type of elements used is isoparametric. For illus

trative purposes, assuming i , j , k , and i are 1, 2 , 3, and 4, 

respectively, Equation 1 can be expanded into 12 simultaneous equations: 

in which 

1 to 4. 

where 

kll 

Fwl 

Mxl Kll Kl2 

Myl 

Fw2 

Mx2 K21 K22 

My2 

Fw3 -
Mx3 K31 K32 

My3 

Fw4 

Mx4 K41 K42 

My4 

Kij = 3 x 3 submatrix; 

For instance, 

Kij = 

Kl3 

K23 

K33 

K43 

i ' 

kll 

k21 

k31 

wl '"1 

Kl4 8x1 0 

eyl 0 

'"2 '"2 

K24 8x2 0 

ey2 0 

w3 + kab w3 (3) 

K34 8
x3 

0 

eY3 0 

w4 '"4 
K44 8x4 0 

ey4 0 

j - nodal numbers varying from 

kl2 kl3 

k22 k23 (4) 

k32 k33 

= vertical force (index 1) Fwi at node i due to vertical 
deflection (index 1) '"J at node j 

- vertical force (index 1) Fwi at node 
about x- axis (index 2) Sxj at node j 

i due to rotation 

- moment about x- axis (index 2) ~-1xi at node i 
rotation about y-axis (index 3) Syj at node j 

= moment about y-axis (index 3) Myi at node i 
rotation about x-axis (index 2) Sxj at node 
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with similar meanings for k
22 

, k
23 

, k
21 

also to be noted in Equation 3 that vertical 

subgrade surface is implicitly assumed to be 

tion w. of the slab . 
~ 

, k
13 

, and k
31 

. It is 

deflection w. at the 
~ 

equal to vertical deflec-

16. By superimposing stiffness matrices over all elements and 

replacing the assumed fictitious nodal forces with the statistical 

equivalent of the externally applied loads , a set of simultaneous equa

tions can be obtained for solving the unknown nodal displacements . 

17 . For illustrative purposes , Figure 2 shows a pavement with 

T 
9 18 81 

. a 17 

' 7 18 

• IS 

s 14 

... 13 

zo• 

+ 3 IZ Z l 

zo• 

+ 2 II 20 

zo• 
_L I 10 19 

I OU 6 0 " 

Figure 2 . Computation of stresses under a point 
load acting at the corner of a slab 

81 nodes . Since each node has three unknowns, there are 243 (81 x 3 

= 243) simultaneous equations to be sol ved for the 243 unknown displace

ments . The nodal numbering system shovn in Figure 2 (9 nodes in the 

vertical direction) indicates the half bandwidth is (9 + 2 ) x 3 = 33 , 
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so the number of coefficients in the stiffness matrix [K] needing to 

be stored in the core is only 33 x 243 = 8,019 , instead of a full 

matrix 243 x 243 = 59 , 049 elements . The reason that the coefficients 

outside the half bandwidth need not be stored is that they are all zeros . 

18 . Once the nodal displacements are computed, the nodal moments 

are then computed using the stress matrix tabulated in Table 7 . 2 of 

Zienkiewicz and Cheung (1967) . The nodal stresses are then computed 

from the nodal moments . Because the stresses at a given node computed 

by means of one element might be different from that computed by means 

of neighboring elements , the stresses in all adjoining elements were 

computed and their average values obtained . 

Slabs on an elastic foundation 

19 . Similar to Equation 1 for the Winkler foundation , the rela

tionship for the forces and displacements can be written as: 

{F} = ( [K) + [H)) {o} (5) 

in which 

and 

F. 0 . 
l l 

{F} - Fj ' 
{o} = oj 

Fk ok 

Fi oi 

{F} - externally applied nodal forces 

[K] - stiffness matrix of the slab, the coefficients of which 
depend on the finite element configuration and the flexural 
rigidity of the slab 

[H] - stiffness matrix of the subgrade, the coefficients of which 
depend on the nodal spacings and the Young's modulus and 
Poisson's ratio of the subgrade 

{o} = nodal displacements, each consisting of a vertical deflec
tion and two rotations 

20 . The characteristics of Equation 5 are such that the stiffness 
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matrix of the slab [K] is banded , but the stiffness of the subgrade 

matrix [H] is not banded. When the two matrices are added , the 

composite matrix [P] , i.e., [P] = [K] + [H] , is not banded. An 

iterative scheme was developed by Huang (l974b) to make [P] a banded 

matrix to save computer storage space . 

21 . To illustrate the iterative scheme, consider a simple example 

for a slab divided into only two finite elements with a total of six 

nodes . Because each node has three unknown displacements , there are 

18 simultaneous equations: 

K11 K12 K13 K14 0 0 01 

K22 K23 K24 0 0 02 

K33 K34 K35 K36 03 

Symmetric K44 K45 K46 04 

K55 K56 05 

K66 06 

H11 H12 H13 H14 H15 H16 01 F1 

H22 H23 H24 H25 H26 02 F2 

+ H33 H34 H35 H36 03 = F3 (6) 

Symmetric H44 H45 H46 04 F4 

H55 H56 05 F5 

H66 06 F6 

where 

Kij - 3 by 3 submatrix 

Hij - 3 by 3 submatrix 

i - nodal numbers from 1 to 6 

j - nodal numbers from 1 to 6 

and 
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where 

w. 
J. 

o. - e 
J. xi 

e yi 

e . - rotation about x-axis 
Xl. 

e . - rotation about y- axis 
YJ. 

F 
wi . F. = 0 , 

J. 

0 

F . - equivalent vertical force determined by statics WJ. 

As no angular continuity is assumed between the slab and the subgrade 

(7) 

0 0 

0 0 (8) 
0 0 0 

where hij is vertical force at node i due to vertical displacement 
at node j 

22 . The developed scheme is to transfer part of the [H) matrix 
to the right side of Equation 6 , or 

pll pl2 pl3 pl4 0 0 01 

p22 p23 p24 0 0 02 

p33 p34 p35 p36 03 
Symmetric p44 p45 p46 04 

p?5 p56 05 

p66 06 

Fl 0 0 0 0 Hl5 H16 01 

F2 0 0 0 0 0 H26 02 
- F3 0 0 0 0 0 0 03 (9) 

F4 0 0 0 0 0 0 04 

F5 Hl5 0 0 0 0 0 05 

F6 Hl6 H26 0 0 0 0 06 
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Fir s t, assume the displacement {o} on the right side of Equation 9 

as zero and compute a set of nodal displacements {o} by solving 

Equation 9. Enter the displacements thus computed into the right side 

of Equation 9 , and find a new set of displacements . The process is 

repeated until the displacements converge to a specified tolerance . 

23 . In separating the [H] matrix , any half bandwidth may be 

used . The coefficients within the half bandwidth are placed on the 

left of Equation 9 , whereas those outside the half bandwidth are 

transferred to the right . It was found that when the number of equa

tions is large while the half bandwidth is small , the displacements may 

not converge , and a larger bandwidth should be used . 

24 . In solving Equation 9, each slab can be considered separately. 

First consider the left slab only, and the first set of nodal displace

ments is determined from Equation 8 . Next , consider the right slab . 

The existence of the left slab has two effects on the right slab : 

(a) the vertical deflections along the joint in the right slab must be 

set equal to those in the left slab ; and (b) the vertical nodal forces 

in the r ight slab must include those due to the deflections of the left 

slab . Because the deflections of the :eft slab have been previously 

determined , the nodal displacements of the right slab can be computed . 

Then return to the left slab again . The existence of the right slab 

also has t wo effects on the left slab : (a) the displacements of the 

right slab will induce a set of nodal forces along the joint , which 

must be transferred to the left slab; and (b) the deflections of the 

right slab will induce vertical reactive forces in the left slab . By 

taking these effects into consideration , a new set of displacements for 

the left slab is determined . The process is repeated until the nodal 

displacements converge . 

Basic differences between the liquid 
(Winkler) foundation and the elastic foundation 

25 . The basic difference betweer. the liquid foundation and the 

elasti c foundation is that in a liquid foundation , the deflection at 

a given node depends only on the forces at the node and does not depend 

on forces or deflections at any other r.odes . In an elastic foundation , 
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however, the deflection at a given node depends not only on the forces 

at the node , but also on the forces or deflections at other nodes . 

26. In both the WESLIQID and WESLAYER computer programs , separate 

nodal numbers are used at nodes at either side of the joint . The dis

tance between the t wo nodes is zero ; i . e ., these two nodes are physi

cally one node . The use of separate nodal numbers is necessary because 

the stresses and deflections in the t wo slabs across the joint may not 

be the same . The pr esence of separate nodal points across a joint is 

not a problem in a liquid foundation because in this case the deflection 

at a nodal point along the joint does not depend on deflections else

where . In an elastic foundation , however , the problem is more involved . 

For instance , a deflection at a node away from the joint will produce a 

certain subgrade reactive force at nodes along the joint . 

Descr iption and Capabi lity of the Programs 

Program logic 

27 . The pr ogramming approaches for programs WESLIQID and WESLAYER 

are presented separately in Reports 2 and 3 of this series , respectively . 

For convenience of discussion, the basic logic of the programs is pre

sented. Two cycles of iterations are i nvolved in the programs . One is 

for checking the subgrade contact condition , and the other is for check

ing pavement shear forces for a deflection convergence . At the outset 

of the computation , the program f irst assumes a full contact between the 

slab and the subgrade , except at the nodes where gaps are preassigned . 

The gaps may be a result of pumping or plastic deformation of the sub

grade. Deflections are computed sequentially for each slab by succes

sive approximations until the deflection convergence criterion is met . 

28. The relationships between the slabs along the joints are 

such that after the deflections are computed for slab i , the deflec

tions are superimposed to the adjacent (i + l)th slab through the 

joint , and when the iteration returns to computing the deflections of 

slab i , shear forces exist at slab i along the joint between slabs 

i and (i + 1) induced by the deflections of slab (i + 1) . 
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29 . When the deflections have all converged , the deflection at 

each node is checked as to whether the contact condition has changed . 

If the condition has not changed , the computed deflections are the final 

values ; if it has changed , a new subgrade contact condition is assigned 

and the iteration for deflection computation starts again until the sub

grade contact condition ceases to change . To assure proper convergence , 

an underrelaxation factor is used in the programs to change the relaxa

tion factor automatically. 

Subgrade types 

30 . As was explained earlier, the application of the two

dimensional finite element process does not involve the subgrade soil . 

Only the subgrade reactive forces between the subgrade and the slab at 

each node are important . The subgrade reactive forces can be due either 

to deflection of the subgrade at the node or to deflections of an adja

cent slab transferred through the joint . The subgrade reactive forces 

at nodal points are combined with the externally applied forces when the 

displacements are being solved in the simultaneous equations shown in 

Equation 1 . The subgrade reactive forces can be evaluated readily in 

the case of Winkler foundation but are more laborious in the case of the 

elastic foundation . These forces are explained in the following paragraphs . 

31 . Winkler foundation . The reactive force between the subgrade 

and the slab at each node equals the product of the modulus of the sub

grade reaction k and the deflection w at the node. For reactive 

forces at nodes along the joint that are induced by the deflections of 

adjacent slabs , the forces are computed through the stiffness matrix of 

the elements adjacent to the joint . 

32 . Elastic foundation . Boussinesq ' s solution and Burmister ' s 

layered elastic solution are used to compute subgrade surface deflec

tions for the cases of a homogeneous elastic foundation and a layered 

elastic foundation, respectively . Once the flexibility matrix is formed , 

a matrix inversion subroutine is used to invert the flexibility matrix 

to the stiffness matrix. The subgrade stiffness matrix is not banded , 

and at each node there is only a vertical component . 
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Stresses , strains , and deflections 
in the supporting subgrade soil 

33 . Once the subgrade reactive forces between the subgrade and 

the slab at each node are determined, stresses and strains in the sup

porting subgrade soil can be computed. The stresses and strains are in

duced by the nodal reactive forces , but the forces are acting in the 

direction opposite to those when the stress conditions in the slab were 

computed . When the subgrade soil is represented by the Winkler founda

tion (WESLIQID program) , the Boussinesq ' s equations can be used to com

put~ the stresses and strains induced by the concentrated nodal forces . 

In order to use the equations , an equivalent elastic modulus E corre

sponding to the modulus of subgrade reaction k (used in the program to 

compute stress condition in the slab) should be selected. When the sub

grade soil is represented by a layered elastic foundation , Burmister ' s 

layered elastic solution is used for computation . Since the stresses 

and strains in the subgrade soil under the concrete slabs are very small , 

the principle of superposition is valid and is used to compute the 

stresses and strains in the soil induced by all the nodal forces . It 

should be pointed out that at the subgrade surface , the deflection at 

the subgrade at a node is the same as that of the concrete slab at the 

same node; the vertical stress at the node is equal to the reactive 

force acting at the node divided by the affected area. 

34 . In the WESLIQID computer program , the Boussinesq' s equations 

for a point load (Harr 1966) are used to compute the stresses and deflec

tion in the supporting elastic subgrade soil . In using the equations, 

however , the stresses and deflections become infinitely large or inde

terminate at the surface directly under the point load and at locations 

very close to the point load . However , closed-form solutions for uni 

formly applied circular loads are available only for the vertical stress 

a 
z 

and vertical deflections directly under the center of the cir-

cular load . These equations are presented in Appendix A. For computed 

locations in the subgrade soil not directly under a node , the computa

tions are made based on the point loads acting at the nodes . Since the 

computed values at locations close to a point load may be erroneous , the 
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computations are not made at shallow depths (less than 1 in. * in the 

program) , except for the vertical stress o and vertical deflection 
z 

w at computed locations directly under a node. This problem does not 

exist in the layered elastic subgrade soil (WESLAYER program) in which 

uniformly applied circular loads are used. 

35 . When the subgrade soil is represented as an elastic solid 

(WESLAYER program), the nodal reactive forces are larger at the slab 

edges than at the slab center where the load is applied. The distribu

tion of contact pressures under a rigid footing can be found in the 

textbook by Terzaghi and Peck (1962) . 

Subgrade contact options 

36 . The concept of full and partial subgrade contact was origi

nally developed by Huang (1974) . Most materials presented in this sec

tion are taken from this source. 

37 . Discussion on the Westergaard solution . Complete subgrade 

contact condition was assumed in the Westergaard solution. The slab 

always has full contact with the subgrade soil , and gaps are not allowed 

between the slab and subgrade , no matter how much the slab has warped 

upward due to temperature change or to the applied load . In other words , 

the slab is supported by a group of springs, and the springs are always 

connected to the slab. In reality , the pavement can lose subgrade sup

port at some parts due to temperature warping, pumping , and plastic de

formation of the subgrade . Results from the Arlington test (Teller and 

Sutherland 1935 , 1936 , 1942) indicated that the pavement and the sub

grade were not in full contact even when the slab was flat and there was 

no temperature differential between the top and the bottom . It was also 

found that the stresses in concrete pavements due to corner loading de

pended strongly on the condition of warping. When the corner was warped 

down and the slab and subgrade were in full contact, the observed corner 

stresses checked favorably with Westergaard ' s solutions. However, the 

observed stresses were 40 to 50 percent greater when the corner was 

warped up. Consequently, Westergaard ' s equation for corner loading was 

* A table of factors f or converting U. S. customary to metric (SI) units 
of measurement is presented on page 4 . 
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modified by Bradbury (193,~) , Kelley (1939) , Spangler (1942) , and Pickett 

(1951) to account for the ~oss of subgrade contact due to temperature 

warping , pumping , and plastic deformation of the subgrade . These 

modifications were based on empirical results , and no theoretical 

methods to the author ' s knowledge have been developed so far . With the 

advent of high- speed computers and the finite element method , it is now 

possible to analyze concrete pavenents subjected to warping and loading 

without assuming that the slab and the subgrade are in full contact . 

38 . Str esses and deflections due to temperature warping . Fig

ure 3 shows , in an exagger ated scale , a thin slab subjected to a 

d 

~ L 6T 

w 
c 

h C-w 

Fipure 3 . Warping of a concrete slab 

temperature differential 6T between the top and the bottom. If the 

slab is weightless and unr estrained, i t will form a spherical surface 

with a radius R • Because the slab is only slightly curved, the length 

of the arc on the upper surface is practically the same as that on the 

lower surface , so the length L of the uprer surface is shown as the 

length of the lower surface . The length is actually greater at the 

bottom than at the top by aL6T , where a is the coefficient of 

thermal expansion . Since the radius R is much greater than the thick

ness h and L is much greater than aL6T , it can be easily shown 

from geometry that 

R = 

22 

h 
a6T 

(lOa) 



and 

where 

d2 
c = -

2R (lOb) 

c = initial curling of a weightless and unrestrained slab due to a 
temperature differential between the top and the bottom 

d = distance to the center of slab where curling is zero 

Substituting Equation lOa into Equation lOb gives 

c = (11) 

Note that 6T is positive when the slab is warped up with a temperature 

at the top smaller than that at the bo~tom and negative when it is 

warped down . 

39 . The general formulation involving warping is similar to that 

for loading . After the stiffness matrix is superimposed over all 

elements and the nodal forces are replaced with the statistical equiva

lent of the externally applied loads, the following simultaneous equa

tions can be obtained for solving the nodal displacements: 

where 

(K){o} - {F} + k[A){o'} (12a) 

[A) - diagonal matrix representing the area over which subgrade 
reaction is distributed 

{6'} - subgrade displa~ements 

Note that the second term on the right side of Equation 12a represents 

the nodal forces due to the subgrade reaction. If the slab has a total 

of n nodes, then 
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and 

where 

{6} -

6 . 
J. 

-

5 . 

6 
n 

~ wi 

r X1 
a . 
y1 

{F} -

F . -
J. 

• 

F. 
J. 

F 
n 

F . 
WJ. 

0 

0 

6 . 
J. 

A
1 

. • . 0 . • • 0 

c. - w. 1 J. 

- 0 

0 

w - vertical deflection , downward positive 

F - vertical force due to externally applied load , downward 
w positive 

( 12c) 

Note that c = 0 when there is no warping . The reason that F. and 
J. 

6. contain only one nonzero element is that the nodal forces are deter-
1 

mined by statics and only vertical loads and reactions are involved. 

40. Analysis based on full contact . The concept of full contact 

between the slab and subgrade can best be explained by the spring anal

ogy shown in Figure 4. Figure 4a shows a foundation consisting of a 

series of springs , each representing a nodal point in the finite- element 

analysis . When a slab is placed on the foundation , the weight of the 

slab ¥ill cause a precompress~on of the springs , as shown in Figure 4b . 

Because the slab is uniform in thickness, each spring will deform the 

same amount , and no stresses will be induced in the slab . The amount 

of precompression can be determined directly by dividing the weight 

of the slab per unit area by the modulus of subgrade reaction . When 

the temperature is colder at the top of the slab than at the bottom , 

as is usually the case at night , part of the slab will deflect upward , 

as shown in Figure 4c . However, the slab and the springs still remain 

in contact because the upward deflections are smaller than the 
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Figure 4 . Spring analogy for full contact 

precompression . The deflection of the slab due to warping can be deter

mined by subtracting the precompression due to the weight of slab from 

the deflection due to the weight and the warping combined, as indicated 

by the shaded area in Figure 4c . The result is exactly the same as when 

the warping alone is considered. The same is true when a load is applied 

to a warped slab , as shown in Figure 4d . Therefore , when the slab and 

the subgrade are in full contact, the principle of superposition applies. 

The stresses and deflections due to warping and loading can be deter

mined separately , one independent of the other, disregarding the weight 

of the slab. This principle forms the basis of Westergaard ' s analysis . 

41 . The assumption that the slab remains in contact with the sub

grade implies that the subgrade reaction always exists no matter how the 

slab is warped . If the slab is warped up, the subgrade will pull the 

slab down, and a deflection w is obtained , as shown in Figure 3. The 

displacement of the subgrade is thus c - w , as indicated by Equa-

tion l2c . If w within {6'} in the second term on the right side of 

Equation 12a is moved to the left and combined with w on the left and 

c is combined with {F} , Equation 12a becomes 

[K]{o} = {F} (13) 
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where 

[K) - composite stiffness matrix of the system 

{F} - composite nodal forces 

If there is no warping, then c = 0 , and {F} = {F} Equation 13 is 

used in the computer programs to compute the displacements. 

42 . The above derivation for upward warping also applied to down

ward warping . When the slab is warped down, the temperature differential 

is negative. If the temperature differential is the same for downward 

warping as for upward warping , the stresses and deflections will be the 

same in magnitude but opposite in sign . 

43 . Analysis based on partial contact . The major difference in pro

cedure between full and partial contact is that it is not necessary to con

sider weight of the slab in case of full contact , but for partial contact 

weight of the slab must be considered. The latter case involves two steps . 

First, gaps and precompressions of the subgrade due to weight of the slab 

and warping combined are determined. These gaps and precompressions are 

then used to determine stresses and deflections due to applied loads . 

44 . It should be noted that full contact is a special case of par

tial contact . Every problem in partial contact is analyzed first by as

suming that the slab and subgrade are in full contact . If it turns out 

that they actually are in full contact , no iterations are needed . If some 

points are found out of contact , the reactive force at those points is set 

to zero. The process is repeated until the same contact condition 

is obtained . 

45. Partial contact without initial gaps. This case applied to 

new pavements not subjected to a significant amount of traffic. Each 

spring in the Winkler foundation is in good condition and if the slab is 

removed, will rebound to the same elevation with no initial gaps, as 

shown in Figure 5a. Under the weight of the slab, each spring is 

subjected to a precompression, as shown in Figure 5b. If the slab is 

warped up, gaps will form at the exterior springs , as indicated by a 

positive s in Figure 5c, and precompressions will form at the interior 

springs, as indicated by a negative s . If the slab is warped down, 

all springs will be under precompression, as shown in Figure 5b , except 
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Figure 5. Partial contact without initial gaps 

that the precompressions are not equal. The displacements due to the 

weight of the slab and warping combined can be determined from 

Equation l2a , except that the subgrade displacements are expressed as 

and 

0~ 
l 

0~ 
l 

c . - w. 
1 1 

0 

0 

0 

0 

0 

when w. > c. 
1 1 

when w. <c . 
1 l 

( l4a) 

(l4b) 

Note that Equation l4a is exactly the same as Equation l2c for full con

tact and is used to start the iteration . After each iteration , a check 

is made on each nodal point to find out whether any contact exists . If 

the deflection w is smaller than the initial curling c , the slab is 

not in contact with the subgrade , and the subgrade displacement is set 

to zero , as indicated in Equation l4b . Thus after each iteration , a new 

set of simultaneous equations is established . The process is repeated 

until the same equations are obtained . In most cases , this can be 
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achieved by five or six iterations. After the deflections due to the 

weight and warping are determined, the gaps and precompressions can be 

computed and used later for computing the stresses and deflections due 

to the load alone . 

46 . To determine the stresses and deflections due to the load 

alone requires that the gaps and precompressions shown in Figures 5b and 

5c, depending on whether warping exists , first be determined . When 

these gaps and precompressions are used as s , the deflections due to 

the load alone (Figure 5d) can be determined from Equation 12 , except 

that the subgrade displacements are expressed as 

0~ -
1 

0~ 
1 

-

0~ -
1 

s. 
1 

-
0 

0 

- w. 
1 

0 

0 

W. 
1 

0 

0 

0 

when 

when w. 
1 

when W. 
1 

> 

w. < s 
1 i 

> s. 
1 

and 

s. 
1 

and 

(15a) 

s . > 0 
1 

(15b) 

s. 
1 

0 (15c) 

When w is checked with s , downward deflection is considered positive , 

upward deflection is considered negative, gap is considered positive, 

and precompression is considered negative. First, assume that the slab 

and the subgrade are in full contact and the deflections of the slab due 

to the applied load are determined. Then check the deflections with s 

and form a new set of equations based on Equation 15. The process is 

repeated until the same equations are obtained. 

47. When the slab and the subgrade are in partial contact, the 

principle of superposition no longer applies . To determine the stresses 

and deflections due to an applied load requires that the deformed shape 

of the slab immediately before the application of the load be computed 

first . Since the deformed shape depends strongly on the condition of 
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warping , the stresses and deflections due to loading are affected appre~ 

ciably by warping . This fact was borne out in both the Maryland (High

way Research Board 1952) and the AASHO (Highway Research Board 1962) 

road tests . 

48 . In the method presented here , the stresses and deflections 

due to weight and warping are computed separately from those due to 

loading . This is desirable because the modulus of subgrade reaction 

under the sustained action of weight and warping is much smaller than 

that under the transient load of traffic. If the same modulus of sub

grade reaction is used , the stresses and deflections due to the combined 

effect of weight , warping , and loading can be computed in the same way 

as those due to weight and warping , except that additional nodal forces 

are needed to account for the applied loads . 

49 . Partial contact with initial gaps . This case applies to pave

ments subjected to a high intensity of traffic , such as the traffic 

loops in the AASHO road test (Highway Research Board 1962) . Because of 

pumping or plastic deformation of the subgrade, some springs in the 

Winkler foundation become defective and , if the slab is removed, will 

not return to the original elevation . Thus, initial gaps are formed , as 

indicated by the two exterior springs shown in Figure 6a. These gaps s 

must be assumed before an analysis can be made . 

50. The displacements due to the weight of the slab , as shown in 

Figure 6b , can be determined from Equation 12a , except that the subgrade 

displacements must be expressed as 

s. 
l 

o" -
l. 

0~ -
l. 

- w. 

0 

0 

0 

0 

0 

l 

when w. > s. 
l. l. 

when w. < s. 
l. 1 

First , assume that the slab and the subgrade are in full contact . 
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vertical deflections of the slab are determined from Equation 12a . 

Then check the deflection at each node against the gap s • If the de

flection is smaller than the gap , as shown by the left spring in Figure 

6b , Equation 16b is used . If the deflection is greater than the gap , 

as shown by the other springs in Figure 6b , Equation 16a is used. The 

process is repeated until the same equations are obtained . After the 

deflections are obtained , the gaps and precompressions can be computed 

and used later for computing the stresses and deflections due to lead

ing , if no warping exists . 

