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CHAPTER I :  I N T R O D U C T I O N  

Wind genera ted  o r  s h o r t  per iod  waves con t inua l ly  a r r i v e  a t  t h e  c o a s t .  

The approaching waves become uns t ab le  a t  a  c e r t a i n  depth and the  tops  of t h e i r  

c r e s t s  s p i l l  down o r  plunge over t h e i r  forward f aces .  The wave he ight  

decreases  a 3  the  wave energy is converted i n t o  tu rbu len t  eddies  i n  t he  s u r f  

zone. I f  waves break a t  an ang le  t o  t h e  sho re ,  they induce a  longshore 

cu r r en t  i n  t h e  s u r f  zone. The cu r ren t  a c t s  somewhat analogous t o  a  r i v e r ,  

t r a n s p o r t i n g  sediment mobilized b y  t he  breaking  waves. Coastal  engineers  have 

long worked t o  c o r r e l a t e  sediment movement and c u r r e n t  v e l o c i t i e s  t o  p r e d i c t  

sediment t r a n s p o r t ,  s h o r e l i n e  evo lu t ion ,  and p o l l u t a n t  t r a n s p o r t .  This  

r equ i r e s  a c c u r a t e  e s t ima t ion  procedures ,  o r  models, of t h e  longshore 

c u r r e n t .  T h i s  r epo r t  p re sen t s  an a n a l y t i c a l  longshore c u r r e n t  model f o r  

engineer ing  use.  The model employs an express ion  developed i n  t h i s  r e p o r t  t o  

desc r ibe  t h e  n o n l i n e a r i t y  of t he  wave he ight  decay, and i t  a l s o  inc ludes  t h e  

e f f e c t  of wave s e t u p ,  f i n i t e  i nc iden t  wave ang le s ,  and l a t e r a l  mixing. The 

advantages of an a n a l y t i c a l  model over a  numerical model a r e  t h e  e a s e  of 

d i sce rn ing  t h e  func t iona l  dependencies of t h e  phys ica l  parameters and t h e  ease  

of apply ing  the  model. 

Waves t r a n s f e r  momentum from o f f s h o r e  t o  t h e  nearshore.  I n  t he  

nearsnore ,  t h e  waves break when they reach  a  depth comparable t o  t h e i r  h e i g h t ,  

and  t h e  wave energy is d i s s i p a t e d  i n  t h e  s u r f  zone. Waves breaking a t  an 

angle  t o  t h e  s h o r e l i n e  induce a c u r r e n t  p a r a l l e l  t o  t h e  s h o r e l i n e  due t o  

changes i n  t h e  longshore component of momentum. The balance of momentum is 

conserved i n  t h e  s u r f  zone by the  e x t e r n a l  f o r c e s  of bottom and s u r f a c e  shea r  

s t r e s s e s .  The change i n  t he  onshore component of momentum a l s o  causes a 

change i n  t h e  mean water l e v e l  i n  t h e  s u r f  zone, known a s  wave se tup .  

Momentum is a l s o  d i f fused  o r  t r anspor t ed  by t u r b u l e n t  eddies .  

Water motion i n  t h e  s u r f  zone is extremely complex. The flow is 

unsteady and three-dimensional ,  wi th  dynamic upper and lower boundaries.  No 

adequate t h e o r e t i c a l  d e s c r i p t i o n  of water motion i n  t h e  s u r f  zone p re sen t ly  

e x i s t s .  Therefore ,  t o  p r e d i c t  longshore c u r r e n t s  i t  is necessary t o  s i m p l i r y  



t h e  p rob lem by c o n s i d e r i n g  a n  i d e a l i z e d  e n v i r o n m e n t  a n d  t o  i n c l u d e  a  c e r t a i n  

amount  o f  e m p i r i c i s m .  A p p l y i n g  v a r i o u s  d e g r e e s  o f  s i m p l i f i c a t i o n ,  many 

i n v e s t i g a t o r s  have  c a l c u l a t e d  l o n g s h o r e  c u r r e n t s  a n a l y t i c a l l y  a n d  n u m e r i c a l l y  

u s i n g  e m p i r i c a l  c o r r e l a t i o n s ,  c o n t i n u i t y  o f  w a t e r  m a s s ,  e n e r g y  f l u x ,  a n d  

momentum f l u x .  

I n  1967 G a l v i n  r e v i e w e d  t h e  s t a t e  o f  t h e  a r t  o f  l o n g s h o r e  c u r r e n t  p r e -  

d i c t i o n .  He c o n c l u d e d  t h a t  t h e  b e s t  a p p r o a c h  a t  t h e  time was t h e  p r e d i c t i o n  

o f  l o n g s h o r e  c u r r e n t  v e l o c i t y  t h r o u g h  e m p i r i c a l  c o r r e l a t i o n  o f  d a t a ,  b u t  h e  

c a u t i o n e d  t h a t  t h e  a v a i l a b l e  d a t a  were n o t  r e l i a b l e .  Much p r o g r e s s  h a s  been  

made i 2  t h e  p r e d i c t i o n  o f  l o n g s h o r e  c u r r e n t s  s i n c e  t h e  r e v i e w  by G a l v i n .  The 

p r o g r e s s  m a i n l y  is  d u e  t o  t h e  i n t r o d u c t i o n  o f  t h e  c o n c e p t  o f  r a d i a t i o n  s t ress  

by Longue t -Higg ins  and  S t e w a r t  ( 1 9 6 2 ,  1963 ,  1 9 6 4 ) .  R a d i a t i a n  s t r e s s  i s  u s e d  

t o  c a l c u l a t e  t h e  f l u x  o f  momentum p a r a l l e l  t o  t h e  s h o r e l i n e  d u e  t o  i n c i d e n t  

waves.  Bowen ( 1 9 6 9 ) ,  Longue t -Higg ins  ( 1 9 7 0 a ,  1 9 7 0 b ) ,  a n d  T h o r n t o n  ( 1 9 7 1 )  were  

t h e  f i r s t  t o  a p p l y  r a d i a t i o n  s t r e s s  c o n c e p t s  i n  t h e  e q u a t i o n s  o f  m o t i o n  t o  

p r e d i c t  l o n g s h o r e  c u r r e n t s .  

I n  t h e  r a d i a t i o n  s t r e s s  a p p r o a c h  i t  is  n e c e s s a r y  t o  s p e c i f y  t h e  wave 

h e i g h t  t h r o u g h  t h e  s u r f  z o n e  a p r i o r i ,  b u t  t h e  mechanisms t h a t  d e t e r m i n e  t h e  

wave h e i g h t  i n  t h e  s u r f  z o n e  (wave b r e a k i n g ,  wave d e f o r m a t i o n ,  a n d  e n e r g y  

d i s s i p a t i o n )  a r e  n o t  w e l l  u n d e r s t o o d .  No q u a n t i t a t i v e ,  f i r s t - p r i n c i p l e  

t h e o r e t i c a l  model o f  wave h e i g h t  decay  e x i s t s ;  t h e r e f o r e  a n  e m p i r i c a l  a p p r o a c h  

is  t a k e n  i n  l o n g s h o r e  c u r r e n t  mode l ing .  T h e  s t a n d a r d  a s s u m p t i o n  is made t h a t ,  

i n  t h e  s u r f  z o n e  ( a f t e r  i n i t i a l  wave b r e a k i n g ) ,  t h e  wave h e i g h t ,  H , is  

d e s c r i b e d  as a l i n e a r  f u n c t i o n  o f  w a t e r  d e p t h ,  h  , i n  t h e  form 

where  Y is a c o n s t a n t  o f  p r o p o r t i o n a l i t y .  T h i s  is  known a s  t h e  s p i l l i n g  

b r e a k e r  a s s u m p t i o n  b e c a u s e  i t  h o l d s  f a i r l y  well f o r  waves c l a s s i f i e d  a s  

s p i l l i n g  b r e a k e r s .  However, s e v e r a l  i n v e s t i g a t o r s  show t h a t  t h i s  i s  n o t  v a l i d  

i n  g e n e r a l  (Hor ikawa  a n d  Kuo 1967 ;  Nakamura, S h i r a s h i ,  a n d  S a s a k i  1967 ;  S t r e e t  

a n d  C a m f i e l d  1967;  Divoky,  Le  Mehaute ,  a n d  L i n  1970 ;  D a l l y ,  Dean,  a n d  

D a l r y m p l e ,  1 9 8 5 a ,  1 9 8 5 b ) ,  a n d  i t  i s  e s p e c i a l l y  i n a p p r o p r i a t e  f o r  m i l d  bot tom 

s l o p e s ,  o n  which  waves t e n d  t o  b r e a k  by p l u n g i n g .  



I n v e s t i g a t o r s  f o l l o w i n g  Bowen, Longue t -Higg ins ,  a n d  T h o r n t o n  b u i l t  on  

t h e  r a d i a t i o n  s t r e s s  a p p r o a c h  by e l i m i n a t i n g  some of  t h e  s i m p l i f y i n g  

a s s u m p t i o n s  and  making more g e n e r a l  models .  Bu t ,  a l l  have  r e t a i n e d  t h e  

s p i l l i n g  b r e a k e r  a s s u m p t i o n  d e s p i t e  its p r o v e n  i n v a l i d i t y .  

T h i s  i n v e s t i g a t i o n  examines  t h e  e f f e c t s  o f  u s i n g  n o n l i n e a r  wave h e i g h t  

d e c a y ,  namely a  power l aw  d e c a y ,  on  t h e  p r e d i c t i o n  o f  t h e  l o n g s h o r e  c u r r s n t s  

d i s t r i b u t i o n .  The power law wave h e i g h t  decay  is of  t h e  form 

where  t h e  s u b s c r i p t  b  i n d i c a t e s  b r e a k i n g  c o n d i t i o n s ,  and  t h e  e x p o n e n t  n  , t o  

be  d e t e r m i n e d  e m p i r i c a l l y ,  i s  assumed t o  be  d e p e n d e n t  o n  t h e  b e a c h  s l o p e  and  

t h e  b r e a k i n g  wave c o n d i t i o n s .  I t  w i l l  be shown i n  t h i s  r e p o r t  t h a t  a c l o s e d -  

form s o l u t i o n  f o r  t h e  l o n g s h o r e  c u r r e n t  d i s t r i b u t i o n  c a n  s t i l l  b e  d e r i v e d  i f  

E q u a t i o n  1-2 i s  employed i n s t e a d  o f  E q u a t i o n  1 - 1 .  

The  main body o f  t h i s  r e p o r t  b e g i n s  w i t h  a  r e v i e w  o f  p r e v i o u s  l o n g s h o r e  

c u r r e n t  mode l s .  S p e c i a l  a t t e n t i o n  i s  p a i d  t o  t h e  Longue t -Higg ins  model 

b e c a u s e  i t  h a s  s e r v e d  a s  t h e  b a s i s  f o r  most  models  t h a t  f o l l o w e d .  N e x t ,  t h e  

wave h e i g h t  decay  p o r t i o n  o f  t h i s  s t u d y  i s  p r e s e n t e d .  Seven  i n d e p e n d e n t  d a t a  

sets  a r e  e m p i r i c a l l y  f i t  t o  t h e  wave h e i g h t  decay  power l a w ,  and  t h e  e x p o n e n t  

o f  t h e  power law is  p a r a m e t e r i z e d .  Then,  a n  a n a l y t i c a l  l o n g s h o r e  c u r r e n t  

model is d e r i v e d  from t h e  e q u a t i o n s  of m o t i o n  b a s e d  o n  t h e  r a d i a t i o n  s t r e s s  

a p p r o a c h .  The e f f e c t s  o f  l a r g e  a n g l e s  o f  wave i n c i d e n c e  and  o f  l a t e r a l  mix ing  

are i n c l u d e d  i n  t h e  model .  The c u r r e n t  model g i v e s  t h e  l o n g s h o r e  c u r r e n t  a s  a  

f u n c t i o n  o f  d i s t a n c e  o f f s h o r e ,  i n c i d e n t  wave c o n d i t i o n s ,  S e a c h  s l o p e ,  f r i c t i o n  

c o e f f i c i e n t ,  a n d  a p a r a m e t e r ,  P , e x p r e s s i n g  t h e  r e l a t i v e  i m p o r t a n c e  of 

l a t e r a l  mix ing  and  bo t tom f r i c t i o n  as i n t r o d u c e d  by Longue t -Higg ins  (1970b: .  

Review o f  P r e v i o u s  Models  

The r a d i a t i o n  s t r e s s  a p p r o a c h  t o  mode l ing  l o n g s h o r e  c u r r e n t s  was 

d e v e l o p e d  i n d e p e n d e n t l y  by Bowen ( 1 9 6 9 1 ,  Longue t -Higg ins  ( 1 9 7 0 a ,  1 9 7 0 b ) ,  and  

T h o r n t o n  (1971 ) .  A l t h o u g h  t h e  t h r e e  models  a r e  s i m i l a r ,  t h e r e  a r e  d i f f e r e n c e s  

i n  t h e  a s s u m p t i o n s  made i n  t h e  bo t tom s h e a r  s t r e s s  and  l a t e r a l  m i x i n g  t e r m s .  



The former two au tho r s  developed a n a l y t i c a l  s o l u t i o n s  f o r  a  p lane  beach; t h e  

l a t t e r  developed a  numerical s o l u t i o n  f o r  a r b i t r a r y  p r o f i l e s  of s t r a i g h t ,  

p a r a l l e l  con tou r s ,  using a  more r e a l i s t i c  bottom f r i c t i o n  s t r e s s .  The 

Longuet-Higgins model is t h e  e a s i e s t  and most s t r a i g h t f o r w a r d  t o  use ( t h e  

s o l u t i o n  of Bowen is i n  terms of Bessel  f u n c t i o n s  and t h e  model of Thornton 

r e q u i r e s  a numerical s o l u t i o n ) ,  and appears  t o  g ive  very accep tab le  r e s u l t s  

f o r  a plane beach. The Longuet-Higgins model, t h e r e f o r e ,  has been used a s  the  

b a s i s  f o r  more r e c e n t  longshore c u r r e n t  models. A review of t h e  Longuet- 

Higgins model is g iven ,  followed by overviews of o ther  momentum-based 

models. Basco (1982)  p re sen t s  an thorough review of s u r f  zone c u r r e n t  

l i t e r a t u r e  with an annota ted  b ib l iography (Basco and Coleman 1 9 8 2 ) .  Table  1 - 1  

g ives  an intercomparison of s e l e c t e d  models of t he  longshore c u r r e n t  

d i s t r i b u t i o n  a c r o s s  t he  s u r f  zone. 

Longuet-Higgins. Longuet-Higgins (1970a, 1970b) de r ives  an a n a l y t i c a l  

model f o r  t h e  s t eady  longshore c u r r e n t  from t h e  governing equat ions  of water  

motion. He makes t h e  assumptions given i n  Table  1-2;  i n  a d d i t i o n  he assumes 

l i n e a r  wave he igh t  decay given by Equation 1 - 1 .  The equat ion  of motion f o r  

The longshore d i r e c t i o n  f o r  t h i s  i d e a l i z e d  c a s e  reduces t o  a  balance between 

t h e  l o c a l  wave s t r e s s ,  t h e  s t r e s s  due t o  h o r i z o n t a l  t u r b u l e n t  e d d i e s ,  and t h e  

time-averaged bottom f r i c t i o n  s t r e s s .  The l o c a l  wave s t r e s s  i s  t h e  d r i v i n g  

f o r c e  of t h e  c u r r e n t s ,  and i t  is t h e  n e t  s t r e s s  i n  t h e  longshore d i r e c t i o n  

exer ted  Sy t h e  waves on t h e  water i n  t h e  s u r f  zone. This  s t r e s s  i s  c a l c u l a t e d  

from t h e  r a d i a t i o n  s t r e s s .  The bottom s h e a r  s t r e s s  is  l i n e a r i z e d  b y  assuming 

the  inc iden t  wave ang le  is small  and t h e  s t e a d y  c u r r e n t  is weak compared w i t h  

t h e  wave o r b i t a l  v e l o c i t i e s .  These assumptions reduce t h e  bottom shear  s t r e s s  

t o  t h e  product  of t h e  o r b i t a l  v e l o c i t y  and t h e  longshore cu r r en t  speed.  The 

l a t e r a l  mixing s t r e s s  is a  func t ion  of t h e  h o r i z o n t a l  eddy c o e f f i c i e n t .  

Longuet-Higgins assumes t h e  h o r i z o n t a l  eddy c o e f f i c i e n t  i s  p ropor t iona l  t 3  t h e  

o f f sho re  d i s t a n c e  m u l t i p l i e d  by a  t y p i c a l  v e l o c i t y ,  t h e  shallow-water wave 

c e l e r i t y .  The d i s t a n c e s  (measured from t h e  mean s h o r e l i n e )  a r e  

nondimensionalized by t h e  d i s t a n c e  from t h e  mean s h o r e l i n e  t o  t he  breaker 

l i n e .  The longshore  c u r r e n t  v e l o c i t y  is  nondimensionalized b y  t h e  v e l o c i t y  



TABLE 1 - 1  

Comparl5on o f  Longshore Cur rent  Yodels 

I I I I I I I I I ~ I I I I  

  on suet-~taglns / X I  I I x I x I  [ X I  I I I ~ X I  I 
(1970b) ( I I I I I I l I I I I I I  

---------------------------------------------------------- 
Thornton I / x  I X  I I I x ' I x  I I I I I X  I I 

(1971 I I I I I I / I / I I I I I  
.......................................................... 
James I X  I I X  I I l x o l x  I i x  I I X  I X  I I 

(1974) I l l l l l l l l l l / l /  
---------------------------------------------------------- 
J o n s s o n e t a l .  I I X  IX  I / X I  I I I I I / X I  I 

(1975) l l l l l l l l l l l i i l  
---------------------------------------------------------- 

L I u a n d D a l r y m p l e I  ~ X I  I x I x I  I I I I X  I 1 x 1  / 
(1978) ---------------------------------------- 

I l x  I X  I l x  I I I l x  I X  IX l x  I I 
---------------------------------------------------------- 
K r a u s a n d S a s a ~ l  / X I  I [ X I X I  ~ X I  I [ X I  ~ X I  I 

(1979a,1979b) 1 I ! I I I I I I I I I I I 
---------------------------------------------------------- 
present  study I X  I I / X  / X  I I X  I I / X  / I / X  I 

(1986) I / l l l l l l l l l / l j  
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3 o l l t a r y  wave tneory 

o nype rao l l c  i a v e  tneory 



Table 1-2 

Longshore Current  Model Assumptions 

WAVE F I E L D  

Monochromatic waves 
L inea r ,  shallow-water wave theory  
Steady s t a t e  wave f i e l d  

BEACH 

Plane,  s lop ing  beach 
Impermeable beach 
Hydros ta t ic  p re s su re  d i s t r i b u t i o n  

FLUID 

I?compressible ,  homogeneous f l u i d  

CURRENT 

Current cons tan t  through depth and t ime 
Current  homogeneous i n  t h e  longshore d i r e c t i o n  
Current weak r e l a t i v e  t o  t h e  wave o r b i t a l  v e l o c i t y  

NEGLECTED STRESSES 

No wind s t r e s s  
No atmospheric p re s su re  g r a d i e n t  
No wave-current i n t e r a c t i o n  
No C o r i o l i s  f o r c e  
No t i d e  



a t  t h e  breaker  l i n e  when t h e  e f f e c t  of l a t e r a l  mixing is omit ted.  The s t r e s s  
balance is descr ibed  by a second-order d i f f e r e n t i a l  equat ion  wi th  a  closed-  

form s o l u t i o n .  The s o l u t i o n  i s  a  f u n c t i o n  of t h e  r e l a t i v e  e f f e c t s  of l a t e r a l  

mixing and bottom f r i c t i o n .  Longuet-Higgins does not inc lude  wave se tup  

e x p l i c i t l y ,  but  he sugges ts  modifying t h e  beach s lope  t o  inc lude  t h e  change i n  

water depth due t o  wave se tup .  He a l s o  does not inc lude  r e f r a c t i o n  because 

t h e  angle  of wave incidence i s  assumed smal l .  

The s t rong  po in t s  of t h e  Longuet-Higgins model a r e :  ( a )  t h e  model 

s o l u t i o n  is  s i n p l e  and easy t o  apply and,  ( b )  the  model r e s u l t s  compare well  

t a  a v a i l a b l e  da t a .  The weak po in t s  of t he  model a re :  ( a )  t h e  numeraus 

s imp l i fy ing  assumptions, and ( 5 )  t h e  s p i l l i n g  breaker assumption i n  t he  

l a t e r a l  mixing and bottom s t r e s s  terms was appl ied  seaward of the breaker l i n e  

where i t  is no longer  va l id .  