51 . If the springs are of the same length , as shown in Figure 4, 
the weight of the slab will result in a uniform precompression , and no 

stresses will be set up in the slab. However , if the springs are of 

unequal lengths , the deflections will no longer be uniform, and stress

ing of the slab will occur . 

52 . Figure 6c shows the combined effect of weight and warping 

when the slab is warped down . The reason that downward warping is con

sidered here , instead of the upward warping, is that the case of upward 

warping is similar to that shown in Figure 5c except that the gaps are 

measured from the top of the defective springs . The method is applic

able to both upward and downward warping , but downward warping is used 

for an illustration . The procedure for determining the deflections is 

similar to that involving the weight of slab alone except that the ini

tial curling of the slab , as indicated by Equation 11 , is added to the 

gap shown in Figure 6a to form the total gap and precompression s for 

use in Equation 16 . Since the gap is either positive or zero and the 

initial curling may be positive or negative , depending on whether the 

slab is warped up or down , s may be positive or negative . After the 

deflections of the slab are obtained , the gaps and precompressions , as 

shown in Figure 6c , can be determined. These gaps and precompressions 

are used for computing the stresses and deflections due to the load 

alone , as shown in Figure 6d . 

Symmetry 

53 . The application of the finite element method for analyzing 

rigid pavements involves solving a large set of simultaneous equations . 
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However , due to symmetry the number of simultaneous equations could 

be greatly reduced by considering only one half or one quarter of the 

slabs . Consequently , the computer time and storage necessary can be 

greatly reduced and the results yielded are the same as for the use of 

the whole slab . 

Stress Transfer Along the Joints and Cracks 

54 . Joints are placed in rigid pavements to control cracking and 

provide enough space and freedom for movement . Load is transferred 

across a joint or crack principally by shear forces and in some cases by 

moment transfer . Shear force is provided either by dowel bars , key 

joint, or aggregate interlock. Moment transfer, on the other hand , is 

provided by the strength of the concrete slab and/or in- plane thrust 

(which is ignored in this analysis) but is produced by heating of the 

slab . When a joint or a crack has a visible opening , however , the 

transfer of moment across the joint or crack becomes negligible . It is 

therefore justified to assume there is no moment transfer across a joint 

or a crack , except in cases such as a tied joint where some moment trans

fer may be expected if the joint remains tightly closed . 

55 . In a continuously reinforced concrete pavement (CRCP) , a 

large number of closely spaced cracks may for~ soon after placing the 

concrete . The tightly closed cracks can transfer a large percentage of 

moment during the early life of the pavement, but as traffic load is 

applied, the openings of trye cracks will increase and the ability of 

moment transfer across the cracks will decrease . 

56 . If moment transfer across a joint is neglected , the amount 

of stress transfer at a joint is governed by the difference in deflec

tion between the two slabs along the joint . In other words, the shear 

transfer is 100 percent if deflections at both slabs are equal . This 

difference in deflection depends on the shear deformation of the dowel 

bar and the dowel- concrete interaction. The analyses presented later 

indicate that the effect of dowel-concrete interaction is more dominant 

than the shear deformation of the dowel bar . Neglecting the deformation 
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of concrete surrounding the dowel bar in the program can make the bar 

more effective than in reality . Field measurements conducted by the 

Corps of Engineers in many military airfields (Ohio River Division Lab

oratories 1959) indicated that the dowel bars were not very effective ; 

the average stress transfer across a joint was only about 25 percent . 

Detailed discussion in this respect is presented in Part III . 

Shear and moment trans-
fer across joints and cracks 

57 . The program provides three cptions for specifying shear trans

fer , but only one for moment transfer . The three options for shear 

transfer are: (a) efficiency of shear transfer, (b) spring constant , 

and (c) diameter and spacing of dowels . The only option for moment 

transfer is to assume an efficiency of moment transfer across the joint . 

The advantages and disadvantages of each option are discussed in the 

next section . 

58 . Efficiency of shear transfer . The efficiency of shear trans

fer is defined as the ratio of vertical deflections along the joint be

tween the unloaded , or less heavily loaded , slab and the adjacent more 

heavily loaded slab . This is the easiest method to specify shear trans

fer . By assigning an efficiency between 0.0 (no shear transfer) and 

1 . 0 (complete shear transfer), reasonable results can be obtained with 

a minimum number of iterations . The efficiency can be easily checked 

on the printout by comparing each pair of deflections along the joint . 

However , the use of a given efficiency for all nodes along a joint is 

not realistic because the deflection ratios in an actual pavement should 

vary along the joint , with the smallest ratio at a point where the de

flection is the largest . To determine the efficiency in the field by 

measuring the deflection of both slabs along their common joint, the 

ratio at the point of largest deflection should be used , thus giving a 

more conservative estimate of the effic"iency. The method has the further 

disadvantage that the slabs must be numbered according to the magnitude 

of load . This aspect is discussed in Report 2 of this series . In the 

computer programs , the slabs are numbered according to the magnitude 

of load. 
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59. Spring constant. The use of imaginary shear transfer springs 

along the joint between two slabs to determine the difference in deflec

tion is more realistic than the use of the efficiency of load transfer 

because the use of imaginary springs takes into consideration the shear 

force at the joint . The spring cons~ant is defined as the force in 

pounds per linear inch to cause a difference in deflection of 1 in . ; so 

the unit of the spring constant is in pounts per inch per inch. This 

option can be used either for key joints or joints with aggregate inter

lock (such as tightly closed cracks) or joints using both dowel bars 

and aggregate interlock for shear ~ransfer. The spring constant can be 

determined in deflections at a number of points along the joint . The 

ratio between the average load (applied along the joint) per unit width 

and the average difference in deflection is the spring constant of the 

joint . A disadvantage of the method is that, without any test data , it 

is very difficult to assume a proper spring constant . The use of an 

improper spring constant may result in an unreasonably large difference 

in deflection and thus require a large number of iterations to obtain a 

convergent solution . It should be emphasized that the spring constant 

should not be determined based on test data of a single wheel load . The 

ideal test procedure is to place a long piece of steel beam adjacent to 

the joint and to apply the load to the beam through a series of wheel 

loads , preferably four to six wheels . 

60 . Once the value of the spring constant is determined for a 

certain joint in a rigid pavement , the difference in deflections at 

each nodal point across the joint can be determined based on the shear 

forces at each node computed at the particular stage during the itera

tion cycles . 

61 . Diameter and spacing of dowels . This method is most straight

forward and does not require a field test to determine either the effi

ciency of shear transfer or the spring constant. This option takes into 

consideration the diameter and spacing of dowels or steel bars . While 

this option should yield results far superior to the other two options , 

the method has some disadvantages, which are described below. 

a . This method is applicable only when steel bars are the 



sole means of shear transfer . In a tied joint that 
remains closed, the shear transfer is principally pro
vided by the granular interlock, not by the thin tie 
bars . Therefore , the use of this method to specify the 
shear transfer of a tied joint would result in an effi
ciency less than the actual value . 

b. This method requires an estimate of the modulus of dowel 
support, which may vary considerably depending on the 
type of dowel, strength of concrete , and method of con
struction . The condition of the dowel bars in the joint , 
i.e ., the degree of looseness of dowels in the concrete , 
can affect the modulus value of dowel support . In Part IV , 
computed results of stress transfer across the joint for 
many military airfield pavements are presented . The re
sults indicate that the joint performance varies greatly 
with the modulus of dowel support used in the computation . 
Field tests conducted in a number of military airfields 
(Ohio River Division Laboratories 1959) indicated that in 
many airfields the dowel bars in the concrete were loose 
(i . e . , excessive amounts of space around the dowels in 
the concrete) . 

62 . Efficiency of moment transfer. Analysis of moment transfer 

across a joint or a crack is more involved than analysis of the transfer 

of shear force . The amount of moment transfer depends on the width of 

the crack, thickness of the slab, amount of reinforcing steel , and many 

other factors , and is difficult to analyze. It is believed that for a 

crack with a visible opening, the transfer of moment is negligible. 

63 . While the method of efficiency of shear transfer works well 

in specifying shear transfer across a joint , the efficiency of moment 

transfer, if defined as the rotation ratio between the unloaded and 

loaded slabs, is not applicable because an efficiency of zero indicates 

a zero rotation of the unloaded slab and a zero rotation is not realis

tic. The shear forces in a joint not only cause the slabs to deflect , 

but also cause the slabs to rotate . In the case of a crack with a vis

ible opening, the rotation at the unloaded slab is not zero; the joint 

acts as a hinge with large rotational movements at the joint . Unlike 

a zero deflection, a zero rotation actually requires the addition of a 

very large moment in the unloaded slab, which contradicts the defini

tion of zero moment transfer. Because ~he moments are very sensitive 

to the rotations , and could cause problems in solution convergence, it 
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is thus impractical to use a rotational constant similar to the spring 

constant to determine the difference in rotation . The followine method 

for moment transfer was developed and found to be satisfactory . 

64 . Moment transfer across the joint (or crack) is specified by 

the efficiency of moment transfer . One hundred percent moment transfer 

is defined by equal rotations at nodal points at both sides of the joint 

with the moments computed accordingly. Zero percent moment transfer is 

defined to be that the moments of nodal points along the joint are all 

zero while the rotations are not required to be zero . The efficiency is 

not defined as the rotation ratio between the unloaded and loaded slabs , 

but as a fraction of the full moment, which is determined by assuming 

that the rotations on both sides of the joint are the same . Unless the 

efficiency of moment transfer for all cracks is either 0 .0 or 1 .0 , it is 

necessary to analyze the problem twice . First, an efficiency of 1 . 0 is 

assumed for all cracks having an efficiency other than zero , and the 

moments at each node along the crack are computed . These full moments 

are then multiplied by the efficiency of moment transfer at the corres

ponding joint to determine the moments that actually exist. These 

moments are then assigned for each slab edge, as externally applied 

moments , and a second analysis of the slabs is made . 

65 . It can be seen that the efficiency of moment transfer is de

fined differently than the efficiency of shear transfer. The efficiency 

of shear transfer is based on vertical deflection3 instead of vertical 

forces , whereas the efficiency of moment transfer is based on moments , 

instead of rotations . It is possible to define shear transfer on the 

basis of vertical forces , in the same way as for moment transfer, and 

analyze the problem twice. However, this is not warranted because many 

of the practical problems involve shear transfer only and can be solved 

in one analysis when shear transfer is defined by vertical deflections . 

Also , in the efficiency of shear transfer , the vertical deflections on 

both sides of the slab are different , but in the efficiency of moment 

transfer, the moments on both sides of the slabs are the same . 

Computations for dowel bars 

66 . For stress transfer using the method of diameter and spacing 
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of t he dowel bars , the derivation of equations is presented in the fol
lowing paragr aphs . 

61. Figure 7a s hows an exagger ated view of a doweled joint with 
<i 
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(c) ILLUSTRATION OF DIFFERENCES IN DEFLECTION 

Figure 1. Diff erence in deflection between two slabs 

a width d . In the finite element mettod , the slabs are divided into 

a number of elements . Suppose that 1 and 2 are a pair of the many nodal 

points . If a vertical shear force P exists at node 1 , it will be 

t r ansmitted to the dowel , as shown in Figure 7b . After deformation , the 

deflections at nodes 1 and 2 will not be the same and the difference 

in deflect ion 6 between nodes 1 and 2 , as shown in Figure 7c , is 
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where 

ll 
s 

ll - 6 + 26 
s c 

( 17) 

- shear deformation of the dowel 

ll 
c 

- shear deformation of the concrete due to the bending of the 
dowel as a beam on an elastic (concrete) foundation 

68 . The shear deformation of the dowel can be determined approx-

imately by 

ll 
Pd (18) =-

s GA 

in which G and A are the shear modulus and the area of the dowel , 

respectively . By considering the dowel as a beam on an elastic founda

tion , ll can be determined by (Timoshenko and Lessels 1925 , Yoder and c 
Witczak 1975) 

where 

E -
I -
K -
b -

ll 
c 

(2 + Sd) 

8 - 4.JWfr 

modulus of elasticity of the dowel 

moment of inertia of the dowel 

modulus of dowel support , pci 

diameter of the dowel 

(19a) 

( 19b) 

By using realistic values for the parameters in Equations 18 , 19a , and 

19b , it can be shown that ll s is one or more orders of magnitude smaller 

than 

tion 

ll 
c 

and can usually be neglected; thus, the difference in deflec-

depends principally on the dowel-concrete interaction . Because the 

amount of stress transfer across the joint is governed by the difference 

in deflection , the negligence of the dowel - concrete interaction will re

sult in a stress transfer that is too large . 

69 . It should be pointed out that the dowel bars are not modeled 

as bar elements in the programs . The joints or cracks in a rigid pave

ment generally have a width of 1/16 to 1/32 in., which is much smaller 



than the bar diameter . A dowel bar in a joint should therefore serve 

merely as a key to transmit shear forces . If it is desirable to model 

dowels as bar elements, meaningful results can be obtained only if the 

theory of the deep beam is employed in the analysis , which, of course , 

is very complex . Tabatabaie and Barenberg (1978) modeled dowel bars as 

bar elements in their work; a detailed discussion in this aspect was 

made by Huang and Chou (1978). 

Modulus of dowel support 

10 . The stresses in dowel bars result from shear , bending, and 

bearing forces. These stresses can be analyzed to determine factors 

that affect the load transfer characteristics . The stress analysis of 

dowels is based upon work by Timoshenko (Timoshenko and Lessels 1925); 

Timonshenko modeled a dowel bar encased in concrete as a beam on a Wink

ler foundation . The ratio between the bearing pressure and the deflec

tion of the dowel bar was termed as modulus of dowel support K 

Table 1 shows a wide range of moduli of dowel support produced by many 

investigators . The information was gathered by Finney (1956) . Finney 

reported that while testing procedures varied among investigators, K 

values also varied between specimens for a given test procedure . A 

study of these investigations seems to indicate that K is not a con

stant quantity , but varies with the concrete properties , dowel bar di

ameter and length , slab thickness , and the degree of dowel looseness in 

the concrete. * Yoder and Witczak (1975) suggested that values of K 

range between 300 ,000 and 1,500,000 pci and that the use of 1 , 500 ,000 pci 

appears to be warranted . It was found in this study that while large 

changes in the modulus do not affect the stress calculations in the 

slab greatly, they do affect the deflection of the dowel which in turn 

can cause the change in the stress transfer across a joint . 

71 . To account in the computer program for the possible loose-

ness of dowels , two different moduli of dowel support K can be speci-

fied . (This is done only in the WESLIQID program . ) When t::. < t::. .. 
s - c 

K = K ; when t::. > !::." , K = K ; where !::." = an input parameter 
1 c c 2 c 

* Slight looseness on one side of the dowel is often intentionally 
built into the system in construction practice of rigid pavements. 
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specifying the deformation of concrete below which modulus K1 is 

used and above which modulus 

assigned in the input , only 

is used . If a very large 6~ is 
c 

will be used in the computation . 

72 . If 

is not greater 

6c , as computed from Equation 19a and based on K = Kl , 
than 6~ , it will be used in Equation 17 to determine 

c 
the difference in deflection . Otherwise, the following equations are 

used : 

4a3EI6~ 
p~ - ----=-c 

2 + 6d 
(20) 

in which p ~ = shear force on dowel to affect 6~ ' and a can be 
c 

determined f r om Equation 19b with K - K
1 

. 

6 c 
- 6~ + 

c 
(2 + Sd) 

I n Equati on 21 , K2 is used to determine 8 . 
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PART III : PRESENTATION OF NUMERICAL RESULTS 
FOR THE WESLIQID PROGRAM 

Comparison vith Available Solutions 

73 . To checK the accuracy of the finite element method and the 

correctness of the computer program , it is desirable to compare the 

finite element solutions vith other theoretical solutions available, 

especially vith those involving discontinuities such as the stress at 

the free edge of a slab . Westergaard ' s original vork and Pickett and 

Ray ' s influence charts can be used for such purposes . Because these 

available solutions are based on an infinite slab , a very large slab 

vas used in the finite element analysis . 

Westergaard ' s solutions 

74 . The finite element solutions vere obtained by using a large 

slab , 201 long by 101 vide , where 1 is the radius of relative stiff-

ness . 

vhere 

E - Young ' s modulus of the pavement 

t - thickness of the pavement 

v = Poisson ' s ratio of the pavement 

k - modulus of subgrade reaction 

(22) 

Because the problem is symmetrical vith respect to they- axis , only one 

half of the slab vas considered . The slab vas divided into rectangular 

finite elements as shovn in Figure 8 . Both the x and y coordinates are 

0 
' Tr1/8 

' 
Tr 1/4 

' 
Tr1/2 ' 3Tr1/4 ' 

4.£ 
' 51 , 61 

' 
71 

' 
81 

' 
91 

and 101 . (Note the elements are not equally spaced for X and y 

smaller than 41 . ) The Poisson ' s ratio of the concrete is 0 . 25 . The 

finite elements are so divided because the Westergaard ' s solution for 

the problem at these coordinates is available in Westergaard (1925) . 

75 . Figures 8 and 9 shov the comparison betveen Westergaard ' s 

exact solutions and the WESLIQID finite element solution for deflection 
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and moment , respectively. The former is for an infinite slab with a 

point load P acting at one edge far from any corner. The Westergaard 

solutions are indicated by the solid curves , and the finite element 

solutions are indicated by the small circles. The bonding moments M 

about the y- axis are computed along the edge of the slab , and the de

flections w are along the edge and at distances nt/4 and nt/2 

from the edge . The Westergaard solutions for moment and deflection are 

obtained from those shown in Figures ll and 8 , respectively , of Wester

gaard (1925) . It can be seen that the finite element solutions check 

very closely with Westergaard ' s results . 

76 . Westergaard computed critical stresses in concrete pavements 

under three types of loading conditions . Type l is a wheel load acting 

close to a rectangular corner of a large panel of the slab . The criti

cal stress is a tension at the top of the slab . Type 2 is a wheel load 

acting at a considerable distance from the edges and is generally called 

a center load. The critical tension occurs at the bottom of the slab 

under the center of the load . Type 3 is a wheel load acting at the 

edge of the slab but at a considerable distance from any corner; it is 

generally called an edge load . The critical stress is a tension at the 

bottom under the center of the loaded circle. 

77 . The WESLIQID finite element program was used to compute 

stresses in concrete pavements for these three types of load . Point 

loads were used because they are easier to work with in the finite ele

ment method . The pavement was assumed to be 10 in. thick in all calcula

tions , and the modulus of subgrade reaction had three different values . 

The computed maximum stresses are tabulated in Table 2 together with 

those computed values obtained by the Westergaard method (1925). 

78 . In the cases of interior and edge load, the stresses com

puted by the finite element method are slightly higher than those of 

the Westergaard solution. This could be attributed to the fact that 

the Westergaard solution uses a semi- inifinite slab, while the finite 

element method employs a finite-size slab . It is believed that if the 

slab size is increased in the finite element method, the computed 

stresses will be reduced slightly . In the case of corner load , the 
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stresses computed by the finite element method are considerably less 

than the 300 psi computed by the Westergaard solution. The explanation 

of this discrepancy is that the corner stress computed by the Wester

gaard solution is the maximum stress under the point load, but the 

corner stresses computed by the finite element method as given in 

Table 2 are not the maximum values but the stresses computed at node 11 

in Figure 2 . More discussion in this respect is given in the next 

paragraph. 

79 . Figure 2 shows the finite element layout of a concrete slab 

subjected to a point load acting at the corner of the slab. The stresses 

computed at the nodes surrounding the load are presented in Table 3. 

It is seen that node 11 has the highest stress among those nodes where 

stresses were computed, but the stress at node 11 is not necessarily 

the maximum in the slab under the load . The maximum stress in the slab 

lies possibly between nodes 1 and 11 (or between 11 and 12, 21 , or 20) , 

depending on the modulus of subgrade reaction, and it can be determined 

only by further dividing the finite element grid. Since the stresses 

under the corner load computed by the finite element method in Table 2 

are not the maximum stresses, they are therefore smaller than the maxi-

mum stresses computed by the Westergaard solution . 

greater for a greater modulus of subgrade reaction . 

11 is 28 . 3 in . away from the corner; it is believed 

The discrepancy is 

In Figure 2 , node 

that when the mod-

ulus of the subgrade reaction increases, the location of the maximum 

stress in the slab would be closer to the corner where the load is 

applied. 

80. Influence charts by Pickett and Ray (1951) were not used di

rectly to check the finite element results. Instead, the results of the 

WESLIQID program were checked with those computed by the H- 51 computer 

program. H-51 was developed by the General Dynamics Corporation to com

pute edge stress in a concrete pavement based on the Westergaard solu

tion . The program has been used by the Corps of Engineers for several 

years to determine edge stresses under multiple- wheel loads. It was 

found that the edge stresses computed by H- 51 compare very closely with 

those from Pickett and Ray's influence charts (1951). 
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81 . Figure 10 shows the layouts of the finite element and H- 51 
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Figure 10 . Computation of edge stresses using WESLIQID 
finite element and H- 51 program 

programs to compute the edge stresses under a 50 , 000- lb wheel load . In 

the finite element method, a 20- ft by 20- ft slab was used , and because 

of symmetry only one half of the slab and a 25 , 000- lb load were used in 

the computation . The maximum radial tensile stress computed by the 

H- 51 program was 607 . 3 psi, and that computed by the finite element pro

gram was 624 . 3 psi , a difference of 2.7 percent . 

Discrete element solution 

82 . The finite element solutions.were also compared with the 

discrete element solution developed at the University of Texas . The 

program is called SLAB30 (Hudson and Matlock 1965). The discrete ele

ment approach is mathematically equivalent to the finite difference 

method . The pavement slab is represented as a combination of elastic 

blocks , rigid bars , and torsion bars. Figure 11 shows the layout of 
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the finite element solution . The slab has four edges with four concen

trated loads act ing at nodes 18 , 19 , 20 , and 21 . The same slab wit h 

the same loading condition was used for the SLAB30 program , except that 

the slab was divided with equal increments of 1 ft in both x- and y

directions . Table 4 presents the comparisons of the computed stresses 

and deflections at the nodal point s designated in Figure 11 . It can be 
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Figure 11. Computations of stresses and deflections using 
the WESLIQID finite element program, single slab 

seen that excellent agreement was obtained on deflections but that the 

stresses agree only at the interior nodes. For nodes along the edge , 

the absolute values of the stresses computed by the discrete-element 

program are generally much smaller than those computed by the finite

element program. Theoretically , the stresses at the corner of a slab 

should be zero , but fairly large stresses are computed at the corner 

46 



node (node 11) by the discrete- element program. The stresses com

puted at the corner and edge nodes by the discrete element program are 

believed to be wrong. The errors are possibly caused by the practice 

of reducing the bending stiffness of the edge and corner nodes to one

half and one- fourth of the full bending stiffness . 

83. To further demonstrate the characteristics of stress dis

tribution computed by the SLAB30 program, computations are made for a 

26-ft by 26- ft concrete slab subjected to two concentrated loads placed 

at the edge but away from the corners of the slab . The maximum princi

pal stresses are plotted along the center line of the slab, as shown in 

Figure 12. Theoretically, maximum tensile stress should occur at the 

loaded edge of the slab and in the direction parallel to pavement edge , 

and gradually reduce its magnitude toward the interior of the slab. 

The results plotted in Figure 12 show that the stress at the edge 

(365 psi) is smaller than the stress at the node 1 ft away from the 

edge (498 psi), which obviously is not correct . 
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Compar ison with Experiment al Results 

AASHO road tests 

84 . Efforts were made to compare the finite element solution 

with the strain measurements from the (Highway Research Board 1962) 

AASHO road tests . Because a similar comparison had been made by 

Tabatabaie and Barenberg (1978) , also using the t wo- dimensional finite 

element plate- bending model , the same test section , material properties , 

and loads were thus used in the computation . The following information 

is excerpted from Tabatabai e and Barenberg : 

Tests were conducted on the main traffic loops 
where t he strain due to moving traffic 12 to 22 in . 
f r om the edge was measured at the slab edge . The 
lengths of sl abs were 15- f t nonreinforced sections 
and 40- ft reinfor ced slabs . Slab thickness ranged 
f r om 5 to 12 . 5 in . The measured dynamic modulus 
of elasticity and Poieson ' s ratio of concrete were 
found to be 6 . 25 x loP psi and 0 .28 , respectively . 
The modulus of subgrade reaction (k values) on the 
subbase obtained by the plate- bearing tests varied 
from approximately 85 to 200 pci over all of the 
loops throughout the two- year test period . An 
average of 150 pci was used for modulus of subgrade 
reaction in the finite element analysis . 

85 . Figure 13 shows the comparison of the WESLIQID finite ele

ment solutions with AASHO experimental results and the calculations by 

Tabatabaie and Barenberg (1978) . Except for the results computed by the 

WESLIQID progran , the plotted results shown in Figure 13 are taken di

rectly from Tabatabaie and Barenbera . It is seen that excellent agree

ment is obtained in the theoretica~ solutions computed by the program 

prepared by Tabatabaie and Barenberg and the WESLIQID program prepared 

by the WES . This agreement is not surprising because both programs 

were developed based on the plate- bending theory . The computed results 

should be very close when the problem is dealing with a single slab 

that has full contact with the subgrade . The computed results may 

differ when joint and partial contact are considered . 
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86 . Description of strain measurements. During the 1950 ' s, a 

series of full - scale static loading tests on rigid pavements was con

ducted at eight Air Force bases and at the Ohio River Division Labora

tories (ORDL) (1959) . The purpose of such tests was to evaluate dif

ferent methods of dowel installation in terms of the load transfer 
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achieved at the joint and to check whether any of the methods failed to 

provide a joint meeting the minimun requirements of 25 percent load 

transfer as assumed in the design and evaluation of rigid pavements. 

87 . Doweled joints investigated for the study were constructed 

by five different methods , which included (a) cast in place, (b) remove 

and replace , (c) split dowels (screw- type only) , {d) dummy half- dowel , 

and (e) oversize dummy half- dowel {cement grout only). Aircraft used 

in the loading tests included B- 47 , B- 52, and KC- 97 aircraft. The test 

cart used on the ORDL experimental pavement had a four- wheel twin

tandem configuration similar to that used as the main gear for the B- 36 

aircraft . Joint performance was evaluated on the basis of strain mea

surements at the pavement surface in the direction parallel to the joint . 

Test procedures included the no load , load , and rebound measurements . 

88 . The description of test sites , instrumentation , test proce

dures , and test results of the study are documented in Ohio River Divi

sion Laboratories (1959) . Table 5 is a summary of pavement , joint , and 

subgrade characteristics pertinent to the evaluation . Table 6 presents 

a summary of the avera~e strain measurements obtained from the loading 

tests at each of the field test sites . Comparative average strains are 

shown for the load wheels on the bonded and unbonded sides of the dowel , 

as well as for the load positioned either directly over a dowel or mid

way between adjacent dowels . At ORDL Test Track "A ," no mine detector 

was available for locating the dowels. Therefore , the data for this 

test area were the average strains for all measurements without regard 

to the relative positioning_of the strain gages and the dowels. Table 7 

presents a summary of the average amount of load transfer measured at 

each of the nine test areas. The load transfer is defined as the ratio 

of the strain on the unloaded side of joint to that of the total strain 

(the sum of the strains on both unloaded and loaded sides) expressed as 

a percentage . Further discussion on the adequacy of the definition of 

"load transfer" is given in paragraph 93 . 

89. It was pointed out in Ohio River Division Laboratories 

(1959) that based on Westergaard's theoretical analysis of rigid pave

ments, the sum of the strains on the loaded and unloaded sides of a 
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doweled joint is equal to the strain produced by loading tangentially 

to a free edge of the pavement . It was thus valid to measure strains 

simultaneously on both sides of the joint to permit a reasonable deter

mination of the load transfer characteristics of doweled joints. This 

is verified by the results computed by the WESLIQID program that the 

sum of the strains on both sides of the joint is nearly a constant and 

is equal to the strain at the free edge. 

90 . Table 7 indicates that the load transfer produced in the 

nine test areas ranges from a minimum of 11.5 percent to a maximum of 

40 . 2 percent . The average load transfer for all test siwes was 28.0 

percent . 

91 . It was suggested by the Ohio River Division Laboratories 

(1959) that the most improtant single factor affecting the load trans

fer capacity of the joint is the amount of looseness that exists between 

the dowel and the pavement . The initial looseness is probably related 

to the part icular construction procedure used in the installation of the 

dowel . During the service life of the pavement , some additional loose

ness will develop as a result of the gradual enlarging of the dowel 

socket under the action of repetitive loading . Further loss of load 

transfer capacity in a doweled joint can also result from a reduction 

in the effective cross- sectional area of the dowels due to corrosion. 

The study further concluded that the load transfer characteristics of 

doweled longitudinal construction joints are not affected, regardless 

of which side of the joint is loaded. 

92 . Computations by the WESLIQID program. The WESLIQID program 

was used to analyze the nine test sites listed in Table 5. Pavement 

and dowel information given in Table 4 was not sufficient to carry out 

the computations; assumed values for some variables had to be used. 

The modulus of the concrete E , joint spacing d , and modulus of 

dowel support K were at first assumed to be 6,000,000 psi, l/32 in., 

and 1 , 500 , 000 pci, respectively. However, all these parameters were 

varied in the case of the computation given in Table 8. The values of 

the dowel support K take into account the different construction 

method of the doweled joint and the condition of the joint. The computed 
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strains and load transfer were generally close to those measured values . 

It was found also that the computed values were influenced greatly with 

changes of E and K , but insignificantly with the change of joint 

spacing d Increasing the E value decreases the strains on both 

sides of the joint and vice versa . Since the changes are nearly the 

same on both sides of the joint, the load transfer is not influenced 

significantly by the changes of E values . On the other hand, increas

ing the modulus of dowel support K makes the concrete surrounding the 

dowel bars stiffer , reduces the strains at the loaded side , and in

creases the strains at the unloaded side of the joint . The combined 

effect significantly increases the load transfer of the joint . 

93 . Table 8 shows the measured and computed strains and 

transfers for the nine test sites . The computed stresses oy 

direction parallel to the joint are also shown in the table. 

load 

in the 

It should 

be noted that in the theoretical computations , the load is placed di

rectly next to the joint and the strains are computed at the joint . In 

the actual field measurements, however , the strain gages were placed a 

small distance away from the joint , and the load is then placed a small 

distance from the gage . Therefore , the actual strains measured should 

be slightly less than those computed . Also in Table 8 , the term " load 

transfer" is changed to "stress transfer ." Current design criteria for 

rigid pavements for military airfields are based on either the premise 

that all types of joints transfer a minimum of 25 percent of the load 

applied along the joint to the adjacent slab. The stresses along the 

joints with adequate dowel construction are calculated as 75 percent 

of the free edge stresses with the load applied at the edge of the 

pavement. It is believed that the term "stress transfer" describes the 

situation better than the term "load transfer . " 

94 . The comparisons between the computed and measured values in 

Table 8 are discussed separately for each test site as follows: 

a. Lockbourne AFB , Ohio . Entry 1- a shows the measured 
strains and stress transfer . The values shown in entry 
1-b are computed with E , K , and d equal to 
6,000,000 psi, 1,500,000 pci, and 1/32 in . , respectively. 
The stress transfer is 6 percent higher ~han the measured 
value , and the computed strains are much higher than 
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those measured . Entry 1- c shows the values computed 
with E = 8 ,000 ,000 psi. It is seen that the strain 
values are reduced considerably and are very close to 
those measured values . Also, the stress transfer value 
is reduced by about 2 percent . Entry 1- d shows the com
puted values by keeping the value of E to 6 ,000 , 000 psi 
but reducing the modulus of dowel support K to 300 , 000 
pci . It is seen that while the stress transfer is further 
reduced (2 percent less than measured value), the strain 
values increased considerably, particularly on the loaded 
side. In other words, when the modulus of dowel support 
is reduced , the strains in the concrete increase; and 
since the strain in the loaded side increases much more 
than that in the unloaded side , the percentage of stress 
transfer is thus decreased . To check the effect of the 
crack opening d on the computed values,* a value of 
l/2 in . was used with E and K equal to 6 , 000 , 000 psi 
and 1 , 500,000 pci , respectively . The computed values are 
tabulated in entry 1- e . It is seen that the computed 
values are insignificantly different from those in entry 
1- b , indicating that the crack opening has very little 
influence on the joint performance . 

b . Lincoln AFB , Nebraska. Entry 2- a shows the measured 
strains and stress transfer . Entry 2- b shows the values 
computed with the E , K , and d values equal to 
6 , 000 ,000 psi , 1 , 500 ,000 pci , and 1/32 in ., respectively. 
It is seen that the difference in total strain is very 
small between the measured and computed values , but there 
is a 9- percent difference in the stress transfer , result
ing from too large a computed strain in the loaded side 
and too small a computed strain in the unloaded side . 
By increasing the modulus of dowel support K from 
1 , 500 , 000 to 9 , 000 ,000 pci (i . e ., the concrete surrounding 
the dowel becomes stiffer or the looseness in the doweled 
joint is reduced) , the strain in the loaded side decreases 
noticeably and the strain in the unloaded side increases 
slightly . The combined effect results in a computed 
stress transfer very close to the measured value , although 
the computed total strain becomes slightly less than the 
measured . The good comparison between the computed 
(entry 2- c) and measured values suggests that the dowel 
bars had a very good and tight fit in the joint in the 
rigid pavements tested at Lincoln AFB . 

c. Hunter AFB , Georgia. Entry 3-a shows the measured 
strains and stress transfer . With E , K , and d 
values of 6 , 000,000 psi , 1,500 , 000 pci, and 1/32 in . , 

* In this report , the crack opening is treated the same way as the 
joint spacing in the computer programs. 
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respectively , the computed values shown in entry 3-b 
are very close to measured values . Similar to the ex-.. 
planation given for entry 2-c, it is believed that by 
increasing sliGhtly the modulus of dowel support K , 
the computed values can be closer to those measured . 

d . McCoy AFB, Florida . The values shown in entry 4- b are 
computed with E , K , and d equal to 6 , 000 , 000 psi , 
1 , 500 , 000 pci , and 1/32 in . , respectively . It is seen 
that the computed stress transfer is very close to the 
measured value , but the computed strains are slightly 
higher than those measured . The differences can be 
readily corrected by increasing slightly the modulus of 
concrete E • However , this small difference may be 
merely due to the test method explained earlier that 
while the strains are computed exactly at the joint with 
the load placed directly next to the joint , the strain 
gages were actually placed at a small distance away from 
the joint and the load is then placed behind the gages . 

e . ORDL Test Track "A". 

(1) Three different airfield pavements were tested at 
the ORDL test track . Pavement and joint information 
can be found in Table 5 . The mea.,ured strains shown 
in entry 5- a are the average strains for all mea
surements . The strains computed for the three test 
pavements are shown separately in entries 5- b to 
5- d . The average computed strains and stress trans
fer are listed in entry 5- e . While the computed 
strain values vary among the three different pave
ments , the computed ~Tress transfers are nearly the 
same . This is reasonable because the test pavements 
were designed and constructed in accordance with the 
criteria , so the computed stress transfers across 
the joints for the three pavements are nearly iden
tical . Also , under a given loadinp condition , the 
strain dP.creases as the thickness of the concrete 
pavement increases . This explains why the computed 
strain varies among the three pavements . 

(2) The average strains and stress transfer shown in 
entry 5- e indicate that the computed total·strain 
and stress transfer are considerably larger than the 
measured values . The strain at the loaded side of 
the joint is slightly less than the measured , but 
the strain at the unloaded side is much greater than 
the measured , resulting in a much greater computed 
stress transfer . \-lith such strong dowel bars in the 
joints , i . e ., 2 , 3 , and 4 in . in diameter , it is 
hard to believe that the average transfer is only 
28 .1 percent . The only explanation for the discrep
ancies is that the pavements at the ORDL test tracks 



used the "remove and replace" construction method of 
installing the doweled joints . It was possible that 
the joints were very loose . 

(3) To take into account the looseness of the doweled 
joint in the computation , the modulus of dowel sup
port K can be reduced . In doing so , as is the 
case in the computed values shown in entry 1-d, the 
computed strain at the loaded side will increase 
slightly , and the strain at the unloaded side will 
decrease considerably. The combined effect will re
duce both the computed total strain and stress 
transfer . However , computation was not made for 
smaller value of the modulus of dowel support K • 

f . Ellsworth AFB , South Dakota . The values shown in entry 
6- b are computed with E , K , and d equal to 
6, 000 , 000 psi , 1 , 500 , 000 pci , and 1/32 in ., respective
ly . The computed strains and stress transfer are much 
smaller than the measured values . To increase the 
strains , the modulus of the concrete can be reduced ; 
and to increase the stress transfer , the modulus of 
dowel support can be increased. Entry 6- c shows the 
computed values for E and K equal to 4, 000 , 000 psi 
and 14 , 000 , 000 pci , respectively. The computed strains 
and stress transfer become quite close to the measured 
values . 

~· 

b . 

Beale AFB , California. Entry 7- b shows the values com
puted with E , K , and d equal to 6 , 000 , 000 psi , 
1 , 500 , 000 pci , and 1/32 in., respectively. The computed 
strains and stress transfer are smaller than the measured 
values . The differences can be reduced by using a 
greater value of the modulus of dowel support K • 

March AFB, California . Entry 8- b shows the values com
puted with E , K , and d equal to 6 , 000 , 000 psi , 
1 , 500 , 000 pci , and 1/32 in., respectively . The computed 
strains and stress transfer are very close to measured 
values . 

i . Dow AFB , Maine . 

(1) The measured values are shown in entry 9- a . The 
11 . 5 percent stress transfer indicates that the ef
ficiency of load transfer across the joint in the 
pavements at Dow AFB must be very low. Computation 
was first made with E , K , and d equal to 
6, 000 , 000 psi , 1 , 500, 000 pci , and 1/32 in . As ex
pected , the computed strains and stress transfer 
were too large . Computation was made by reducing 
the modulus of dowel support from 1 , 500 , 000 to 
300 , 000 psi . The stress transfer was reduced con
siderably, but considerable difference still exists 
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(2) 

in the strains . The computed values are shown i n 
entry 9- c . 

When the dowel bars are loose in the joint , the· 
modulus of dowel support K must be low. It is 
possible , however , that the K value is low only 
when the condition of looseness prevails . When the 
looseness between the dowel bars and the concrete 
is eliminated by the applying load , a much larger 
K value should be used. Computation was made for 
such a case for the pavement at Dow AFB . A very 
small K value of 50 , 000 pci was first used in the 
computation when the deformation of the concrete is 
less than 0 . 01 in . ; i . e ., the looseness between the 
concrete and the dowel bars is assumed to be 0 . 01 
in . When the deformation exceeds this value , a K 
value of 1 , 500 , 000 pci was used. The computed value 
based on such a combination is given in entry 9- d . 
Because a very low initial K value was used , the 
computed stress transfer became very small . 

95 . The comparison between the measured and computed performance 

?resented in Table 8 indicates that the WESLIQID computer program can 

yield satisfactory results to predict joint performance for a rigid 

pavement . Generally , 6 ,000 , 000 psi and 1 , 500,000 pci can be used for 

the modulus of the concrete E and the modulus of the dowel support 

K in most cases . In some cases , other values of E and K have to 

be used. Unfortunately , it is very difficult , if not impossible, to 

evaluate the values of E and K for either a new or existing pave

ment . The E value depends on the physical properties at any given 

point in time of the concrete , and the modulus dowel support K depends 

on the construction method, the concrete properties , and the condition 

of the concrete surrounding·the dowel bars . 

Factors affecting the 
stress transfer across a joint 

96 . The computed results presented in Table 8 indicate that the 

stress (or load) transfer across a joint as calculated in program ~VESLIQID 

is influenced by many factors . A series of computations were made for 

the pavement at Lockbourne AFB in Ohio subject to the same loads to de

termine the stress transfer across the joint . The variables were the 

modulus of dowel support K , the modulus of concrete E , the joint 
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(or crack) spacing d , pavement thickness t , modulus of subgrade 

reaction k , and dowel bar diameter b . The computed results are pre

sented in Figure 14. 

97 . Figure 14a shows that the stress transfer across a joint is 

greatly" influenced by the modulus of dowel support K, particularly in 

the range from 0 to 1 , 500 , 000 pci . When the K value is increased, 

i . e ., the dowel bars have a tighter fit in the joint , more load can be 

transferred from one slab to the other across the joint. 

98. Figure 14b shows that within the possible range of the mod

ulus of concrete E , the stress transfer is influenced by E to some 

extent . It was discussed earlier that increasing E would greatly re

duce the strains in the concrete and that since the decrease is slightly 

more in the loaded side than the unloaded side of the slab, the percent 

stress transfer is consequently reduced when E is increased as shown 

in Figure 14b . 

99 . Figure 14c shows the effect of joint (or crack) spacing d 

on the load transfer mechanism across the joint. It is seen that the 

stress transfer is changed merely 2 percent when the spacing d is 

increased from 1/32 to 1/2 in. This is reasonable because the stress 

transfer across a joint is principally due to the shear force and not 

due to the moment transfer of the steel bars . 

100. Figure 14d shows the effect of pavement thickness t on the 

capability of stress transfer across the joint. The comparison is based 

on the same loading condition and other variables. When the pavement 

thickness is increased , the percent stress transfer is reduced and vice 

versa. Evidently under a given load when the pavement thickness is 

increased , not only are the stresses and the deflections reduced, but 

also disproportionately lesser stresses are transferred to the other 

slab . If it is desired to design rigid pavements for different perform

ance levels subjected to the same aircraft load, it is expected that 

thinner pavements will have greater stress transfer capacity across the 
• 

joint , although the stresses in the thinner pavement are greater and 

the joint condition is the same for the pavements. 

101 . It is interesting to review the test pavements in the ORDL 
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test track in connection with the stress transfer capability . The three 

test pavements listed in Table 5 have thicknesses of 24 , 28 , and 32 in ., 

and their corresponding dowel diameters and spacings are 2 , 3 , and 4 in . 

and 17 , 17 , and 27 in ., respectively . The numbers were determined 

based on the Corps of Engineers design criteria for rigid pavement . In 

other words , the stress transfers for the three test pavements were ex

pected to be the same . The measured stress transfers for the three 

pavements were all close , and the computed stress transfers shown in 

Table 8 were near ly identical , even though the measured and computed 

values for each pavement do not agree with each other . 

102 . Figure 14e shows the effect of the modulus of subgrade re

action k on the stress t r ansfer capability of the joint . As the k 

value is increased , the stress transfer is decreased . Similar to the 

discussion about the relationship between the pavement thickness t 

and the stress transfer shown in Figure 14d , when the strength of the 

subgrade is increased , the stresses and deflections are reduced , but 

di spropor tionately lesser stresses are transferred to the other slab . 

Therefore , if the subgrade soil of a rigid pavement is stabilized and 

other conditions are kept identical , the stress transfer across the 

joint can be expected to r educe slightly , although the stresses i n the 

pavement with stabilized subgrade are smaller . 

103 . Figure 14f shows the effect of dowel bar diameter b on the 

stress transfer capability . The computations were made for different 

diameters of dowel bars at a constant 6- in . dowel spacing . As was ex

pected , the amount of stress transfer is dominated by the number and 

size of dowel bars used in the joint . It should be pointed out that 

according to the definition of percent stress transfer used in this 

report , a 50 percent stress transfer is a total load transfer , i . e . , 

the stresses on both sides of the joint are identical . For a 4- in . 

dowel bar spaced 6 in . apart , the stress transfer is still less than 

a total transfer , thus indicating that the dowel bar is not a very 

efficient load transfer device . This aspect will be discussed later in 

the report . 
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104 . The computed results presented in this paper indicate that 

the stress (or load) transfer across a joint in a rigid pavement is 

affected by many factors . These factors , such as bar diameter and 

spacing , subgrade modulus , and pavement thickness , can be readily 

measured and thus appropriately accounted for . However , the factors, 

such as modulus of concrete E and modulus of dowel support K , are 

hard to measure and estimate , but their effects on the stress transfer 

are very large . It is also known that the value of K in a rigid 

pavement can decrease with time because of the repetitive action of 
aircraft loads . 
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PART IV : PRESENTATION OF NUMERICAL RESULTS 
FOR THE WESLAYER PROGRAM 

Introduction 

105 . In 1sing the \fESLAYER computer program to analyze field mea

surements of test sect ions , the primary difficulty li-es in the selection 

of proper modulus value!:' E and Poisson ' s ratio v to represent the 

material properties of the layered elastic subgrade because most test 

sections measured k (modulus of subgrade reaction) values for sub

grade soils . Efforts were made to establish correlations between k 

and E values for a given value of v for- the case of a single layer 

under the pavement . This was done by computing the stresses and deflec

tions for a given pavement with a range of subgrade k values (using 

the HESLIQID program) and for the same pavement with a range of subgrade 

E values (using the WESLAYER pro~ram and assuming the subgrade is 

homogeneous and v = 0 . 4) . The corresponding E and k values were 

determined by matching the maximum (or near rnaxim\Un as will be explained 

later) stress or deflection at a critical nodal point in two pavements 

that have the same loading and geometrical conditions but have different 

subgrade conditions . The reason for selecting maximum values is that 

the shapes of the stress and deflection basins under the liquid founda

tion (represented by the WESLIQID program) and the elastic foundation 

(represented by the '.JESLAYER program) are different . In the computation 

the elastic modulus of the concrete E was assu.meti to be 6,000,000 psi . 

Stress and Deflection Basins 

106. The computed results indicate that the correlations between 

the k und E values are not unique. The correlations are presenterl 

in Figure 15 for three joint conditions for stress- based computations.* 

* The equation relating k and E values developed by Vesic anti 
Saxena (1970) was compared with the relations shown in Figure 15 and 
was found 1:nsatisfactory in some cases. 
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The pavement and loading conditions are the same as those used in the 

Lockbourne AFB test pavement (see Table~) . Figure 15 shows that the 

differences among the three different joint conditions are large , espe

cially for the dowel bar case . Computations were also made for other 

pavements . It was found that the correlations were different for dif

ferent pavements and different loading positions . 

107 . As explained earlier, the correlations of E and v , shown 
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in Figure 15, were established by matching the maximum stress or deflec

tions at a certain nodal point in the pavement . The reason for select

ing the maximum (or near maximum) values is that the shapes of the 

stress and deflection basins under the liquid foundation (represented 

by the WESLIQID program) and the elastic foundation (represented by the 

WESLAYER program) are different due to the nature of the assumption . 

In a liquid subgrade , the deflection at a node depends solely on the 

modulus of subgrade reaction k at the node and not elsewhere . In an 

elastic subgrade , however , the deflection at a node depends not only on 

the elastic modulus E of the subgrade, but also on the deflections at 

other nodes . Consequently, the deflection basin should be steeper in 

the liquid subgrade than in the elastic subgrade . 

108 . The stress and deflection basins for the Lockbourne AFB test 

pavement for two different joint conditions are presented in Figure 16 . 

The stresses (o ) and deflections are normalized with respect to the 
y 

values at node 31 (see Part V) at the j oit t . These basins show the 

cross sections along the X- axis for nodes 1 , 6 , 11 , 16 , 21 , 26 , and 31 . 

The computations were based on the assumption that the subgrade elastic 

modulus E was equal to 40 , 000 psi . The corresponding values of modu

lus of subgrade reaction k used in the computations are determined 

from Figure 15 for different cases . 

109 . Figures 16a and 16b show the normalized deflection basins 

for the conditions of 100 and 50 percent shear transfers across the 

joint , respectively . It can be seen that the basins are much flatter 

when the subgrade is elastiG than when it is liquid and when the joint 

has better load transfer capability . 

110 . Figures 16c and 16d show the shapes of the stress basins for 

the two joint conditions . The curvatures of the stress basins for the 

elastic and liquid subgrades are nearly the same . It is interesting to 

note the hump near the wheel load at node 21 in the stress basin for the 

liquid subgrade shown in Figm·e 16c. It is believed that the hump 

(sharp change of stress magnitude) is attributable to the assunption of 

liquid foundation; i.e . , the large deflection under the applied wheel 
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load is primarily supported by the spring under the load and causes 

larger stresses in the slab near the load. In the elastic subgrade 

condition, however, the wheel load is supported by the entire elastic 

soil and the distribution of slab stress around the load is more uni

form and thus the hump is not observed in the elastic subGrade condi

tion. Nevertheless, the basins shown in Figure 16 indicate that the use 

of elastic subgrade soil (WESLAYER program) can better represent the 

response of the slab to the load than does the liquid subgrade soil 

(WESLIQID program) . 

111. The question may arise as to why humps shown in Figures 16c 

and 16d are not observed in deflection basins in Figures 16a and 16b 

for the liquid subgrade case. The answer may be that although the sub

grade springs near the wheel load are affected much more than those else

where, the portion of the slab near the load cannot deflect much more 

than elsewhere because of the rigidity of the concrete slab . 

112. It should be pointed out here that although maximum stress 

occurs at node 26, the equivalent subgrade modulus was determined by 

matching the stresses at node 31 . 

Comparisons with Strain Measurements 
from the Corps of Engineers 

113. The test pavements shovn in Table 5 were analyzed by the 

WESLIQID program and the results are presented earlier in Part III of 

this report . The same payements were also analyzed by the WESLAYER 

program and the results are presented in the following paragraphs. In 

the computations, the E values for each pavement were determined from 

the k versus E relations for the dowel bar case . The finite element 

layout is shown in Part V. 

114. The percentages of stress transfer across the joint are 

computed based on stress o at r.odes 31 and 36. y Table 9 shows the 

computed results for five test pavements . All of the pavements were 

tested under the B-47 aircraft loads. For completeness, the percentages 

of stress transfer computed for liquid subgrade using the WESLIQID 
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program are also included in the table. It is seen that the computed 

values are very close to the measured ones and are also close to those 

computed by the WESLIQID program . 

115 . It should be pointed out that the correlations shown in 

Figure 15 are established only for the Lockbourne AFB test pavement 

and are strictly not suitable for determining E values for other pave

ments . However , it is believed that the difference in the computed 

percentage of shear transfer may not be large . This is discussed in the 

following paragraphs . 

Effect of Subgrade Elastic Modulus E 
on Stress Transfer Across a Joint 

116 . In Part II of this report , the effects of a number of impor

tant parameters on stress transfer across a joint were studied (by the 

use of WESLIQID program for pavements en liquid subgrade) ; the results 

are presented in Figure 14 . The parameters studied were joint spacing 

d , modulus of concrete E , modulus of dowel support K , dowel bar 

diameter b , concrete pavement thickness t , and modulus of subgrade 

reaction k . It is believed that the conclusions derived are also 

applicable to pavements on elastic subgrade soils . Efforts were thus 

made to investigate only the effect of subgrade elastic modulus E on 

stress transfer across a joint . The results computed for the Lockbourne 

AFB test pavement are presented in Figure 17. 

117 . The results presented in Figure 17 for elastic subgrade soils 

are very similar to those presented in Figure l4e for liquid subgrade . 

The percent stress transfer decreases as the subgrade modulus increases . 

This is reasonable because the load is transferred to the other slab 

through dowel bars when the loaded slab is deflected . In the extreme 

case when the subgrade modulus is increased until infinitely large , 

the loaded slab ceases to deflect and the load is not transferred to 

the other slab through the joint; the percent of stress transfer should 

thus approach zero . 

118 . Figure 17 shows that for E values ranging from 4,000 to 
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200 , 000 psi , the percent of stress transfer varies from 12. 9 to 29 . 4. 

However , the subgrade elastic modulus of the five test pavements ana

lyzed (Table 5) ranges only from 7 , 400 to 15 , 000 psi , and the corre

sponding variation of stress transfer is only 3 percent, shown in 

Figure 17 , which is not significant at all . 
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119 . It should be pointed out that if the option of percent shear 

transfer across the joint is used rather than the option of dowel bars 

as in Figure 17 , the percent of stress transfer across the joint is in

dependent of subgrade elastic modulus E (or modulus of subgrade reac
tion k ) . 