Bowen. The Bowen ( 1969 )  model d i f f e r s  from t h e  Longuet-Higgins model i n  

s e v e r a l  ways. Bowen assumes the  bottom shea r  s t r e s s  is p ropor t iona l  t o  t h e  

longshore cu r r en t  speed,  n e g l e c t i n g  t h e  c o n t r i b u t i o n  of t he  wave o r b i t a l  

v e l o c i t y .  He a l s o  does not account  f o r  t h e  e f f e c t  of v a r i a t i o n  i n  depth i n  

t h e  l a t e r a l  n ix ing  s t r e s s .  Although Bowen s i m p l i f i e s  t he  s t r e s s  terms 

consideraSly more than  Longuet-Higgins, h i s  s o l u t i o n  i s  more complicated. The 

s o l u t i o n  is  i n  terms of Bessel func t ions  and i s ,  t h e r e f o r e ,  more d i f f i c u i t  t o  

use.  On the  p o s i t i v e  s i d e ,  Bowen e x p l i c i t l y  inc ludes  wave se tup  i n  t3e su r f  

zone, and he neg lec t s  i t  o u t s i d e  t h e  s u r f  zone where i t  i s  n e g l i g i b l e  compared 

t o  t h e  depth. 

Thornton. Thornton (1971)  uses s o l i t a r y  wave theory i n  t h e  s u r f  zone t o  

s p e c i f y  wave c e l e r i t y  and l i n e a r  wave theory  o u t s i d e  t h e  s u r f  zone. Thornton 

r e l a x e s  t h e  plane beach assumption,  bu t  s t i l l  assumes a  beach of s t r a i g h t  a n d  

p a r a l l e l  contours.  He a l s o  inc ludes  s e t u p  and r e f r a c t i o n  i n s i d e  and ou t s ide  

t h e  s u r f  zone. Thornton uses P r a n d t l ' s  mixing l eng th  hypothes is  t o  c a l c u l a t e  

t h e  ho r i zon ta l  eddy c o e f f i c i e n t  i n  t h e  l a t e r a l  mixing s t r e s s .  He assumes the  

ho r i zon ta l  eddy c o e f f i c i e n t  is  equal  t o  t h e  amplitude of wave p a r t i c l e  motion 

m u l t i p l i e d  by water p a r t i c l e  v e l o c i t y  f l u c t u a t i o n s  due t o  waves i n  t h e  shore  

normal d i r e c t i o n .  The Jonsson (1967)  f r i c t i o n  f a c t o r  f o r  t u rbu len t  flow was 

used i n  t he  bottom s t r e s s  term. Thornton a l s o  does not account  f o r  t he  



v a r i a t i o n  i n  depth i n  t h e  l a t e r a l  mixing s t r e s s .  Thornton 's  model r e q u i r e s  a  
numerical s o l u t i o n .  

James. James (1974) u ses  hype rbo l i c  wave theory  i n  t h e  s u r f  zone and 

l i n e a r  wave theory  f a r  o u t s i d e  t h e  s u r f  zone with a  t r a n s i t i o n  reg ion  i n  

Setween t o  c a l c u l a t e  t h e  wave s t r e s s .  Hyperbolic wave theory  i s  an 

approximation of cnoida l  wave theory which is be l ieved  t o  d e s c r i b e  t h e  wave 

farm i n  t h e  s u r f  zone b e t t e r  than l i n e a r  theory .  James inc ludes  r e f r a c t i o n ,  

s e t u p ,  and r e t u r n  flows ( t o  i n s u r e  t h e  mean shoreward mass f l u x  is z e r o ) .  He 

a l s o  e l i m i n a t e s  t h e  weak c u r r e n t  assumption. Outside t h e  s u r f  zone, he uses  

experimental  r e s u l t s  t o  d e f i n e  the  eddy c o e f f i c i e n t  t o  be p ropor t iona l  t o  t h e  

inve r se  of t h e  depth.  James r e l a x e s  t h e  p l ane  beach assumption, but  r e q u i r e s  

t he  beach s l o p e  t o  be m i l d .  The m i l d  s l o p e  assumption mav i n v a l i d a t e  t h e  

l i n e a r  wave he igh t  decay assumption ( a s  s t a t e d  e a r l i e r ) .  . i l so ,  t h e  model i s  

formulated a s  a  s e t  of d i f f e r e n t i a l  equa t ions  t h a t  m u s t  be so lved  

numerical ly .  This  model is  much t o o  complicated f o r  p r a c t i c a l  engineer ing  

use. 

Jonsson,  Skovgaard, and Jacobsen. Jonsson ,  Skovgaard, and ~ a c o b s e n  

(1975)  r e t u r n  t o  using l i n e a r  wave theory  throughout t h e  nearshore  reg ion .  

They use  a  non l inea r  bottom shear  s t r e s s  and in t roduce  a  f r i c t i o n  f a c t o r  t h a t  

:s an i n t e r p o l a t i o n  between t h e  f r i c t i o n  f a c t o r  f o r  waves only and the  

f r i c t i o n  f a c t o r  f o r  c u r r e n t s  on ly .  Jonsson,  Skovgaard, and Jacobsen adopt 

Thornton 's  ( 1  971 ) formula t ion  f o r  t h e  l a t e r a l  mixing s t r e s s ,  b u t  they d 9  

account f o r  t h e  v a r i a t i o n  i n  depth.  The model i s  a  d i f f e r e n t i a l  equat ion 

which i s  so lved  numerical ly .  

Keeley and Bowen. Keeley and Bowen (1977) t a k e  i n t o  account longshore 

v a r i a t i o n s  i n  longshore  c u r r e n t s ,  removing t h e  assumption of' t h e  c u r r e n t  being 

homogeneous i n  t h e  longahore d i r e c t i o n .  S p a t i a l  v a r i a t i o n s  i n  t he  longshore  

c u r r e n t ,  t y p i c a l  i n  t h e  f i e l d ,  a r e  caused by i r r e g u l a r  bathymetry and s p a t i a l  

v a r i a t i o n s  i n  t h e  wave f i e l d .  Keeley and Bowen fo l low t h e  Longuet-Higgins 

d e r i v a t i o n  of t h e  longshore c u r r e n t  due t o  ob l ique ly  inc iden t  waves, b u t  om:t 

t h e  l a t e r a l  mixing s t r e s s .  They l i n e a r l y  add t h e  c u r r e n t s  due t o  ob l ique ly  

inc iden t  waves, v a r i a t i o n s  i n  t h e  wave he ight  i n  t h e  longshore d i r e c t i o n ,  

v a r i a t i o n s  i n  t h e  wave angle  i n  t h e  longshore d i r e c t i o n ,  and nonl inear  e f f e c t s  



(due  t o  t h e  advec t ion  term i n  the  longshore momentum balance) .  They a l s o  

inc lude  wave se tup .  The Keeley and Bowen model must be dr iven by a  r e f r a c t i o n  

model which provides t h e  v a r i a t i o n  of wave h e i g h t s  and angles  i n  t h e  longshore 

d i r e c t i o n .  The c o n t r i b u t i o n s  of t h e  longshore v a r i a t i o n  i n  wave he ight  and 

the  nonl inear  e f f e c t s  t o  t h e  longshore c u r r e n t  a r e  sma l l .  The model r equ i r e s  

a  numerical s o l u t i o n .  

Liu and Dalrymple. L i u  and Dalrymple (1978) p re sen t  a  weak cu r ren t  

oodel and a  s t r o n g  c u r r e n t  model. Both models i nc lude  t h e  e f f e c t s  of l a r g e  

inc iden t  wave ang le  and wave s e t u p ,  b u t  exclude the  l a t e r a l  mixing s t r e s s .  in 

t h e  weak c u r r e n t  model, t h e  longshore c u r r e n t  v e l o c i t y  i s  assumed small  

corn~ared t o  t h e  wave o r b i t a l  v e l o c i t y .  I n  t h e  s t r o n g  cu r ren t  model, t he  

longshore c u r r e n t  is assumed t o  be of t h e  same o rde r  of magnitude o r  l a r g e r  

than t h e  wave o r b i t a l  v e l o c i t y .  The abso lu t e  value of t he  t o t a l  ve loc i ty  

( longshore  c u r r e n t  p lus  wave o r b i t a l  motion) is approximated w i t h  a  t runca ted  

binomial s e r i e s .  For t h e  weak c u r r e n t  model, t h e  bottom s t r e s s  term i s  

s i m p l i f i e d  t o  a l i n e a r  func t ion  of t h e  c u r r e n t  v e l o c i t y  using t h e  weak c u r r e n t  

assumption. The s o l u t i o n  of t he  weak c u r r e n t  model i s  i n  closed form. The 
s t r o n g  c u r r e n t  model r e s u l t s  i n  a nonl inear  o rd ina ry  d i f f e r e n t i a l  equat ion  

so lved  numerical ly .  The s o l u t i o n  of t he  s t r o n g  c u r r e n t  model is  found 

i t e r a t i v e l y  because t h e  se tup  i s  not known a  p r i o r i .  The neg lec t  of' l a t e r a l  

mixing l i n i t s  t he  use of t h i s  model. 

Kraus and Sasaki .  Kraus and Sasaki  (1979a, 1979b) add s t i l l  another 

impr=vement t o  t h e  l i n e a g e  of momentum-based longshore c u r r e n t  models. Their  

nodel includes t h e  e f f e c t s  of l a r g e  inc iden t  wave angles  and t h e  l a t e r a l  

mixing s t r e s s  (omi t ted  by Liu and Dalrymple). They assume t h a t  the  magni2ude 

of t he  longshore c u r r e n t  is  small  compared t o  t h e  wave o r b i t a l  ve loc i ty .  

Se tup  i s  approximated by modifying t h e  beach s lope  a s  suggested by ionguet-  

Higgins.  S imi l a r  t o  t h e  L i u  and Dalrymple s t r o n g  c u r r e n t  model, Kraus and 

Sasaki  approximate t h e  abso lu t e  value of t h e  t o t a l  ve loc i ty  (wave o r b i t a l  ? l u s  

longshore c u r r e n t )  with a  t runca ted  binomial expansion. I 9 s i d e  t h e  su r f  zone, 

t5ey a l s o  apply t h e  approximation 

2 1 / 2  
cose = ( 1  - h/h s i n  B b )  

b 



derived from a trigonometric i d e n t i t y ,  shallow-water approximations fo r  t h e  

wave c e l e r i t y ,  and S n e l l ' s  law, where 0 is the angle of wave incidence. The 

model has an ana ly t i c  so lu t ion  i n  the form of an i n f i n i t e  s e r i e s  of 

successively smaller terms. Kraus and Sasaki ve r i f i ed  the  model w i t h  

laboratory  data  (Mizuguchi e t  a l .  1978) and t h e i r  own f i e l d  data.  



CHAPTER XI: WAVE HEIGh'T DECAY 

The d e r i v a t i o n  of t h e  wave-induced longshore c u r r e n t  r equ i r e s  knowledge 

of t he  wave he ight  and t h e  g r a d i e n t  of t h e  wave he ight  i n  t he  s u r f  zone. 

H i s t o r i c a l l y ,  t h e  wave he ight  i n  t h e  s u r f  zone has been est imated a s  a l i n e a r  

func t ion  of , t he  water depth,  

Longuet-Higgins and Stewart  (1964) and Bowen e t  a l .  (1968) suggest  t h e  

s i m i l a r i t y  between the  decrease  i n  wave he ight  and the  decrease i n  water depth 

shoreward of breaking a s  the  mot iva t ion  f o r  Equation 2-1. Bowen e t  a l .  

suppor t  t he  assumption w i t h  l abo ra to ry  d a t a  on a  s l o p e  of 1/12. The Y-valaes  

ranged from 0.9 t o  1 .3 .  T h i s  empir ica l  express ion  i s  a t t r a c t i v e  because of 

i t s  s i m p l i c i t y ,  but t h e  su r f  zone wave he ight  decay is  not l i n e a r  i n  genera l  

a s  has been noted,  f o r  example, b y  Horikawa and Kuo (1967) ,  S t r e e t  and 

Camfield (1967) ,  and Van Dorn (1977) on t h e  b a s i s  of t h e i r  c a r e f u l l y  performed 

l abo ra to ry  experiments.  F igure  2-1 shows i d e a l i z e d  curves f i t  t o  l a b o r a t o r y  

(wave he igh t  decay da t a .  The curves  a r e  i n c r e a s i n g l y  concave upward w l t h  

eecreas ing  beach s lope .  The purpose of t h i s  chapter  i s  t o  develop an e r n p l r ~ c a l  

power law decay model t o  desc r ibe  t h e  wave he ight  decay more s c c u r a t e l y  than 

the  l i n e a r  model, but  s t i l l  r e t a i n  t h e  use fu l  s imple form of the l i n e a r  

model. The s imple form w i l l  a l low t h e  longshore c u r r e n t  model t o  5e so lved  

a n a l y t i c a l l y .  

The d i s s i p a t i o n  of wave energy i n  t h e  s u r f  zone is due p r i a a r i l y  t o  

turbulence  (Horikawa and Kuo 1967 ;  Sawaragi and Iwata 1975; Yizuguchi 1981 ; 

Dal ly ,  Dean, and Dalrymple 1985a, 1985b; and o t h e r s ) .  The power law decay 

model is e n t i r e l y  empir ica l .  The model is not meant t o  r ep l ace  more 

s o p h i s t i c a t e d  models based on t h e  phys ics  of t he  tu rbu len t  energy 

d i s s i p a t i o n .  These more s o p h i s t i c a t e d  models s o l v e  t h e  energy f lux  equa'ion 

In the  s u r f  zone, 

wnere E C  i s  the  energy f l u x  and E is  t h e  energy d i s s i g a t i o n  r a t e .  
g 
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Figure 2-1. Idealized p ro f i l e s  of expe raen ta l ly  
determined wave height decay a f t e r  i n i t i a l  breaking 
on plane beaches of  d i f fe ren t  slope 



F o r  c o m p l e t e n e s s ,  some of  t h e s e  mode l s  a r e  b r i e f l y  d e s c r i b e d .  Le Mehaute 

( 1 9 6 3 )  a p p r o x i m a t e s  a  b r e a k i n g  wave as a  h y d r a u l i c  jump, s u b s t i t u t i n g  t h e  

e n e r g y  d i s s i p a t i o n  o f  a h y d r a u l i c  jump f o r  E i n  E q u a t i o n  2-2. The same 

a p p r o a c h  w i t h  some v a r i a t i o n s  is  a p p l i e d  t o  p e r i o d i c  l a b o r a t o r y  waves by 

Divoky e t  a l .  ( 19701 ,  Hwang and  Divoky ( 1 9 7 1 1 ,  and  Svendsen  ( 1 9 8 4 ,  1 9 8 5 ) .  

B a t t j e s  and J a n s s e n  ( 1 9 7 9 )  a l s o  u s e  t h e  h y d r a u l i c  jump mode l ,  b u t  a p p l y  i t  t o  

random l a b o r a t o r y  waves.  T h o r n t o n  a n d  Guza (1983 )  r e f i n e  t h e  a p p r o a c h  o f  

3 a t t j e s  and  J a n s s e n  a n d  a p p l y  i t  t o  b o t h  l a b o r a t o r y  a n d  f i e l d  d a t a .  

A l though  t h e  h y d r a u l i c  jump model a p p e a r s  t o  g i v e  t h e  b e s t -  e x p l a n a t i o n  

o f  t h e  p h y s i c s  of wave b r e a k i n g ,  t h r e e  o t h e r  a p p r o a c h e s  a r e  men t ioned  b e c a u s e  

of  t h e i r  u n i q u e n e s s  a n d  i n s i g h t .  Hor ikawa a n d  Kuo ( 1 9 6 7 )  model s u r f  zone  

e n e r g y  d i s s i p a t i o n  due  t o  bo t tom f r i c t i o n  and  t u r b u l e n c e  u s i n g  s o l i t a r y  wave 

t h e o r y .  The t u r b u l e n c e  is assumed t o  d e c a y  e x p o n e n t i a l l y  w i t h  d i s t a n c e  from 

t h e  b r e a k  p o i n t .  The r e s u l t s  a r e  good f o r  a h o r i z o n t a l  bed ,  b u t  poor  f o r  a 

p l a n e  s l o p i n g  bed.  Mizuguchi  ( 1 9 8 1 )  models  t h e  s u r f  z o n e  e n e r g y  d i s s i p a t i o n  

by r e p l a c i n g  t h e  m o l e c u l a r  v i s c o s i t y  w i t h  t h e  t u r b u l e n t  eddy v i s c o s i t y  i n  t h e  

s o l u t i o n  f o r  i n t e r n a l  e n e r g y  d i s s i p a t i o n  d u e  t o  v i s c o s i t y .  Mizuguchi  l s model 

a l l o w s  more complex b e a c h  p r o f i l e s  ( s t e p - t y p e  b e a c h e s )  and  r e f o r m a t i o n  and  

s e c o n d  b r e a k i n g  o f  waves.  T h e  model g i v e s  good r e s u l t s  when t e s t e d  w i t h  

l a b o r a t o r y  d a t a  f o r  wave b r e a k i n g  o n  a h o r i z o n t a l  b e a c h ,  a  1 /10  s l o p e  ? l a n e  

b e a c h ,  and  a  s t e p - t y p e  beach .  B u t ,  Mizuguchi  a d m i t s  t h a t  t h e  eddy  v i s c o s i t y  

a s s u m p t i o n  is  u o b s c u r e . v  The model r e q u i r e s  a n u m e r i c a l  s o l u t i o n .  D a l l y  e t  

a l .  ( 1 9 8 5 a ,  1985b)  p r o p o s e  what  t h e y  c a l l  a n  i n t u i t i v e  a p p r o a c h .  The 

d i s s i ? a t i o n ,  E , i n  E q u a t i o n  2-2 is assumed t o  be p r o p o r t i o n a l  t o  t h e  

d i f f e r e n c e  be tween t h e  l o c a l  e n e r g y  f l u x ,  E C g ,  and  t h e  " s t a b l e "  e n e r g y  f l u x ,  

E C 
3s ' o r  

E = - ( k / h )  ( E C  - ECgs) g  

where  k is a  d i m e n s i o n l e s s  d e c a y  c o e f f i c i e n t  and  h  is  t h e  l o c a l  s t i l l -  

w a t e r  d e p t h .  The s t a b l e  e n e r g y  f l u x  is  found  t o  be a s s o c i a t e d  w i t h  a  wave 

h e i g h t  e q u a l  t o  a p p r o x i m a t e l y  0.35 t o  0.40 times t h e  l o c a l  d e p t h .  T h i s  

a p p r o a c h  a l l o w s  a b r e a k i n g  wave t o  s t a b i l i z e  o r  r e f o r m  and  b r e a k  a g a i n .  The 



f o r m u l a t i o n  a l s o  a l l o w s  f o r  a n  a r b i t r a r y  beach p r o f i l e  and t h e .  i n c l u s i o n  of 

wave s e t u p ,  b u t  t h i s  r e q u i r e s  a  numer ica l  s o l u t i o n .  A n a l y t i c a l  s o l u t i o n s  a r e  

d e r i v e d  f o r  s i m p l e  p r o f i l e s  ( h o r i z o n t a l  bot tom,  s l o p i n g  bot tom,  and Dean 's  

( 1 9 7 7 )  e q u i l i b r i u m  p r o f i l e ) .  R e s u l t s  a r e  good i n  comparison t o  l a b o r a t o r y  

d a t a .  S i n c e  t h i s  approach is s o  s u c c e s s f u l ,  t h e  power law decay model w i l l  be 

compared t o .  i t .  

Power Law Yodel of Wave He igh t  Decay 

I n  t h i s  s t u d y ,  t h e  wave h e i g h t  decay is e x p r e s s e d  a s  t h e  power law 

T h i s  form was chosen because  i t  i s  s i m i l a r  t o  t h e  l i n e a r  wave h e i g h t  d e c a y  

model, and i t  r e d u c e s  t o  t h e  l i n e a r  decay model ( E q u a t i o n  2-1)  f o r  a n  

exponen t ,  n  , e q u a l  t o  1 .0 .  Equa t ion  2-4 is a p p l i c a b l e  from t h e  b r e a k e r  l i n e  

t o  t h e  mean s h o r e l i n e .  Two c o n s t a n t s ,  Y and n , must be s p e c i f i e d  i n  

E q u a t i o n  2-4. I t  i s  n o t e d  t h a t  t h e  f o r m u l a t i o n  o f  D a l l y  e t  a l .  (1985a, 1 9 8 5 b )  

a l s o  r e q u i r e s  s p e c i f i c a t i o n  of two p a r a m e t e r s  t h r o u g h  e m p i r i c a l  c o n s i d e r a t i o n s .  

The i a p o r t a n c e  of  beach s l o p e  i n  t h e  decay  p r o f i l e  i s  c l e a r l y  shown i n  F i g u r e  

2-1. Horikawa and Kuo a l s o  s u g g e s t  t h e  impor tance  of  t h e  wave s t e e p n e s s ,  

Ho/ io ,  where H o  is t h e  deepwater  wave h e i g h t  and L o  i s  t h e  deepwater  

wave leng th ,  and t h e  b r e a k i n g  wave c o n d i t i o n s  (Hb/hb)  on t h e  decay p r o f i l e .  