PART V: DESIGN IMPLICATIONS 

120 . The results and discussions presented in this part of the 

report are limited to the use of WESLIQID program , i . e ., pavements on 

a liquid subgrade . For illustrative and comparative purposes, some 

example problems were computed using either heavy loads , or thin con

crete slab , or weak subgrade soil , or extreme temperature differential ; 

computed stresses were thus too large and had exceeded the elastic 

limit of the concrete . Also , in some cases the load intensities were 

chosen arbitrarily and had resulted in very large stresses . It should 

be noted, however, the finite element method employed in this study is 

limited to the linear elastic theory; i . e ., the stresses and displace

ments are linearly proportional to the load . If the computed stresses 

are beyond the elastic limit of the concrete , the computed stresses can 

be reduced to whatever values desired when the load is proportionally 

reduced . 

Efficiency of Load Transfer by Dowel Bars 

121 . The shear forces across a joint in a rigid pavement are 

transferred by dowel bars and concrete interlock . It is difficult to 

evaluate the amount of shear force transferred by the concrete inter

lock , but the amount of shear force transferred by the dowel bars can 

be evaluated using the WESLIQID program . Using the pavement and loading 

condition at Lockbourne AFB (Table 5) , stresses in the pavement are com

puted for different sizes and spacings of dowel bars , assuming either 

100 percent or zero percent moment transfer across the joint . The com

puted stresses at selected nodes are presented in Table 10 for the con

dition of 100 percent moment transfer. The finite element layout show

ing the nodal numbers is presented in Figure 18 . Special attention 

should be given to nodes 31 and 36 wh~re maximum stresses and deflections 

occur . Node 31 is in the loaded slub and node 36 is the corresponding 

node in the unloaded slab across the joint. 

122 . When the efficiency of shear and moment transfer across a 
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Figure 18 . Finite element layout showing nodal numbers 
for computations pr esented in Table 10 

joint are bot h 100 percent , the joint actually does not exist . The 

stresses and deflections computed in such a case are tabulated in entry 

A of Table 10 . It i s seen that at nodes 31 and 36 , the stresses and 

deflections a r e practically the same . At nodes 6 , 11 , 16 , 21 , 26 , 31 , 

36 , 41 , 46 , and 51 , t he shear stresses are zeros because these nodes 

lie on the axis of symmetry . Edge stress under the same loading was 

computed but is not presented in Table 10 . The stresses were computed 

by removing slab 2 in Figure 18 and thus treating the joint as a free 

edge . The maximum stress was 1169 . 2 psi ; that is , more than twice the 

maximum stress computed at node 31 , indicating that in a rigid pavement 

edge stress is most critical . It is to.be noted that the sum of the 

stress , either o or o at nodes 31 and 36 are nearly equal to the 
y max 

maximum edge stress . 

123 . Entry B presents the stresses when the joint is connected by 

l - in . dowel bars spaced 15 in . center to center . It is seen that the 

presence of a joint in the pavement does not change very much the stress 
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0 
X 

in the direction perpendicular to the joint, but changes consider-

ably the stress 0 
y 

near the load in the direction parallel to the 

joint . The reason that the stresses o 
X 

at both sides of the joint 

are equal and are close to those values computed before the joint was 

created is due to the assumption of 100 percent moment transfer across 

the joint . It is noted that the stress 0 
y 

increases considerably 

near the load in the loaded slab but decreases considerably in the 

unloaded side . At nodes 31 and 36 across the joint , the stress (or 

load) transfer computed from o has a value of 265 . 6/(265 . 6 + 754 . 3) = 
y 

26 percent , and the shear transfer computed from the deflections is 

0 . 054/0 . 065 = 83 percent . It should be noted that the shear forces 

transferred by the concrete interlock are neglected in the computation; 

otherwise , the stress (or load) and shear transfers may be greater . 

124 . Comparing the values between entries A and B, deflections 

are increased in the loaded slab , but are decreased in the unloaded 

slab when a (doweled) joint is ?resent . Increasing pavement deflection 

means greater subgrade stresses . 

125 . It is rather interesting to note that when a joint is con

nected by dowel bars, the sum o~ the stresses at both sides of the joint 

is approximately egual to the free edge stress . At nodes 31 and 36 in 

entry B, the sum of oy 

of the maximum principal 

is (754 . 3 + 265 . 6) = 1019.9 psi , and the sum 

stress o 
max 

which is very close to the 1169 .2 -psi 

is (7511 . 3 + 379 .2) = 1133 . 8 psi , 

free edge stress computed at 

node 31 . Note at the free edge (node 31) , the shear stress T and 
xy 

the stress perpendicular to the edge 0 
X 

are all zero ; the maximum 

principal stress o equals the stress o max y 
126 . Entry C presents the computed values for the case of 2- in . 

dowel bars spaced 6 in . center to center . As the reinforcement across 

the joint is increased , while the stresses o still remain nearly 
X 

the same due to the assumption of 100 percent moment transfer , the de-

flections and stresses oy are reduced in the loaded slab but are in

creased in the unloaded one . The stress (o ) and shear (deflection) 
y 

transfers at nodes 31 and 36 across the ,joint are increased from 26 to 

39 percent and from 83 to 97 percent, respectively. At other nodes the 
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stresses omax and deflections are reduced in the loaded slab and are 

increased in the unloaded slab when the number and size of the dowel 

bars are increased . Note that in this case the stress o at node 31 
y 

(618 . 3 psi) is considerably larger then the corresponding value shown 

in entry A (505 . 6 psi) where 100 percent shear and moment transfers are 

assumed , indicating that the 2- in. dowel bars spaced 6 in. apart at the 

joint still cannot transfer the full stresses from the loaded slab to 

the unloaded one ; i . e ., the stresses en both sides of the joint are 

still not equal . The computed values shown in entry C also demonstrate 

that deflection across a joint may not be a very descriotive parameter 

for the joint performance . At nodes 31 and 36 , the shear transfer com

puted based on deflections is 97 percent , but the stress transfer com

puted based on stress o is only 39 percent , although the method of 
y 

calculating the percent transfer is different for these two parameters 

(the numerical computations for these values can be found in paragraph 

123) . 

127 . Similar to the results presented in entry B, entry C also 

shows that the sum of the stresses at both sides of a doweled joint is 

nearly equal to the free edge stress . 

128 . Entry D shows the computed values for the case of extremely 

heavy reinforcement across the joint . The dowel bars are 8 in . in 

diameter and are spaced 9 in. center to center; i . e ., the spacing be

tween the dowels is only 1 in. The stresses and deflections are nearly 

identical to those shown in entry A in which 100 percent of shear and 

moment are transferred . This is reasonable because with the extremely 

heavy reinforcement across the joint and with the assumption of a 100 

percent moment transfer, the joint becomes so rigid that the slabs act 

as if the joint does not exist. 

129 . Table 10 presents the compu~ed results under the assumption 

that the joint has 100 percent moment transfer. Similar computations 

were also made for the assumption that the joint is not capable of 

transferring moments at all (Table 11). The purposes of the computa

tions were twofold . The first was to check the efficiency of dowel bars 

in transferring the stresses across a joint in which the efficiency of 
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moment transfer is not assumed. The second was to compare the stress 

and deflection distributions in the pavement as a function of the effi

ciency of moment transfer across the joint . 

130 . vfuen the computed values in entry A of Table 11 are compared 

with those in entry A of Table 10 , it is seen that the stresses and de

flections change drastically along the joint when the efficiency of mo

ment transfer is reduced to zero . (Note that 100 percent shear transfer 

is not changed . ) The stresses 

dal points along the joint are 

o (perpendicular to the joint) at no
x 

all diminished , and the deflections are 

increased greatly . Stress o and o , however , are changed insig-
y m~ 

nificantly . Greater deflections mean greater stresses in the subgrade . 

The significance of this will be discussed later . At nodes away from 

the edge , however , the deflections are less and the stresses are slightll 

less in the loaded slab and are generally slightly more in the unloaded 

slab , when the efficiency of moment transfer is reduced to zero . Becaus 

the shear transfer is assumed to be 100 percent efficient , the stress 

transfer at nodes 31 and 36 across the joint has a full transfer , i . e ., 

50 percent . 

131 . Entry B shows the computed values for l - in . bars spaced 15 

in . apart , as compared with the 100 percent shear transfer in entr y A. 

Because of the weaker shear transfer across the joint , the deflections 

at nodes along the joint increase in the loaded slab and decrease in 

the unloaded slab . This is also true for stress o at nodes under the 
y 

load that result in a stress (or load) transfer of 289 . 7/(289 . 7 + 

812 . 7) = 26 percent and a·shear transfer of 0 . 058/0 . 071 = 82 percent 

These values are identical to those computed and presented in entry B 

of Table 10 (or see paragraph 123) in which 100 percent moment transfer 

is assumed. In other words, the efficiency of moment transfer across 

a joint does not affect the values of the stress (or load) and shear 

transfers , although the values of deflections and stresses o along 

the joint are generally greater in the case when zero percent moment 

transfer is assumed . 

132 . At nodes away from the joint , the stresses and deflections 
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are also increased slightly in the loaded slab and decreased slightly in 

the unloaded one when the efficiency of shear transfer across the joint 

is reduced. 

133 . Entry C shows the computed values for the case when 2- in. 

dowel bars spaced 6 in. apart are installed at the joint . Similar to 

the conclusions derived from the computed values shown in entry C of 

Table 10 (100 percent moment transfer across the joint) , the deflections 

and stresses o along the joint are decreased in the loaded slab and y 

increased in the unloaded slab when the number and size of dowel bars 

are increased. The computed stress (or load) and shear transfers across 

the joint at nodes 31 and 36 are 441.2/(441 . 2 + 658 . 3) = 40 percent 

and 0 . 063/0 . 065 = 97 percent , respectively . Again , these values are 

identical with those computed in entry C of Table 10 in which the same 

number of dowel bars is used but the efficiency of moment transfer is 

assumed to be 100 percent . 

134 . At nodes away from the joint , the deflections and stresses 

decrease in the loaded slab , but increase in the unloaded slab , as the 

number of dowels across the joint increases . 

135 . Several conclusions can be drawn from the computations pre

sented in Tables 10 and 11 . They are discussed as follows : 

a . While the conventional dowel bars cannot transfer moment 
at all , they are not a very effective device for trans
ferring stresses (or loads) across a joint either . For 
instance , for l - in . dowel bars spaced 15 in . apart, the 
stress transfer is only 26 percent; i . e ., the stress 
a in the loaded slab is about three times as much as 
t~e stress in the unloaded slab across the joint . The 
stress transfer is increased to 39 percent for 2- in . 
dowel bars spaced 6 in . apart; i . e ., the stress o in 
the loaded slab is one and one-half times as much ~s 
the stress in the unloaded slab . The computed values are 
the same for either 100 or zero percent efficiency of 
moment transfer across the joint . As was previously 
stated , 100 percent moment transfer is defined by equal 
rotations at nodal points at both sides of the joint 
with the moments computed accordingly . Zero percent 
moment transfer is defined to be that the moments at 
nodal points along the joint are all zero while the ro
tations are not required to be zero. 

b. For a given number and size of dowel bars at the joint 
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and when the efficiency of moment transfer is reduced 
to zero , i . e ., the opening of the joint becomes visi
ble, the computed results show that (1) the deflections 
along the joint increase and the stresses Cx perpen
dicular to the joint diminish , (2) the stress oy parar 
lel to the joint and the deflection near the load increa 
slightly in both the loaded and the unloaded slab , but 
the values of the load and shear transfers are generally 
not changed , and (3) at nodal points away from the joint 
the deflections are reduced and the stresses are reduced 
slightly in the loaded slab but are generally increased 
sligh~ly i n the unloaded slab . Greater pavement deflec
tion implies greater subgrade stress and vice versa . 

c . While the vertical deflections are easy to measure in a 
rigid pavement , one should be cautious in using deflec
tions to estimate the efficiency of stress transfer 
across a joint because deflections do not change as 
much as the stress oy along the joint . For instance , 
entry C of Tables 10 and 11 shows that for 2- in . dowel 
bars spaced 6 in . apart , the stress oy at the node at 
the loaded slab is one and one- half times greater than 
that at the corresponding node at the unloaded slab , 
but the difference in the deflections between the t wo 
nodes is only 3 percent , which can be difficult to 
measure . 

Effect of Joint Conditions on Stresses and Deflections for 
Center and Joint Loading Conditions 

136 . It is known that the condition of stress transfer at the 

joint can affect the stress distributions in the pavement and therefore 

influence the thickness design . The computed results by WESLIQID found 

that this is true only if the load is placed next to the joint . When 
. 

the load is placed at the pavement ' s center , the joint condition has a 

minimal effect on the stress distribution in the pavement . Figure 19 

shows the finite element layouts of a two- slab system for two loading 

positions . One loading position is the internal load where the load is 

placed at the center of the slab , and the other position is the joint 

load where the load is placed next to and at the center of the joint . 

Because of symmetry , only half of the slabs are used for the computation 

as shown in Figure 19 . Note that a shorter length of unloaded slab is 

used, which is permissible . In the computation , the slab thicY~ess , 
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elastic modulus , and Poisson ' s ratio of the concrete, and the modulus 

of subgrade reaction are 8 in ., 6 , 000 , 000 psi, 0 . 2 and 100 pci, respec

tively . The uniformly applied load has a pressure of 125 psi . 

137 . Tables 12 and 13 show the computed stresses and deflections 

at selected nodal points for the center and the joint loading conditions, 

respectively . Assuming the efficiency of moment transfer to be zero , 

the computations were made for three different efficiencies of shear 
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transfer . The definition of 100 percent shear transfer is that the de

flections at both sides of the joint are equal, and for zero percent of 

shear and moment transfers , the load transfer across the joint is zero . 

138 . Table 12 shows that when the load is far away from the joint , 

the condition of the joint has no effect at all on the stresses and ne

flections in the slab , except at nodes near the joint where the stresses 

and deflections increase ns the efficiency of the joint decreases . Sine 

the stresses and deflections are so small near the joint when the load i. 

far away from the joint, the change of stresses and deflections has no 

effect on the overall pavement design . Unlike the results presented in 

Table 12 , results presented in Table 13 show that when the load is place 

next to the joint , the stresr.es and deflections at nodes near the joint 

are affected significantly by the joint efficiency . For instance , at 

node 57 where maximum stresses and deflections occur , the stress a is 
y 

2340 . 9 psi when load transfer at the joint is zero , i . e ,, the edge load 

case . The stress a is reduced to 1160 . 8 psi when the efficiency of 
y 

shear transfer is increased to 100 percent, a 50 percent reduction from 

the edge load condition . Since in an actual airfield pavement with 1-

to 1- 1/2- in . dowel bars spaced 12 in . apart at the joint , the measured 

shear transfer could be about 90 percent, the reduction of stress in the 

pavement should thus be very significant , possibly a reduction of 45 per

cent from the edge load. The results presented in Table 13 indicate tha 

the efficiency of stress transfer at the joint affects the pavement de

sign when the load is placed near the joint . 

Effect of Loading Position on Stresses and 
Deflections in Jointed Pavements 

139 . The results presented in Table 13 indicate that when the 

load is placed close to the joint , stress can be reduced with an effi

cient stress transfer device at the joint . A question arises concerning 

whether the pavement thickness can be reduc~d because of the exi~tence 

of efficient dowel bars in the transverse joint . The \VESLIQID program 

was t~sf'd to analyze such conditior.s, "nd the results are presented in 

78 



Tables 14 and 15 for edge and center loading , respectively . 

Edge loads 

140 . Figure 20 shows the four edge loading positions in the pave

ment . Fqr clarity , the finite element layout is shown only in Figure 

20c . The stresses are computed at the nodes where the nodal numbers 

are shown . The loading used in the computation consists of a twin

tandem truck load , with t wo concentrated loads representing one-wheel 

load. The use of concentrated loads rather than uniformly applied loads 

is for the convenience of preparing input data in the finite element 

programs . The computation was first made under the assumption that the 

transfer joint does not exist , as shown in Figure 20a . The computations 

were then followed by the cases that a transverse joint is present when 

(a) the twin- tandem load is next to the joint (Figure 20b) , (b) the 

t win- tandem load is 4 ft away from the joint (Figure 20c) , (c) the front 

axle load is next to the joint (Figure 20d) , and (d) the rear axle load 

is 4ft away from the joint (Figure 20e) . The joint condition was as

sumed to have a 100 percent efficiency of shear transfer but a zero per

cent efficiency for the moment transfer . The purpose of the computa

tions C and D was to determine which axle load produces higher stresses 

in the pavement . The computed stresses and deflections are tabulated 

in Table 14 for the five cases . Different stress components and deflec

tions are discussed separately . The letters a , b , c, d , and e in the 

table refer to the loading positions and the pavement condition shown 

in Figure 20 . 

a . The stresses perpendicular to the joint , a Table 
X 

14 shows that the maximum a occurs when the trans
verse joint does not exist (~olumn a) . When a trans
verse joint is present and when the twin- tandem load is 
placed next to the joint (column b) , the stresses a 
are reduced drastically (about 50 percent) , and the @axi
mum stress occurs along the edge of the rear axle load 
away from the joint . The maximum a under the front 
axle load (386 . 6 psi) is only 55 per~ent of that under 
the rear axle load (709 psi). Column c shows the dis
tribution of a when the twin- tandem load is placed 
4 ft away from the joint. Under node 49 , the maximum 
a occurs , having a RAgnitude of 1307 . 4 psi, which is 
v~ry close to the maximum stress (1359 . 2 psi in column a) 
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141. 

in which the transverse joint is not present and the 
:oad i~ a full twin- tandem load. Tbis small discrepancy 
1s bel1eved to be caused by the small dimensions of the 
slab length . In other words, if the slab length were 
increased and the load were pluced farther away from the 
joint, the maximum stress in column c would be increased 
and reach the same value as though the joint did not 
exist (column a) . Column d shows the distribution of 
ox under the front axle load alone . It is interesting 
to note that the maximum a does not occur under any 
load, but occurs at node 49~ which is 5 ft away from the 

• 
joint . Column e shows the distribution of a under 
the rear axle load alone . It is also interes~ing to note 
that the maximum ox has a magnitude of 1259 .6 psi , 
which is nearly equal to the maximum a (1307 .4 psi in 
column c) under the t win- tandem wheel l~ad when the load 
is 4 ft away from the joint, but is much greater than 
the maximum a (709 psi in column b) when the twin-x 
tandem load is placed next to the joint . This subject 
will be further discussed later . 

b . The stresses parallel to the joint, a Table 14 

c . 

shows that when the loads are placed along the edge of 
the pavement , the stresses a are much smaller than 
the stresses a in all the ~ive cases , i .e., a , b , c , 
d, and e in Tabfe 14 . Similar to the distribution of 
a , maximum a occurs when the t win- tandem load is 
p!aced 4 ft away from the joint (column c) . Unlike the 
stresses a , however , the stresses a induced by the 
rear axle l~ad (column e) are smaller tfian those induced 
by the front axle load (column d) and are much smaller 
than those induced by the twin- tandem load (column b) . 

The maximum principal stress , 0 max Since the stresses 

o are much greater than the stresses a , the magni 
tUdes of the computed maximum principal stresses are very 
close to those of a . The discussions presented with 
respect to a are ~pplicable to the maximum principal 

X stresses a max 
d . Vertical deflections . Table 14 shows that the maximum 

deflection occurs at the edge of the joint (node 77) 
when the twin- tandem load is placed next to the joint 
(column b) , although the stresses are the smallest at 
this loading position . The maximum deflection at the 
joint is 0. 342 in ., as compared with the 0.212 and 0 .174 
in . when there is no transverse joint (column a) and 
when the load is placed away from the joints (column c) , 
respectively . 

Some results presented in Table 14 are plotted in Figw·e 21. 
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Figure 21 . Distributions of stresses and deflections 
along the pavement ' s edge under edge loads in a two

slab pavement system, WESLIQID program 

The plotted r esults are limited to nodal points 49 , 56 , 63 , 70 , and 77 

(see Figure 20c) along the pavement edge where maximum stresses and 

deflections occur . Critical stresses occur in the pavement near nodal 

point 56 in loading positions a , c , and e . Maximum deflection occurs 

at the pavement corner (node 77) in the loading position b . 

Cent er loads 

142 . Results presented in Table 14 are for loads traveling along 

the edge of the pavement . Computations were also made for l oads moving 

along the center line of the pavement . Figure 22 shows the finite ele

ment layout and the t wo l oading positions for the computation . Because 

of the symmetry of the loading , only one half of the pavement was used 

in computations . The stresses are computed at the nodes where the 

nodal numbers are shown . The efficiency of the joint is assumed to be 

100 percent shear transfer and zero percent moment transfer as used for 

edge load cases . The loadi ng used in the computation also consists of 

a t win- tandem truck load with t wo concentrated loads representing a 
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one- wheel load. The computed results are presented in Table 15 in 

columns a , b, and c . The values in columns a and b refer to loading 

positions a and b, respectively , in Figure 22. The values in column c 

are similar to those in column b except that the transverse joint is 

removed . The significance of the values tabulated in columns d and e 

will be explained later . 

143 . Table 15 shows that when the t win- tandem load is traveling 

along the center of the pavement , the stresses 

joint when the load is 4 ft away from the joint 

a perpendicular to the 
X 

(701.0 psi in column b) 

are 107 percent greater than that when the load is next to the joint 

(338 . 4 psi in column a) . Similar to the edge loading condition in Table 

14, the maximum a occurs at a distance 4 ft away from the joint (node 
X 

37) when the twin- tandem load is placed next to the joint (Figure 22a) . 

The stresses in columns c and d will be discussed later . 

144 . The maximum stresses o , in the direction parallel to the 
y 

joint , are nearly the same when the load is next to the joint (653 . 2 psi 

in column a) and when the load is away from the joint (692 . 9 psi in 

column b) . Table 15 shows that the maximum principal stress , which is a 

combination of a , o , and the shear stress T , is slightly greater 
X y 

when the load is away from the joint (714 . 9 psi in column b) than when 

the load is next to the joint (654 . 0 psi in column a) . In other words , 

unlike the case when the load travels along the pavement edge , the mag

ni tude of stresses (mainly the maximum principal stress , a ) in the max 

pavement changes only slightly when the load is traveling along the cen

ter of the pavement . However , this same conclusion does not hold true 

for deflections . Table 15 shows that when the load 1s placed next to 

the joint , the maximum deflection (0 .116 in . in column a) is nearly 

t wice as much as the deflection when the twin- tandem load is 4 ft away 

from the joint (0 . 068 in. in column b) . 

145 . The results tabulated in columns a and b of Table 15 are 

plotted in Figure 23 at the longitudinal line along the nodal points 12 , · 

17 , 22 , 27 , 32 , 37 , 42 , 47 , 52 , a~d 57 . It is seen that the maximum 

stresses a r e nearly the same under the t wo different loading positions , 
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but the deflections are much greater when the loads are placed next to 

the joint . As stated before , .,Teater deflection along the joint would 

cause greatel' subgrade stre..,s and consequently more damage in the pave

ment along the joint . 

146. The computed values shown in column c are similar to those 

shown in colwru1 b except the transverse joint is removed . It is seen 
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that the stresses are generally reduced , but very slightly , indicating 

th~ if the load is far enough away from the joint , the stresses near 

the load are t he same as if the pavement joint does not exist . 

147 . Column d in Table 15 shows the computed stresses and deflec-

tions with butted joints (i . e ., thickened edge at the joint) . The thick-

ened section start s from the midpoint of the slab and increases gradu

ally to 10 in . at the joint--an increase of 25 percent in thickness . 

The twin- tandem load is placed only next to the joint . Comparing the 

values in columns a and c , it is seen that the stresses are reduced 

about 20 percent because of the increased pavement thickness , but the 

pavement deflections are r educed i nsignificantly . 

148 . Column e in Table 15 shows the computed values when the 

modulus of subgrade reaction k along the same joint as in a , b , and d 

is increased from 100 to 400 pci . The subgrade soil involved has a 

width of 18 in . at each side of the joint . The t win- tandem load is 

placed next to t he joint . Compared to values in column a , it is seen 

that the maximum pr incipal stresses have changed insignificantly , but 

the deflections are reduced drastically . It is also noted that because 

the strengthening of subgrade soil is limited to the nodal points along 

the joint , the maxi mum deflections occur at nodal points 36 and 41 , 

which are about 4 ft away from t he joint . 

149 . It should be pointed out that when the load is traveling 

along the center of the pavement , although the maximum principal stress-

es o are nearly the same as when the load is next to or away from max 
the transver se joint , t he stresses 0 

X 
nearly t wice as large as when the load 

perpendicular to the joint are 

is away from the transverse 

joint than those when the load is next to the joint . 

150 . The discussions presented concerning the computed results in 

Tables 14 and 15 can be summarized in the followjng paragraphs . 

151 . The most critical condition in a rigid pavement occurs when 

there are no transverse joints or cracks in the pavement and also when 

the load is moving along its edge. In a jointed pavement, the critical 

stress occurs when the load is halfway between the joints at an edge and 

the stress has a magnitude close to that of a pavement with no transverse 
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joint . When the load is placed next to the joint, a good load trans

fer device along the joint can reduce pavement stresses, but the maxi 

mum stress at the joint with a zero percent load transfer efficiency is 

nearly equal to the critical stress when the load is halfwav between 
• 

the joints (and when the distance between the joints is long enough) . 

In other words, the pavement thickness cannot be reduced because of the 

existence of efficient dowel bars in the transverse joint . When the 

load is moving along the center of the pavement , the stresses are smal

ler and are nearly independent of whether the load is at the center or 

next to the joint of the point . The maximum stresses of 

o are 701.0, 697 . 6 , and 714 . 9 psi (column b of Table max 

o , o , and 
X y 

15) , respec-
tively, when the load is moving along the center of the pavement , as 

compared with the corresponding maximum stresses of 1271 .8 , 233 .7 , and 

1271.8 psi (column c of Table 14) when the load is travel~ng along the 

edge in a jointed pavement . f4aximum deflections occur when the load is 

next to the transverse joint for both interior (0 .116 in .; column a of 

Table 15) and edge (0 . 342 in .; column b of Table 14) loads . The corre

sponding maximum deflections are merly 0 . 068 in . (column b of Table 15) 

and 0 . 174 in . (column c of Table 14) vhen the loads are 4 ft away from 

the joint . Greater pavement deflections mean greater subgrade stresses 

and subsequently more subgrade-related damage near the joint . Based on 

the limited amount of analysis , it seems that to reduce pavement deflec

tions along the joint, it is more beneficial to stabilize the subgrade 

soil along the joint than to use butted joints . 

152 . In the design of a rigid pavement with joints, it can be con

cluded that the critical stress should be computed by placing the loads 

at pavement edge halfway between the ~oints . (The stresses may be re

duced by decreasing the pavement length . ) The presence o f an efficient 

transverse joint next to the loads can reduce the stresses greatly but 

increase the deflections along the joint drastically and consequently 

increase the subgrade stresses causing pavement damage along the joint . 

15J . Computations were made here assuming the joint has a 100 

percent efficiency of shear transfer, i.e . , very strong dowel bars at. 

the joint . In reality , most pavements transfer less than 100 percent 
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shear across the joint . 

joint should be greater 

Therefore , deflections 

than those in Tables 14 

along the loaded slab ' s 

and 15 . 

Effect of Temperature and Gaps Under the Slabs 

154 . Temperature differentials cause concrete pavements to warp 

upward (edge up) in the night and downward (edge down) in the day . Be

cause of the concrete ' s weight , temperature stresses are produced in the 

warped pavement , such as tensile stresses at the bottom of the slab in 

a downward warped pavement . Depending upon the loading position , 

stresses in the pavement can be magnified when temperature is considered . 

155 . Gaps exist under pavements for a number of reasons, such as 

pumping , plastic deformation of the subgrade , and poor construction 

practices . The presence of gaps under the pavement is equivalent to 

the removal of subgrade support for the pavement and consequently greater 

stresses in the pavement . Pavement stresses can be magnified when gaps 

are combined with temperature warping . The following sections present 

example problems computed using WESLIQID to show the effects of tempera

ture warping and gaps under the slab . 

A single slab 

156. Figure 24 shows the computed stresses a and deflections 
X 

in a single concrete slab subjected to temperature warping . A large 

gap exists in the subgrade at the slab ' s center under the applied load . 

The gap has a magnitude of 1 in . as shown in the figure . The Young ' s 

modulus and Poisson ' s ratio of the concrete are 6 , 000 , 000 psi and 0 . 2 , 

respectively . The weight of the concrete slab is considered in the 

computation . 

157. Curve A shows the distribution of the computed results sub

jected to the applied load alone without consideration of temperature . 

The slab is in full contact·with the subgrade. Maximum stress occurs 

at the slab ' s center, with tension at the bottom . Away from the load 

near the slab edge , however , small tensile stresses occur at the top 

of the slab. Curve B shows similar results, except the gap under the 

slab is considered in the computation . Distributions of curves A and B 
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are similar, except the magnitude of stresses and deflections are 

greater in curve B because of the existence of the gap at slab center . 

158. Curve C shows the distribution of stresses and deflections 

when 

tial 

the gap and temperature are considered . 

is - 45°F between the top and the bottom 

The temperature differen

of the slab , i . e ., 3 . 75°F 

per inch of the concrete slab, ar.d the slab warps downward. It should 

be noted that a 45°F temperature differential is an extreme case; the 

use of such a large value is for the purpose of illustration . Figure 24 

shows that in spite of the applied load at slab center, the center por

tion of the slab curls up due to the large temperature differential and 

loses contact with the supporting subgrade . Along the slab edge, the 

slab sinks into the ground . This is called precompression in this re

port . In the figure it is seen that two thirds of the slab (at the 

center) has lost the subgrade contact and therefore produces very large 

tensile stress under the load and slab weight . 

159 . Curve D shows the distributions of stresses and deflections 

for the case of positive temperature differential (+45°F) . Because of 

the large temperature differential and also the existence of gap at 

pavement center , one third of the slab along the edge curls above the 

ground; the deflection at slab center is also the largest in all the 

cases . However, the tensile stresses at slab center in this case arc 

the smallest , because under a positive temperature differential, the 

slab warps upward and because of the slab weight , compression develops 

at the bottom of the concrete slab , while under the load the bottom of 

the slab is always under tension . The effect of the applied load and 

positive temperature cancels the stresses in the concrete slab . Fig

ure 24 also shows that fairly large tensile stress developed at the por

tion of the slab away from the center load . Because of the slab curling 

up at the pavement edge and because of the weight of the slab pulling 

the slab edge downward, tensile stresses are thus developed at the top 

of the concrete slab . 

A single slab : comparison 
with the Westergaard solution 

160. A complete subgrade contact condition was assumed in the 
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Westergaard solution (1925). The slab always has a full contact with 

the subgrade soil, and gaps are not allowed between the slab and sub

grade , no matter how ~uch the slab has warped upward due to temperature 

change or the applied load . In other words, the slab is supported by 

a group of springs, and the springs are always connected to the slab. 

In reality, the pavement can lose subgrade support at some points due to 

temperature warping , pumping, and plastic deformation of the subgrade. 

Computations were made to demonstrate the difference between the solu

tions obtained from the Westergaard solution and the WESLIQID program. 

In the latter case , the slab can lose subgrade support from temperature 

warping. 

161 . The same slab and the same loading used in the computation 

shown in Figure 24 were used in this computation , except that the gap 

under the pavement was removed because the Westergaard solution is not 

capable of considering gap under the pavement . Figure 25 shows the 

plotted results of the computations . 
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162. Curve A shows the deflections and stresses computed by the 

Westergaard solution whem temperature is not considered. Slight tensile 

stress (tension at the top of the slabs) is computed near the slab 

edges . Note in the Westergaard solution that the slab is assumed to be 

weightless . Cruves B and C show , respectively , the plotted results 

computed by the Westergaard solution and the WESLIQID program. In both 

cases , the positive temperature effect causing the slab to warp upward 

was considered. Because a complete subgrade contact was assumed in the 

Westergaard solution, the negative edge deflections computed by the 

Westergaard solution (curve B) are much smaller than those by the 

WESLIQID program (curve C) in which the slab is free to curl up due to 

the temperature change . On the other hand , because of the restraint 

imposed near the slab edges , the positive deflections (downward direc

tion) near the slab center computed by the Westergaard solution are 

also smaller than those computed by the WESLIQID program where there is 

no restraint in the subgrade support . 

163 . Although the deflections computed by the WESLIQID program are 

much greater than those of the Westergaard solution because of the 

subgrade restraint in the latter case , the negative stresses computed by 

the Westergaard solution are greater than those computed by the WESLIQID 

program , also because of the restraint in the subgrade support . The 

negative stresses shown i n curve C are induced by the weight of the slab 

because the slab ' s edges are curled up . When the slab is pulled down 

along the edges by the subgrade reaction forces as in the case of the 

Westergaard solution , gr eater negative stresses are developed in the 

slab , as shown in curve B. At the slab ' s center , stresses computed by 

the Westergaard solution are smaller than those computed by the WESLIQID 

program. The results presented in Figure 25 demonstrate the signifi

cance of subgrade suppor t in a rigid pavement and the inadequacies of 

the Westergaard solution in some cases . Similar computation for negative 

temperature effect causing the slab to warp downward was made , but the 

difference between the results computed by the WESLIQID program and the 

Westergaard solution was not significant . 
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Stresses and deflections due to the 
applied load alone and the nonlinear 
response of the pavement to the load 

164 . In Pa1·t I I of this report, it was stated that when the slab 

and the subgrade are in partial contact , the nr.:nciple of superPOsition 

no longer app4ies; i . e ., the computed stresses qnd deflections are not 

linearly proportioned to the applied load . The following example com

putation shows this nonlinear effect . 

165 . Figure 26 shows the finite element grid pattern of a square 
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slab subjected to a corner load . The temperature differential between 

the top and the bottom of the slab is 3°F, which causes the slab to 

warp upward . Two computations were made separately . The first one was 

to compute the stresses and defle=tions due to the temperature and the 

slab weight , and the second was to compute those when the effect of the 

temperature and the load are combined . The differences between the com

puted results are the stresses and deflections induced by the applied 

load alone . It should be noted that in the field of pavement engineer

ing research , it is very difficult to measure thermal stresses . Pave

ment engineers tend to measure stresses due to the load only . When a 

stress gage is embedded in a test pavement , the stress induced by the 

applied load is derived from the difference in the readings taken be

fore and after the application of the load . The reading taken before 

the application of the load takes into account the effect of temperature , 

slab weight , and many other factors . The reading taken after the appli 

cation of the load has the effect of load , slab weight , temperature , 

and other factors. The difference in the two readings is thus the ef

fect due to the applied load alone . 

166. Table 16 presents the distributions of stress and deflection 

computed under the various conditions. Entry l shows the initial curl

ing due to temperature. The computation is made under the assumption 

that the slab is weightless . Entry 2 shows the stresses and deflections 

induced by temperature , slab weight , and applied load. Two loads were 

used separately in computations . One had a unit pressure p = 100 psi 

and the other p = 1000 psi . It is seen that the stresses and deflec

tions under the large load (p = 1000 psi) are much greater but not 10 

times greater than those computed under the smaller load (p = 100 psi); 

i . e . , the principle of superposition (as assumed by the Westergaard 

solution) does not hold . Under the smaller load, the nodes along the 

slab edge are still curled"up due to the temperature warping , but many 

nodes near the load are sunk into the subgrade under the load. 

167 . Entry 3 presents the computed stresses and deflections in

duced by temperature and the slab weight. The effect of applied load 

was excluded . Because the effects of temperature and slab weight are 



uniform on the slab , the deflections at the corner nodes 9 and 99 are 

supposed to be equal because of symmetry . The slight difference in 

the deflections in nodes 9 and 99 is caused by the nonsymmetrical lay

out of the finite element grid and is considered insignificant . 

168 . Entry 4 presents the stresses and deflections induced by the 

applied load alone . This is obtained by subtracting the values in entry 

3 from entry 2 . Similar to entry 2 , the stresses and deflections in

duced by the p - 1000 psi load are not 10 times greater than those 

induced by the p = 100 psi load . . 
169 . It should be reiterated that in the field of rigid pavements 

the design engineers are interested in the stresses induced by the com

bined effect of the applied load , temperature , and slab weight. But 

pavement engineers are interested in the stresses induced by the applied 

load alone because it is the only stress that engineers can measure with 

confidence . These stresses can be computed separately by use of the pro

grams developed in this report. 

A doweled two- slab pavement 
system subjected to center 
and corner loads at the joint 

170. In Part III of this report , =amputations were made to com

pare the theoretical computations with field measurements obtained in a 

number of airfields in the United States . The variables compared were 

the strains and the stress transfer across the joint . The computations 

were made assuming that (a) the pavements have an initial full contact 

with the subgrade , and (b) there are no temperature variations . The 

agreement between the measurements and the computed values were general 

ly good . Computations were made later for the test pavement at Lockbourne 

AFB (Table 5) , assuming that temperature variations and gaps existed 

along the joints . Besides the placement of loads next to the joint at 

the interior of the concrete slab as was done during the tests, loads 

were also placed at a corner of the slab . The purpose of the computa

tions was to examine the combined effec~ of temperature, in terms of day 

and night conditions , and gaps under the joint on the stress and deflec

tion distribution when the load is placed at different locations along 

the joint . 
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171. The finite element grid patterns for both center and corner 

loads are shown in Figure 27 . The grid patterns are different because 

of the difference in loading positions . The deflections computed for 

seven different conditions at nodal points along the transverse joint 

are plotted . Negative deflection indicates upward movements . Curve 1 

presents the deflections due to the loads only . Maximum deflections 

occur under the load , and the maximum deflection under the corner load 

is nearly three times as great as that in the center load case . 

172 . Curve 2 shows the deflection distribution due to temperature 

warping alone . The positive temperature differential caused the slabs 

to warp upward , leaving the pavement along the joint out of contact 

with the subgrade . The temperature differential between the top and 

the bottom of the pavement is 3 . 75°F per inch of the pavement , a very 

extreme condition . Nodes 31 and 45 in the plots for the case of center 

and corner loads , respectively , are located at the same location next 

to the joint along the center line of the pavement . 

173 . Curve 3 shows the deflection curves similar to curve 2 ex

cept that the loads are added on . In the case of center loads, the 

center of the pavement along the joint sinks into the subgrade , while 

the pavement edge is still above the ground . Under the corner load , 

the center of the pavement is above the ground because of the positive 

temperature differ ential. However, the edge of the pavement sinks into 

the ground due to the applied load . 

174 . Curve 4 shows the deflection curves similar to curve 3 ex

cept that a l - in . gap under the pavement along the joint is considered . 

The gap has a width of 12 in . ; it can be caused by either pumping or 

plastic deformation due to the load . It is interesting to note that in 

the case of the center load , the deflection curves 3 and 4 are very 

nearly the same, because the pavement curls up along the joint; thus the 

gap beneath the joint has no. effect on the pavement deformation along 

the joint . Under the corner load, the shap~s of curves 3 and 4 are simi

lar except the corner deflection is greater due to the existence of the 

gap . Note that the shape of curve 4 would be different if the magnitude 

of the gap under the pavement were less than the maximum deflection due 

to the load . 
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175 . Curve 5 is similar to curve 2 except that the negative tem

perature differential caused the slabs to warp downward , leaving the 

pavement along the joint to sink into the subgrade . Note that the pave

ment along the edge sinks into the subgrade more than that at the center . 

176. Curve 6 is a deflection curve similar to curve 5 except that 

the load is added on . Under the center and corner loads , the pavement 

along the joint sinks further into the subgrade , with maximum deflection 

at a location under the load . 

177 . Curve 7 is similar to curve 6 except that a l - in . gap along 

the joint is considered . Under both the center and the corner loads , 

the pavement along the joint sinks into the subgrade more as compared 

with those in curve 6 because of the existence of the gap along the 

joint . Also , it should be noted that the shape of curve 7 would be 

different if the magnitude of the gap were less than the deflections 

computed. 

178 . The stress distributions computed for the seven curves for 

varied conditions shown in Figure 27 are presented in Tables 17 and 18 

for center and corner loads , respectively . The tabulated stresses are at 

nodal points along the joint and near the loads . The locations of the 

numbered nodes are given in Figure 27 . In the center load case (Table 

17) the percent stress (or load) transfer was computed only at nodes .31 

and 36 under the load . Under the corner load , however , the percent 

stress (or load) transfer is difficult to determine according to the 

adopted definiti on of percent stress transfer , because the stress at 

most nodal points changes signs across the joint . 

179 . In curves 1- 7 shown in Figure 27 , positive stress indicates 

that the tensile stress is developed at the bottom of the pavement , and 

negative stress indicates that the tensile stress is developed at the 

top of the pavement . Positive terr.perature differential causes the pave

ment to curl upward (curves. 2- 4) , and because of the weight of the pave

ment , negative stress is developed in the pavement . Negative temperatur~ 

differential causes the pavement to curl downward (curves 5- 7) and 

develops positive stress in the pavement . 

180 . It is interesting to note that when temperature and gaps are 
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not considered , stresses undel· the center l oad are generally greater 

than those under the corner load , while the deflections are reverse in 

the two loading cases . 

181 . In the case of center l oad in Table 17 , the stresses due t o 

load alone are positive (curve 1 with tension at the bottom of the pave

ment) . Since the thermal stresses are negative when the pavement is 

warped upward (curve 2 compression at the bottom of the pavement) and 

are positive when the pavement is warped downward (curve 5 with tension 

at the bottom of the pavement), the stresses in curves 3 and 4 in which 

the pavement is warped upward are less than those in curve 1 because 

the stresses due to temperature and stresses due to load have different 

signs . However , in curves 6 and 7 in which the pavement is warped down

ward , the stresses are much greater than those in curve 1 ,* because the 

stresses due to temperature and stresses due to load have same sign . It 

can be concluded that under the center load , the positive temperature 

different ial (nighttime condition) causing the pavement to warp upward 

can reduce the stresses , but the negative temperature differential (day

time condition) causing the pavement to warp downward increases the 

stresses . It is also noted in Table 17 that the percent stress transfer 

i n conditions (or curves) 3 and 4 are less than the 25 percent under the 

load shown in curve 1 , but the percent stress transfer in curves 6 and 7 
are more than the 25 percent . This is true because when the pavement is 

warping upward , the stresses on the unloaded side of the joint reduce 

more than those reduced on the loaded side . The reverse is true when 

t he pavement is warped downward . 

182 . Table 17 also shows that stress ay changes very slightly 

when the gap under the pavement is present . This can be readily ex

plained for the case when the pavement is warped upward (curve 4) . The 

major portion of deflection curve 4 shown in Figure 27 is still above 

the subgr ade , so the existence of the gap under the pavement does not 

change the stress distribution significantly . In the case of the pave

ment warping downward sinking into the subgrade (curve 7), however, the 

* The maximum edge stress in the pavement when the same loads are placed 
at the pavement edge halfway between the j oints is 1151 . 5 psi . 
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lack of change of stresses from curve 6 in which the gap is not present 

is difficult to explain . When the pavement is warped downward and the 

applied load is forcing the pavement into the subgrade (curve 6), the 

full subgrade reactive forces are resisting the pavement ' s deflection. 

When the subgrade reactive forces are removed as in curve 7 in which the 

gap exists along the joint , the pavement is allowed to deflect more 

freely and consequently pavement stresses should be increased. However , 

this is apparently not the case because the computed stresses listed for 

curve 1 are nearly the same as those computed in curve 6. The only 

explanation in this case is that deflection curves 6 and 1 shown in 

Figure 27 (under the center loads) are nearly parallel to each other . 

Since stresses in a pavement are induced by a change in the curvature 

of the pavement , the stresses thus remain the same . It is also noted in 

Figure 27 that deflection curves 3 and 4 are parallel to each other , 

explaining why the stresses do not change from curve 3 to curve 4. 
183 . It should be emphasized that deflection curves 6 and 7 may 

not be parallel to each other if either the modulus of subgrade reaction 

k is increased or the pavement thickness is decreased . Under such 

conditions , the shape of deflection curve 6 may change more than that 

of curve 7. 
184 . Table 18 shows the stress distribution under the corner 

loads . The stresses are tabulated at nodal points around the load and 

are generally smaller than those computed under the center loads shown 

in Table 17 . Unlike the center load case , the effect of temperature 

warping on the stress distributior. in the corner load case is not sig

nificant . Under temperature varping , the stresses increase in some 

nodal points but decrease in some others . The changes were , however, 

not significant . 

185 . It should be pointed out that the presence of the load 

transfer dovel bars can reduce the stresses in the pavement near the 

joint , and the reduction is generally more in the corner load cases 

than in the center load. To clarify this point , computations were made 

for the test pavements in Lockbourne AFB , under the assumption that 

there was no load transfer across the joint , and the results are 
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presented in Table 19 . For simplicity, the comparison vas made only 

for the case when the temperature effects and the gaps under the pave

ment are not considered . 

186. Table 19 shows that pavement stresses (o ) are drastically 
max 

increased when the dowel bars at the joint are removed, and the effect 

is more pronounced in the corner load case . Shear stresses 1 play a 

more important role when the loads are applied at the corner of the 

pavement than when the loads are applied at the pavement center where 

the shear stress is zero because of symmetry . 

187 . Results presented in Figure 27 and Tables 17 , 18, and 19 

for a two-slab pavement system with dowel bars subjected to corner and 

center loads at the .Joint are sununarized, and conclusions are made in 

the following paragraphs . 

188 . Whether temperature and gaps under the joint are considered 

or not , aircraft load placed at the corner produces much larger deflec

tions than when the load is placed at pavement center (curve 1 of 

Figure 27) . When the pavement is warped downward (daytime condition) , 

the differences in deflections between the corner and center loads be-

come even greater . 

189 . When temperature and gaps are not considered , stresses under 

the center load (curve 1 of Table 17) are generally greater than those 

under the corner load (curve 1 of Table 18) . Under the center load, 

when the pavement is warped upward (nighttime conditions), stresses in 

the concrete pavement can be reduced; the opposite is true when the 

pavement is warped downward (daytime condition) . The effect of tern

perature is not so significant and clear when the load is placed at the 

corner . 

190 . The presence of dowel bars in the joint can reduce the 

stresses in the pavement near the joint . The reduction is more signi

ficant in the corner load case . 

Continuously Reinforced Concrete Pavement (CRCP) 

191 . Results presented in Table 14 indicate that in a jointed 

pavement , maximum stresses occur when the edge load is placed halfway 
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between the joints, and the stresses can reach the maximum stresses 

that occur in a pavement without transverse joints if the pavement is 

long enough in the longitudinal direction. The question arises as to 

whether the pavement stress would be reduced with a reduction in pave

ment length. It is known that in CRCP closely spaced transverse cracks 

developed shortly after the construction, but the cracks are held very 

tightly by the steel reinforcemer.ts . It is reasonable to assume that 

the cracks can transfer 100 percent shear force and a small amount of 

moment when the pavement is in sound structural condition . Computations 

were thus made in a CRCP to compare the computed values with values for 

a regularly jointed pavement . The CRCP used in the computation is a 

five- slab pavement divided by four cracks . For the WESLIQID program, 

the cracks were treated the same as the joints . The loading condition 

and pavement dimensions for the CRCP are the same as those used in the 

previous examples of the regular jointed pavement , except the pavement 

length is reduced to 4 ft . The joint (or crack) condition is also 

identical , i . e ., 100 percent shear transfer and zero percent moment 

transfer . The finite element layout is shown in Figure 28 , and the com

puted results are presented in Table 20 . The discussions on the com

parisons between Table 20 (CRCP with closely spaced cracks) and Table 

14 (regularly jointed pavement with edge loads) and Table 15 (regularly 

jointed pavement with center loads) are presented as follows . It should 

be pointed out that the maximum stresses may change signs when condi

tions change ; the compari sons should be based on the absolute values . 

ax , stresses per
pendicular to the joint 

192. Edge loads placed next to the joint (loading position c) . 

When the crack spacing is reduced (or the number of cracks is increased) 

as in a CRCP , the maximum stress is reduced from 709 . 0 psi (column b of 

Table 14) to 445 .4 psi (coiumn c of Table 20) . It is noted that in 

column d of Table 1_4 when the front- axle loads are placed next to the 

joint at the pavement ' s edge, the maximum a occurs at a point far 
X 

away from the joint. It is thus reasonable to find that when the pave-

ment length is reduced, such as in a CRCP, the stress 
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193. Edge loads placed between the joints (loading position a) . 

When the crack spacing is reduced, the maximum stress is reduced from 

1307. 4 psi (column c of Table 14) to 735 . 6 psi (column a of Table 20) . 

This is reasonable because the results presented in columns b and c of 

Table 14 show that the stresses a are greatly decreased when the 
X 

edge loads are moved toward the joint . 

194 . Center loads placed next to the ,joint (loading position d) . 

The maximum stress is reduced from 338 .4 psi (column a of Table 15) to 

168. 7 psi (column d of Table 20) . 

195 . Center loads placed between the joints (loading position b) . 

The maximum stress is reduced from 701 psi (column b of Table 15) to 

424 . 4 psi (column b of Table 20) . 

o , stresses parallel to the joint 

196. Edge loads placed next to the joint (loading position c) . 

When the crack spacing is reduced , the maximum stress has changed very 

little--from - 216 . 7 psi (column b of Table 14) to - 218 . 9 psi (column c 

of Table 20) . 

197 . Edge loads placed between the joints (loading position a) . 

The maximum stress also has not changed much from - 233 . 7 psi (column c 

of Table 14) to - 224 . 7 psi (column a of Table 20) . 

198. Center loads placed next to the joint (loading position d) . 

The maximum stress has changed very little--from 653 . 4 psi (column a of 

Table 15) to 646 . 5 psi (column d of Table 20). 

199 . Center loads placed between the joints (loading position b) . 

The maximum stress is also slightly reduced from 697 . 6 psi (column b of 

Table 14) to 618 . 3 psi (column b of Table 20). 

o , maximum principal stress max 

200 . Edge loads placed next to the joint (loading position c) . 

When the pavement length is reduced , the maximum principal stress is 

reduced from 709 . 0 psi (column b of Table 14) to - 536.0 psi (column c of · 

Table 20). 

201 . Edge loads placed between the joints (loading position a) . 
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The maximum principal stress is drastically reduced from 1307.4 psi 

(column c of Table 14) to 735 . 6 psi {column a of Table 20). 

202 . Center loads placed next -:.o the joint (loadinr nosition d) . 

The maximum principal stress has changed very little-- from 654 . 2 psi 

{column a of Table 15) to 651 . 1 psi (column d of Table ~ 

203 . Center loads placed between the ,joints (loadine. pusition b) . 

The maximum stress is reduced from 714 . 9 psi (column b of Table 15) to 

619 . 4 psi (column b of Table 20) . 

w • vertical deflections 

204 . Edge loads placed next to the joint (loading position c) . 

When the pavement length is reduced , the maximum deflection is reduced 

from 0 . 342 in . (column b of Table 14) to 0 .185 in . (column c of Table 

20) . The maximum deflections in both cases occur at the corner node of 

the joint . 

205 . Edge loads placed between the joints (loading position a) . 

The maximum deflection is increased from 0 . 174 in . (column c of Table 

14) to 0. 183 in . (column a of Table 20) . It is to be noted that while 

the deflection is increased , the 0 . 183- in . maximum deflection is much 

less than the 0 . 342 in . (column b of Table 14) produced by the loads 

placed next to the joint . 

206 . Center load placed next to the joint (loading position d) . 

The maximum deflection is reduced from 0 . 116 in . (column a of Table 15) 

to 0 . 087 in . (column d of Table 20) . The maximum deflections in both 

cases occur at nodes along the joint . 