Fo l lowing  a  d e s c r i p t i o n  o f  t h e  wave h e i g h t  decay d a t a ,  t h e  p rocedures  used t o  

a n a l y z e  t h e  d a t a  and q u a n t i f y  Y and n  a r e  e x p l a i n e d .  

Seven independen t  sets of  l a b o r a t o r y  and p r o t o t y p e  s c a l e  d a t a  c o m p r i s i n g  

135 e x p e r i m e n t a l  r u n s  on s l o p e s  of 1 / 9 0  t o  1 /10 a r e  used t o  q u a n t i f y  t h e  wave 

h e i g h t  decay.  These  d a t a  s e t s  were  o b t a i n e d  t h r o u g h  a comprehensive s e a r c h  of 

t h e  l i t e r a t u r e  i n  E n g l i s h  and  J a p a n e s e .  T a b l e  2-1 summarizes t h e  d a t a .  The 

b r e a k i n g  wave h e i g h t s  (of  monochromatic waves)  r a n g e  from 4.67 cm t o  1 . 3 7  m, 

and t h e  wave p e r i o d s  r a n g e  from 1.2  s t o  9 . 0  s. The wave s t e e p n e s s e s  ( H o / L o )  

a r e  Setween 0.0031 and 0.091. The d a t a  a r e  l i s t e d  i n  Appendix A .  



Table 2- 1 

Data Summary f o r  Wave Height Decay 

Source Slope Number of Runs 

Horikawa and Kuo (1967) 
and Kuo ( 1  965) 

Maruyama e t  a l .  (1983) 

Mizuguchi ( 1981 ) 

Sac?., and Sasaki  (1973) 

Sasaki  and Saeki (1974) 

S t i v e  (1985) 

Van Dorn (1977) 



Horikawa and Kuo p e r f o r m e d  t h e i r  e x p e r i m e n t  i n  two p a r t s .  The 1 /20  and  

1 1 3 0 - s l o p e  d a t a  were c o l l e c t e d  i n  a f l u m e  1 7  m l o n g ,  0 .7  rn wide ,  and  0 .6  m 

d e e p .  The s l o p e  was c o v e r e d  w i t h  a  smooth  r u b b e r  mat. The 1 /65  and  1/80- 

s l o p e  d a t a  were c o l l e c t e d  i n  a  f l ume  7 5  m l o n g ,  1 . 0  m w ide ,  and 1 . 2  m deep .  

The  s l o p e  was c o n c r e t e .  The Maruyama e t  a l .  d a t a  were c o l l e c t e d  i n  a 

p r o t o t y p e - s c a l e  f lume  250  rn l o n g ,  3 .4  m w ide ,  and 1 . 2  m deep .  The i n i t i a l  

s l o p e s  ( 1 / 2 2 . 2 ,  1 / 2 9 . 4 ,  1 / 4 5 . 5 ,  and  1162 .5 )  were  fo rmed  o f  s a n d  and  w e r e ,  

t h e r e f o r e ,  n o t  c o n s t a n t  t h r o u g h o u t  e a c h  r u n .  The  Mizuguchi  d a t a  were 

c o l l e c t e d  i n  a  wave b a s i n  15  m l o n g  a n d  15  rn w i d e ,  b u t  t h e  w i d t h  was t r u n c a t e d  

t o  9 m .  The 1 / 5 0 - s l o p e  S a e k i  and  S a s a k i  d a t a  were c o l l e c t e d  i n  a  f l ume  2 4  a 

Long, 0 . 8  m w i d e ,  and  0 . 8  m deep .  The 1190- s lope  S a s a k i  and  S a e k i  d a t a  were  

c o l l e c t e d  i n  a  f l u m e  2 4  rn l o n g ,  0.6 m w ide ,  and  1 m d e e p .  The  s l o p e  i n  b o t h  

c a s e s  was formed o f  smooth  p l a s t i c .  The S t i v e  d a t a  were c o l l e c t e d  a t  two 

s c a l e s  t o  compare s c a l e  e f f e c t s .  The  l a r g e  f l u m e  was 233  m l o n g ,  5 m w i d e ,  

and  7  m deep .  The s l o p e  was s a n d  w i t h  a n  i n i t i a l  s l o p e  o f  1 /40 .  The small 

f l u m e  was 55 m l o n g ,  1 m wide ,  and 1 rn d e e p ,  w i t h  a c o n c r e t e  s l o p e  o f  1 / 4 0 .  

The  Van Dorn d a t a  were  c o l l e c t e d  i n  a f l u m e  24 m l o n g ,  0 . 5  m w ide ,  and  a t  a  

s t i l l - w a t e r  d e p t h  o f  36 cm. The  s l o p e s  were formed o f  p l a t e  g l a s s .  

The p a r a m e t e r  Y is d e f i n e d  as t h e  r a t i o  o f  t h e  wave h e i g h t  t o  t h e  

l o c a l  w a t e r  d e p t h  a t  b r e a k i n g ,  

Sy s o l v i n g  E q u a t i o n  2-4 f o r  Y w i t h  H = H b  and  h=hb .  T h i s  r a t i o  i s  ve ry  

s i g n i f i c a n t  b e c a u s e  i t  s p e c i f i e s  where  a  wave w i l l  S r e a k .  T h i s  i s  i n p o r t a n t  

i n  t h e  d e s i g n  o f  c o a s t a l  s t r u c t u r e s ,  s o  t h e  s p e c i f i c a t i o n  of Y h a s  

s t i m u l a t e d  much i n t e r e s t .  

McCowan (1891)  c a l c u l a t e s  t h e  c r i t i c a l  H/h r a t i o  f o r  wave b r e a k i n g  from 

s o l i t a r y  wave t h e o r y .  H i s  v a l u e ,  

g i v e s  a  r e a s o n a b l e  a v e r a g e  o f  t h e  measu red  Y-values  f rom t h e  d a t a  summarized 



i n  Table 2-1, but i t  does not exp la in  t h e  measured v a r i a t i o n  i n  Y . Figure 
2-2 shows McCowan's express ion  versus measured values of Y a v a i l a b l e  from the  

d a t a  s e t  (Appendix A ) .  Galvin (1969) inc ludes  the  e f f e c t  of beach s l o p e ,  m , 
i n  h i s  empir ica l  r e l a t i o n s h i p  

where B 5  = 0.92 f o r  rn > 0.07 and B b  = 1 . 4 0  - 6.85 m f o r  m < 0.07. C o l l i x  

and Wier (1969) a l s o  include beach s lope  i n  t h e i r  empir ica l  express ion  

Calv in ,  and Co l l in s  and Wier p r e d i c t  i nc reas ing  Y with inc reas ing  s lope .  

The da ta  i n d i c a t e  t h a t  t h i s  t r end  is c o r r e c t  (F igures  2-3 and 2-4) ,  but t h e  

l a r g e  v a r i a t i o n s  i n  Y f o r  a  given s lope  a r e  not  accounted f o r  b y  t hese  two 

equat ions .  Coda (1970) g ives  Hb/hb is terms of hb/Lo and s l o p e  i n  g raph ica l  

form (F igu re  2-5) ob ta ined  b y  f i t t i n g  fie1.d and l abo ra to ry  d a t a .  Weggel 
2 ( 1  972) g ives  a  s i m i l a r  express ion  i n  terms of Hb/T  (where T i s  t h e  wave 

pe r iod )  and beach s lope  

-1  9.5m 
where a(m) = 1.36 ( 1  - e-19m) and l / b ( m )  = 0.64 ( 1  + e  . The u n i t s  of 

2 a (n )  a r e  s e c  / f t .  F igure  2-6 shows Weggelts express ion  versus t h e  measured 

values of Y . Singamset t i  and Wind (1980) and Sunanura (1981 inc lude  the 

e f f e c t s  of beach s lope  and wave s t eepness  ( H o / L o )  i n  express ions  f o r  3 5 / h b .  

Singamset t i  and Windt s equat ion ,  

is  p l o t t e d  i n  Figure 2-7 a g a i n s t  t h e  d a t a  summarized i n  Table 2 - 1 .  Sunamura's 

equat ion ,  



Y (measured) 

Figure 2-2. Comparison of y calculated by the expression 
of  McCowan (1891) and experimental r e su l t s  
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F igure  2-3. Comparison of Y c a l c u l a t e d  b y  t h e  express ion  of 
Calvin ( 1 9 6 9 )  and experimental r e s u l t s  
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.t ( m e a s u r e d )  

F igure  2-4. Comparison of Y c a l c u l a t e d  Sy t he  express ion  of 
C o l l i n s  ( 1969) and experimental r e s u l t s  



F i g u r e  2-5. Gamma as a  f u n c t i o n  o f  t h e  w a t e r  d e p t h  a t  b r e a k i n g  
t o  d e e p w a t e r  w a v e l e n g t h  r a t i o  ( a f t e r  Goda 1970)  

'' (measu red )  

F i g u r e  2-6. Compar ison  o f  Y c a l c u l a t e d  by t h e  e x p r e s s i o n  o f  
Weggel ( 1 9 7 2 )  and  e x p e r i m e n t a l  r e s u l t s  
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Figure 2-7. Comparison of Y ca l cu la t ed  b y  t he  express ion  of 
Singamset t i  and Wind (1980) and experimental  r e s u l t s  
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Figure 2-8. Comparison of Y c a l c u l a t e d  b y  the  express ion  of 
Sunamura (1981) and experimental  r e s u l t s  



is p l o t t e d  i n  F i g u r e  2-8 a g a i n s t  t h e  d a t a .  E q u a t i o n s  2-6 and 2-7 a r e  q u i t e  

similar. The e q u a t i o n s  g i v e  a  rough e s t i m a t e  o f  t h e  measured v a l u e  of Y , 
b u t  t h e y  do n o t  e x p l a i n  a l l  of t h e  measured v a r i a t i o n  i n  Y .  

P l o t s  of  t h e  measured Y v e r s u s  Ho/Lo ( F i g u r e  2-9) and beach s l o p e  

( F i g u r e  2-10) show t h a t  Y d e c r e a s e s  w i t h  i n c r e a s i n g  wave s t e e p n e s s  and 

i n c r e a s e s  w i t h  i n c r e a s i n g  s l o p e .  F i g u r e  2-1 1 is a  p l o t  of Y v e r s u s  a  
1 / 2  

combina t ion  of t h e s e  two p a r a m e t e r s ,  m / ( H , / L o )  , known a s  t h e  s u r f  

s i m i l a r i t y  pa ramete r  ( B a t t j e s  1975) .  The p l o t  shows some i n c r e a s e  i n  Y w i t f i  

a n  i n c r e a s i n g  s u r f  s i m i l a r i t y  p a r a m e t e r ,  b u t  t h e  r e l a t i o n s h i p  i s  weak and t h e  

d a t a  a r e  very  s c a t t e r e d .  Obviously  much e f f o r t  h a s  been expended i n  t h e  p & t  

t o  d e t e r m i n e  Hb/hb.  Although none of t h e  e x p r e s s i o n s  p r e s e n t e d  g i v e s  a n  

e x c e l l e n t  f i t  t o  t h e  d a t a ,  t h e  e x p r e s s i o n s  of S i n g a m s e t t i  and Wind, and of 

Sunamura p r o v i d e  t h e  b e s t  p r e d i c t i o n s .  I t  is e v i d e n t  t h a t  bo th  t h e  

aeasurement  and t h e  p r o c e s s  of wave b r e a k i n g  a r e  v e r y  complex and t h a t  t h e  

phenomenon has  a  l a r g e  v a r i a b i l i t y .  

The second  p a r a m e t e r  needed t o  q u a n t i f y  t h e  wave h e i g h t  decay i n  t h i s  

s t u d y  is t h e  exponen t  n  . The n -va lue  i n  E q u a t i o n  2-4,  o b t a i n e d  a s  a  b e s t  

f i t  t o  e a c h  of  t h e  decay p r o f i l e s  i n  t h e  d a t a ,  was c a l c u l a t e d  by r e g r e s s i o n  

a n a l y s i s .  E q u a t i o n  2-4 i s  n o n l i n e a r ,  b u t  it  was t r a n s f o r m e d  t o  a  l i n e a r  form 

u s i n g  n a t u r a l  l o g a r i t h m s ,  and t h e  c u r v e s  were f i t  t o  t h e  d a t a  .by t h e  method of 

l e a s t  s q u a r e s  ( M i l l e r  and Freund 1977) .  The method of  l e a s t  s q u a r e s  m i n i n i z e s  

$he  sum of t h e  s q u a r e s  of t h e  v e r t i c a l  d i s t a n c e s  from t h e  d a t a  p o i n t s  t o  t h e  

r e g r e s s i o n  c u r v e .  Equa t ion  2-4 t r a n s f o r m s  t o  

i n  which I n  is t h e  l o g a r i t h m  t o  t h e  b a s e  e  . The p r e v i o u s  e q u a t i o n  is  of 

t h e  form 

where n  is  unknown. The (Yhb)- term c a n  be  t r e a t e d  e i t h e r  a s  a  known o r  

unknown i n  t h e  a n a l y s i s .  The v a l u e  o f  Yhb f o r  a  p a r t i c u l a r  run  is 



Figure 2-9.  Gamma versus wave steepness for  
experimental resul t s  

Figure 2-10. Gamma versus beach slope for 
experbental  resul ts  
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Figure 2-11. Gamma versus surf similarity parameters 
for experimental results 



equal  t o  H b  , which is  a v a i l a b l e  i n  t h e  da t a  s e t .  I f  t h e  va lue  of yhb is 

c a l c u l a t e d  b y  t h e  r e g r e s s i o n ,  t h i s  g ives  a  b e t t e r  f i t  of the  curve t o  t h e  

da t a .  But,  b y  l e t t i n g  Y " f l o a t "  a s  a  f r e e  parameter,  i t  is no longer  equal  

t o  Hb/hb , Therefore,  t h e  va lue  of Yh is s e t  t o  H b  f o r  each r u n ,  and 
b 

only t h e  value of n  is  allowed t o  vary t o  f i t  t he  da ta .  

The. f i r s t  attempt t o  quan t i fy  n  was t o  c a l c u l a t e  i t  f o r  each  d a t a  run 

w i t h  t h e  r e g r e s s i o n  a n a l y s i s ,  and t o  p l o t  t hese  n-values a g a i n s t  s i g n i f i c a n t  

2ararneters f o r  r e s p e c t i v e  runs.  The parameters chosen t o  r e l a t e  wi th  t h e  n- 

values were beach s l o p e ,  wave s t e e p n e s s ,  s u r f  s i m i l a r i t y  parameter ,  and s u r f  
1 /2 

s i a i l a r i t y  parameter a t  wave breaking,  m / ( H b / L b )  . Figure  2-12 shows n  

versus beach s lope  f o r  each run. The p l o t  shows an inve r se  o r  hyperbol ic  

r e l a t i o n s h i p  between n  and s l o p e ,  but t h e r e  is much s c a t t e r .  An n-value 

g r e a t e r  than 1.0 i n d i c a t e s  a  concave upward decay p r o f i l e ,  s o  l a r g e r  n-values 

a s s o c i a t e d  with smal le r  s l o p e s  f i t s  t h e  t r end  i n  F igure  2-1. F igure  2-13 is  a  

p l o t  of n  versus H o / L o .  No c o r r e l a t i o n  between n  and Ho/Lo is  obvious. 

F igures  2-14 and 2-15 a r e  p l o t s  of n  versus  t he  deepwater s u r f  s i m i l a r i t y  

parameter and t h e  s u r f  s i m i l a r i t y  parameter a t  breaking. The c o r r e l a t i o n  

t akes  a  hyperbol ic  shape i n  both cases .  These f o u r  p l o t s  show t h a t  n  and 

H o / L o  do not have a  s t r o n g  r e l a t i o n s h i p ,  bu t  n and s lope  a r e  r e l a t e d ,  a s  was 

known frcJm t h e  onse t .  The p l o t s  show t h a t  f o r  s t e e p  bottom s l o p e s ,  t h e  

n-value is lower and l e s s  v a r i a b l e ,  whereas on g e n t l e  bottom s l o p e s ,  t h e  n- 

value Is extremely v a r i a b l e .  

This  f i r s t  a t tempt  was encouraging,  bu t  not  conclus ive .  The n-values 

f o r  t he  ind iv idua l  runs on small  s l o p e s  were extremely va r i ab l e .  Closer  

e x a r n i n a t i ~ n  of t h e s e  runs (Horikawa and Kuo 1/80 and 1/55 s l o p e s )  showed t h a t  

some runs  had a s  few a s  four  d a t a  p o i n t s ,  and i n  some cases  t he  d a t a  spanned 

only one - th i rd  of t h e  su r f  zone (from t h e  breaker  l i n e  i n s h o r e ) .  I n  runs x i t h  

few da ta  p o i n t s ,  t h e  n-values were h igher .  The l ack  of inshore d a t a  p o i n t s  i n  

the  decay p r o f i l e s  ev iden t ly  b iased  t h e  r e s u l t s .  

To e l i m i n a t e  t he  problem of s p a r s e  d a t a  i n  some runs ,  a l l  d a t a  f o r  each 

s lope  were nondimensionalized and combined. The wave he ight  was 



m 
Figure 2-12. Power law exponent versus beach slope fo r  experimental 
r e s u l t s  (exponent determined from each experimental run) 

Figure 2-13. Power law exponent versus wave steepness f o r  
experimental r e s u l t s  (exponent determined from each 
experimental run) 



Figure 2-14.  Power law exponent versus deepwater s u r f  
s i m i l a r i t y  parameter f o r  e x p e r b e n t a l  r e s u l t s  (exponent 
determined from each experimental run) 

Figurs 2-15. Power law exponent versus su r f  s i m i l a r i t y  
parameter a t  wave breaking f o r  experimental r e s u l t s  
(exponent determined from each experimental run) 



n o n d i m e n s i o n a l i z e d  by t h e  b r e a k i n g  wave h e i g h t  a n d  t h e  w a t e r  d e p t h  was 

n o n d i m e n s i o n a l i z e d  by t h e  water d e p t h  a t  b r e a k i n g .  E q u a t i o n  2-4 becomes 

The  e q u a t i o n  was t r a n s f o r m e d  t o  t h e  l i n e a r  form 

and  a r e g r e s s i o n  a n a l y s i s  was p e r f o r m e d .  The  r e s u l t s  o f  t h e  r e g r e s s i o n  a r e  

g i v e n  i n  T a b l e  2-2. The n - v a l u e  i s  t h e  r e s u l t  o f  t h e  r e g r e s s i o n  f o r  t h e  

lisnped n o n d i m e n s i o n a l  d a t a .  The  v a l u e s  of Y and  H,/Lo a r e  t h e  a v e r a g e s  o f  

t h e  combined  r u n s .  F i g u r e  2-16 is a p l o t  o f  t h e  "lumped" n  v e r s u s  t h e  i n v e r s e  

of  bo t tom s l o p e .  A l i n e a r  r e g r e s s i o n  o f  n  as a  f u n c t i o n  o f  s l o p e  g a v e  t h e  

e q u a t  i o n  

w i t h  a c o r r e l a t i o n  c o e f f i c i e n t ,  r , e q u a l  t o  0 .71 .  A r e g r e s s i o n  was a l s o  

done  o n  a  s u b s e t  o f  t h e  d a t a ,  t h e  Hor ikawa  a n d  Kuo d a t a ,  and  gave  t h e  e q u a t i o n  

w i t h  a c o r r e l a t i o n  c o e f f i c i e n t  e q u a l  t o  0.86. The Horikawa and  Kuo d a t a  s e t  

was s e l e c t e d  as a s u b s e t  b e c a u s e  i t  i n c l u d e s  more  r u n s  and  d a t a  p o i n t s  p e r  

s l o p e  t h a n  t h e  o t h e r  d a t a ' s e t s  a n d  t h u s  would  b e  more s t a t i s t i c a l l y  s t a b l e .  

F i g u r e  2-17 is a p l o t  o f  t h e  ' l lumpedv n  v e r s u s  t h e  a v e r a g e d  H o / L o .  T h e  p l g t  

shows no  o b v i o u s  c o r r e l a t i o n .  

A l t h o u g h  t h e  r e l a t i o n s h i p  be tween  n  and  b e a c h  s l o p e  i s  f a i r l y  c l e a r  

f o r  t h e  combined d a t a ,  t h e  s c a t t e r  i n  t h e  d a t a  i m p l i e s  t h e r e  may b e  a n o t h e r  

i m p o r t a n t  f a c t o r ,  a s s u m i n g  t h a t  random e x p e r i m e n t a l  v a r i a b i l i t y  i s  n o t  t h e  

ma jo r  c a u s e .  T o  r e s o l v e  t h e  v a r i a t i o n  i n  n  f o r  a g iver !  ? l o p e ,  n v e r s u s  

H,/Lo a n d  n  v e r s u s  Y were  p l o t t e d  f o r  s e l e c t e d  s l o p e s .  F i g u r e s  2-13 a n d  

2-19 a re  p l o t s  of  n  v e r s u s  Ho/Lo a n d  n  v e r s u s  Y f o r  a s l o p e  o f  1 / 2 0 .  

The v a l u e s  o f  n  , Ho/Lo, a n d  Y a r e  f rom e a c h  o f  t h e  i n d i v i d u a l  r u n s ,  no t  



TABLE 2-2 

Regression Results f o r  n - P (  , lope) 

Slope n Y a v e  H,/L, No. of Data No. o r  Source 

Points  Runs 

1/90 1.75 0.86 .3075 2 3 1 Sasaki and 

Saeki 

1/80 1.97 0.71 .0341 5 15 5 7 Horikawa 

and Kuo 

1/65 2.38 0.87 ,0275 142 16 Hor 1 kawa 

and Kuo 

1/63 3.99 0.97 .0068 7 1 Maruyana 

e t  a l .  

1/50 1 .52 0.83 .!I226 73 2 Saeki and 

SaSkl 

1/46 1.96 0.70 .0037 6 1 Elaruyama 

e t  a l .  

1/45 1.84 0.88 ,0170 35 4 Van Dorn 

1/40 1.70 0.81 .0315 22 2 St ive  

1/30 1.32 0.78 .0230 248 19 Hor 1 kaua 

and Kuo 

1/29 1.12 0.64 ,0913 7 1 Maruyama 

e t  a l .  

1/25 1.51 0.94 ,0162 3 9 4 Van 3orn 

1/22 1.11 0.a8 .0252 5 I "aru yana 

e t  31. 

1/20 1.20 0.99 .0258 169 2' 3or:raua 

and Kuo 

1/12 1.49 1.25 .0156 24 4 Ian Dorn 



r e g r e s s i o n  equatigns: 
. . . . . .  a l l  d a t a  
- Horikawa and  Kc3 d a t a  

F igure  2-1 6 .  Power law exponent versus 1 / s l ope  f o r  experimental  r e s u l t s  
and r eg res s ion  equa t ions  (exponent determined from combined da t a  f o r  
each s l o p e )  

F igure  2-17. Power law exponent versus wave s t eepness  f o r  experimental 
r e s u l t s  (exponent determined from combined d a t a  f o r  each  s l o p e )  



F i g u r e  2-18. Power law e x p o n e n t  v e r s u s  wave s t e e p n e s s  f o r  e x p e r i m e n t a l  
r e s u l t s  w i t h  s l o p e  = 1 /20  ( e x p o n e n t  d e t e r m i n e d  from each e x p e r i m e n t a l  
r u n )  

F i g u r e  2-19. Power law e x p o n e n t  v e r s u s  Y f o r  e x p e r i m e n t a l  r e s u l t s  
w i t h  s l o p e  = 1 / 2 0  ( e x p o n e n t  d e t e r m i n e d  from e a c h  e x p e r i m e n t a l  r u n )  



averages. The n-value s t i l l  Shows no r e l a t i o n  t o  H,/Lo, b u t  n does increave 

as Y increases .  To summarize, n is a funct ion of slope and Y , but n 

does not appear t o  be r e l a t ed  t o  H o / L o  or  t o  the  surf  s i m i l a r i t y  parameter ( a  

funct ion of H o / L o ) .  

A s  a  next s t e p ,  t o  avoid the  problem of sparse  data i n  some runs without 

combining a l l  t he  data  of the  same s lope,  runs w i t h  s imi la r  Y were combined 

( s o  the  e f f e c t  of Y is  seen) .  Slopes w i t h  mul t ip le  runs were divided i n t o  

groups w i t h  Y centered on whole t en ths  of Y (0 .6 ,  0.7, 0.8,. e t c  ... ) .  

Regressions were run on each of the groups t o  c a l cu l a t e  a best  f i t  n . These 

n-values, the  average Y , and the slope fo r  each group were used as input t o  

a mult iple regress ion of n in  terms of Y and s lope.  The assumed form of 

the  equation is 

The method of l e a s t  squares was used again t o  f i t  a  family of curves t o  

the data.  The mul t ip le  regress ion was run on a subset  of the da ta ,  the  

Horikawa and Kuo data ,  because i t  included more data  points  per slope.  The 

r e s u l t  of the  mu1 t i p l e  regress ion is 

Equation 2-8 is plot ted  i n  Figure 2-20. The p lo t  shows tha t  n increases 

wit3 increasing Y and decreasing slope.  The in te rac t ion  term of Y and 

slope accounts f o r  the  increased steepness of the  curves as the slope 

decreases. Figure 2-21 shows a l l  the data  p lo t t ed  against  Equation 2-8. T'he 

second term i n  Equation 2-8 is  the  leading term f o r  moderate-to-mild beach 

slopes.  The value of n i s  mainly control led  by Y , b u t  i s  a l s o  s ens i t i ve  

t o  rn because t he  beach s lope var ies  over an order of magnitude whereas t he  

value of Y devia tes  l i t t l e  from unity. 

Figures 2-22 through 2-27 give examples of the f i t  of the power law wave 

height decay model t o  the  Horikawa and Kuo laboratory data.  The s o l i d  l i n e  

represents  the power law model. The n-values used were calcula ted from 

Equation 2-8 w i t h  the  measured values of n and beach slope. The dashed l i n e  

Is  the f i t  of the Dally e t  a l .  model described e a r l i e r .  The recommended value 



7 / Slope 

Y 

F i g u r e  2-20. Power law exponen t  v e r s u s  Y f rom E q u a t i o n  2-8 a n d  
e x p e r i a e n t a l  r e s u l t s  f rom Horikawa and  Kuo (1967)  ( e x p o n e n t  
d e t e r m i n e d  f rom combined d a t a  w i t h  s i m i l a r  Y and  s l o p e )  

F i g u r e  2-21. Power law e x p o n e n t  v e r s u s  Y f rom E q u a t i o n  2-8  and 
e x p e r i m e n t a l  r e s u l t s  ( e x p o n e n t  d e t e r m i n e d  f rom combined d a t a  
w i t h  s i m i l a r  Y a n d  s l o p e )  



F i g u r e  2-22. Compar ison  o f  wave h e i g h t  f rom e x p e r i m e n t a l  r e s u l t s ,  power 
law model (n.1.10, Y -1 . 1 8 ,  a n d  s l o p e = l / 2 0 ) ,  a n d  D a l l y  e t  a l .  ( 1  9 8 5 a ,  
1985b) model 
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F i g u r e  2-23. Compar ison  o f  wave h e i g h t  d e c a y  f rom e x p e r i m e n t a l  results, 
power law model (n=1  . 61 ,  Y =1 .18, a n d  s l o p e = 1 / 2 0 ) ,  a n d  D a l l y  e t  al. 

( 1 985a, 1985b) model 
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F i g u r e  2-24. Compar ison  o f  wave h e i g h t  decay  from e x p e r i m e n t a l  r e s u l t s ,  
power l aw  model (n.1.40, Y ~ 0 . 8 6 ,  a n d  s l o p e = l / ) O ) ,  and  D a l l y  e t  a l .  
( 1 9 8 5 a , 1 9 8 5 b )  model 

h i h  
5 

F i g u r e  2-25. Compar ison  of wave h e i g h t  decay  f r m  e x p e r i m e n t a l  r e s u l t s ,  
power l a w  model (1112.09, Y ~ 0 . 7 8 ,  a n d  s l o p e = 1 / 6 5 ) ,  and  D a l l y  e t  a l .  
( 1 9 8 5 a , 1 9 8 5 b )  model 



F i g u r e  2-26. Comparison of wave h e i g h t  decay from e x p e r i m e n t a l  r e s u l t s ,  
power law model (n=2 .39 ,  Y =0.87,  and s l o p e = i / 6 5 ) ,  and D a l l y  e t  a l .  
( 1 985a,  1985b) model 

18.0 - 
1 6 . 0 .  

h / h b  

F i g u r e  2-27. Comparison o f  wave h e i g h t  decay from e x p e r i m e t n a l  r e s u l t s ,  
power law model (n=1 . 7 5 ,  Y -0 .61,  and s l o p e = l / 8 0 ) ,  and D a l l y  e t  a l .  
( 1 985a,  1985b) model 

n = 2.39 
Y = 0.87 
rn = 1 / 6 5  

4.0 - Power law decay  model  - 
Dally e t  al. ( 1 9 8 5 )  model  .-- --.... 

12.0 . 
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H o r ~ k a w a  and Kuo ( 1 9 6 7 )  



of  k = 0.15 a n d  t h e  s t a b l e  wave h e i g h t  of  H s  = 0.40 h  were  u s e d  t o  c a l c u l a t e  

t h e  D a l l y  e t  a l .  wave h e i g h t  decay .  The decay  p r o f i l e s  o n  t h e  s t e e p  beach  

s l o p e s  show a l m o s t  l i n e a r  decay  w i t h  a p ronounced  s e t u p  ( n o t  i n c l u d e d  i n  t h e  

D a l l y  e t  a l .  c u r v e ) .  The  decay  p r o f i l e s  o n  t h e  m i l d  s l o p e s  show a  concave  

upward s h a p e  as p r e d i c t e d  by b o t h  mode l s .  The D a l l y  e t  a l .  model a p p e a r s  t o  

f i t  t h e  p r o f i l e  s h a p e  b e t t e r  o n  t h e  m i l d  s l o p e s ,  c h a r a c t e r i z i n g  t h e  

r e f o r m a t i o n  o f  t h e  wave. O v e r a l l ,  t h e  power law model g i v e s  a  good p r e d i c t i o n  

o f  t h e  wave h e i g h t  d e c a y .  

The power law model p r e d i c t s  t h e  wave h e i g h t  d e c a y  b e t t e r  t h a n  t h e  

l i n e a r  decay  model assumed i n  p r e v i o u s  l o n g s h o r e  c u r r e n t  models .  The power 

law model a l s o  compares  f a v o r a b l y  t o  t h e  more complex model o f  D a l l y  e t  a l .  

< 1 9 8 5 a ,  1 9 8 5 b ) .  The  s p e c i f i c a t i o n  o f  two p a r a m e t e r s ,  Y and  n  , is  r e q u i r e d  

i n  t h e  power law model .  The p a r a m e t e r  Y is t h e  r a t i o  o f  wave h e i g h t  t o  

w a t e r  d e p t h  a t  wave b r e a k i n g .  T h i s  p a r a m e t e r  i s  b e s t  e s t i m a t e d  by t h e  

e x p r e s s i o n  o f  S i n g a m s e t t i  and  Wind ( E q u a t i o n  2-6)  o r  t h e  e x p r e s s i o n  o f  

Sunamura ( E q u a t i o n  2-7) .  The e x p o n e n t ,  n  , o f  t h e  power law i s  a  f u n c t i o n  o f  

Y a n d  t h e  beach  s l o p e  a s  s p e c i f i e d  i n  E q u a t i o n  2-8. A c l o s e d - f o r m  s o l u t i o n  

f o r  t h e  l o n g s h o r e  c u r r e n t  d i s t r i b u t i o n  i s  d e r i v e d  i n  t h e  n e x t  c h a p t e r  u s i n g  

t h e  power l aw  model o f  wave h e i g h t  d e c a y .  



CHAPTER 111: D E R I V A T I O N  OF THE LONGSHORE C U R R E N T  DISTRISUTION MODEL 

Th i s  chapter  desc r ibes  t h e  d e r i v a t i o n  of t he  closed-form mathematical 

model of t h e  longshore c u r r e n t  d i s t r i b u t i o n  based on t h e  power law of wave 

he ight  decay i n  t h e  s u r f  zone developed i n  Chapter 11. The model i s  intended 

t o  be an engineer ing  t o o l  f o r  p r e d i c t i n g  longshore c u r r e n t s  and f o r  s tudying  

r e l a t i o n s h i p s  between phys ica l  f a c t o r s  gene ra t ing  the  c u r r e n t s .  The mornentun 

balance i n  t h e  longshore d i r e c t i o n  is t h e  b a s i s  f o r  t h e  model, bu t  many 

s i m p l i f y i n g  assumptions a r e  made i n  o r d e r  t o  provide a s o l u t i o n  i n  a form f o r  

p r a c t i c a l  use. The model may be viewed a s  an ex tens ion  of t h e  model of 

ionguet-Higgins (1970a, 1970b).  The e f f e c t  of i n c i d e n t  wave ang le s  is 

included i n  t h e  form presented by Kraus and Sasaki  (1978a, 1978b),  bu t  

t r u n c a t e d  a t  second o rde r  t o  al low e a s i e r  a p p l i c a t i o n .  The longahore c u r r e n t  

model i s  compared t o  l a b o r a t o r y  d a t a  and t o  t h e  Longuet-Higgins model. 

Assumptions 

The assumptions used i n  t h e  d e r i v a t i o n  of t h e  longshore c u r r e n t  model 

a r e  l i s t e d  i n  Table 1-2. These assumptions s i m p l i f y  t h e  mathematical 

development, s o  an a n a l y t i c a l  s o l u t i o n  becomes poss ib l e .  S imi l a r  ass~unpt ions  

have been made i n  most prev ious  longshore  cu r r en t  models, inc luding  numerical 

ao5e l s .  The assumptions p i c t u r e  a  h igh ly  ove r s impl i f i ed  environment,  soeewhaf 

removed from t h e  r e a l  world. The longshore  c u r r e n t  i s  never completely s teady  

' s e e ,  e . g . ,  Meadows 19771, i n  c o n t r a s t  t o  t h e  s t eady  s t a t e  assumption. The 

longshore c u r r e n t  v a r i e s  s i g n i f i c a n t l y  over t ime periods a s  s h o r t  a s  5 

minutes.  The longshore c u r r e n t  is a l s o  assumed t o  be homogeneous i n  t h e  

longshore d i r e c t i o n .  H a r r i s  (1969) d e s c r i b e s  t h i s  a s  an "alongshore system" 

a s  opposed t o  a  c e l l u l a r  system wi th  t h e  longshore c u r r e n t  f eed ing  r i p  

c u r r e n t s .  H a r r i s  no tes  t h a t  a longshore systems occurred i n  only 10 percent  af 

h i s  f i e l d  obse rva t ions  performed on t h e  Natal  coas t  of South Afr ica .  I n  

l abo ra to ry  wave b a s i n s ,  more cond i t i ons  can be c o n t r o l l e d  ( e . g . ,  t h e  wave 

f i e l d  and t h e  beach s l o p e ) ,  b u t  t he  l a t e r a l  boundary condi t ion  of a  homogenous 



c u r r e n t  i n  t h e  longshore d i r e c t i o n  is d i f f i c u l t  t o  achieve.  I f  proper c a r e  i s  

not  taken ,  a  l a r g e  c i r c u l a t i o n  c e l l  w i l l  t end  t o  form i n  a  wave basin.  

Although t h e  assumptions made a r e  r e s t r i c t i v e ,  t he  t r ends  observed i n  t h e  

model a r e  expected t o  be a p p l i c a b l e  t o  more complex s i t u a t i o n s .  If  a  c e l l u l a r  

system is  p re sen t ,  a  c i r c u l a t i o n  model ( e . g . ,  Keeley and Bowen 1977)  should  be 

used. The model presented i n  t h i s  r e p o r t  p r e d i c t s  t he  depth-averaged 

longshore cu r r en t  d i s t r i b u t i o n .  This  l e v e l  of s o p h i s t i c a t i o n  is  c o n s i s t e n t  

with most a v a i l a S l e  measurements of t h e  longshore c u r r e n t .  

Equations of Motion 

The equat ions of motion a r e  s t a t emen t s  of Newton's Second Law, conser-  

va t ion  of momentum. The equat ions  of motion f o r  t he  depth-averaged, s t e a d y  

flow t h a t  must be s a t i s f i e d  a r e  

u au/ax + v au/ay - fcv = -g (h+ii)  a j / a x  + ( 1 1 p )  z s t r e s s e s  
X 

(3 -1)  

f o r  t h e  x -d i r ec t ion  ( sho re  normal) and 

- 
u av/ax + v av/ay + feu = -g (h+ri) + i n  r s t r e s s e s  (3 -2 ;  

Y 

f o r  t h e  y -d i r ec t ion  ( sho re  p a r a l l e l ) ,  where u  is t h e  mean cu r ren t  speed i n  

the  x -d i r ec t ion ,  v  is the  mean c u r r e n t  speed i n  t h e  y -d i r ec t ion ,  f c  i s  t3e - 
C o r i o l i s  parameter ,  g is the  g r a v i t a t i o n a l  a c c e l e r a t i o n ,  and q is t h e  aean 

s e t u p  ( F i g u r e  3-1). A d e r i v a t i o n  of t he  equat ions  of motion is  found i n  Dean 

and Dalrymple (1984) .  The c o n t i n u i t y  equa t ion ,  

express ing  conserva t ion  of mass, must a l s o  be s a t i s f i e d .  A l l  y -de r iva t ives  

a r e  ze ro  because of t h e  assumption of homogeneity i n  t h e  y -d i r ec t ion  a n d ,  

applying the  c o n t i n u i t y  equat ion  (Equat ion 3 -3 ) ,  u-0. The C o r i o l i s  f o r c e  i s  



P l a n  V iew 

P r o f i l e  View 
Figure 3-1. Def ini t ion sketch f o r  momentum balance 



neglec ted .  Equations 3-1 and 3-2 s imp l i fy  t o  

o = -g ( h + i )  a?ax + ( t / p )  L s t r e s s e s  
X 

and 

0 = Z s t r e s s e s  
Y 

Equation 3-4 (x-momentum) is used i n  Chapter I V  t o  de r ive  t h e  wave se tup .  

Equation 3-5 i s  expanded t o  de r ive  the  longshore cu r r en t  d i s t r i b u t i o n .  

The s t r e s s e s  r e f e r r e d  t o  i n  Equation 3-5 a r e  t he  l o c a l  wave s t r e s s ,  

T 
Y ' 

t he  wind s t r e s s ,  T , t h e  s t r e s s  due t o  l a t e r a l  mixing, B L  , and the 
w Y 

f r i c t i o n a l  s t r e s s  on t h e  bottom, < B y >  . Equation 3-5 becomes 

The wind s t r e s s  is not included i n  the  genera l  d e r i v a t i o n ,  b u t  i t  is d iscussed  

l a t e r  is t h i s  chapter .  

Local Wave S t r e s s  

The l o c a l  wave s t r e s s  is  t h e  longshore f o r c e  exer ted  on t h e  nearshore 

water mass by t h e  incoming waves, and i t  is t y p i c a l l y  assumed t o  be the  only 

d r iv ing  f o r c e  of t h e  longshore cu r r en t .  The l o c a l  wave s t r e s s  i s  ca l cu la t ed  

using t h e  concept of r a d i a t i o n  s t r e s s  developed by Longuet-Higgins and Stewart  

( 1 9 6 2 ,  1963,  1 9 6 4 ) .  Longuet-Higgins and Stewar t  d e f i n e  r a d i a t i o n  s t r e s s  as  

t h e  excess  flow of momentum due t o  t h e  presence of waves. The f l u x  of y- 

momentum p a r a l l e l  t o  t h e  sho re  a c r o s s  a  p l ane  x=constant  i s  

where SXy r e p r e s e n t s  t h e  r a d i a t i o n  s t r e s s  component which i s  t h e  excess  f l ux  



of x-directed momentum i n  the  Y-direct ion.  F, is the energy f lux  i n  t h e  x- 

di rec t ion  per uni t  d is tance  alongshore, C is  the  wave c e l e r i t y ,  and 0 is  

the  l oca l  wave angle. By S n e l l l s  law, (sin0/C) is  a  constant and is 

the re fore  equal t o  the  same r a t i o  a t  breaking. Equation 3-7 can then be 

wri t ten  as 

Applying l i n e a r  wave theory, the x-directed energy f l u x  is 

where C g  is the  loca l  group c e l e r i t y  of the  waves, and E i s  the  l oca l  

energy densi ty  per uni t  surface  area.  The energy density is 

I f  waves do not lose  energy ( b y  wave breaking or bottom f r i c t i o n ) ,  t he  

energy f l u x  i s  constant ,  b u t  i n  the  surf  zone, wave energy is ce r t a i n ly  

l a s t .  The wave energy decays through t he  sur f  zone, and i t  i s  zero a t  

approximately the  shorel ine .  The r a t e  of energy d i s s ipa t ion ,  D , is 

The net  s t r e s s  per uni t  area exerted by t he  waves on the water i n  the  

surf  zone is 

and from Equations 3-7, 3-11, and 3-12, 



The l o c a l  wave s t r e s s  is  propor t iona l  t o  t h e  r a t e  of energy d i s s i p a t i o n .  