207 . Center load placed between the joints (loading position b) . 

The maximum deflection is increased from 0 . 069 in . (column b of Table 

15) to 0. 085 in . (column b of Table 20) . Similar to the maximum deflec

tion produced by the edge loads placed between the joints , while the 

deflection is increased when the pavement length is reduced , the 0 . 085-

in . maximum deflection is much less than the 0 . 342 in . (c~.umn b of 

Table 14) produced by the edge loads placed nex~ to the joint . 

208 . The values of the maximum stress and deflections computed for 

different loading positions for both the regularly jointed pavement and 
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the CRCP are tabulated in Table 21 . It is seen that the stress o X 

(in the direction perpendicular to the transverse joint) is drastically 

reduced in all the four loading FOSitions, but the stress o (in the y 
direction parallel to the joint) changes very little. The maximum 

principal stress o is reduced greatly in the edge load condition max 
but is changed insignificantly in the center load conditions. The 

vertical deflection w is reduced nearly 50 percent when the edge loads 

are placed next to the joint but is changed insignificantly , as far as 

the pavement design is concerned, in the other conditions . 

209. Since in practice the thickness of the CRCP is less than 

that of regular rigid pavement, computations were also made for the 

same CRCP , but the thickness of the ri~id pave~ent was reduced from 8 to 

6 in . , and the maximum values computed are presented in Table 21 . It is 

seen that when the thickness of the CRCP is reduced by 2 in . , while the 

stresses and deflections are increased greatly, the values do not exceed 

those in an 8- in . regularly jointed pavement . 

210 . It should be pointed out that the computations presented in 

Tables 20 and 21 for the CRCP are based on the condition that the cracks 

(or joints) have zero efficiency of moment transfer . In fact , a certain 

amount of moment should be transferred across the cracks when the pave

ment is in good condition . Therefore , the stresses and deflections can 

actually be smaller than those computed values shown in Tables 20 and 21 . 

211 . From the discussions presented above, it can be concluded 

that as far as the stresses and deflections are concerned , it is advan

tageous to reduce the joint spacing , such as with a CRCP , provided that 

the joints (or cracks) are kept in good condition . 

212 . The computations for the CRCP are limited to 4- ft crack 

spacing , and the cracks are assumed to be 100 percent efficient in the 

transfer of shear forces . In reality , when the traffic repetition in 

a CRCP is increased , the ntimber of cracks would be increased , and the 

efficiency of load transfer across the cracks would also be reduced . 

When punchout distresses become imminent , the opening of the cracks 

become so large that the transfer of load across the crack becomes 

negligible . To investigate this case , computations were made for the 
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same CRCP under the same twin- tandem truck load for the following two 

cases : (a) the crack opening is reduced from 4 to 2 ft, but the effi

ciencies of shear and moment transfer are still assumed to be 100 and 

zero percent , respectively, and (b) the crack spacing is 2 ft, but the 

efficiencies of shear and moment transfer are both assumed to be zero 

percent , i . e ., the cracks become so large that there is no load transfer 

across the cracks . The CRCP used in the computation is a seven- slab 

pavement divided by six cracks . The computations were limited to two 

loading· positions : (a) the edge load placed next to the joint and 

(b) the center load placed next to the joint . Computations for loads 

placed between the joints wer e not done because the crack spacing is 

too small for a twin- tandem load . The computed maximum stresses and 

deflections for the two loading positions are presented in Table 22 . 

For comparison , the computed maximum stresses and deflections for the 

other t wo pavements , i . e ., jointed concrete pavement with 15- ft slab 

lengths and the CRCP with 4- ft crack spacing , were included . 

213 . It should be pointed out ttat when the crack spacing is re

duced from 4 to 2 ft , the two sets of dual- wheel loads of the t win

tandem truck load are placed in two different slabs . When the crack 

opening becomes large enough that there is no load transfer across the 

crack , this 2- ft - long slab is subjected to one set of dual- wheel load 

and receives no effect from the other set of dual wheels . Mechanically , 

the 2- ft - long slab has lost the advantage of the slab action and reacts 

to the load as a 2- ft - wide beam . Consequently , the stresses in the 

pavement would increase drastically. 

214 . Table 22 shows that under both the edge and center loads , 

when the crack spacing is reduced from 4 to 2ft (cases band c) , the 

maximum stress a 
X 

in the direction perpendicular to the transverse 

joint is reduced, but the maximum stress o y 
is increased . The maxi -

mum principal stress in this case is increased partly du~ to the in-

crease of shear stress (as shown in the computer output) . As expected, 

the maximum deflection increases drastically as the crack spacing is 

reduced . It should also be noted that in case a the maximum deflection 

in a regular jointed pavement is 0 . 342 in ., which is greater than those 
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in the CRCP . The reason for this is that in a regular jointed pavement, 

the twin- tandem load is placed in one slab , while in the CRCP , the two 

sets of the dual wheels are placed on separate slabs . 

215 . Computed values shown in columns c and d of Table 22 show 

that in both the center and edge load cases , the maximum principal stress 

o (and o ) and deflections are more than nearly double when the 
max y 

efficiency of shear transfer across the c r ack is reduced from 100 

(column c) to zero percent (column d) . The significance of the increase 

in stress is further discussed in the following paragraph . 

216 . It is a well- known fact that maximum stresses occur at the 

edge of a rigid pavement at a direction parallel to the edge of the 

slab (o in Figure 20a) under an edge load . When the slab length is 
X 

reduced, i . e ., more cracks have developed and lost the load transfer 

capability, the computed results indicate that the location of the maxi

mum stress is no longer at the pavement edge but has moved toward the 

pavement interior, and in particular the magnitude of the stress has in

creased drastically . In this case , the critical stress is no longer 

o but o 
X ~X 

bas a profound 

(oro) . The increase in the number of cracks also y 
effect on pavement stresses in the center load case . 

217 . Figure 29 shows the distributions of stress 

12- ft pavement cross section under the center and edge 

o across the y 
loadings . While 

Figure 29 shows that the stress 

pavement (case a), it should be 

a 
y 

is smallest in the regular jointed 

noted that the most critical stress in 

a concrete pavement occurs at the pavement ' s edge in the direction 

perpendicular to the transverse joint (o ) when the edge load is placed 
X 

between the joints (1307 . 4 psi shown in Table 22 and column c of Table 

14). Also, for a CRCP with 4- ft crack spacing , maximum stress occurs 

also at the pavement ' s edge in the direction perpendicular to the joint 

(ox) when the edge load is placed between the cracks (735.6 psi in 

Table 22 and column a of Table 20). The primary purpose of presenting 

the results in Figure 29 is to illustrate the important fact that in a 

CRCP layer , stresses have shifted from the pavement ' s edge toward the 

pavement ' s center (at a location about 5 ft away from the edge in this 

case) . 
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218 . Figure 29 shows that for a 2- ft crack spacing in the pave

ment when the efficiency of shear transfer across the cracks is reduced 

to zero, the maximum stress increases from 884 . 8 psi (curve C) to 1878.7 

psi (curve D) under the center lead and from - 537 . 9 psi (curve C) to 

- 1702 . 6 psi (curve D) under the edge load. It is to be noted that in 

curve D, the maximum a under the center load is nearly the same as 

that under the edge load , which is contrary to the well- established fact 

that the edge load is more critical than the center load in a regular 

jointed concrete pavement (see Tables 14 and 15) . 

219 . Computations were also made for pavement condition D of 

Table 22 and it was assumed that the pavement had lost subgrade contact 

due to pumping. In the edge load case , the nodes along the pavement 

edge were assumed to be out of contact . The maximum stress a was y 
computed to be - 3498 . 7 psi , which is twice as much as that if the pave-

ment had full subgrade contact . The situation can be worse if the tem

perature differential is considered . In the center load case, the nodes 

along the cracks were assumed to be out of contact. The stresses com

puted were not significantly different from those computed when full 

contact was assumed . 

220 . It is interesting to note in Figure 29 that under the edge 

load , negative stresses are developed near the center of the 12- ft - wide 

concrete pavement and that under the center load , positive stresses are 

developed directly under the load. The question arises as to whether 

the actual stresses in a concrete pavement are smaller than those indi

cated in Figure 29 because the stresses induced by the left and right 

truck loads may cancel each other . Computations were made to verify 

this concept , and the results are presented in Figure 30 . Two series 

of computations were made, one where the truck travels at the pavement 

center and the other where.the truck travels at the pavement edge . The 

total width of the truck from the edge of one tire to the edge of the 

other is assumed to be 8 ft and the width of each twin-tandem load is 

2 ft, as used in previous computations. The CRCP is assumed to have 

2- ft crack spacing . 
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Center load 

221 . Figure 30a shows the distribution of stress oy along the 

transverse crack when the center of the truck is in line with the center 

of the pavement . Curve A- A shows the distribution under the left t win

tandem load aloue . A maximum positive stress of 1027 . 5 psi was computed 

under the inner wheel and some negative stresses computed at the other 

half of the 12- ft lane . Curve B- B shows the distribution under the full 

truck load , i . e ., both left and right t win- tandem loads . The distribu

tion is symmetrical with respect to the pavement ' s center , and the max

imum stress is reduced from the 1027 . 5 psi (curve A- A) to 895 . 5 psi . 

The reduction of stresses is , of course , caused by the cancellation of 

negative stresses shown in curve A- A. 

Edge load 

222 . Figure 30b shows the distributions when the edge of the left 

twin- tandem load is at t he edge of the pavement . Curve A- A shows the 

distribution under the left t win- tandem load placed at the pavement ' s 

edge that causes the entire pavement along the crack to have negative 

stresses with a maximum stress of 1702 . 6 psi . Curve B- B shows the dis

tribution under the full truck load. Because the right side t win- tandem 

load produces positive stresses in most parts of the pavement along the 

crack , the combi ned effect due to both left and right loads reduces the 

pavement stresses as shown in curve B- B. It is interesting to note that 

in curve B- B under either the center or the edge load , the maximum 

stress occurs at a secti on from 3 to 5 ft away from the pavement ' s 

edge and that the center load causes the pavement to have positive 

stress and the edge load causes the pavement to have negative stress . 

This is believed to be the primary cause of the punchout failure 

frequently observed in highway CRCP . 

223 . This study found that the maximum stress in a highway CRCP 

does not occur at the pavement ' s edge , but occurs at the interior part 

of the slab . This was also concluded by Darter , LaCoursiere , and 

Smiley (1979) in their computation of a 12- ft - wide highway CRCP sub

jected to an 18- kip axle load . They found that when the crack spacing 

has reduced to 1 or 2 ft and the crack opening has become so large that 
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no load is transferred across the cracks, the most critical tensile 

stress developed in the pavement at a location about 4- 6 ft a~ay from 

the pavement's edge. They concluded that this critical stress can be 

the main cause for the punchout failures frequently observed in CRCP ' s 

in the State of Indiana. 

224 . Results presented in Figures 29 and 30 and in Tables 13 , 

15, 20, 21 , and 22 are summarized and conclusions are made in the fol 

lowing paragraphs . 

225 . In a regular concrete pavement with joints spaced at 15 ft 

or more, the most critical condition occurs when the single twin-tandem 

highway truck load is placed at the pavement's edge away from the joints 

(1307 . 4- psi edge stress shown in column c of Table 14). Compared with 

a regular jointed concrete pavement, the stresses and deflection in a 

CRCP are reduced if the pavement is in good condition. However , when 

the number of cracks is increased and consequently the crack spacing 

is reduced, such as the 2-ft case presented in the computations of this 

report , not only the stresses start to increase, but also the location 

of the maximum stress (under the edge load) shifts from the pavement's 

edge to the interior part of the pave~ent. As the load transfer capa

bility across the crack is reduced to zero due to the increased load 

application, the stresses in the pavement increase drastically . It is 

important to realize that under a single twin- tandem load, the maximum 

stress is no longer at the pavement's edge due to the edge load as 

generally known , but at locations directly under the center loads. 

This drastic increase in stresses at locations away from the pavement's 

edge induced by either the edge load or the center load may be the 

effect responsible for the punchout failures frequently observed in a 

highway CRCf when the number of cracks becomes larger and when the 

crack openings become visible . The stresses in the edge load case can 

be doubled if the pavement has lost the subgrade support along the 

pavement ' s edge due to pumping or other reasons . 

226. Pavement stresses under a full truck load , i . e . , both lP.ft 

and right twin- tandem loads , are less than those under a single 
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twin- tandem load placed at either the pavement ' s edge or the pave

ment ' s center due to the cancelling effect, since the edge load causes 

the pavement to have negative stresses and the center load to have 

positive stresses . The maximum stress occurs at a section about 3 to 

5 ft away from the pavements ' s edge . 

114 



PART VI: CONCLUSIONS MID RECOM!-1ENDATIOUS 

Conclusions 

227 . The computer programs WESLIQID and WESLAYER have the capa

bilities of calculating the stresses and deflections in a rigid pavement 

with cracks and joints . WESLIQID is designed for pavements on a liquid 

foundation , and WESLAYER is for pavements on layered linear elastic 

solids . · 

228 . Comparisons were good between the computed results of 

WESLIQID and those of available solutions , such as the Westergaard 

solution , Pickett and Ray ' s influence charts , and the discrete element 

method . The comparisons between the percent stress (or load) transfer 

across the joint computed by the WESLIQID and WESLAYER programs and 

those measured in a series of full - scale test sites were also good . 

229 . The following conclusions were derived based on the results 

of the analysis of many pavements with the WESLIQID program : 

a . The dowel is not a very efficient load transfer device 
across the joint in a rigid pavement . The current Corps 
of Engineers practice of assuming only a 25- percent 
stress (or load) transfer in the design and evaluation 
of rigid pavements is warranted . 

b . The stress transfer across a joint , as modeled in this 
code , is influenced by many factors, most drastically by 
the modulus of dowel support (or subgrade elastic modu
lus) and the number and size of steel bars in the joint 
and to a lesser degree by the modulus of concrete, joint 
spacing, pavement thickness , and modulus of subgrade 
reaction . 

c . While vertical deflections are easy to measure in a rigid 
pavement , one should be cautious in the use of deflec
tions across a joint tc estimate the efficiency of stress 
transfer because unless the pavement is failed , the de
flections across a ~oint do not differ as much as the 
stress ay along the joint . Stress oy is in the di
rection parallel to the joint. 

d . The efficiency of stress transfer across a joint has an 
insignificant effect on the stresses and deflections in 
the slab when the load is placed at the center of the 
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slab, but has a significant effect when the load is 
placed next to the joint. 

e. When the slab is in partial contact with the subgrade 
due to temperature warping or other causes , the princi
ple of superposition, as assumed by the Westergaard solu
tion, is no longer valid; i.e . , the pavement stresses and 
displacements are not linearly proportional to the load, 
even though the slab is still within the elastic range . 

f . The most critical condition in a rigid pavement occurs 
when there is no transverse joint or crack in the pave
ment and also when the load is moving along its edge. 
Under the edge load, the presence of joints and cracks 
can reduce pavement stresses near the joint and the 
cracks but increase the deflections in the same area . 
In a jointed pavement , the critical stress occurs when 
the load is halfway between the joints and the stress 
can have a magnitude close to that of a pavement with no 
transverse joint . Therefore , the presence of a joint 
does not reduce tr.e maximum stress in a pavement. When 
the load is moving along the center of the pavement, the 
stresses are smaller and are nearly independent of 
whether the load is at the center or next to the pavement 
joint . Under both center and edge loads , maximum deflec
tion occurs when the load is next to the transverse 
joint . Greater pavement deflections induce greater sub
grade stresses and consequently more severe plastic de
formation in the subgrade soil , which may lead to the 
creation of voids in the subgrade soil along the joint 
and cause earlier pavement failure . To reduce pavement 
deflections along the joint , stabilizing the subgrade 
soil was found more beneficial than using the butted 
joints . 

~· Compared with a regular jointed concrete pavement , the 
stresses in a CRCP are reduced if the pavement is kept 
in good condition . However , when the number of cracks 
is increased and consequently the crack spacing is re
duced , not only the stresses start to increase , but also 
the location of the maximum stress under the edge load 
shifts from the pavement edge to the interior part of 
the pavement . As the load transfer capability across 
the crack is reduced to zero due to the increased load 
applications , the stresses increase drastically in the 
center load case reaching that under the edge load . 
This drastic increase in stresses at locations away from 
the pavement edge induced by either the edge load or the 
center load can be attributed to the punchout failures 
frequently observed in a highway CRCP when the number of 
cracks is increased and when the crack openings become 
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visible . The stresses in the edge load case can be 
doubled if the pavement has lost the subgrade support 
along the pavement edge due t o pumping, temperature 
warping , or other reasons . 

h . In a CRCP , stresses under a full truck loud, i . e . , both 
left and right twin- tar.dem loads, are less than those 
under a single twin- tandem load placed either at the 
pavement edge or pavement center . The edge load causes 
the pavement to have negative stresses , and the center 
load causes the pavement to have positive stresses . The 
combined effect of edge and center loads reduces the 
pavement stresses . The maximum stress occurs at a 
section about 3 to 5 ft away from the pavement edge . 

Recommendations 

230 . The computer program WESLIQID , developed for rigid pavements 

on liquid foundations , is versatile since it has many options to deal 

with problems of different natures . The program is economical to oper

ate and requires only reasonable computer core space . It is recommended , 

therefore , that the WESLIQID program be used for routine pavement design , 

analysis , and research purposes . Because the computer program WESLAYER , 

developed for rigid pavements on layered elastic solids, is limited only 

to t wo- slab systems and requires more computer core space and computer 

time to operate , it is recommended , therefore , that the program be used 

for research and analysis purposes . 
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Table l 

Range of Modulus of Dowel Reactions from 

Various Sources (Finney 1956) 

Range of Modulus of 
Dowel Reaction 

106 pci 

0 . 3 to l. 5 

Max . 2 . 5 

0 .11 to 1.17 

0.78 to 5.89 

0. 89 to 8 . 3 

2. 45 

0. 9 to 8. 6 

Source 

Grinter 

Friberg 

MSHD* 

MSHD* 

Marcus 

Loe 

MSHD* 

* Michigan State Highway Department . 

Remarks 

Estimation 

Tests on embedded 
dowels , 1938 

Load- deflection 
test , 1947 

Tests on embedded 
dowels , 1947 

Dowels with uniform 
bearing pressure 

Load-deflection 
tests, 1952 

Tests on embedded 
dowels , 1954 



Ta"ole 2 

Comparison of Stresses Computed from the Westergaard Solution 

and the Finite Element Method for Three Different Loading 

Conditions at Different Subgrade Soil Conditions 

P = 10 , 000 lb , E = 3, 000 , 000 psi , v = 0 .15 

Maximum Stress in Slab with Loaded Radius 
a = 0 3 :,esi 

Modulus of Westergaard ' s Fin1te Element Method 
Thickness 

of Slab , h 
in. 

10 

Subgrade 
Reaction , 

pci 

50 

100 

200 

k Corner 
Load 

300 

300 

300 

Solution* WESLIQID 
Interior Edge Corner Interior 

Load Load Load Load 

181 287 272 .6 200 . 9 

172 270 262 .0 191.1 

162 253 247 . 7 181.3 

* Computed values are available in Tables II . III . and IV of 
Westergaard (1925) . 

Table 3 

Edge 
Load 

301.1 

295 . 0 

271.4 

Distribution of Stresses Around the Concentrated Corner Load in a 

Concrete Pavement , P- 10, 000 lb , h = 10 in., E = 3 , 000 , 000 psi, 

v = 0. 15 , k = 100 :,eci 

Node 
(] (] T (] (] 

min T 
X y xy max max 

1 0 . 0 0. 0 o.o 0. 0 o.o 0. 0 

2 0 . 0 - 154 . 8 0 . 0 - 154 .8 0 .0 77 . 4 

3 0. 0 - 174 . 3 0 .0 - 174 . 3 0 . 0 87 .1 
10 - 154 . 8 0 .0 0 .0 - 154 .8 0 . 0 77 . 3 
11 - 97 .1 - 97 .1 164. 9 262 . 0* 67 .8 164 . 9 

12 69 . 8 - 134. 3 123. 2 - 229 . 4 25 . 3 127. 4 

19 - 174 . 3 o.o· 0. 0 - 174 . 3 o.o 87 . 1 
20 - 134 . 3 - 69 .8 123. 2 - 229 . 4 25 . 3 127 . 4 

21 - 96 . 9 - 96 .9 97.8 - 194 . 7 91.5 97 . 8 

* Maximum stress . 



Table 4 

ComEarison of Stresses and Deflections Between the 
Finite Element and the Discr ete El~ment Methods 

Maximum Principal Stresses
2 

psi Vertical Deflections
2 in . Finite Discrete % Finite Discrete % Nodes Element Element Difference Element Element Difference 

7* 684. 5t 691 . 0 0. 398 0 . 411 3 . 16 
8* 1065.1 753. 0 0 . 437 0 . 451 3 .10 
9* 1101.8 675 .0 0 . 473 0 .487 2 .87 

10* 774 . 3 456 . 0 0 . 505 0 . 520 2 .88 
11** 0 . 0 - 55 .1 0 . 535 0 . 550 2 .73 
18 1468 . 7 1550. 0 5. 25 0 . 358 0. 370 3 .24 
19 1583 .2 1630 . 0 2 . 87 0 . 394 0 . 406 2 .96 
20 1427 . 8 1460 .0 2 . 21 0 .427 0. 440 2 .95 
21 1091.2 1090 . 0 0 . 0 0. 458 0 .471 2 .76 
22* 550 .4 356 . 0 0. 486 0 . 500 2 .80 
29 - 1276. 8 - 1270 . 0 0 . 53 0 . 278 0 .286 2 .80 
30 -1120 . 8 -1100 . 0 1.82 0 . 307 0 . 316 2 .85 
31 - 972 .1 - 954 . 0 1.86 0 . 335 0 . 344 2 .62 
32 - 856 .2 - 860 . 0 o. 44 0 . 361 0 . 371 2 .70 
33* -428 . 4 -433 . 0 0. 387 0 . 397 2 . 52 
40 -1494. 9 - 1510 . 0 1.00 0 . 172 0 .177 2 .82 
41 -1495 . 0 - 1500 . 0 0 . 33 0 .192 0 .197 2 . 54 
42 - 1484. 6 - 1500. 0 1.02 0 . 211 0 . 217 2 . 76 
43 - 1471. 6 - 1490 . 0 1.23 0 . 230 0 .236 2 . 54 
44* - 1247 . 3 - 753. 0 0 .249 0 .255 2 .35 
51 -1289 . 1 -1310 . 0 1.60 0 . 093 0 .096 3 .13 
52 -1327 . 2 - 1340 . 0 0 .96 0 . 106 0 .109 2 .75 
53 - 1359 . 6 - 1370. 0 o. 76 0 . 119 0 .122 2 .46 

54 - 1387 . 4 -1400 . 0 0 .90 0 . 131 0 . 134 2 .24 

55* - 1258 . 3 - 711 . 0 0.143 0 .146 2 . 05 

62 - 951 . 8 - 965 . 0 1.37 0 . 042 0 .043 2 .33 

63 - 989 . 5 - 1000 . 0 1.05 0 . 049 0 .051 3 .92 

64 - 1021 . 2 - 1030. 0 0.85 0 . 057 0 .059 3 . 39 

65 - 1046. 6 - 1060 . 0 1.26 0 . 065 0 .066 1.52 

66* - 984 .1 - 540 .0 0 . 072 0 . 074 2 . 70 

* Nodes along the edge . 
** Node at the corner . 

t Positive st r ess indicates tension at the bottom of the slab . 



Table 5 

DescriEtion of Doweled Joint Test Sites (Ohio River Division Laboratories 1959) 

Modulus 
Modulus of 

Pavement of Sub grade Method Dowel Dowel Dowel 
Pavement Thickness Rupture Reaction of Dowel Spacing Length Diameter 

Location Feature in. ESi Eci Installation in. in . in. Aircraft 

Lockbourne AFB, Parking 12* 680 75 Cast in place 15 20 1.00 B-47 
Ohio apron 

Lincoln AFB , Taxiway 21 675 65 Cast in place 10 20 1.50 B-47 
Nebraska 

Hunter AFB, Taxiway 18 715 175 Remove and 18 20 1.50 B-47 
Georgia replace 

McCoy AFB, Taxiway 18 670 225 Remove and 18 20 1. 50 B-47 
Florida replace 

ORDL Test Experimental 24, 28, 840 75 Remove and 17, 17 , 24, 30, 2, 3, 4 Load Rig 
Track "A" 32 replace 24 36 

Ellsworth AFB , Taxiway 23 675 215 Dummy 18 24 2.00 B-52 
South Dakota half- dowel 

Beale AFB, Taxiway 25 642 150 Oversize dummy 17 24 2.00 B-52 
California half- dowel 

March AFB , Taxiway 16 840 100 Split dowel 17 20 1. 50 B-47 
California 

Dow AFB, Maine Taxiway 19 700 350 Split dowel 18 20 1. 50 KC-97 

* Reinforced. (No special consideration is given to the reinforcing steel in the concrete pavement in the 
finite element analysis because it is assumed that the steel is not effective until the slab has reached 
beyond its elastic range.) 



Table 6 

Summary of Strain Measurements for Doweled Joints (Ohio River Division Laboratories 1959) 

Load Over a Dowel Load Between Dowels 
Loaded Loaded Unloaded Loaded Unloaded 
Side Side of Side of Total Side of Side of Total 

Location of Dowel Joint Joint Strain* Joint Joint Strain* 

Lockbourne AFB, Bonded 122 35 157 129 35 164 
Ohio Unbonded 123 30 153 133 35 168 

Lincoln AFB, Bonded 60 30 90 55 32 87 
Nebraska Unbounded 60 37 97 45 30 75 

Hunter AFB, Bonded 68 31 99 82 29 111 
Georgia Unbounded 68 24 92 63 20 83 

McCoy AFB, Bonded 50 18 68 58 19 71 
Florida Unbounded 68 21 89 64 16 80 

ORDL Test Bonded 81 35 116 81 35 116 
Track "A" Unbounded 84 30 114 84 30 114 

Ellsworth AFB, Bonded 65 42 107 66 40 106 
South Dakota Unbounded 65 40 105 61 50 111 

Beale AFB, Bonded 65 32 91 82 32 ll4 
California Unbounded 55 24 79 67 39 106 

l-1arch AFB, Bonded 99 38 137 99 56 155 
California Unbounded 86 40 126 134 67 201 

Dow AFB, Bonded 54 4 58 56 10 66 
Maine Unbounded 56 2 58 49 10 59 

Note: Strain measurements are indiated in microinches. 
Total strain is the sum of the strain measured at the loaded and unloaded sides of the joint. 