Therefore ,  o u t s i d e  t h e  surf zone, where energy l o s s  is small  (minimal wave 

breaking;  weak Sottom o r b i t a l  v e l o c i t i e s ,  producing l i t t l e  bottom f r i c t i o n )  

t h e  wave s t r e s s  is considered zero. i n s i d e  t h e  s u r f  zone, energy l o s s  by  wave 

breaking is dominant, and bottom f r i c t i o n  is  a l s o  bel ieved t o  be s i g n i f i c a n t .  

To t h i s  p o i n t ,  the  d e r i v a t i o n  i s  not o r i g i n a l ,  b u t  has followed t h a t  of 

Longuet-Higgins (1970a, 1970b). Next, t h e  wave he ight  decay power law i s  

incorporated b y  applying Equation 2-4 t o  d e s c r i b e  t h e  broken wave height  i n  

the  s u r f  zone. The l o c a l  wave energy (Equat ion 3-10) becomes 

and the  energy f l u x  (Equat ion 3 -9 )  becomes 

I n  shal low water ,  t he  wave group c e l e r i t y  and t h e  wave c e l e r i t y  a r e  equal  and 

expressed a s  

by l i n e a r  shallow-water wave theory .  Using Equation 3-16, Equation 3-15 

reduces t o  

Wave s e t u p  is accounted f o r  i n s i d e  the  s u r f  zone by  a l t e r i n g  the  beach s l o p e ,  

tan6 , a s  suggested by Longuet-Higgins (1970a) 

The Mave se tup  is  assumed t o  be a  l i n e a r  func t ion  of water depth 5y applying 

Equation 3-18. 



The d e r i v a t i v e  o f  t h e  e n e r g y  f l u x  i n  t h e  x - d i r e c t i o n  is  computed a s  a n  

i n t e r m e d i a t e  s t e p  t o  c a l c u l a t i n g  t h e  l o c a l  wave s t r e s s .  From E q u a t i o n  3-17 

a n d  E q u a t i o n  3-18 

* 
= - t a n 6  1 /8 p g 3 I 2  y2/  ( h b )  (2n -2 )  a / a h ( h  (2n.112) cos8) 

The l o c a l  d r i v i n g  wave s t r e s s  i n s i d e  t h e  s u r f  z o n e  f o l l o w s  d i r e c t l y  from 

E q u a t i o n  3-19 s u b s t i t u t e d  i n  t o  E q u a t i o n  3-13 ,  and  t h e  wave s t r e s s  o u t s i d e  t h e  

s u r f  z o n e ,  where  D is  n e g l i g i b l e ,  i s  z e r o  

L a t e r a l  Mix ina  S t r e s s  

The l a t e r a l  mix ing  s t r e s s  is t h e  exchange  o f  momentum c a u s e d  by 

h o r i z o n t a l  t u r b u l e n t  e d d i e s .  A r e v i e w  of t h e  i n f l u e n c e  o f  l a t e r a l  mix ing  i n  

l o n g s h o r e  c u r r e n t  mode l ing  was r e c e n t l y  made by McDougal and Hudspe th  

( 1 9 8 6 ) .  N e g l e c t  o f  l a t e r a l  m i x i n g  p r e d i c t s  a n  u n r e a l i s t i c  d i s c o n t i n u i t y  i n  

t h e  l o n g s h o r e  c u r r e n t  p r o f i l e  a t  t h e  b r e a k e r  l i n e .  The l a t e r a l  mix ing  s t r e s s  

employed is  o f  t h e  form u s e d  by Longue t -Higg ins  ( 1 9 7 0 b )  

where  E is t h e  l a t e r a l  v i s c o s i t y  c o e f f i c i e n t  d e f i n e d  as t h e  p r o d u c t  of a L 
r e p r e s e n t a t i v e  m i x i n g  l e n g t h  a n d  v e l o c i t y .  The l a t e r a l  v i s c o s i t y  c o e f f i c i e n t  

u s e d  is  f rom Madsen e t  a l .  ( 1 9 7 8 ) .  The  r e p r e s e n t a t i v e  mix ing  l e n g t h  used  is  

t h e  d i s t a n c e  t o  t h e  mean s h o r e l i n e ,  and  t h e  r e p r e s e n t a t i v e  v e l o c i t y  i s  t h e  

maximum o r b i t a l  v e l o c i t y ,  U o  9 max 



where r is a  cons t an t .  The maximum o r b i t a l  ve loc i ty  is  

o  = H C/(2h) max 

= H g1 /2 , (2  h 1 / 2 )  

b y  l i n e a r  shallow-water wave theory .  Applying Equation 3-23 and t h e  power law 

express ion  f o r  t h e  broken wave he ight  i n  t h e  s u r f  zone, Equation 3-22 becomes 

The express ion  f o r  t h e  l a t e r a l  mixing s t r e s s  i n  t he  s u r f  zone from Equation 3- 

2; and 3-24 becomes 

Bottom F r i c t i o n  S t r e s s  - 

The bottom f r i c t i o n  s t r e s s  r e s i s t s  t h e  flow along the  bottom. The 

Sottom f r i c t i o n  s t r e s s  i s  descr ibed  by 

where, cf  is t h e  f r i c t i o n  c o e f f i c i e n t  and d is  t h e  t o t a l  v e l o c i t y ,  
a 

composed of t he  wave o r b i t a l  v e l o c i t y ,  U o  , and the  longshore c u r r e n t  

v e l o c i t y .  The t o t a l  ve loc i ty  f o r  a  longshore c u r r e n t  system is 



where the notation ( 0 ,  v) is used to denote the x and y-components of the 

steady current. The arrows indicate vector quantities. The absolute value of 

the bottom velocity is 

Applying the assumption that v is much smaller than 7 and expanding 
Equation 2-25 with a truncated binomial series (retaining only first order 

terms), yields 

a 17 = I ~ I  + 5 v/ luo1 (3 -23)  

-Z 

The y-component of 1 U is 

a 
( 1  = i/Fol + (uo sine v)/l$ll (5 sine + v) 

Y 

2 
= 1 s i n  + v 1 1  +T sin 8 v///Tl 

Since the time average of the bottom friction is required to compute the mean 

longshore current, linear terms of U, do not contribute and can be dropped, 

-- 2 ( 1 ~ 1 ~ ) ~  = l c l v  ( 1  + sin 8 )  ( 3 - 3 1 )  

The resulting y-component of the bottom stress is 

a 
B = cf"uolv ( 1  + sin 8 )  2 
Y 



The time a v e r a g e  o f  t h e  o r b i t a l  v e l o c i t y  is  

< Uo> = (2/n) U o  
max 

where  U is g i v e n  i n  E q u a t i o n  3-23. E q u a t i o n  3-32 s i m p l i f i e s  t o  
Om a x  

Longshore  C u r r e n t  V e l o c i t y  

S p e c i a l  c a s e :  s m a l l  i n c i d e n t  wave a n g l e .  F u r t h e r  s i m p l i f i c a t i o n s  c a n  

b e  made by a s suming  t h e  a n g l e  o f  wave i n c i d e n c e  is small. The  s m a l l - a n g l e  

a s s u m p t i o n  a l s o  f a c i l i t a t e s  compar i son  be tween t h e  p r e s e n t  model and  t h e  model 

o f  L o n g u e t - H i g g i n s ,  s i n c e  Longuet -Higgi  n s  ' a s sumes  t h e  wave a n g l e  is small. 

F o r  t h i s  s p e c i a l  c a s e ,  c o s 0  is a p p r o x i m a t e l y  e q u a l  t o  u n i t y  a n d  s i n 6  

is a p p r o x i m a t e l y  e q u a l  t o  z e r o .  S u b s t i t u t i n g  t h e  l o n g s h o r e  s t r e s s e s  

a p p l i c a b l e  t o  t h e  s u r f  zone  ( E q u a t i o n s  3-20, 3-25 ,  a n d  3-34)  i n t o  t h e  s t r e s s  

b a l a n c e  ( E q u a t i o n  3-5)  g i v e s  

* 
A p p l y i n g  t h e  p l a n e  b e a c h  a s s u m p t i o n  ( h  = t a n 0  x )  , and  s i m p l i f y i n g ,  E q u a t i o n  

3-35 becomes 



* 
r / 2  t a n 0  a / a x  ( x  ( n t 3 / 2 )  - 11. c,  v  x (n-112) 

N o n d i m e n s i o n a l i z i n g  x  , l e t t i n g  X = x / x b  , r e s u l t s  i n  

r / 2  t a n s *  a / a x  ( x  ( n + 3 " 2 J v / a ~ )  - l / n  C f  V x ( n - 1 / 2 1  

I f  t h e  l a t e r a l  m i x i n g  t e r m  is n e g l e c t e d ,  t h e  f i r s t  t e r m  t o  t h e  r i g h t  o f  t h e  

e q u a l  s i g n  i n  E q u a t i o n  3-37 i s  z e r o ,  a n d  t h e  l o n g s h o r e  c u r r e n t  s p e e d  i s  s o l v e d  

f o r  d i r e c t l y  

T h e  v e l o c i t y  a t  t h e  b r e a k e r  l i n e  ( X  = 1 )  f o r  n  = 1 ,  n e g l e c t i n g  l a t e r a l  m i x i n g ,  

is d e f i n e d  as vo 

f o l l o w i n g  Longue t -Higg ins  ( 1 9 7 0 a ) .  The v a l u e  o f  vo i s  t h e  maximum p o s s i b l e  

c u r r e n t  s p e e d  f o r  n  = 1 .  As n  v a r i e s ,  t h e  maximum c u r r e n t  s p e e d  is g i v e n  b y  

N o n d i m e n s i o n a l i z i n g  t h e  c u r r e n t  s p e e d  v  by v, , V = v /vo  , s imp l i . ' i e s  

E q u a t i o n  3-37 t o  

whe re  

Tne p a r a m e t e r  P is n o n d i m e n s i o n a l ,  a n d  i t  e x p r e s s e s  t h e  r e l a t i v e  i m p o r t a n c e  

o f  l a t e r a l  m i x i n g  ( 7 )  and  bo t tom f r i c t i o n  ( c f )  . 



C a l c u l a t i n g  t h e  d e r i v a t i v e  i n  E q u a t i o n  3-41 and  r e a r r a n g i n g  t h e  t e r m s  

g i  v e s  

where  t h e  p r i m e s  d e n o t e  d e r i v a t i v e s  w i t h  r e s p e c t  t o  X .  E q u a t i o n  3-43  i s  a 

nonhomogeneous s e c o n d - w d e r  d i f f e r e n t i a l  e q u a t i o n  s o l v e d  by t h e  method o f  

v a r i a t i o n  o f  p a r a m e t e r s .  The s o l u t i o n  t o  t h e  d i f f e r e n t i a l  e q u a t i o n  i s  

where 

S u b s t i t u t i n g  t h e  l o n g s h o r e  stresses a p p l i c a b l e  o u t s i d e  t h e  s u r f  z o n e  

( E q u a t i o n s  3-20,  3-25 ,  and  3-34)  i n t o  t h e  stress b a l a n c e  e q u a t i o n  ( E q u a t i o n  

3-6) y i e l d s  

3 u t s i d e  t h e  s u r f  z o n e  t h e  wave h e i g h t  is  a p p r o x i m a t e d  by l i n e a r  s h a l l a w - w a t e r  

wave t h e o r y  ( G r e e n ' s  Law) as 

Apply ing  t h e  small a n g l e  a s s u m p t i o n  a n d  n o t i n g  Hb = Yhb , E q u a t i o n  3-45 

s i a p l i f i e s  t o  



Applying t h e  smal l  ang le  assumption, t h e  p lane  beach assumption, and Equation 

3-47, Equation 3-45 s i m p l i f i e s  t o  

o r  i n  nondimensional form 

where 

The parameter Q is  used i n s t e a d  of P seaward of t h e  breaker  l i n e  because 

t h e  e f f e c t  of wave s e t u p  i s  n e g l i g i b l e  i n  t h i s  r eg ion .  Ca lcu la t ing  t h e  

d e r i v a t i v e  i n  Equation 3-49 and r ea r r ang ing  t h e  terms g ives  

Equation 3-50 i s  a  homogeneous second-order d i f f e r e n t i a l  equat ion  w i t h  t h e  

s o l u t i o n  

where q = -118 - (1/64 + I / Q ) ' / ~  

The q u a n t i t i e s  B f r m  Equation 3-44 and C from Equation 3-51 v e r e  

obta ined  b y  equat ing  t h e  c u r r e n t  and the  d e r i v a t i v e  of t h e  c u r r e n t  i n s i d e  and 

o u t s i d e  t h e  s u r f  zone a t  t h e  breaker  l i n e .  The genera l  s o l u t i o n  f o r  t he  

longshore c u r r e n t  d i s t r i b u t i o n  assuming a  smal l  i nc iden t  wave angle  i s  



where A = ( 4 n + 1 ) / 5  [ 1 / ( 1  - n ? ( 2 n + 1 / 2 ) ) ]  

Combinations of n  and P t h a t  s a t i s f y  t h e  r e l a t i o n  

cause the  s o l u t i o n  f o r  A i n  Equation 3-49 t o  become i n d e f i n i t e .  For t h e s e  

s p e c i a l  ca ses ,  p a r t i c u l a r  s o l u t i o n s  t o  Equation 3-42 must be c a l c u l a t e d .  For 

example, with n = 1.5 and P = 4/21, t h e  s o l u t i o n  i s  

Next, t h e  more genera l  c a s e  without t h e  small  angle  assumption is considered.  

General case:  wave ang le  not n e c e s s a r i l y  smal l .  On gen t ly  s lop ing  

Seaches, t h e  wave ang le  a t  breaking i s  usua l ly  small  due t o  wave r e f r a c t i o n ,  

but t h i s  is not  always t h e  case .  Liu and Dalrymple (1978) and Kraus and 

Sasaki  (1979a) show t h a t  t h e  breaking wave angle  has a s i g n i f i c a n t  e f f e c t  on 

t h e  magnitude of t he  longshore c u r r e n t  and t h e  shape of t h e  c u r r e n t  

d i s t r i b u t i o n .  The method of Kraus and Sasaki  is followed t o  inc lude  the  

e f f e c t  of wave angles  on t h e  longshore cu r r en t  d i s t r i b u t i o n .  



By S n e l l ' s  law and E q u a t i o n  3-16 

s i n e  = C/CbsinB 
b  

Using a  t r i g o n o m e t r i c  i d e n t i t y ,  t h e  c o s i n e  of  t h e  wave a n g l e  may be  w r i t t e n  a s  

2 1 / 2  CoS8 = ( 1  - ( h / h b )  s i n  e b )  ( 3 - 5 6 )  

Equa t ions  3-55 and 3-56 e x p r e s s  t h e  s i n e  and c o s i n e  of  t h e  l o c a l  wave a n g l e  i n  

t e rms  of wa te r  d e p t h  and c o n s t a n t s .  

Using Equa t ion  3-56, t h e  l o c a l  wave s t r e s s  i n  t h e  s u r f  z o n e ,  E q u a t i o n  

3-20, becomes 

Tak ing  t h e  d e r i v a t i v e  and s i m p l i f y i n g ,  Equa t ion  3-57 becomes 

The e x p r e s s i o n  f o r  t h e  l o c a l  wave s t r e s s  o u t s i d e  t h e  s u r f  zone remains  t h e  

same. The la tera l  mixing s t r e s s  was u n a f f e c t e d  by t h e  s m a l l  a n g l e  assumpt ion ,  

t h e r e f o r e  E q u a t i o n  3-25 is s t i l l  v a l i d .  The bottom f r i c t i o n  s t r e s s  ( E q u a t i o n  

3  -3 4 ) becomes 

1 /2h(n-1 / 2 )  
( hb)  (n-1)  2 

Y ( 1  + ( h / h b )  s i n  e b )  x < x  b  

2  \$1/2 */h112 ( 1 + ( h / Z I  s i n  e b )  



The  stress b a l a n c e  i n s i d e  t h e  b r e a k e r  l i n e  f r m  E q u a t i o n s  3-57 ,  3 -25 ,  

a n d  3-34 is 

* 
- P  g Y t a n 6  1 1 6  s i n e b  h  ( 2 n - 1 / 2 )  

/ ( h b )  (2n -3 /2 )  

2 1 / 2 -  [ ( 4 n + l ) ( l - ( h / h b )  s i n  B b )  

2  
hb 

2  1 / 2  ( h / % )  s i n  B b / ( l - ( h /  ) s i n  0 ) ] = 
b  

p r / 2  Y g 1 / 2 / ( h b ) ( n - 1  ) a / a x  ( X  h  ( n + ' / ' ) a v / a x )  - 

c f / n  p g 1 l 2  v Y h  sin 2  e b )  

E q u a t i o n  3-60 is n o n d i r n e n s i o n a l i z e d  a n d  s i m p l i f i e d ,  r e s u l t i n g  i n  

T a k i n g  t h e  d e r i v a t i v e  i n  E q u a t i o n  3-61 y i e l d s  

2 2  P ( n + 3 / 2 )  X V '  + P X V T f  - V ( l + X s i n  B 5 )  = 

2  2  2 1 / 2  - ( 4 n + 1 ) / 5  xn[(1- sin e b ) ' l 2  - X / ( 4 n + l )  s i n  8  / ( l - X s i n  B b )  ] b  

The  q u a n t i t y  i n  s q u a r e  b r a c k e t s  i n  E q u a t i o n  3-62 i s  a p p r o x i n a t e d  b y  a  b i n o m i a l  

e x p a n s i o n  t r u n c a t e d  t o  s e c o n d  o r d e r  

2  11 - ( 4 n + 3 ) / ( 2 ( 4 n + l ) )  X s i n  eb-  

2 4  
( 4 n + 5 ) / ( 8 ( 4 n + l ) )  X s i n  e b ]  



Kraus and Sasaki  (1979a. 1979b) obta ined  a  s o l u t i o n  t o  Equation 3-62 i n  t h e  

form of an i n f i n i t e  s e r i e s  by  r e t a i n i n g  a l l  o r d e r s  of t h e  binomial expansion 

of t h e  breaking wave angle .  Trunca t ion  p a s t  second o rde r  is  he re  considered 

t o  be s u f f i c i e n t l y  a c c u r a t e  and a l lows  a  more convenient  s o l u t i o n  f o r  

engineer ing  a p p l i c a t i o n .  Equation 3-62 then  becomes 

2  ' P ( n + 3 / 2 ) X V t + P X V " - V ( l  + X s i n  2 B b )  = 

where 

Z 
b = (4n+5)  s i n  gb / (40 )  

3  

Equation 3-64 is  a  second-order nonhomogeneous d i f f e r e n t i a l  equat ion .  The 

s o l u t i o n  t o  Equation 3-64 f o r  t h e  reg ion  shoreward of t he  breaker  l i n e  is  

approximated by a  power s e r i e s  t runca ted  t o  second o rde r  

where 



The stress b a l a n c e  s e a w a r d  of t h e  b r e a k e r  l i n e  ( E q u a t i o n  3 -44 )  w i t h  t h e  wave 

h e i g h t  a p p r o x i m a t e d  by G r e e n ' s  Law ( E q u a t i o n  3-45) i n  n o n d i n e n s i o n a l  form i s  

C a l ~ l ~ l a t i n g  t h e  d e r i v a t i v e  i n  E q u a t i o n  3-65 and r e a r r a n g i n g  t h e  t e rms  y i e l d s  

Q x2 V V f  + 5/4 Q X V 1  - V ( 1  
2 

+ X s i n  e b )  = 0 ( 3 - 6 7 )  

E q u a t i o n  3-67 i s  a homogeneous s e c o n d - o r d e r  d i f f e r e n t i a l  e q u a t i o n .  The 

s o l u t i o n  o f  E q u a t i o n  3-57 i s  a p p r o x i m a t e d  by a power s e r i e s  t r u n c a t e d  t o  

s e c o n d  o r d e r  

E x p r e s s i o n s  f o r  t h e  c o e f f i c i e n t s  B from E q u a t i o n  3-55 and C from E q u a t i o n  

3-68 a r e  o b t a i n e d  by  e q u a t i n g  t h e  c u r r e n t  a n d  t h e  d e r i v a t i v e  o f  t h e  c u r r e n t  

i n s i d e  and o u t s i d e  t h e  s u r f  zone  a t  t h e  b r e a k e r  l i n e .  The g e n e r a l  s o l u t i o n  

f o r  t h e  l o n g s h o r e  c u r r e n t  d i s t r i b u t i o n  t r u n c a t e d  t o  s econd  o r d e r  i n  t h e  

b r e a k i n g  wave a n g l e  is 



where 

2 2 
A1 = [-(4n+3)sin eb/10 - sin 8 A ]/[l-(n+l)(2n-l.5)P] 

b 0 

4 2 
Ar = [-(4n+5)sin eb/40 - sin 0bA11/[1-(n+2)(2n+2.5)~] 

2 
B2 

= (B, sin eb)/[(p+2) (p+n+2.5)P-11 

2 c 1  = C sin eb/[(q-l)(q-3/4)Q-ll 
0 

2 
C, = C, sin ab/C(q-2)(q-7/4)Q-ll 



a n d  

Wind S t ress  

The  p o s s i b i l i t y  o f  a d d i n g  a n  a d d i t i o n a l  term t o  t h e  stress b a l a n c e  t o  

i n c l u d e  t h e  effect  o f  wind  s t r e s s  o n  t h e  water s u r f a c e  was e x p l o r e d .  T h e  w i n d  

s tress i n  o p e n  water is g e n e r a l l y  t a k e n  t o  b e  



where r is t h e  wind s t r e s s  i n  t h e  y - d i r e c t i o n ,  cg the  d r a g  c o e f f i c i e n t  
w Y 

( G a r r e t t  1977),  w i s  t h e  wind speed ,  and 4 i s  t h e  i n c i d e n t  wind d i r e c t i o n  

(Wilson 1960).  Birkemeier and Dalrymple (1975) p re sen t  a  nea r sho re  

c i r c u l a t i o n  model t h a t  i nc ludes  t h e  e f f e c t  of wind s t r e s s .  The a n a l y t i c a l  

s o l u t i o n  of t h e  s t r e s s  balance w i t h  t h e  a d d i t i o n  of t he  wind s t r e s s  a s  given 

i n  Equation 3-70 w i t h  l a t e r a l  mixing neg lec t ed  is 

2 2 1 1 2 -  V = ( l / ( l + X  s i n  8 ) ) [ ( 4 n + l  ) / 5  xn (  (1- sin B b )  
b 

2 2 1 / 2 )  1 / ( 4 n + l )  Xsin Bb/(l-Xsin 8 ) b 
(3-71 

+ n c  w2 s i n + / ( v o y  ( g h ) b  c f )  ( I / X  (n-112) ), D 
The s o l u t i o n  becomes i n d e f i n i t e  near  t h e  s h o r e l i n e .  This  problem could be 

overcome by  r ep re sen t ing  t h e  f l u i d  flow and wind s t r e s s  i n  t h e  swash zone more 

a c c u r a t e l y .  Such a  t a sk  is  beyond t h e  scope of t h i s  r e p o r t .  