Table 7 

Summary of Average Load Transfer for Doweled Joints 

(Ohio River Division Laboratories 1959) 

Average Measured Strain 

10- 6 . ; · x 1n . _1n . 
Method Loaded Unloaded 

of Dowel Side of Side of Total 
Location Installation Joint Joint Strain 

Lockbourne AFB, Cast in place 127 34 161 
Ohio 

Lincoln AFB , Cast in place 55 32 87 
Nebraska 

Hunter AFB , Remove and 70 26 96 
Georgia replace 

McCoy AFB , Remove and 60 18 78 
Florida replace 

ORDL Test Remove and 82 32 114 
Track "A" replace 

Ellsworth AFB, Dummy 64 43 107 
South Dakota half- dowel 

Beale AFB , Oversize dummy 67 32 99 
California half- dowel 

March AFB , Split dowel 104 50 154 
California 

Dow AFB, Maine Split dowel 54 7 61 

Load 
Transfer 

% 
21.1 

36 .8 

27 .1 

23 .1 

28 .1 

40 . 2 

32 . 3 

32 . 5 

11.5 



Table 8 

Comparisons of Joint Performance by Measured and Computed Values for the Nine Test Sites 

Location 

Lockbourne AFB, 
Ohio 

Lincoln AFB, 
J;ebraska 

Hunter AFB, 
Georgia 

McCoy AFB, 
Florida 

OROL Test. 
Track "A" 

Entry 

1-a 
1-b 
1-c 
1-d 
1-e 

:?-a 
2-b 
2-c 

3-a 
3-b 
4-a 
l!-b 

E* K* 
1,000,000 100,000 d* 

in . psi pci 

6 
8 
6 
6 

6 
6 

6 

6 

6 

15 1/32 
15 1/32 

3 1/32 
15 1/2 

15 1/32 
90 1/32 

15 1/32 

15 1/32 

15 1/32 

Stress o , psi Strain t , 10- in./in. 
Loaded Unloaded ~Lo-a-d~e-d~~U~nl~o-a_d_e_d---T~o-t_al __ 

960.1 
950.3 

lOll.. 0 
909.0 

385.6 
319.8 

443.2 

432.2 

602.0 
l!53.5 
354.2 

350.5 
314.8 
21!1.2 
302.0 

148.2 
163.2 

130.3 

120.9 

391!.9 
310.7 
2~.0 

127 
160.0 
118.8 
169.1 
151.5 

55 
64.3 
53.3 

70 
73.9 
60 
72.0 
82.0 

31. 
58.4 
39.6 
40.2 
50.4 

32 
24.7 
27.2 

26 
21.7 

18 
20. 2 

161 
218." 
158.4 
209.3 
201 .9 

87 
89.0 
80.5 

96 
95.6 

78 
92 .2 

111!.0 
166.1 
127.4 

Stress 
Transfer 

s 
21 .1 
27.0 
24.9 
19.0 
25.0 

36.8 
27.8 
31!.0 

27.1 
23 
23.1 
22.0 

Remarks 

Measured 
Computed+*' 
Computed 
Computed 
Computed 

1-!easured 
Computed 
Computed 

Measured 
Computed 

Measured 
Computed 

Measured 
Computed 
Computed 
r.nmputPd 

5-a 
5-b•• 
5-ct 
5-dtt 
5-e 

100.3 
75.6 
59.0 
78.3 

32.0 
65.8 
51.8 
39.7 
52.4 

98.7 
130.7 

28.1 
39.6 
40.6 
40.2 
1!0.1 Avg computed values 

Ulsvort.h 
AFB, South 
Dakota 

Beale AFB , 
California 

March AFB, 
California 

Dov AFB, 
Maine 

6-a 
6-b 
6-c 

7-a 
7-b 
8-a 
8-b 

9-a 
9-b 
9-c 
9-d 

6 
4 

6 

6 

6 
6 
6 

15 1/32 
11!0 l/32 

15 1/32 

15 1/32 

15 1/32 
3 1/32 

Variedf' 1/32 

351..6 
282.4 

323 . 4 

624.6 

1.20.6 
1.16.4 
1!39.8 

120.8 
156.4 

111.4 

244.7 

111.7 
67.8 
35.6 

61..0 
59.1 
70.6 

67 
53.9 

101! 
104.1 

51. 
70.1 
69.4 
73.3 

1.3.0 
20.1 
39.1 

32 
18.6 

50 
40.8 

7 
18.6 
11.3 
5.9 

107.0 
79.2 

109.7 

99 
72.5 

154 
11.0.9 

61 
88.7 
80.7 
79.2 

40.2 
25.1. 
36.0 

32.3 
26.0 

32.5 
28 

11.5 
20.9 
14.0 
7.5 

• E , K , and d are modulus of the concrete, modulus or dovel support, and Joint spacing, respectively . 
•• ravement information. Thickness t = 24 in., bar diam 0 • 2 in., 17 in. c to c. 
t Pavement information. t = 28 in., D = 3 in., 17 in. c to e. 

tt ravement information. t = 32 in., D =I! in., 24 in. c to c. 

Measured 
Computed 
Computed 

Measured 
Computed 

Measured 
Computed 

Me~U~ured 
Computed 
Co::Jputed 
Computed 

+ A K value of 50,000 psi is assumed vhen the deformation of the concrete is less than 0.01 in. When the deformation 
is greater than 0.01 in., a K value of 1,500,000 psi is used. 

t+ Computed by t.he WESLIQID finite element program. 



Table 9 

Comparison of Strains and Stress Transfer Between Theoretical 

Solutions and Experimental Measurements 

Pavement Modulus Equivalent Subgrade 
Thickness of Subgrade Elastic Modulus E** 

Location in . pci psi 

Lockbourne 12* 75 7 , 800 
AFB, Ohio 

Lincoln AFB, 21 65 7,400 
Nebraska 

Hunter AFB, 18 175 12,500 
Georgia 

McCoy AFB, 18 225 15,000 
Florida 

March AFB, 16 100 8,800 
California 

Reinforced. * 
** Determined from the correlations shown in Figure 15. 

Dowel Dowel Stress 
Diameter Spacing Transfer 

in . in . % 

1.0 15 21.1 
27.0 
26.5 

1.5 10 36 . 8 
27.8 
31.4 

1.5 18 27.1 
23 . 0 
26 . 9 

1.5 18 23 .1 
22.0 
26.0 

1.5 17 32 . 5 
28 . 0 
28 . 8 

Sub grade 
Type Method 

Measured 
Liquid WESLIQID 
Elastic WESLAYER 

Measured 
Liquid WESLIQID 
Elastic WE SLAYER 

Measured 
Liquid WESLIQID 
Elastic WE SLAYER 

Measured 
Liquid WESLIQID 
Elastic WESLAYER 

Measured 
Liquid WESLIQID 
Elastic WESLAYER 



Table 10 

Comparisons or Stresaes an4 O.f1eetlons for Different Si~es an4 SpaclnS? or Dovel Bars 

Un4er Interior Loa4s Cocpute4 by the WESLIQID Pro5f&a, 100 Percent 

Moetnt. '1'ransrer Across the Joint 

Entry A Entr;t 8 Entry C 
lOOS Snear Tranarer 1-ln. Bar , 15 ln. c to c 2-ln. Bar 6 ln. c to c 

Slab•• 
~ n. 

31 1 
36 :> 

33 l 

38 2 

3~ 1 
Lo 2 
6 1 

11 1 

16 1 

~1 1 

1 

Ll 2 
41. 2 

51 2 

O.flectlon 
in. 

0.0~9 

0.0~9 

0.0~9 

o.oJ.9 
0.015 
().015 

().015 

0.026 

0.0~8 

O.Oc2 

0.063 

0.052 
0.043 

0.029 

0 
X 

~ 
383.3 

tiC)' 

1!!L 
o.o 

0 • 

"""' pal 

509.0 
)66.9 513.9 o.o 516.0 

172.6 69.4 61.1 201.2 

170.1 63.7 63.1 199.5 

o.o 0.0 35.1 
o.o 0.0 )1. 7 

··1 o.o -21.5 
-Bb.o •o.J o.o -86.o 
-19.5 205.3 o.o 205.3 
4)8.9 5b8.2 0.0 568.2 

3~3.5 531.3 0.0 531.3 

53.6 261.1 

-31.1 16).6 
-82.~ 57.3 

0.0 281.1 

o.o 163.6 
0.0 -1!2.4 

Deflection 
ln. 

0.065 

0.054 

0.052 
0.048 

0.015 

0.015 

0.015 

0.027 

0.049 

0.065 

0.067 

0.047 
0.040 
0.026 

• 'The locallens er oo4Al n=btts are sllclvn In Ftgur .. 18. 
• • Slab 1 11 ~h .. 1 a~e4 alab and slab 2 is the unloa~e1 alab • 

• The eooqr.te4 free ~e &•rea• II 1169.2 poi (oaax. or). 

ox 

....P!.L 
398.3 

]73.0 

111.1 

oy 

....P!.L 
754.) 

265.6 

-4.2 

173.1 134.2 

16.5 0.0 

16.7 o.o 
-21.1 4.8 

-89.6 Ll.L 

-30.9 214.7 

418.0 b07.7 
;>86.7 622.2 

91.1 190.4 
-10.2 124.4 

G t 

"""' psi 

0.0 754.6 

0.0 379.2 

24.9 176.3 

26.8 191.2 

o.o 37.3 
o.o 3~.2 

0.0 -27.7 

o.o -89.6 
0.0 21L.7 

0.0 607.7 
0.0 6~2·.) 

0.0 190.4 
0.0 124.4 

-71.1 46.1 0.0 -71.1 

Deflection 
ln. 

o.o6o 
o.o58 

0.050 

0.050 

0.015 

0.015 

0.015 

0.026 

0.048 

0.062 

o.o64 
0.051 

0.043 
0.029 

ox 

....P!.L 
391.0 

379.0 

172.3 

170.8 

16.9 

16.5 

-n.5 

-66.4 

401.0 

44.6 

88.7 
0.0 

0.0 

4.7 

40.5 

-21.1 206.9 
4)4.9 571.1 

309.L 558.0 
67.8 254.] 

-27.2 154.7 

-80.7 55.8 

0.0 414.4 

56.2 19].6 

58.2 200.9 

o.o 35.2 

0.0 

0.0 

0.0 

0.0 

31.9 

-27.5 
-66.L 

206.9 

o.o 577.1 
0.0 558.0 

o.o 254.3 
0.0 1~4.7 

0.0 -80.7 

Entry 0 
8-tn. Bar, 9 ln. c to c 

O.•f1ectlon °x 0
:; 'xy 0

1111LX 
1 

I n. ....P!.L ....P!.L .E.!..L ....P!.L 
0.059 383.8 509.5 o.o 512.8 

0.059 38b.5 510.1 o.o 512.1 

0.050 172.9 69.4 61.2 201.4 

0.049 170.1 63.1 b3.2 19Q.5 

0.015 16.9 0.0 0.0 35.1 

0.015 16.5 0.0 o.o :u. 7 

0.015 -27.5 ··7 o.o -27.5 
0.026 -86.0 ~0.3 o.o -86.0 

0.048' -19.5 20.5 0.0 205.4 

0.061 438.9 5L8.5 0.0 568.5 
0.063 
0.052 

0.042 

0.02'1 

]23.:> 5]1.1. 

sz..o 2eo.s 
-31.2 163.4 
-82.3 57.) 

c.o 531.3 

0.0 280.5 

a.o ltJ.~ 

o.o -82.4 



Table 11 

Comparisons of Stresses and Deflections for Different Sizes and Spacings of Dowel Bars 

Under Interior Loads Computed by the WESLIQID Program , Zer o 

Moment Transfer Across the Joint 

Entry A Entry B 
100% Shear Transfer 

Zer o % Moment Transfer 
l-in. Bar, 15 in. c to c 

Zero % Moment Transfer 

Slab** 
Node* No. 

31 

36 

33 

38 

35 

40 

6 

11 

16 

21 

26 

1.1 

46 

51 

1 

2 

1 

2 

1 

2 

1 

1 

1 

1 

1 

2 

2 

2 

Deflection 
in. 

0 . 064 

0 . 064 

0 . 052 

0 . 052 . 

0 . 009 

0 . 009 

0 . 0 

0 . 009 

0 . 031 

0 . 051 

0 . 058 

0 . 047 

0 . 032 

0 . 013 

0 
X 

psi 

T xy 
psi 

omaxt 
psi 

0.0 545 . 6 0 . 0 545 . 6 

554 . 1 

578 . 4 

560 . 6 

0 . 0 554 . 1 0 . 0 

0.0 577.3 - 25 . 4 

0. 0 520. 8 149. 4 

0 . 0 0. 0 

0 . 0 0. 0 

-22.1 5 . 0 

-93.6 36.1 

-83.4 189.7 

295.2 54 . 7 

116. 9 51.4 

-152.3 263.8 

-174.6 142. 2 

- 146.2 41.8 

0. 0 0. 0 

0. 0 0. 0 

0 .0 - 22. 1. 

0. 0 - 93. 6 

0 . 0 189.7 

0 . 0 546. 6 

0 . 0 513. 7 

0 . 0 263. 8 

o.o - 174. 6 

0. 0 - 146. 2 

Deflection 
in . 

0 . 071 

0 . 058 

0 . 056 

0. 050 

0. 009 

0 . 010 

o.o 
0 . 010 

0 . 032 

0 . 054 

0.063 

0 . 043 

0 . 030 

0.012 

• The locations of nodal numbers are shown in Figure 18. 
•• Slab 1 is the loaded slab and slab 2 is the unloaded slab. 

t The computed free edge stress is 1169. 2 psi (o = o ). 
max y 

0 
X 

psi 

0 
y 

psi 

0. 0 812 . 7 

0. 0 289 . 7 

0. 0 -12.9 

Txy 
psi 

o.o 
0.0 

-62.5 

0 max 
psi 

0 . 0 125. 2 113. 7 

812.7 

289 . 7 

-69.2 

192. 4 

0 . 0 0 . 0 

0.0 0 . 0 

- 22.3 5.1 

- 97 .6 37 . 2 

- 96. 2. 199.0 

272. 3 586.4 

78. 0 605.3 

-115.6 174 .1 

- 154. 8 103.6 

-136.3 32 . 8 

o.o 0. 0 

o.o 0. 0 

o.o - 22 . 3 

0 . 0 -97.6 

0 . 0 199. 0 

0 . 0 586.4 

0.0 6o5.3 

o.o 174. 1 

0 . 0 154. 8 

0 . 0 -136.3 

Entry C 
2- i n. Bar, ~in. c to c 
Zer o % Moment Transfer 

Deflect ion 
in . 

0 . 065 

0 . 063 

0.053 

0 . 052 

0 . 009 

0 . 009 

0 .0 

0 . 009 

0.031 

0 . 051 

0 . 059 

0 . 046 

0 .032 

0. 012 

0 
X 

psi 

0 y 
psi 

Txy 

psi 

0 
max 

psi 

0 . 0 658 . 3 0 .0 658 . 3 

441.2 0 . 0 441 . 2 0.0 

0.0 32 .8 - 30.4 

0.0 77.1 144 . 5 

51.0 

188.1 

0.0 0.0 0 . 0 

0 . 0 0 . 0 

- 22 .1 5 . 0 

-94.0 36 . 2 

- 85 .1 191.2 

291.1 555.5 

102.7 540.5 

-138.2 237 . 0 

- 170.6 133.3 

-144.6 40.2 

0 . 0 

0 . 0 0 . 0 

0 . 0 -22 . .l 

o.o -94.0 

0 . 0 191. 2 

0.0 555.5 

0.0 540.5 

0.0 -138.2 

0.0 -170.6 

0.0 -144.6 



Table 12 

Distributions of Stresses and Deflections for a Center Load in a Jointed Pavement with 

Varying Shear Transfer Efficiencies 2 Zero Moment Transfer 2 Using WESLIQID Program 

Shear Transfer Efficiency Shear Transfer Efficiency Shear Transfer Efficiency Shear Transfer Efficiency % % 
lOO 50 0 100 50 0 100 50 0 % 

100 50 0 , psi , psi a , psi Node* a a Deflection , 2 in. X max 

1 0. 0 0. 0 0. 0 -1. 8 -1.8 -1. 8 -1. 8 -1. 8 - 1.8 0 . 0021 0. 0022 0.0021 

8 - 96.2 - 96.1 - 96. 4 20. 0 20. 0 20 . 0 - 96.2 -96 .1 - 96 . 4 o. 0113 0 . 0113 0 . 0113 

15 -160.0 -159 . 9 -160.4 74.3 74 . 3 74 . 2 - 160. 0 - 159. 9 - 160 . 4 0.0222 0.0222 0.0222 

22 -141.3 -141.1 -141.8 224 . 8 224 . 8 224 . 6 224 . 8 224.8 224 . 6 0.0393 0.0393 0 . 0394 

29 182.7 182 . 7 182. 6 604 . 2 604 . 2 604. 2 604 . 2 604 . 2 604.2 0 . 0616 0 . 0615 0. 0617 

36** 1093 . 3t 1092 . 9t 1094.0 1097 . 8 1097 . 7 1098 . 0 1097.8 1097.7 1098 . 0 0.0738 0.0738 0.0740 

37** 846. 2 845. 8 846. 9 645. 2 645 .1 645 . 3 886 .1 885.8 886.8 0.0677 0 .0676 0 . 0678 

38 456.2 455 . 8 456. 9 52 . 3 52. 3 52 . 5 478.9 478.6 479 . 7 0.0539 0.0538 0 . 0541 

43** 1092.9 1091.9 1094 . 8t 1098. 6t 1098. 5t 1099 . 2t 1098. 9t 1098 . 5t 1099.2t 0 . 0739t 0.0738t 0.0740t 

44** 844.5 843.5 846.5 646. 4 646. 2 646. 9 883.1 882 . 3 884 . 8 0 .0677 0 . 0676 0.0679 

45 455.7 454.7 457 . 7 52.1 51.2 52 . 5 477 . 0 476 . 0 478 . 9 0.0539 0.0538 0.0541 

50 177.0 175 . 2 180. 7 606. 2 605. 8 607 .1 606. 2 605.8 607 .1 0. 0617 0. 0617 0.0619 

57 -156. 3 -159.8 - 149. 2 274.1 273. 1 277 . 6 274 .1 273 .1 277 . 6 0. 0398 0.0398 0 . 0398 

71 -99.5 -104.6 -89.4 71.2 70.5 77 . 5 - 99 . 5 - 104 . 6 77.5 0.0119 0.0126 0.0109 

78 o.o 0.0 0.0 1.7 2. 8 5.0 1.7 2. 8 5. 0 0.0041 0.0053 0 . 0018 

* The locations of nodal numbers are shown in Figure 19 . 
** Nodes under the load. 
t Maximum stress . 



Table 13 

Distributions of Stresses and Deflections for a Joint Load in a Jointed Pavement vith 

Varyins Shear Transfer Efficiencies 2 Zero Moment Transfer 2 Usins WESLIQlD Prosram 

Shear Transfer Efficiency Shear Transfer Efficiency Shear Transfer Efficiency Shear Transfer Efficiency 
% % % 

100 50 0 100 50 0 

Node* 0 , psi 0 , psi 
X 

1 0. 0 0.0 0. 0 -4.1 -5.0 -6.8 

8 -10.8 -10.3 -10. 1 -4.5 -5.6 -7.8 

15 -'60.3 -71.1 -90 . 5 -5.8 -8.5 -13.4 

22 -132.9 -166.3 -224 . 5 2.3 -1.8 -8.2 

29 - 230.4 -302.4 -427 . 4 41.4 39.3 39. 7 
36 - 308.5 - 431. 3t - 645.7t 166.8 182.1 219.1 

43 -188.0 - 350.0 -636.9 521.5 597.1 755.6 

50** 496.7t 353.3 94.0 1023.9 1198.6 1553.0 

57** o.o o.o o.o 1160.8t 1554.5t 2340.9t 

58** o.o 0.0 0.0 660.3 883.1 1328.0 

59 o.o 0.0 0.0 -5.1 -12.8 -28.4 

60 0.0 o.o 0.0 - 249.3 -334.6 -505.2 

* The locations of nodal numbers are shovn in Figure 19. 
** Nodes under the load. 

t Maximum stress . 

100 50 0 % 
100 50 0 o , psi Deflection 2 in. max 

-4.1 -5.0 -6.8 0.0065 0.0065 0.0066 

-10.8 -10.3 - 10.1 0.0055 0.0049 0.0040 

-60.3 -71.1 -90.5 0.0058 0.0048 0.0034 

132.9 -166.3 -224.5 0.0087 0. 0079 0.0069 

-230.4 -302.4 -427.4 0.0168 0.0175 0.0194 

- 308.5 -431.3 -645 . 7 0.0338 0.0390 0.0484 

521.5 597.1 755 . 6 0 .0626 0.0768 0.1022 

1023.9 1198.6 1553.0 0.0864 0.1101 0.1524 

1160.8t 1554.5t 2340.9t 0.1085t 0.1442t 0.2084t 

698.4 964.5 1503.4 0. 1003 0.1333 0.1920 

- 216.5 -354.9 -631.2 0.0815 0.1083 0.1545 

-335.7 -478.1 -763.9 0.0522 0.0693 0.0961 
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657.2 
485.1) 

'338.3 

295.5 
302.6 

139.7 
144.7 
147.4 

44.5 
47.8 

5L.3 

0.0 

0.0 

0.0 

653.9 
686.3•• 
532.3 

589.8 

639.5 
L68.8 

316.7 
274.3 

282.6 

112.8 

118.9 

124.3 

9.5 
1L.9 

:n.o 
-L8.9 

-H.2 

-33.3 

Table 15 

Comparisons or Stresses and Oef1eetiona for Different Loading PDaitiona Shovn in Figure 22 , 

A Two-Slab Pavement Syrtem v1 th Interior Loaca; 1/ESLIQID Prograa 

d 

14.6 219.5 

-10.7 193.0 

1.6 215.9 

261.9 559· 3 
264.8.. 585.3 
151.8 434.3 

233.7 549. 5 

271.2 

138.0 

66.3 

35.9 
44.5 

18.5 

-2.9 

9.7 
70.1 

119.6 

29.6 

o.o 

o.o 

o.o 

6oo.5 .. 

430.4 

321.5 

282.9 

291.0 

198.3 

165.0 

183.8 

159.6 

232.7 
100.9 

o.o 

0.0 

o.o 

a 

374.1 

319.5 
228.7 

444.2 

b 

456.5 
42?.9 

28o.l 
482.1 

659.6 

289.6 

540.1 
697.6 .. 

319.4 

631.0 

529.8 

369.2 

535.6 

o , pat 

533.4 

d 

314.o 

267.8 

191.1 

367.6 

)84.1 

329.5 
238.7 

455.8 

a 

374.1 

332.0 
278.0 

444.2 

b 

456.5 
4b5.7 

394.1 

594.2 

699.9 
509.2 

661.9 
711.0*• 

543.0 

631.0 

529.8 

473.0 

668.7 
610.1 692.9*" 69o.e•• 509.2 622.7•• 619.1 114.9•• 
253.5 )14.) 312.7 211.9 266.2 312.1 549.5 

479.5 ~73.2 470.4 395.8 485.9 ~79.5 6o7.7 

653.2** 651.5 649.0 532.9*" 600.3•• 65~.o·• 105.9 

271.5 280.1 278.2 2?8.5 280.7 276.0 521.9 
551.7 439.8 4)6. 7 447.9 546.0 551.7 4)9.8 

501.4 410.2 407.3 4o8.7 497.2 501.5 442.8 

310.7 265.1 262.9 259.8 310.2 310.7 409.2 
550.3 324.6 321.9 443.5 523.5 550.3 324.6 

499.4 290.9 288.3 403.7 475.1 499.8 )14.6 

307.8 210.3 208.1 259.5 290.2 310.9 291.3 

485.1 2?9.1 2?8.4 39'1.4 426.4 485.1 229.1 

652.4 .. 209.1 208.3 507.0 597.2 653.o•• 2?4.4 

267.8 159.6 158.3 234.9 222.9 273.0 210.9 

L73.0 156.5 161.9 390.4 394.4 473.0 156.5 

653.4•• 147.5 151.1 503.8 seo.o 654.2•• 160.1 

253.8 115.6 117.4 225.8 190.7 260.0 155.9 

" psi ..,. . 

653.9 

d 

314.5 

276.3 

225.3 

367.6 
706.2•• 513.0 

535.1 
589.8 

695.8 

so6.s 
436.7 
436.L 

396.0 

321.9 
3o8.4 

279.2 
228.4 

219.4 

197.9 

161.9 

157 ·9 
140.4 

24).8 

395.8 

532.9*" 
228.6 

447.9 

4o8.9 

425.6 

H3.5 

403.7 

259.6 
J99.L 
507.0 

235.2 

390.4 

504.0 

226.9 

384.1 

355.3 
341.2 

559.3 

653.6 
468.5 

549.5 
662.4 .. 

431.5 
546.0 

497.2 

314.8 

523.5 
475.2 

293.2 
426.1. 