Discuss ion  of 3 e s u l t s  

The a a i n  p o i n t s  d i scussed  i n  t h i s  s e c t i o n  a r e :  a )  t h e  e f f e c t  of t he  

wave he ight  decay power law on t h e  longshore cu r r en t  d i s t r i b u t i o n ,  b )  a  

comparison of t h e  longshore c u r r e n t  model with d a t a ,  and c )  t h e  nodel 

l i m i t a t i o n s .  

The longshore c u r r e n t  model does not reduce exac t ly  t o  t h e  model of 

Longuet-Higgins (1970a, 1970b) f o r  n  = 1 and small  i nc iden t  wave angle  

Secause t h e  form of t h e  l a t e r a l  v i s c o s i t y  c o e f f i c i e n t  fo l lows  Madsen e t  a l .  

( 1 9 7 8 )  i n s t e a d  of Longuet-Higgins. Th i s  is not  a fundamentai d i f f e r e n c e ,  and 

i t  w i l l  not  be considered i n  t h e  d i scuss ion .  

The e f f e c t  of t h e  exponent ,  n  , on t h e  longshore c u r r e n t  p r o f i l e  i s  

shown i n  F igure  3-2. Inc reas ing  n-values s t eepen  t h e  c u r r e n t  p r o f i l e  and 

i n c r e a s e  t h e  d i s t a n c e  from t h e  s h o r e l i n e  t o  t h e  maximum v e l o c i t y .  Therefore ,  

f o r  m i l d  beach s l o p e s  and l a r g e  va lues  of Y t he  n-value w i l l  be l a r g e ,  t he  

c u r r e n t  d i s t r i b u t i o n  w i l l  be more peaked, and t h e  l o c a t i o n  of t h e  maxixum 

c u r r e n t  w i l l  be c l o s e r  t o  t h e  breaker  l i n e .  Typical  values of n  range from 

1.0  t o  2.0.  F igures  3-3 and 3-4 show t h e  e f f e c t  of varying t h e  P-value. 4 



sma l l  value of P i n d i c a t e s  t h e  bottom f r i c t i o n  s t r e s s  dominates the  l a t e r a l  

n i x i n g  s t r e s s ,  and a l a r g e  value of 2 i n d i c a t e s  the  l a t e r a l  mixing s t r e s s  

dominates t h e  bottom f r i c t i o n  s t r e s s .  Larger values of P f l a t t e n  and 

broaden t h e  c u r r e n t  p r o f i l e .  The va lue  of n = 1 i n  Figure 3-3 corresponds t o  

t h e  Longuet-Higgins model. For n = 1 and P = 0 ,  t h e  cu r r en t  p r o f i l e  i s  

t r i a n g u l a r  ( n o t e  t h e  d i s c o n t i n u i t y  a t  t he  breaker  l i n e  a s  expla ined  e a r l i e r  

f o r  t h e  n o - l a t e r a l  mixing c a s e ) .  I n  F igure  3 -4 ,  f o r  n = 1.5 and 2 = 0 ,  t he  

p r o f i l e  is  concave upward w i t h  t he  same d i s c o n t i n u i t y  a t  the  breaker  l i n e .  
- .  
r i gu re s  3-2, 3-3, and 3-4 a r e  f o r  an approximately ze ro  i n c i d e n t  wave ang le ,  

implying t h e  higher  order  wave ang le  e f f e c t  was omit ted.  

The e f f e c t s  a s soc i a t ed  w i t h  increased  wave angle  a r e  shown i n  F igure  3-5. 

The nondimensional c u r r e n t  decreases  with inc reas ing  breaking wave angle.  The 

value of V i n  F igure  3-5 f o r  an i n c i d e n t  breaking wave angle  of 30 degrees 

( n  = 1 . 0  and P = 0.05) i z  30 percent  lower than f o r  an inc iden t  breaking wave 

ang le  of 0 degrees.  Also, t h e  l o c a t i o n  of t he  maxinum cu r ren t  i s  c l o s e r  t o  

t h e  s h o r e l i n e  w i t h  i nc reas ing  breaking wave angle.  

The longshore cu r r en t  model developed he re in  was compared t o  l abo ra to ry  

d a t a  from Mizuguchi e t  a l ,  (1978) and t o  t h e  model of Longuet-Higgins. A 

summary of the  l abo ra to ry  d a t a  i s  found i n  Kraus and Sasaki  ( 1979a ) .  As noted  

b y  Kraus and S a s a k i ,  t h e  p o s i t i o n  of t h e  maximum c u r r e n t  ve loc i ty  v a r i e s  

cons ide rab ly ,  and is t h e r e f o r e  a good parameter f o r  c o r r e l a t i n g  t h e  cu r r en t  

model p r e d i c t i o n  with t h e  l abo ra to ry  observa t ions .  The p o s i t i o n  of the  

maxinum v e l o c i t y  is  used t o  determine P , cf  , and r , given Y , aEd E I ~  . 
The method employed by Kraus and Sasaki  t o  es t i ina te  t h e  parameters from the  

d a t a  i s  used with t h e  a d d i t i o n a l  s t e p  t o  determining n from Y and t an$ .  

F igures  3-6, 3-7, 3-8, and 3-9 i l l u s t r a t e  t h e  f i t  of t he  longshore 

c u r r e n t  model and t h e  Longuet-Higgins model t o  t he  Minzuguchi e t  a l .  da t a .  

The c u r r e n t  v e l o c i t y  is normalized by t h e  maximum ve loc i ty .  I n s i d e  t h e  su r f  

zone, t h e  model f i t s  t h e  d a t a  wel l .  Near t h e  s h o r e l i n e ,  t h e  e f f e c t  of the 

power law decay can be seen  i n  t h e  s l i g h t l y  concave upward shape of t he  

p r o f i l e .  Table 3-1 g ives  t h e  va lues  of ? and cf c a l c u l a t e d  b y  f i t t i n g  the  

da t a .  The P and cf values f o r  t h e  model a r e  s l i g h t l y  higher  than  f o r  t h e  

model of Longuet-Higgins. The  r e s u l t s  of t he  present  model r ep re sen t  t he  da t a  



Figure 3-2. Longshore cur ren t  d i s t r i b u t i o n  showing t h e  dependence 
an the  power law exponent (n=1 .0 ,1 .5 ,2 .0 ,3 .0 :  P=0.05: eb=0.o0 
i n p l i e s  higher-order wave angle e f f e c t  was omitted) 



F i g u r e  3-3. Longshore  c u r r e n t  d i s t r i b u t i o n  showing  t h e  d e p  ndence  o n  

5 
5 t h e  p a r a m e t e r  P ( P = 0 . 0 0 , 0 . 0 1 , 0 . 0 5 , 0 . 1 0 , 0 . 5 0 ;  n -1 .0 ;  0 =0 .0  i m p l i e s  

h i g h e r  o r d e r  wave a n g l e  e f f e c t  was o m i t t e d )  

F i g u r e  3-4. L o n g s h o r e  c u r r e n t  d i s t r i b u t i o n  showing t h 3  d e p e n d e n c e  o n  t h e  
p a r a m e t e r  P (P=0 .00 ,0 .01 ,0 .05 ,0 .10 .0 .50 ;  n s 1 . 5 ;  Bb=O.O i p l i e s  h i g h e r  
o r d e r  wave a n g l e  e f f e c t  was o m i t t e d )  



( n o  Qb correct ion)  

0.6 - 

I 
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Figure 3-5. Longshore current  d i s t r i bu t i on  showhg the  
dependence on the  breaking wave angle ( e b  = 0.00 (no high- 
order  angle e f f e c t s ) ,  10.00, 20.00, 30.00; n = 1.00, ; 
P = 0.05) 
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Figure  3-6. Comparison of t he  longshore  c u r r e n t  d i s t r i b u t i o n  f r a n  Case 1 
experimental  r e s u l t s  of Mizuguchi e t  a l .  (19781, t h e  p re sen t  model, and 
t h e  model of Longuet-Higgins (19705) 
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Figure  3-7. Comparison of t h e  longshore c u r r e n t  d i s t r i b u t i o n  from Case 2 
experimental  r e s u l t s  of Mizuguchi e t  a l .  (19781, t h e  p re sen t  model, and 
the  model of Longuet-Higgins (19705) 
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F i g u r e  3-8. Comparison of t h e  l o n g s h o r e  c u r r e n t  d i s t r i b u t i o n  f rcm Case  3 
e x p e r i m e n t a l  r e s u l t s  of Mizuguchi e t  a l .  (13781,  t h e  p r e s e n t  model, and 
t h e  model of Longuet-Higgins  (1970b)  

F i g u r e  3-9. Comparison o f  t h e  l o n g s h o r e  c u r r e n t  d i s t r i b u t i o n  from Case 4 
e x p e r i m e n t a l  r e s u l t s  of  Mizuguchi e t  a l .  ( 1 9 7 8 ) ,  t h e  p r e s e n t  model,  and 
t h e  model of  Longuet-Higgins  (1970b)  



outs ide  the surf  zone s l i g h t l y  be t t e r  than the  Longuet-Higgins model, but the 

depar ture  from the data is s t i l l  large .  The reasons fo r  t h i s  d i f ference a r e  

not known, b u t  may be due, in  p a r t ,  t o  the  accuracy of measuring the breaker 

pos i t ion ,  the accuracy of measuring low current  ve loc i t i e s ,  and the e f f ec t  of 

c i r cu l a t i on  i n  the enclosed wave basin. 

The data s e t  of Mizuguchi e t  a l .  does not r igorously t e s t  the current  

model. The data  were col lec ted on a s lope of 1 /10 .4 ,  so the expected values 

of n a r e  c lose  t o  1.0 a s  shown i n  Chapter 11. An n-value of 1 .0  reduces the  

broken wave height t o  a l i nea r  function of the water depth, and the current  

model reduces t o  a truncated version of the model of Kraus and Sasaki ,  or t o  

Table 3-1 

Mizuguchi e t  a l .  (1978)  Longshore Current Data 

- -- 

Case 1 Case 2 Case 3 Case 4 

B 3  (deg) 4.5 4.8 15.4 11.4 

h b  (cm) 3.8 2.4 4.2 2.5 

'max (cm/s) 16.4 15.2  22.0 20.0 

'inax 0.71 0.72 0 .63 0.70 

tan0 0.064 0.066 0.070 0.060 

Y 1 . I 5  1 . 1 2  0.99 1.28 

P ( L H )  0.055 0.040 0.15 0.063 

P 0.071 0.058 0.14 0.094 

cf ( L H )  0.01 3 0.012 0.026 0.021 

f 0.01 3 0.012 0.025 0.017 

n 1.19 1.15 1 . O 1  1 - 3 3  

(LH) indicates  the value f o r  the  Longuet-Higgins model 

the model of Longuet-Higgins i f  the  incident  wave angle i s  small.  Beaches i n  

the United S t a t e s  consis t ing of 0.2-mm sand typ ica l ly  have slopes i n  the range 



of 1 / 4 0  t o  1 /70 .  The  n - v a l u e s  f o r  t h e s e  m i l d e r  s l o p e s  would b e  g r e a t e r  t h a n  

1.0,  a n d  t h e  e f f e c t  o f  t h e  power law wave h e i g h t  d e c a y  o n  t h e  c u r r e n t  p r o f i l e  

would b e  more  p ronounced .  

T a b l e  3-1 i l l u s t r a t e s  a more s u b t l e  p o i n t .  E a r l i e r  work,  c o r r e s p o n d i n g  

t o  a v a l u e  o f  n  = 1 ,  may r e q u i r e  somewhat d i f f e r e n t  v a l u e s  o f  c f  and  P t o  

f i t  t h e  d a t a .  A g a i n ,  t h e  d a t a  o f  Mizuguch i  e t  a l .  d o e s  n o t  t e s t  t h i s  p o i n t  

r i g o r o u s l y  b e c a u s e  t h e  v a l u e s  o f  n  a re  c l o s e  t o  u n i t y .  

The  a p p l i c a t i o n  o f  t h e  l o n g s h o r e  c u r r e n t  model  i s  l i m i t e d  n o t  o n l y  by 

t h e  a s s u m p t i o n s  l i s t e d  i n  T a b l e  1 -2 ,  b u t  a l s o  by t h e  t r u n c a t i o n  o f  t h e  power 

s e r i e s  s o l u t i o n  t o  s e c o n d  o r d e r .  The  e f f e c t  o f  t h e  t r u n c a t i o n  i n c r e a s e s  as  

t h e  v a l u e s  o f  13b * P , and  n  i n c r e a s e .  The  e f f e c t  o f  v a r y i n g  t h e s e  

p a r a m e t e r s  o v e r  t y p i c a l  r a n g e s  is examined .  The  v a l u e  o f  B b  is l i m i t e d  t o  

l e s s  t h a n  a p p r o x i m a t e l y  30 d e g r e e s  b e c a u s e  o f  t h e  t r u n c a t i o n  o f  t h e  b o t t o m  

f r i c t i o n  stress. T y p i c a l  v a l u e s  o f  P r a n g e  f rom 0 .01  t o  0 . 1 3 ,  a n d  t y p i c a l  

v a l u e s  o f  n  r a n g e  f rom 1 . 0  t o  2 .0 .  F o r  a v a l u e  o f  P e q u a l  t o  0 . 5  a n d  

e b  = 30°, t h e  maximum d i f f e r e n c e  be tween  t h e  i n f i n i t e  power series s o l u t i o n  
0 a n d  t h e  t r u n c a t e d  s o l u t i o n  is  o n l y  6 p e r c e n t  a n d  a t  B b  = 20 t h e  d i f f e r e n c e  

r e d u c e s  t o  l e s s  t h a n  1 p e r c e n t .  F i g u r e  3-5 shows  t h e  t r u n c a t e d  s o l u t i o n  f o r  n  

= 1 . 0  and  P = 0 . 0 5 ,  a n d  F i g u r e  3-10 shows t h e  i n f i n i t e  s e r i e s  s o l u t i o n .  F o r  a 

P - v a l u e  o f  0 . 1 0 ,  t h e  d i f f e r e n c e  be tween  t h e  i n f i n i t e  s e r i e s  and  t r u n c a t e d  
0 0 s e r i e s  s o l u t i o n s  is 1 1  p e r c e n t  f o r  B b  = 3 0  a n d  1 p e r c e n t  f o r  13 = 20 . F o r  b  

a n  n - v a l u e  o f  2 .0  (P = 0 . 0 5 )  t h e  d i f f e r e n c e  b e t w e e n  t h e  i n f i n i t e  s e r i e s  a n d  

t r u n c a t e d  series s o l u t i o n s  are 37 p e r c e n t  f o r  8 = 30' and  4 p e r c e n t  
b  

f o r  0 = 20' . F i g u r e  3-11 shows t h e  t r u n c a t e d  s e r i e s  s o l u t i o n  a n d  F i g u r e  3- 
b  

1 2  shows t h e  i n f i n i t e  s e r i e s  s o l u t i o n  f o r  n  = 2.0  a n d  P = 0 .05 .  I n  summary, 

t h e  p r e s e n t  mode l ,  wh ich  is a t r u n c a t e d  power s e r i e s ,  e s t i m a t e s  t h e  i n f i n i t e  

power series well f o r  i n c i d e n t  b r e a k i n g  wave a n g l e s  up t o  a p p r o x i m a t e l y  2 c 0 .  

F o r  i n c i d e n t  b r e a k i n g  wave a n g l e s  be tween  20' a n d  30°,  t h e  model s t i l l  

e s t i m a t e s  t h e  i n f i n i t e  series well f o r  r e l a t i v e l y  small v a l u e s  o f  P and  n  , 
b u t  c a u t i o n  s h o u l d  b e  u s e d  a p p l y i n g  t h e  model  f o r  l a r g e  v a l u e s  o f  P a n d  n  . 



xi x5 

Figure 3-10. I n f i n i t e  s e r i e s  so lu t ion  f o r  the  longshore 
current  d i s t r i bu t i on  showing the  dependence on the  breakicg 
wave angie ( e b  = 0.00 (no high-order angle e f f e c t ) ,  10.3O, 
20.00, 30.00; n = 1.00; P = 0.05) 



F i g u r e  3-11. Longshore cur r  n t  d i s t r i b u t i o n  showing t h e  dependence o n  Q hhe 
b r e a k i n g  wave a n g l e  ( B b = O . O  ( n o  h igh-order  a n g l e  e f f e c t s ) ,  1 0 . 0 ~ , 2 0 . 0  , 
3 0 . 0 ~ ;  n=2;  p=0.05) 

"gure  3-12. I n f i n i t e  ser ies  s o l u t i o n  f o r  t h e  l o n g s h o r e  c r e n t  d i s t r i b u t i a n  Y 
showing t h e  dependence o n  t h e  b r e a k i n g  wave a n g l e  ( Bb=O.0 ( n o  high-  
o r d e r  a n g l e  e f f e c t s ) ,  10 .00,  ~ o . o 0 , 3 o 0 o O ;  n-2, 0 ;  p.0.05) 



CHAPTER IV: WAVE SETUP 

Wave s e t u p  a n d  se tdown  a r e  t h e  c h a n g e  i n  t h e  mean w a t e r  l e v e l  d u e  t o  

e x c e s s  momentum i n  the  x - d i r e c t i o n .  I n  t h e  s u r f  z o n e  t h e r e  i s  n o r m a l l y  a  

s e t u p  o f  t h e  w a t e r  l e v e l ,  w h e r e a s  s e a w a r d  o f  t h e  b r e a k e r  l i n e  t h e r e  is a  

s e tdown .  The  wave s e t u p  i n  t h e  l o n g s h o r e  c u r r e n t  model  is  a p p r o x i m a t e d  by 

a l t e r i n g  t h e  b e a c h  s l o p e  a s  g i v e n  by E q u a t i o n  3-18. T h i s  c h a p t e r  d e s c r i b e s  

t h e  d e r i v a t i o n  o f  t h e  wave s e t u p  f rom t h e  e q u a t i o n  o f  m o t i o n  i n  t h e  x -  

d i r e c t i o n  ( E q u a t i o n  3-4) b a s e d  o n  t h e  power law d e s c r i p t i o n  o f  t h e  b r o k e n  wave 

h e i g h t .  A l though  t h i s  form o f  t h e  wave s e t u p  is  n o t  i n c l u d e d  i n  t h e  l o n g s h o r e  

c u r r e n t  mode l ,  i t  is  a n  a p p l i c a t i o n  o f  t h e  power law wave h e i g h t  d e c a y .  

The  e q u a t i o n  o f  mo t ion  i n  t h e  x - d i r e c t i o n  becomes 

w i t h  t h e  o n l y  x - d i r e c t e d  s t r e s s  b e i n g  t h e  p r i n c i p l e  c m p o n e n t  of  t h e  r a d i a t i o n  

s t r e s s ,  S X X  . The q u a n t i t y  is  t h e  time-mean w a t e r  s u r f a c e  e l e v a t i o *  due  

t o  wave- induced  momentum. The  mean f l u x  o f  momentum a c r o s s  a p l a n e  x = 

c o n s t a n t  is 

i n  s h a l l o w  w a t e r  (Longue t -Higg ins  a n d  S t e w a r t  1 9 6 4 ) .  S u b s t i t u t i n g  i n  t h e  

e n e r g y  d e n s i t y  g i v e n  by E q u a t i o n  3-10, E q u a t i o n  4-2 becomes 

a n d  t h e  momentum b a l a n c e  ( E q u a t i o n  4-11 e x p a n d s  t o  



Shoreward  of  t h e  b r e a k e r  l i n e ,  t h e  power law wave h e i g h t  decay  i s  

a p p l i e d  t o  d e s c r i b e  t h e  b r o k e n  wave h e i g h t ,  and  E q u a t i o n  4-4 becomes 

o = p g  ( h  + a i l a x  + 

2  - 2 - 2n 
3 /16  P g  a l a x  ( Y  ( %  + n b )  [ ( h  + i ) / ( h b  + n 5 ) 1  1 

E a l c u l a t i n g  t h e  d e r i v a t i v e  i n  E q u a t i o n  4-5 a n d  s i m p l i f y i n g ,  y i e l d s  

o = ( h  + i) a i l a x  + 

2 - (21-1-2) 3 /16  Y / ( h b  + ") ( 2 n )  ( h  + i)'"-l ( a i l a x  + a h l a x )  

R e a r r a n g i n g  t h e  terms g i v e s  

a;/ax = -1111 + ~ / ( h  + i)(2n-1) I a h l a x  

where  

- 
S o l v i n g  f o r  n b y j t r e a t i n g  ( h  + as a s i n g l e  v a r i a b l e  and  i n t e g r a t i n g  

g i ves  

where  C '  is a c o n s t a n t  o f  i n t e g r a t i o n .  

Seaward  o f  t h e  b r e a k e r  l i n e  t h e  e n e r g y  f l u x  i s  c o n s t a n t  a n d  t h e  se tdown  

is g i v e n  by 



i n  s h a l l o w  w a t e r  ( L o n g u e t - H i g g i n s  and  S t e w a r t  1 9 6 4 ) .  T h i s  is r e f e r r e d  t o  as 

" se tdownn  b e c a u s e  i t  is a d e p r e s s i o n  o f  t h e  mean w a t e r  s u r f a c e .  E q u a t i n g  t h e  - 
s o l u t i o n s  f o r  s e a w a r d  a n d  s h o r e w a r d  o f  t h e  b r e a k e r  l i n e  a t  t h e  b r e a k e r  

l i n e  a n d  n o t i n g  H b  = Y h b  y i e l d s  t h e  s o l u t i o n  f o r  t h e  i n t e g r a t i o n  c o n s t a n t  

The  s o l u t i o n  o f  E q u a t i o n  4-8 becomes 

- 
The  s o l u t i o n  f o r  Q must  be f o u n d  i t e r a t i v e l y  b e c a u s e  E q u a t i o n  4-11 i s  

- 
i m p l i c i t .  F o r  t h e  s p e c i a l  c a s e  o f  n  = 1 ( l i n e a r  wave h e i g h t  d e c a y ) ,  c a n  

S e  e x p r e s s e d  e x p l i c i t l y  

F o r  t h i s  s p e c i a l  c a s e  t h e  s e t u p  is  a l i n e a r  f u n c t i o n  o f  t h e  w a t e r  d e p t h .  For 

v a l u e s  o f  n  g r e a t e r  t h a n  o n e ,  t h e  p r o f i l e  o f  t h e  wave s e t u p  i s  concave  

downward. 

F i g u r e s  4-1 a n d  4-2 i l l u s t r a t e  t h e  e f f e c t  o f  t h e  e x p o n e n t  from t h e  power 

l aw  wave h e i g h t  d e c a y ,  n , o n  t h e  wave s e t u p  p r o f i l e .  F i g u r e  4-1 shows t h e  

p r o f i l e  o f  t h e  wave s e t u p  c a l c u l a t e d  f rom E q u a t i o n  4-11 ( n  = 1 . 7 9 )  a n d  

E q u a t i o n  4-12 ( n  = 1.00)  f o r  t h e  s m a l l - s c a l e  e x p e r i m e n t a l  r u n  of S t i v e  

( 1 9 8 5 ) .  The  s e t u p  m e a s u r e d  by S t i v e  i s  a l s o  p l o t t e d .  F i g u r e  4-2 shows t h e  

p r o f i l e  o f  the  wave s e t u p  c a l c u l a t e d  f rom E q u a t i o n  4-11 ( n  = 1 . 5 2 )  and  

E q u a t i o n  4-12 ( n  = 1,OO) f o r  t h e  l a r g e - s c a l e  e x p e r i m e n t a l  r u n  o f  S t i v e .  

A g a i n ,  t h e  s e t u p  measu red  by S t i v e  is  a l s o  p l o t t e d .  The  n - v a l u e s  u sed  i n  

E q u a t i o n  4-12 were c a l c u l a t e d  wi th  E q u a t i o n  2-8 from t h e  b e a c h  s l o p e  (1 /40 )  

a n d  t h e  measu red  Y-va lues .  



The se tup p ro f i l e s  ca lcula ted using both Equation 4 - 1 1  and Equation 4 - 1 2  

overest imate the  wave se tup,  b u t  the  ca lcula ted setup based on the  power law 

wave height decay represents  t he  data  be t t e r  than the  calcula ted s e tup  based 

on l i n e a r  wave height  decay. The d i f fe rence  between the  two ca lcu la ted  

p r o f i l e s  is  g r ea t e s t  a t  the  point  of maximum se tup ,  which is  the  c r i t i c a l  

point  i n  most engineering s tud ies .  

I n  summary, the  wave se tup is calcula ted based on the  power law 

expression of the  broken wave height  developed i n  Chapter 11. For the l imi ted 

amount of setup data  examined, the  calcula ted se tup  based on t he  power law 

wave height decay describes the  t rend of the  measurements be t t e r  than the 

calcula ted se tup based on l i n e a r  wave height decay. Both expressions 

overes t i n a t e  the data.  
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F i g u r e  4-1. Compar ison  o f  wave s e t u p  f rom t h e  s m a l l  s c a l e  e x p e r i m e n t a l  
r e s u l t s  o f  S t i v e  ( 1 9 8 5 ) .  s e t u p  b a s e d  o n  t h e  power l a w  wave h e i g h t  d e c a y  
n = 1 . 7 9 ) ,  a n d  s e t u p  b a s e d  on l i n e a r  wave h e i g h t  decay  

F i g u r e  4-1. Compar ison  o f  wave s e t u p  f r o m  t h e  s m a l l  s c a l e  e x p e r i m e n t a l  
r e s u l t s  o f  S t i v e  ( 1  9 8 5 ) .  s e t u p  b a s e d  o n  t h e  power law wave h e i g h t  d e c a y  
n=1 . 5 2 ) ,  a n d  s e t u p  b a s e d  on  l i n e a r  wave h e i g h t  d e c a y  



CHAPTER V :  CONCLUSIONS 

The purpose  of t h i s  r e p o r t  was t o  d e v e l o p  a n  a n a l y t i c a l  model o f  t h e  

l o n g s h o r e  c u r r e n t  based  on a  power law e x p r e s s i o n  f o r  t h e  broken wave h e i g h t  

i n  t h e  s u r f  ' zone.  The model was i n t e n d e d  t o  be  a n  improvement o v e r  p r e s e n t  

models based on l i n e a r  wave h e i g h t  decay .  For u s e  a s  a n  e n g i n e e r i n g  t o o l ,  t h e  

model was t o  be a s  g e n e r a l  a s  p o s s i b l e ,  i n c l u d i n g  t h e  e f f e c t  of  wave s e t u p ,  

f i n i t e  wave a n g l e ,  and l a t e r a l  mixing.  

An e m p i r i c a l  power law e x p r e s s i o n  f o r  t h e  broken wave h e i g h t  was 

deve loped  based on s e v e n  independen t  d a t a  s e t s  c o n s i s t i n g  of  135 e x p e r i m e n t a l  

r u n s .  The exponent  of t h e  power law e x p r e s s i o n  i s  a  f u n c t i o n  o f  t h e  beach 

s l o p e  and t h e  r a t i o  of  wave h e i g h t  t o  w a t e r  d e p t h  a t  wave b r e a k i n g .  From t h e  

d a t a ,  t y p i c a l  v a l u e s  of t h e  exponen t  r a n g e  from 1.0 t o  2.0. High v a l u e s  o f  

t h e  exponen t  c o r r e s p o n d  t o  mi ld  beach s l o p e s ,  s m a l l  r a t i o s  of t h e  wave h e i g h t  

t o  w a t e r  d e p t h  a t  wave b r e a k i n g ,  and concave upward wave h e i g h t  p r o f i l e s .  For 

an  exponent  e q u a l  t o  1 . 0 ,  t h e  broken wave h e i g h t  r e d u c e s  t o  a  l i n e a r  f u n c t i o n  

of  t h e  w a t e r  dep th .  I n  p r e v i o u s  l o n g s h o r e  c u r r e n t  mode l s ,  a l i n e a r  wave 

h e i g h t  decay was assumed f o r  a l l  beach s l o p e s  and b r e a k e r  h e i g h t  t o  b r e a k e r  

d e p t h  r a t i o s .  The power law decay is  shown t o  r e p r e s e n t  t h e  wave h e i g h t  decay 

p r o f i l e s  s i g n i f i c a n t l y  b e t t e r  t h a n  l i n e a r  decay.  The power law decay 

e x p r e s s i o n  a l s o  compared f a v o r a b l y  t o  t h e  more complex decay model of D a l l y  e t  

a l .  ( 1  985a,  1985b) .  To u s e  t h e  power l aw e x p r e s s i o n  i n  a p r e d i c t i v e  mode, t h e  

r a t i o  of  wave h e i g h t  t o  w a t e r  d e p t h  a t  wave b r e a k i n g  must be e s t i m a t e d .  T h i s  

r a t i o  is b e s t  e s t i m a t e d  by t h e  e x p r e s s i o n  of  S i n g a m s e t t i  and Wind (1980)  o r  

t h e  e x p r e s s i o n  o f  Sunamura ( 1 9 8 1 ) .  

The l o n g s h o r e  c u r r e n t  model is based  o n  t h e  momentum b a l a n c e  i n  t h e  

l o n g s h o r e  d i r e c t i o n .  Many s i m p l i f y i n g  a s s u m p t i o n s  a r e  made i n  t h e  model i n  

o r d e r  t o  p r o v i d e  a  s o l u t i o n  i n  a form f o r  p r a c t i c a l  use .  The d r i v i n g  f o r c e  of  

t h e  l o n g s h o r e  c u r r e n t  is t h e  l o c a l  wave s t r e s s  which is c a l c u l a t e d  u s i n g  t h e  

concep t  of r a d i a t i o n  s t r e s s .  The l a t e r a l  mix ing  s t r e s s ,  c a u s e d  by h o r i z o n t a l  

t u r b u l e n t  e d d i e s ,  r e d i s t r i b u t e s  momentum. Flow of wa te r  a l o n g  t h e  bottom is  

r e s i s t e d  by t h e  bottom f r i c t i o n  s t r e s s .  The d e r i v a t i o n  o f  t h e  l o n g s h o r e  



c u r r e n t  f o l l o w s  t h e  method u s e d  by Longue t -Higg ins  ( 1 9 7 0 a ,  1970b) .  The e f f e c t  

of  i n c i d e n t  wave a n g l e s  is i n c l u d e d  i n  t h e  form p r e s e n t e d  by Kraus  and S a s a k i  

( !979a ,  1979b). Wave s e t u p  i s  a c c o u n t e d  f o r  by a l t e r i n g  t h e  b e a c h  s l o p e .  The 

l o n g s h o r e  c u r r e n t  is  e x p r e s s e d  as a  power series i n  t h e  wave a n g l e  t r u n c a t e d  

t o  s e c o n d  o r d e r .  Wind s t r e s s  is n o t  i n c l u d e d  i n  t h e  g e n e r a l  s o l u t i o n ,  

a l t h o u g h  some e x a m i n a t i o n  was made of  i ts  e f f e c t .  

The l o n g s h o r e  c u r r e n t  model  was compared t o  l a b o r a t o r y  data  f rom 

Yizuguch i  e t  a l .  ( 1 9 7 8 )  and  t h e  model o f  Longue t -Higg ins  ( 1 9 7 0 b ) .  The 

l o n g s h o r e  c u r r e n t  model r e p r e s e n t s  t h e  d a t a  well,  a l t h o u g h  i t  a p p e a r s  t o  

u n d e r e s t i m a t e  t h e  c u r r e n t  s p e e d  seaward  o f  t h e  b r e a k e r  l i n e .  T h e r e  i s  some 

d o u b t  a b o u t  t h e  v a l i d i t y  of  t h e  d a t a ,  however ,  f o r  t h e  seaward r e g i o n .  The 

l o n g s h o r e  c u r r e n t  model f o l l o w s  t h e  t r e n d s  o f  t h e  d a t a  s l i g h t l y  b e t t e r  t h a n  

t h e  Longue t -Higg ins  model ,  b u t  t h e  d a t a  s e t  is  n o t  a r i g o r o u s  t e s t  of t h e  

model .  The e x p e r i m e n t  was pe r fo rmed  on  a s t e e p  b e a c h  s l o p e ,  s o  t h e  e x p e c t e d  

e x p o n e n t  i n  t h e  power law decay  e x p r e s s i o n  is  c l o s e  t o  1 . 0 ,  r e d u c i n g  t h e  wave 

h e i g h t  decay  t o  a p p r o x i m a t e l y  a l i n e a r  f u n c t i o n  o f  w a t e r  d e p t h .  The  r a n g e  o f  

i n c i d e n t  wave a n g l e s  f o r  which  t h e  model  c a n  be a p p l i e d  i s  l i m i t e d  by t h e  

t r u n c a t i o n  of t h e  power ser ies  s o l u t i o n ,  b u t  c o v e r s  t h e  u s e f u l  r a n g e  o f  

r e a l i s t i c  b r e a k i n g  wave a n g l e s .  

The mean wave s e t u p  and  se tdown  a r e  d e r i v e d  from t h e  momentum b a l a n c e  i n  

t h e  s h o r e  normal d i r e c t i o n  b a s e d  o n  t h e  power law wave h e i g h t  d e c a y .  The  

p r o f i l e  o f  t h e  wave s e t u p  is concave  downward f o r  a n  exponen t  i n  t h e  power law 

wave h e i g h t  decay  g r e a t e r  t h a n  u n i t y ,  whereas  t h e  s e t u p  c a l c u l a t e d  f rom l i n e a r  

wave h e i g h t  decay  is l i n e a r .  The e s t i m a t e d  s e t u p  b a s e d  o n  t h e  power law wave 

h e i g h t  decay  r e p r e s e n t s  t h e  s e t u p  d a t a  c o l l e c t e d  by S t i v e  ( 1 9 8 5 )  b e t t e r  t h a n  

t h e  e s t i m a t e d  s e t u p  b a s e d  o n  l i n e a r  wave h e i g h t  decay .  Both  c a l c u l a t e d  

e s t i m a t e s  o f  s e t u p  o v e r e s t i m a t e  t h e  measurements .  

The u n d e r s t a n d i n g  o f  wave h e i g h t  decay  and  l o n g s h o r e  c u r r e n t s  g a i n e d  

f rom t h i s  i n v e s t i g a t i o n  s u g g e s t s  areas o f  f u t u r e  s t u d y :  a )  c o l l e c t i o n  o f  

a d d i t i o n a l  l o n g s h o r e  c u r r e n t  d a t a  t o  v e r i f y  t h e  l o n g s h o r e  c u r r e n t  model  o v e r  

t h e  r a n g e  of t y p i c a l  b e a c h  s l o p e s ,  wave h e i g h t  t o  w a t e r  d e p t h  r a t i o s  a t  wave 

b r e a k i n g ,  and  i n c i d e n t  wave a n g l e s ;  b )  c o l l e c t i o n  o f  a d d i t i o n a l  l o n g s h o r e  

c u r r e n t  d a t a  t o  q u a n t i f y  t h e  f r i c t i o n  c o e f f i c i e n t  a n d  t h e  eddy  v i s c o s i t y ,  s o  



t h e  model  c o u l d  b e  b e t t e r  a p p l i e d  i n  a  p r e d i c t i v e  mode; c )  a p p l i c a t i o n  of t h e  

l o n g s h o r e  c u r r e n t  model t o  p r e d i c t  t h e  d i s t r i b u t i o n  o f  s e d i m e n t  t r a n s p o r t  

a c r o s s  t h e  surf zone ;  d )  a p p l i c a t i o n  o f  t h e  power law wave h e i g h t  decay  

d i r e c t l y  t o  o t h e r  wave e n e r g y  p rob lems  i n  t h e  s u r f  zone  ( e . g . ,  s e d i m e n t  

t r a n s p o r t  and  wave s e t u p ) ;  and  e )  e x t e n s i o n  t o  random wave b r e a k i n g .  
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A P P E N D I X  A :  WAVE H E I G H T  DECAY DATA 

K E Y :  S = s l o p e  
T = wave p e r i o d  ( s )  

HO = d e e p w a t e r  wave h e i g h t  
DB = w a t e r  d e p t h  a t  wave b r e a k i n g  

H = wave h e i g h t  
D = water d e p t h  

(cm) = h e i g h t s  and d e p t h s  i n  c e n t i m e t e r s  
( m )  = h e i g h t s  and  d e p t h s  i n  m e t e r s  

S = 1/80.0 T = 1.2 HO = 9.13 DB = 12.5 (cm)  
H D/ DB 

9.08 1 . O O  
8.1 5 .90 
4.38 .80 
3.1 3  .70 
2.51 .60 

S =  1 / 8 0 . 0 T P  1 . 2 H O a  14.78 DB = 16.3 (cm)  
H D/ DB 

14.18 1 . O O  
12 .92  .92 

9.60 .85 
8.36 .77 
6 .68  .69 
6.26 .62 
5.85 .54 
5.42 .46 





S = 1 /80 .0  T = 1.2 HO = 16.36 DB = 2 6 . 3  (cm) 
H D/ DB 

16.25 1 .OO 
15.92 .95 





S = 1/80 .0  T = 1 . 4  HO = 13.52 DB = 20.0 (cm) 
H D/ DB 

12.95 1 . O O  
11.60 .94 
10.94 .88 
10.01 .81 

8.02 .75 
5.97 .69 
5 .68 .63 
5.30 .56 
4.97 .50 
4.64 .44 
4.31 .38 



S = 1/80.0 T = 1.4 HO = 15.32 DB = 22.5 (cm) 
H D/ DB 

16.40 1 .OO 
13.84 .94 
11.65 .89 
10.20 .83 
9.46 .78 
8.74 .72 
8.01 .67 
7.28 .61 
6.92 .56 
5.55 .50 
5.82 -44 
5.46 .39 
5.10 33 



S = 1/80.0 T = 1.6 HO = 9.82 DB = 12.5 (cm) 
H D/ DB 

10.22 1 .oo 
8.26 .90 
8.25 .80 
4.50 .70 
3.75 .60 



S = 1180.0 T = 1.6 HO = 14.18 DB = 17.5 (cm) 
H D/ DB 

15.16 1 . O O  
10.11 93 

7.95 .86 
7 .23 - 7 9  
5 . 7 8  .71 
5.05 .64 
4 .33 .57 
3.61 .50 
3.61 43 

S = 1 l 8 0 . 0  T = 1.6 HO = 16.80 DB = 22.5 (cm) 
H D/  DB 

14.95 1 . O O  
13.90 -94  
11.12 .89 
9.73 83 
6.25 -78  
6.25 .72 
5 .56 .67 
5.56 .61 
4.87 .56 
4.87 - 5 0  
4.52 - 4 4  
4.17 .39 
3.82 .33  



s = 1/80 .0  T = 1 . 8  HO = 7.44 DB = 1 1 . 3  (cm) 
H D/ DB 

8 .80 1 . O O  
6.80 .89 
5 .20 .78 
4.40 .67 

S = 1/80.0 T = 1 .8  HO = 8.95 DB = 15.0 (cm) 
H D/ DB 

9.41 1 . O O  
9.00 .92 
8.18 .83 
6.55 .75 
4.09 .67 
3.68 .58 
3.28 .50 

S = 1180.0 T = 1 . 8  HO = 9.64 DB = 13.8  (cm) 
H D/ DB 

10.00 1 . o o  
5.00 .91 
6.80 .82 
4.80 * 73 
4.00 .64 
3.20 .55 

S = 1/80.0 T = 1.8  HO = 10.51 DB = 15.0 (cm) 
H D/ DB 

10.80 1 . O O  
9 .20 .92 
8.80 .83 
5.60 .75 
4.80 .67 
4.00 .58 
3.60 .50 



S = 1180.0 T = 1.8 HO = 13.10 DB = 18.8 (cm) 
H D1 DB 

12.40 1 .OO 
10.46 -93 
9.68 .87 
6.59 .80 
5.82 -73 
5.49 .67 
5.04 .60 
4.65 *53 
4.26 .47 
3.88 .40 



S = 1/80.0 T = 1.8 HO = 15.35 DB = 22.5 (cm) 
H D/ DB 

15.00 1 .OO 
14.80 .94 
12.80 .89 
10.00 - 8 3  
8.80 .78 
8.40 .72 
7.60 .67 
6.40 . d l  
5 .60 .56 
5.40 .50 
5.20 .44 
4.80 -39 
4.40 33 