597.4 

226.8 

394.4 

58o.2 
194.3 

:;ote: J lnt ecndhlon: 100 ~reent effldeney ror shear transfer and zero ~reent etricieney f<:>r 11101r.ent transfer. 

a 

0.053 

0.053 

0.051 

0.069 
0.068 

0.065 

0.019 

0.078 

0.075 
o.o88 
o.o87 
o.o84 

0.097 

0.096 
0.093 

0.106 

0.105 

0.102 

o.u6•• 
0.115 

0.111 

Oerlertion in. 
'b 

o.o6~ 

o.06s 
0.062 

0.069*" 

0.068 

o.065 

0.011 

0.070 

0.067 
o.o66•• o.o69•• 

0.067 0.068 
0.065 
0.064 

o.063 

0.061 

o.o58 

0.057 

0.055 

0.050 

0.050 
0.0~8 

0.043 

0.04? 
0.041 

0.035 
0.0)4 

0.034 

0.065 

0.059 
o.o48 

0.064 

0.064 

0.061 

0.055 
o.o46 

0.058 

0.058 

0.056 

0.051 
0.04? 

0.051 

0.051 

0.051 

d 

0.05? 

0.051 

0.050 

o.o67 

0.066 
0.064 

0.076 

0.076 

0.073 
o.o85 

o.o84 

o.o8::! 

0.094 

0.093 

0.091 

0.103 

0.103 

0.100 

O.llt.•• 
0.112 

0.110 

0.041 

0.041 

0.039 
0.047 

0.046 
0.043 

o.o48 

0.048 

0.045 

0.048 

0.047 

0.045 

0.047 

0.046 

o.OL3 

0.045 

0.045 
0.042 

c.o44 

0.043 
O.OLO 

• Symbol a denotra that the tv!n-tandem truek load (10 ,000 lb each vheel) ia placed next to the tranaverar joint. Symbol 'b denotes that th~ load ia placed at the alab'a center 
L ~t avay fro= the joint. Symbol c denotes that the load ia placed at the slab's center~ rt avay from the Joint, but the Joint is assumed to be 100 percent efficient In both 
sh~ar and mo:ent tran1rer; !.e., the joint actually does not exist. Symbol d denotea that a butted joint is used with the load placed next to the joint. The alab thickness at 
the Joint Ia 10 ln. (e ln. In ea•ea a and b), and the increase in slab thlekneaa atarta from the center or the slab. Symbol e denotes increased aubgrade ~ulua k along the 
.•Int. The modu1ua Ia !nerea~ed from 100 to ~00 pel. 

•• Maximum atrea~ea In different loading positions and pavement cond1t1ona. 



Table 16 

Distributions of Stress and Deflection Under Various Conditions in a Sinsle Slab , WESLIQ!D Prosram 

k llodal Points 
Entrz Conditions Parru::eter• ~ 2 1~ 21 J~ ~~ ~~ bJ 12 ih 20 92 

1. Initial curling due to tempera- Deflection 0 0.778 0.691 0.6)9 0.622 0.632 0.661 0.691 0.710 0.730 0.753 0.178 
ture, veightless slab. in . 

2. Temperature, slab veight, and Stress 100 -185.2 -117.2 -77.1 -29.1 58.7 o.o 
applied load considered (ox) 1000 -1068.6 -888.9 -678.0 -325.3 504.5 o.o 
together. psi 

Deflection 100 0.200 0.117 0.06) 0.0)6 0.0)0 0.037 0.049 0.057 0.068 o.oao 0.096 
in. 1000 0.249 0.1)4 0.047 -0.026 -O.o81 -0.145 -0.193 -0.218 -0.243 -0.266 -0.287 

], Only tem~'erature and slab veight Stress 0 -69.7 -39.1. -26.5 -15.8 -7.6 o.o 
are considered. The applied (ox) 
load is excluded. 

psi 

Deflection 0 0.199 0.123 o.o8o 0.067 0.075 0.096 0.126 0.11.2 0.160 0.180 0.202 
in. 

4. 5t.reaees and deflections induced Stress 100 -115.5 -77.8 -50.6 -13.3 66.) o.o 
by the applied load alone. (ox) 1000 -998.9 -849.5 -651.5 -309.5 512.1 0.0 

psi 

Der1ect1on 100 0.001 -0.006 -0.011 -0.031 -0.045 -0.059 -0.089 -0.08~ -o.oy~ -O.lOU -O.lOb 
in. 1000 0.050 0.011 -0.033 -0.093 -0.156 -0.241 -0.319 -o. 360 -0.403 -0.446 -0.489 

• The stress Ox is expressed in psi. Positive stress indicates that the tensile stress is at the bottom of the slab and negative stress indicates that 
the tensile streos is at the top of the slab. The deflection is expresoed in inches. Positive deflection represents u~vard gap and negative deflection 
re(,rcunts the deformation ain.king into the ground. 



Table 17 

Stresses o Along the Joint in a Two-Slab Pavement Subject to Center Loads, WESLIQID Program 

Condition Stresses a tt at Nodal Points , psi 

% Stress 
Curve* Load TemEerature WarEin6** GaEt 3U J6 Transfer+* ~2 31 33 38 34 32 lL 

1 Yes No No 885.0 294.8 25 331.9 243.5 18.7 155.0 -114 .6 - 50.8 o.o 
2 No Upward No -184.9 -184.9 50 -177. 6 -177.6 -157.3 -157 .3 -97 .2 -91.2 0.0 

3 Yes Upward No 628.7 39.7 5.9 91.3 4.4 -175.4 -32 .8 -179 .8 -117 .8 0.0 
4 Yes Upward Yes 644.6 52 .6 7 .5 104 .2 14.7 -169.3 -33. 0 -185.0 -120.0 o.o 
5 No Dovnward No 393.1 393.1 50 385.3 385.3 315.9 315.9 170.3 170.3 o.o 
6 Yes Downward No 1388.8§ 795.8 36.4 822.2 731.1 470.3 605.1 174 . 5 233. 6 0.0 

7 Yes Downward Yes 1384.8§ 789.9 36.3 817.1 724.8 463.6 598.3 166.4 226 .3 o.o 

* Condition number coincides with the curve number shovn in Figure 27 . In all of the computations, the pavement weight 
is considered. 

** Temperature differential is 3.75°F per inch of pavement. 
t l - in . ga~ in the subgrade along the Joint, full contact elsewhere. 

40 
o.o 
0.0 
0.0 

o.o 
o.o 
0. 0 

o.o 

tt Stress oy acts in the direction parallel to the joint. Positive stress indicates tension at the bottom of the pavement and 
negative stress indicates tension at the top of the pavement. * The locations of nodal points are shovn in Figure 27 . ** Percent stress transfer is defined to be the stress at the unloaded side divided by the sum of the stress at loaded and 
unloaded sides . 

§ Maximum stresses . 



Table 18 

Str esses o Along the Joint in a Two- Slab Pavement Subject t o Corner Loads , WESLIQID Pr ogram 

Stress 0 tt y a t Nodal Points Stress a tt y at Nodal Points 

Condition Alons the Joint Along: the Edge 
Condition* Load* TemEerature WarEing** GaEt ~1* ~4 lie ~5 ~ 22_ ~ ...2§_ 1!2 35 28 

1 Yes No No - 533 .1 -97 . 5 -139. 4 - 229 . 2 o.o o.o 0.0 o.o 311 .1 620.H * - 200.5 

2 No Upward No - 71.2 -71 . 2 - 30. 5 - 30. 5 o.o 0.0 0. 0 o.o - 21 .7 -46 . 6 -114. 1** 

3 Yes Upward No -618. 3++ -178 .2 -127 .7 249. 5 o.o 0. 0 0. 0 0.0 321.7 570.0 -426.2 

4 Yes Upward Yes - 650.9** -187 .8 -149. 4 264 . 6 o.o o.o o.o o.o 337 .6 590. 4 -412.9 

5 No 00\o/!lward No 134 . 8*~ 134 .8 48 . 0 48 . 0 o.o 0. 0 o.o 0. 0 

6 Yes Dolol!lward No -434 .8 -1.4 -165 .7 199 .2 o.o 0.0 0.0 0.0 284.6 661 .4H 57.0 

7 Yes Dolol!lward Yes -508 .6 -54.0 -154.2 241.2 0.0 o.o o.o o.o 313.9 642 .4H -16.5 

* Condit ion number coincides with the curve number shown in Figure 27 . In all of the computat.i ons, the ptwemcnt. weight 
is considered. 

** T~mpcrature differential is 3.75°F per inch of pavement. 
t ...... 

• 

l-in. gap in the subgrade along the join•., full contact elsewhere. 
Stress oy acts in the d~rection parallel to the joint and stress 

Positive stress indicates tension at the bottom of the pavement and 
ox acts in the direction perrendicular to the Joint. 

negative stress indicates tension at the top 
or t.he pavement. * The locations or nodal points are sho\o/!1 in Figure 27. 

+-io t·laximum stresses. 



Table 19 

Stress Distributions in a Pavement \-lith and \vi thout the Load Transfer Device Across 

the Joint 2 TemEerature Effect Not Considered 

l - i n . Dowel 15 in . Apart for Shear 
Transfer 2 Zero Moment Transfer Zero % Shear and Moment Transfer 

Loading Nodal* a t a t a a a 
X y T max X y 

Condition Number ESi ESi ESi ESi ESi ESd. 

Center 16 - 108 . 2 228 . 7 0 . 0 228 . 7 - 248 . 6** 274 . 1 
load 21 271 . 9** 631.0 o.o 631 . 0 121. 1 746 . 9 

26 77 . 6 660 . 5 0 . 0 660 . 5 - 31 . 0 841.9 
31 0 . 0 885 . 0** 0 . 0 885 . 0** o.o 1169 . 2** 
32 0 . 0 331 . 9 - 101 . 6** 360 . 5 0 . 0 565 . 4 
33 0 . 0 18 . 7 - 77 .1 87 . 0 0 . 0 164 . 7 
34 0 . 0 - 114 . 6 - 32 . 3 - 123 . 0 0 . 0 - 168 . 3 
35 o.o 0 . 0 0 . 0 0 . 0 o.o 0 . 0 

Corner 27 - 114 . 5 - 117 . 3 325 . 2** - 454 .8 - 455 . 0 - 175 -9 
load 28 - 200 . 5 0 . 0 0 . 0 - 200 . 5 - 553 . 0 0 . 0 

33 96 . 6 - 429 . 5 203 . 5 - 499 . 0 - 150 . 6 - 5Ll.l 
34 385 .8 - 78 . 3 260 . 3 501 . 6 72 . 0 - 115 . 0 
35 620 .1** 0 . 0 o.o 620 .1** 278 . 3 0 . 0 
40 83 . 8 - 469 . 6 124 . 3 - 496 . 3 - 76 .1 - 571 . 9** 
41 222 . 2 - 120. 0 149 . 0 278 . 0 - 10 . 6 - 92 . 0 
42 311 . 1 0 . 0 o.o 311 .1 102 .1 0 . 0 
47 0 . 0 - 533 . 1** 103 . 0 552 . 3 - 632 . 2** 0 . 0 
48 0 . 0 - 139 . 4 129 . 2 - 216 .5 0 . 0 87 . 3 

* The locati ons of nodal points are shown in Figure 27 . 
** Maximum stressses . The maximum free edge stress is 1151 .5 
t The coor dinates of x- andy- axi s are shown in Figure 27 . 

Psi (a - a ) . 
max y 

a 
T max 
ESi ESi 

0 . 0 27L . ~ 
0 . 0 746 . 9 
o.o 841 . 9 
0 . 0 1169 . 2** 
0 . 0 565 . 4 
0 . 0 164 . 7 
0 . 0 - 168 . 3 
0 . 0 o.o 

483 . 5 - 818 .7 
0 .0 - 553 .0 

456 .5 - 842 . 3** 
490 . 4** - 520 .7 

0 . 0 278 . 3 
426 .1 - 817 . 0 
408 . 3 - 461 . 7 

0 . 0 102 . 1 
0 . 0 - 632 . 2 
0 . 0 87 . 3 



Table 20 

Comparisons of Str~sses and Strains In a five-Slab Continuously F~lnforoed Concr~te Pavement fer Vftrlou~ 

Loading Positions Shown In figure 28; Thiokn~aa o f the Pavement t • 8 ln. 

1 

2 

3 
L 

5 
6 

1 
8 

9 
10 

11 

12 

13 
14 

15 

16 
11 

18 
19 
20 
21 

22 
23 
24 

25 

27 

28 

29 

~0 

•• 
0.0 

£80.2 
135. ( •• 

115.8 
o.o 
o.o 

389.8 
444.7 
l"l<l.8 

0.0 

o.o 
328.0 

376.4 

95.4 
o.o 
o.o 

674.2 

698.9 
10. ~ 

0.0 

o.o 
386.6 

4()1..8 

122.4 

o.o 
0.0 

32).5 
H6.2 

3t .o 
0.0 

"x , psi 
b _..;:.o __ 

0.0 0.0 

238.4 310.8 

235.4 -179.5 

424.4•• -223.3 

o.o 
0.0 

274.1 

275.5 
2.01 

o.o 
0.0 

1]4.4 

134.4 

278.5 
o.o 
0.0 

2~0.0 

~69.8 

92.6 
o.o 
0.0 

276.2 
)01.5 

50.4 
0.0 

0.0 
137.8 
161.1. 

6L.T 

0.0 

0.0 

0.0 

76.5 

-111.4 
-174.1 

0.0 

0.0 

91.6 

-158.7 
-180.7 

0.0 

0.0 
LL5.L .. 

-46.9 

-100.8 
0.0 

0.0 

150.7 
22.1. 

-54.7 
0.0 

0.0 
164.) 

-31.9 

-37.3 
o.o 

d 

o.o 
45.7 

-107.8 

-136.9 
0.0 

0.0 

11).9 

-132.9 
- 150.2 

0.0 

0.0 

-5.4 

-89.2 
-98.5 

o.o 
0.0 

108.3 

7.4 

-37.3 
o.o 
o.o 

168.7•• 

-27.7 
-30.0 

0.0 

o.o 
so.4 

0.89 

-20.4 

0.0 

a 

o.o 
o.o 
o.o 
0.0 
0.0 

-"2. 0 

-205.5 
-213.6 

-120.9 

-127.1 
-155.0 
-16.0 

-31.1 
-186.9 

0.0 

0.0 

o.o 
o.o 
o.o 

-67.1 

-208.1 

-2o6.o 

-96.3 
-61.5 

-167.6 
-10.1 

-21.5 

-163.2 
-139.9 

• Lett~r• rcfPr to leading poaltlona shovn In Figure 28. 
•• MaxU:um atressea or der1eotlona. 

0 

b 

388.8 
383.4 
428.1 

516.7 
531.4 
350.4 

571.1 
6os.o .. 
47<>.8 
480.1 

221.8 

212.') 

232.3 

279.3 
l90.9 

535.8 

438.0 

399.5 

397.3 
303.5 
474.8 

psi 

c 

o.o 
o.o 
o.o 
0.0 

o.o 
-132.0 

-205.8 
-113.6 

-97.5 
-152.6 

-14.6 

-23.4 

-179.3 
-171.2 

26.2 

0.0 

0.0 

0.0 

o.o 
o.o 

-132.£ 

618. 3.. -201.1 
582.6 -114.4 

373.2 -114.9 
273.3 -143.6 

291.2 1).8 
240.3 -12.8 

224.2 -172.9 

234.0 -204.0 

199.8 -218.9° 0 

d 

1.32.3 

421.7 
494.2 

510.5 
4')8.8 

478.3 

590.8 
449.7 
4')6.9 

646. s•• 
225.9 
227. ') 
268.1 

273.3 
239.7 
463.8 
394.3 

'380.3 

291." 
211.8 
641.6 .. 

71.0 
357.3 

261.1 

196.6 
240.0 
217.1 

222.8 
190.0 

157.3 

a 

0.0 

680.2 

b 

388.8 
383.4 

, ps1 

d 

735.6•• 428.1 

115.8 516.7 

o.o 
370.8 

-179. 5 

-223.3 

L32.3 
421.7 

494.2 

510.5 
458.8 

578.5 
591).9 
449.7 

458.? 

650.6 

227.1 
229.0 

268.3 

280.7 
276.5 
463.8 

3<14.3 

)80.3 

291.4 
211.6 

651.1° 1 

585.5 

373.9 
277.3 
214.5 

301.6 

297-3 
205.8 

0.0 

58.9 
421.9 
546.4 
412.2 

-421.7 

-237.8 
404.7 

518.4 
-418.9 
-4!13.3 

o.o 
674.3 

699.0 

10.5 
0.0 

-401.5 
512.7 
445.9 

151.0 

-us. 3 

-413.9 
479.') 
Lo8.2 

- 215.3 
-202.4 

5)1.4 

361.1 

579.5 
6o6.110 

473.0 

480.<1 

273.8 
274.2 
237.8 
299.4 
294.3 

535.8 
438.0 

399-5 
397.3 
303.5 
475.0 

o.o 
-211.8 

-228.5 
-149.6 
-198.3 

-174.2 

-64.0 

-50.) 

-219.2 
-248.6 

111.2 
o.o 

446.9 
-46.9 

-100.8 
o.o 

-387.7 

619.4•• -429.3 

592.7 -462.6 

388.6 -477.2 
289.9 -447.3 

291.4 386.9 
247.2 480.9 

296.3 -526.2 
30L.2 
2')4.3 

-536.o•• ::>44.8 
-516.8 210.1 

a 

0.18310 

0.165 
0 .143 

0.118 

0 .092 

0.158 
0.141 

0.121 

0.098 

0.074 

0.134 

0.118 

0.009 

0.079 

0.057 

0.123 

0.143 

0.159 

0.171 

0.183 
0.104 

0.121 

0.135 
0.147 

0.158 

0.085 

0.100 

0.113 
0.124 
0.134 

o~rlectlon v ln. 
b " 

0.0~6 

0.057 

O.OG7 

0.076 

0.08~·· 

o.Ob5 
0.055 

o.cfs 
0.074 

0.084 

0.041 

0.051 
0.061 

0.070 
0.070 

0.159 

O.ll't 

0.172 

0.178 

0.185•• 

0.137 

0.143 

0.148 

0.154 

0.161 

0.115 

0.120 

0.125 

0.131 
0.137 

o.oes•• o.1f5•• 
0.071 
0.05(; 

0.041 

0.0:>6 

0.084 

0.070 

0.055 
O.OLO 
0.024 

0.019 

0.065 

0.051 
0.036 

0.021 

0.153 
0.118 

o.oBL 
0.050 

0.161 

0.110 

0.099 

0.068 

0.017 

0.137 

0.109 

0.081 

0. 05. 

0.021 

0.070 

0.013 

0.077 

0.082 

0. 087 

0.068 

0.072 

0.075 

0.080 

0.086 

o. 64 

0.068 

0.071 
0.011 
0.081 

o.osr•• 
0.0£5 
0.043 

0.021 
-0.001 

0.08 
o.c 4 

0.042 
0.020 
o.ooo 
0.081 

o. C-o 
o. ~ 

• 18 

-0.002 



Table 21 

Com:Earison of Maximum Stresses and Deflections for Three Pavements under Various Loading Positions 

a * , psi 0 * , psi C1 * , psi 
X Y.. max w* 2 in. 

8-in. 8- in . 6-in. 8-in. 8-in. 6=in . 8-in. 8-in. 6-in . 8-in. 8-in . 6- in. 
Loading Position Regular** CRCP CRCP Regular CRCP CRCP Regu)_ar CRCP CRCP Regu)_ar CRCP CRCP 

Edge loads placed next to 709. 0 445 .4 741.8 -216.7 - 218.9 -393. 2 709. 0 - 536.0 -789.3 0 . 342t 0 .185 0 . 230 
the joint, edge load 

Edge loads placed between 1307 . 4t 735.6 1240.0 -233.7 - 224.7 -385.6 1307.4t 735.6 1240.0 0.174 0.183 0.224 
the joint, edge load 

Center load placed next to 338.4 168.7 - 275 . 9 653 .4 646.5 995.9t 654 . 0 651.1 1003.6 0.116 0 . 087 0 .100 
the joint, center load 

Center load placed between 701.0 424.4 480 . 4 697.6 618.3 951.6 714.9 619.4 953.5 0.069 0 . 085 0 . 093 
the joint, center load 

* 
** 

t 

The stresses and deflections are the maximum values for the given loading position. The coordinates of x- and y-axis are 
shown in Figure 28 . 
The three pavements are (1) an 8-in. -thick regular jointed pavement with a pavement length of 15 ft, (2) an 8- in .-thick 

continuous reinforced concrete pavement (CRCP) with 4-ft crack spacing, and (3) a 6- in. - thick CRCP with 4- ft crack spacing . 
The joint conditions are assumed to have 100 percent of efficiency in shear transfer and zero percent moment transfer . Note 
in the 8-in.-thick regular jointed pavement, the twin- tandem load is placed in one slab while in the CRCP, the two sets of 
dual wheels of the twin-tandem load are placed at separate slabs . 

Maximum value in a most critical loading position. 



Table 22 

Com2arison of Maximum Stresses and Deflections for Four Pavements Under Two Loadina Positions 

0 " , psi 0 • psi 0 • • psi 
X max v* in. 

a b c d a b c d a b c d a b c d 
Pavement. type Regular CRCP CRCP CRCP Regular CRCP CRCP CRCP Regular CRCP CRCP CRCP Regular CRCP CRCP CRCP 
Pavement 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 

thickness, 
in. 

Pavement 15 2 2 15 4 2 2 15 4 2 2 15 4 2 2 
length or 
crack spac-
ing, ft 

Efficiency in 100 100 100 0 100 100 100 0 100 100 100 0 100 100 100 0 
shear 
tr•msfer 
across the 
joint, 
percent 

Erficif'ncy in 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
moment. 
tranof'er 
across the 
Joint, 
p<'rcent 

Edgt• load** 1307. 4t '(35. 6 547.9 186.7 -233.7 -224.7 -537.9 -l702.6t 1307.4 735.6 916.2 -1702.6t 0.342 0.185 0.288 o.G30t 
Center load .. 701. Ot 1.21..4 182.1 133.7 697.6 646.5 884.8 l878.4t 714.9 u51.1 887.1 1878.t.t 0.116 0.087 0.176 o. '312t 

• The stresses and deflections are the maximum values for the given loading position. The coordinates of x- an~ y-axls ore sho~~ in Figure 28. 
•• ln cnnes a Bnd b the values are at maximum vhen the load is placed next to the joint (or crack) or placed betveen the Joint. ln canes c and d 

th,. values are computed vhen the load is placed next to the cracks. 
t Maximum value in a given loading postion. In case a the tvin-tandem load is placed in one slab and in ca~es b, c,and d thr tvo sets or rlual 

vheels nrc plnced at 6eparate slabs. 



APPENDIX A: EQUATIONS FOR STRESSES A11D DEFLECTIONS 
UNDER A POINT LOAD A1W UNDER A CIRCULAR LOAD 

1 . The stresses and vertical deflection in a linear elastic 

medium under a point load can be cooputed from the following equations 

(Harr 1966) 

where 

C1 , r 

r 

2 . 

tion w 

1 - 2\J ] 
R(R + z) 

C1 
z 

T rz 

-
3P z3 
--
2TT R5 

2 3P z r =--
2TT R5 

w _ P(l + IJ) [z2 
+ 2(1 - IJ) ] 

2TTE R3 R 

oe C1 - normal stresses in the r 
' 

6 
' 

and , z directions 

p - a point load 

, z , R - see Figure Al 

T 
rz = shear stress in the rz direction 

w = 'vertical deflection 

\J - Poisson ' s ratio 

E - elastic modulus 

Under a circular load, the vertical stress C1 and z 
under the center of the circular load can be computed 

following two equations (Harr 1966) 

! 1 
a = q 1 - 2 z [ ( a/z) + 1]3/2 I· r = 0 

Al 

z 

deflec-

by the 

(A2) 



w(O , z) _ 2aq(l - ~2 ) rJ1 
E 

+ n 
2 - n ) [1 + N J , r - 0 

2(1 - ~) "1 + n
2 

where 

q = unit pressure 

a = radius of the loaded ar ea 

n = z/a 

A2 

(A3) 



APPENDIX B: NOTATION 

a ,b Dimensions 

A Area of the dowel bar 

[A) Diagonal matrix representing the area over which subgrade 
reaction is distributed 

b Dowel bar diameter 

c Initial curling of a weightless and unrestrained slab due 
to a temperature differential between the top and the bottom 

d Joint spacing or one half of the slab length 

E Modulus of concrete or modulus of dowel 

F Vertical force w 
{E} Nodal forces 

{F} Composite nodal forces 

G Shear modulus of steel 

h Thickness of the concret e slab 

Ver tical force at node i due to vertical displacement at 
node j 

[H) Stiffness matrix of the subgrade 

Hij 
i , j , k , l 

Vertical force at node i due to displacement at node j 

Node 

I Moment of inertia of the slab section 

k Modulus of subgrade reaction 

K Modulus of dowel support 

[K) Stiffness matrix of the concrete slab 

[K] Composite stiffness matrix of the system 

R, 

L 

M 

M 
X 

M 
y 

Vertical force at node i due to vertical displacement 
at node ,i 

Radius of relative stiffness 

Length of the concrete slab 

Moments 

Moment about the x- axis 

Moment about the y- axis 

p Unit pressure 

P Vertical shear force or a point load 

P' Shear force on dowel to affect 

Bl 

6 ' c 



[P] A composite matrix and is equal to [K] + [H] 

R 

s 

t 

a 

e 
{o} 

{o ' } 

6 

6 ' 
c 

Radius of the spherical surface 

Precomposition or gap 

Pavement thickness 

Deflection in the z- direction 

Coefficient of thermal expansion 

A parameter 

Nodal displacements , each consisting of a vertical deflec
tion and two rotations 

Subgrade displacement 

Difference in deflection across the joint 

Deformation of concrete due to shear force on the dowel 

Input parameter specifying the deformation of concrete below 
which modulus K1 is used and above which modulus K2 is 
used 

Shear deformation of the dowel bar 

Temperature differential 

Rotation about the x- axis 

Rotation about the y- axis 

Poisson ' s ratio of the concrete 

Maximum principal stress 

Stress in the x- direction 

Stress in the y- direction 

Shear stress 

Shear stress in the x- y direction 

B2 
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