S = 1/80.0  T = 2.0 HO = 16.33 DB = 25.0 (cm) 
H D/ DB 

15.50 1 . O O  
15.00 .95 
14.06 .90 
13.60 .85 
11.25 .80 
9.37 - 7 5  
7.50 .70 
7 .03 .65 
6.66 .60 
6.10 .55 
5.16 .50 
4.69 .45 
4.22 .40  
3.75 35 
3.28 30 

S = 1165.0 T = 2.0 HO = 19.26 DB = 27.4 (cm) 
H D/ DB 

24.00 1 . O O  
22.60 .91 
18.10 .89 
14.70 .84 
13.50 .78 

8.71 73 
7.21 .67 
7.21 .61 
6.82 .56 
6.31 .50 
5 .56  . 4 4  



S = 1/65.0 T = 2.0 HO = 14.50 DB = 18 .3  (cm) 
H D /  DB 

18.05 1 .00  
12.02 .92  

3.00 $ 8 3  
9 .oo .75 
6.81 .67 
5.72 .58 
5.86 .50 
5.1 1 .41 
4.51 033 
3 . O O  .25 

S = 1/65.0  T = 2.0 HO = 11.60 DB = 18.2  (cm) 
H D /  DB 

16.53 1 . O O  
12.00 .92 
10.50 -84 
8.42 .75 
6.00 .67 
5.70 .58 
5.40 .50 
5.21 .42 
4.21 33 

S = 1165.0 T = 2.0 HO = 9.82 DB = 16.8  (cm) 
H D/ DB 

14.67 1 . O O  
10.52 .91 
10.52 .82 

6.61 73  
5.11 .63 
4.51 .54 
4.21 .45 
3.61 .36 



S =  1/65.0T= 1.6HO=24.50DB=35.2 (cm) 
H D/ DB 

27.00 1 .OO 
22.60 .96 
20.30 .91 
19.50 .87 
16.50 .83 
15.00 .78 
13.50 .74 
12.40 .70 
11.50 .65 
11.30 .61 
9.60 53 
7.25 935 
5.10 .24 
4.20 .21 



S = 1/55 .0  T = 1 .6  HO = 14.30 DB = 19 .3  (cm) 
H D/ DB 

17 .00  1 . O O  
15 .50 - 9 5  

9 .65 .87 
9.10 .79 
6 .75 .71 
6.78 .63 
6 .17 .55 

S = 1155.0 T = 1.6 HO = 12.30 DB = 1 8 . 3  - (cm) 
H D/ DB 

15.80 1 . O O  
13 .50 .92 
1 1  . 00  .87 

9.80 .83 
7.84 .75 
7.15 .67 
3.00 .58 







S = 1/30.0 T = 2.2 HO = 9.47 DB = 11.8 (cm) 
H D/ DB 

S = 1i30.0 T = 2.2 HO = 8.64 DB = 13.5 (cm) 
H D/ DB 



S = 1/30 .0  T = 2 .2  HO = 6.76 DB = 11 .8  (cm) 
H D/ DB 

8 .73  1 . O O  
7.56 .92 
6.84 .83 
5.71 .75 
4.43 .69 
4 - 8 7  .61 
4.77 .52 
4.04 .44 
4.34 .41 
3.80 32 
2.55 .24 
1.77 .15 

S = 1130.0 T = 2 . 2  HO = 5.57 DB = 9 . 8  (cm) 
H D/ DB 

8.38 1 .OO 
7.23 .90 
6.07 .80 
5.49 - 6 9  
4.70 73 
4.32 - 6 3  
3.67 .49 
3.04 .39 
2 .25 - 2 9  
2.00 .19 



S = 1130.0 T = 1.4 HO = 16.10 DB = 20.2 ( c m )  
H D/ DB 

S = 1130.0 T = 1.4 HO = 14.00 DB = 18.3 ( c m )  
H D/ DB 

15.09 1 . O O  
13.04 .95 

9.46  .87 





S =  1 / 3 0 . 0 T =  1 . 4 H O =  8 . 1 9 D B =  7 . 5  (cm) 
H D/ DB 

6 .86  1 . O O  
5 .28  .87  
4.61 73 
4 .02  .67 
2 .63  53 
2.71 .38  
2.31 .24  

S = 1 / 3 0 . 0  T = 1 . 4  HO = 6.90 DB = 7 . 5  - (cm) 
H D/ DB 

6 . 3 4  1 . O O  
5 .52  . 87  
4.75 73  
3 . 8 3  .56 
2 .73  . 42  
2.37 .27 
1 .93  - 1 3  

S = 1 l 2 0 . 0  T = 1 . 4  HO = 8.16 DB = 6 . 0  (cm) 
H D/ DB 

7 .45  1 . oo  
6 .22  .71 
3 .98  .46 
2.81 .21 

S = 1 /20 .0  T = 1.4  HO = 9 .17  DB = 6.0 (cm) 
H D/ DB 

9 .42  1 . O O  
9.00 .96 
6 .93  8 3  
5 .27  - 6 7  
4.02 .50 
3 .82  .46 
2 .69  .21 



T = 1 . 4  HO = 11.98 DB = 8.0 (cm) 
D/ DB 
1 .oo 

.81 

.69 

.56 

. 4 4  

.38 

.25 
- 1 6  



S = 1/20.0 T = 1.4 HO = 17.30 DB = 20.5 (cm) 
H D/ DB 

15.71 1 .OO 
12.51 .78 
12.68 .71 
10.53 .55 

7.92 - 4 6  
7.09 .34 
5.05 .22 
2.86 .O 6 

S = 1120.0 T = 1.4 HO = 16.92 DB = 20.5 (cm) 
H D/ DB 

16.55 1 .OO 
12.94 .a3 
11.07 .71 

7.94 .51 
6.76 34 
4.50 .22  
2.52 .05 





S = 1/20.0 T = 2 .2  HO = 11.34 DB = 13.3 (cm) 
H D/ DB 





S = 1 l 5 0 . 0  T = 2.5 HO = 5.34 DB = 9.7 (cm) 
H D/ DB 

9.90 1 . O O  
8.76 .95 
6.68 .91 
5.74 .87 
5.54 83 
5.00 .80 
4.75 .75 
4.26 .71 
4.11 .66 
3.66 - 6 2  
3.56 .59 
3.51 .54 
3.27 .50 
2.67 943 
2.38 .38 
2.13 34 
1.88 .29 
1.53 .21 
1.19 .16 

.99 .12 

.89 .09 

.79 07 

.69 .05 
- 5 4  03  





S = 1145.0 T = 4.8 HO = 13.00 DB = 13.8 (cm) 
H D1 DB 
1.17 .20 
1.69 -34 
1.95 .50 
4.16 .64 
6.37 .78 
6.37 .85 
13.00 1 .OO 





S =  1 / 4 0 . 0 T =  1 . 8 H O =  .16 DB = . 2  ( m )  
H D/ DB 
. I 8  1 . O O  
. 12  . 87  
- 0 9  .76 
.07 .65  
- 0 6  53 
.04 . 42  
.04  .28  
0 3  .19 

.02  .07 



S = 1 / 2 2 . 2 T =  5 . 9 H O =  1 . 3 6 D B =  1.9  ( m )  
H D/ DB 

1 .69 1 . O O  
1 .49  .88 

.88 .65 
73 .42 

.59 .18 

S = 1145.5 T = 9 . 0  HO = .47  DB = 1 . 4  (m) 
H D /  DB 
- 9 7  1 . oo  
.84 .92 
.63  .76 
.43 .68 
33 53 

.25 37 



A P P E N D I X  B :  L O N G S H O R E  C U R R E N T  C O M P U T E R  P R O G R A M  AND SAMPLE RUN 

LONGSHORE C U R R E N T  B A S E D  ON P O W E R  LAW WAVE H E I G H T  D E C A Y  

T h i s  program c a l c u l a t e s  t h e  l o n g s h o r e  c u r r e n t  b a s e d  o n  a n  e m p i r i c a l  power law 
e x p r e s s i o n  f o r  t h e  wave h e i g h t  d e c a y  i n  t h e  s u r f  z o n e ,  

where :  H is t h e  wave h e i g h t  
h is t h e  w a t e r  d e p t h  
hb is t h e  water d e p t h  a t  b r e a k i n g  
Hb is t h e  wave h e i g h t  a t  b r e a k i n g  

r is t h e  b r e a k e r  i n d e x  (Hb /hb )  
n  is  t h e  e x p o n e n t  ( t y p i c a l  r a n g e  1 . 0  t o  2 . 0 )  

The e x p o n e n t  n  is a f u n c t i o n  of  t h e  beach  s l o p e  and  t h e  b r e a k e r  i n d e x .  The 
e x p o n e n t  may b e  i n p u t  d i r e c t l y  o r  c a l c u l a t e d  i n  t h e  program f rom t h e  b e a c h  
s l o p e  and  b r e a k e r  i n d e x .  O t h e r  i n p u t s  i n c l u d e  t h e  p a r a m e t e r  P e x p r e s s i n g  
t h e  r e l a t i v e  i m p o r t a n c e  of  l a t e r a l  m i x i n g  a n d  b o t t o m  f r i c t i o n  ( t y p i c a l  r a n g e  
:1.01 t o  0 . 1 0 )  a n d  t h e  wave a n g l e  a t  b r e a k i n g  ( t y p i c a l  r a n g e  0.0 t o  30 .0  
d e g r e e s ) .  

90 you want  t h e  program t o  c a l c u l a t e  t h e  power law e x p o n e n t ?  (Y or  N )  
Y 

I n p u t  t h e  beach  s l o p e ,  b r e a k e r  i n d e x  ( e . g .  0 . 0 2 , 0 . 8 )  
0 . 0 2 , 0 . 7 8  

I n p u t  t h e  p a r a m e t e r  P 
0.05 

I n p u t  t h e  b r e a k i n g  wave a n g l e  ( d e g r e e s )  
1 0 . 0  

n = 1 .74  P = 0 . 0 5  B r e a k i n g  wave a n g l e  = 10 .0  



Longshore C u r r e n t  D i s t r i b u t i o n  
V is t h e  d i m e n s i o n l e s s  l o n g s h o r e  c u r r e n t  speed  
X is t h e  d i m e n s i o n l e s s  d i s t a n c e  from t h e  mean s h o r e l i n e  

Do you want t o  make a n o t h e r  r u n ?  ( Y  o r  N )  
1 1  

F O R T R A N  STOP 



C * * * * * * * * * * * * * * t * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  

C * 
C Analytical Model of the Longshore Current Based on * 
C Power Law Wave Height Decay Including the Effect of * 
C Large Incident Wave Angles * 
C * 
C JANE SMITH 29 OCT 86 )t 

L * 
............................................................. 
c 
C Definitions of variables and arrays 
C 
C N - power law exponent, input or calculated internally 
C from the beach slope and breaker index 
C P - parameter expressing the relative importance of 
C lateral mixing and bottom friction (0.01 to 0.10) 
C THETA - breaking wave angle in degrees 
C M - order of the solution (2) 
C THETAR - breaking wave angle in radians 
C SINTB2 - sine of the breaking angle squared 
C From Equation 3-69: 
m - PP - p ,  QQ - q, A(1) - Ao, A ( 2 )  - Al, A(3) - A2 
C BETA(1) - Bo, BETA(2) - B1, BETA(3) - B2 
C 
L DELTA(1) - CO, DELTA(2) - C1, DELTA(3) - C2 
C SUMA - SA, SUMB - S B ,  SUMC - S C  
C SNMA - S A t ,  SNMB - SB', SNMC - SC' 
C B(1) - bl, B(2) - b2, C(1) - cl, C(2) - c 2  
C X ( j )  - nondimensional distance from the shoreline, 
C x/xb 
C - nondimensional longshore current speed, 
C v ( J )  v/vo 
........................................................... 
C 

DIMENSION A(25),BETA(25),DELTA(25),B(25),C(25) 
DIMENSION X(100) ,V(100) 
DATA INO/'N'/,IYES/'Y'/ 
REAL N 
M-2 
MM=M+1 
TYPE 60 

6 0 FOR M A T ( / / , ~ X , ~ L O N G S H O R E  CURRENT BASED ON POWER L A W  WAVE', 
* l x ,  'HEIGHT DECAYt) 
TYPE 61 

6 1 FORMAT(/lX,'This program calculates the longshore current 
based', 

*/,I on an empirical power law expression for the w a v e 1 , /  
* , '  height decay in the surf zone,',//5x,'H = gamma*hb*(h/hb)**nl, 
*//lx,'where: H is the wave heightq,/9x,'h is the water depth', 
* / 9 x I f h b  is the water depth at breaking1,/9x,'Hb is the w a v e 1 ,  
*lx,'height at breakingt,/9x,'gamma is the breaker index (Hb/hb)', 
*/9x ,'n is the exponent (typical range 1.0 to 2 . 0 ) ' , / )  
TYPE 6 2  



6 2 FORMAT(' The exponent n is a function of the beach slope and' 
* / '  the breaker index. The exponent may be input directly o r 7 ,  
* / '  calculated in the program from the beach slope and breaker', 
* / '  index. Other inputs include the parameter P expressing', 
* / '  the relative importance of lateral mixing and bottom', 
* / '  friction (typical range 0.01 to 0.10) and the wave angle', 
*/I at breaking (typical range 0.0 to 30.0 degrees).') 

9 9 TYPE 53 
6 3 FORMAT(//,lX,'Do you want the program to calculate the p o w e r 7 ,  

*lx,'law exponent? (Y or N)') 
READ 64,IANS 

6 4 FORMAT(A1) 
IF(IANS.EQ.IN0) GO TO 70 
TYPE 66 

6 6 FORMAT(lX,'Input the beach slope, breaker index (e.g. 0.02,0.8) 
READ *,SLOPE,BINDEX 
N=O.O32-~.OO96/SLOPE+O.657*BINDEX+O.O43*BINDEX/SLOPE 
GO TO 74 

7 0 TYPE 7 2  
7 2 FORMAT(//1X,71nput power law exponent, n') 

READ *,N 
7 4 TYPE 76 
7 6 FORMAT(/lX,'Input the parameter P') 

READ *,P 
TYPE 77 

7 7 FORMAT(/lX,'Input the breaking wave angle (degrees)') 
READ *,THETA 
TYPE 78,N,P,THETA 

7 8 FORMAT(//,lX,'n = ',F4.2,2X,'P = ',F4.2,2X,'Breaking wave', 
*lx,'angle = ',F4.1 ,///I 

C 
FACN=l .0 
FACN2=1 . 0  
THETAR=3.14159*THETA/180.0 
SINTB2=(SIN(THETAR))**2 
PP=(-(2.0*N+1.0)/4.0)+SQRT(((2.0*N+1.0)/4.0)**2+1.0~?~ 
Q Q = ( - ~ . / ~ . ) - s Q R T ( ~ . O / ~ ~ . O + ~ . O / P )  
A(1)=(4.0*N+1.0)/5.0/(1.0-~*N*(2.0*N+0.5~) 
BETA(1)=1 .0 
DELTA(1 ) = I  . 0  
SUMA=A ( 1 ) 
SUMB=BETA(l) 
SUMC=DELTA(l) 
SNMA=N*A(I) 
SNMB=PP*BETA( 1 ) 
SNMC=QQ*DELTA(l) 



SUMA=SUMA+A(II) 
SUMB=SUMB+BETA(II) 
SUMC=SUMC+DELTA(II) 
SNMA=SNMA+(N+Z)*A(II) 
SNMB=SNMB+(PP+Z)*BETA(II) 
SNMC=SNMC+(QQ-Z)*DELTA(II) 
CONTINUE 

DO 2 0  I = 2 , M M  
B(I)=B(~)*BETA(I) 
C(I)=C(~)*DELTA(I) 
CONTINUE 

DO 100 J = 1 , 5 0  
X(J)=FLOAT(J-1)/50. 
X(J+5O)=X(J)+l.O 
V(J)=0.0 
V(J+50)=0.0 
DO 101 K=l ,MM 
Z=FLOAT(K)-1.0 
V(J)=V(J)+A(K)*X(J)**(N+Z)+B(K)*X(J)**(PP+Z) 
V(J+50)=V(J+5O)+C(K)*(X(J+50))**(QQ-Z) 
CONTINUE 
CONTINUE 
T Y P E  43 
FORMAT(lX,'Longshore Current Distribution') 
T Y P E  44 

4 4 FORMAT(5X,'V i s  the dimensionless longshore current speed', 
*/5x,'X is the dimensionless distance from the mean s h o r e l i n e 1 , / )  
DO 4 5  I=1,10 
K1 =(I-1 )*10+1 
K2=K1+9 
TYPE 50,(V(K),K=Kl,K2) 
T Y P E  51,(X(K),K=Kl,K2) 
T Y P E  5 2  

4 5 CONTINUE 
5 0 FORMAT(lX,'V = ',10F7.3) 
5 1 FORMAT(lX,'X = ',10F7.3) 



5 2 F O R M A T ( l X , I -  - - - - - - - - - - - - - - - - - - - - - - - - 1  
9 

* 1 x , * -  - - - - - - - - - - - - ' I  
T Y P E  95 

9 5 F O R M A T ( / / l X , * D o  y o u  w a n t  to make a n o t h e r  r u n ?  ( Y  o r  N ) ' )  
R E A D  6 4 , I A N S  
IF(IANS.EQ.1YES)GO T O  9 9  
STOP 
E N D  



APPENDIX C:  NOTATION 

l a t e r a l  mixing s t r e s s  

average bottom f r i c t i o n  s t r e s s  

wave c e l e r i t y  

drag coe f f i c i en t  

f r i c t i o n  coef f i c ien t  

group wave c e l e r i t y  

wave energy density per u n i t  su r face  area  

Cor io l i s  parameter 

energy f lux  in  the onshore-direction per un i t  distance 
p a r a l l e l  t o  shore 

g rav i ta t iona l  accelera t ion 

wave height 

water depth 

wave height a t  wave breaking 

water depth a t  wave breaking 

deepwater wave height 

decay coe f f i c i en t  i n  Dally e t  a l .  (1985a, 1985b) wave height 
decay model 

deepwater wavelength 

Seach slope 

exponent i n  power law wave height decay expression 

parameter expressing the r e l a t i v e  importance of 
l a t e r a l  mixing and bottom f r i c t i o n  ( including the 
e f f e c t  of wave se tup)  i n  the  longshore cur ren t  model 

parameter expressing the  r e l a t i v e  importance of 
l a t e r a l  mixing and bottom f r i c t i o n  (excluding the 
e f f e c t  of wave se tup)  i n  the longshore current  model 

mean f lux  of momentum across a  plane x = constant ,  
p r i nc ip l e  component of rad ia t ion  s t r e s s  

mean f lux  of y-momentum pa ra l l e l  t o  the  shore across a 
plane x = constant ,  component of rad ia t ion  s t r e s s  

wave period 

time 



onshore  c u r r e n t  component 

wave o r b i t a l  v e l o c i t y  

nondimensional  l o n g s h o r e  c u r r e n t  s p e e d ,  v/vo 

l o n g s h o r e  c u r r e n t  component 

maximum l o n g s h o r e  c u r r e n t  speed  f o r  s p e c i a l  c a s e  o f  
n = 1 and l a t e r a l  mixing s t r e s s  n e g l e c t e d  

d i m e n s i o n l e s s  o n s h o r e  c o o r d i n a t e ,  x /xb 

onshore  c o o r d i n a t e  

l o c a t i o n  o f  wave b r e a k i n g  

a l o n g s h o r e  c o o r d i n a t e  

wind speed  

a n g l e  of  bottom w i t h  t h e  h o r i z o n t a l  

c o n s t a n t  i n  t h e  e x p r e s s i o n  f o r  E L 
r a t i o  of  wave h e i g h t  t o  wa te r  d e p t h  a t  wave b r e a k i n g  

energy  d i s s i p a t i o n  r a t e  

l a t e r a l  v i s c o s i t y  c o e f f i c i e n t  

wave s e t u p  

wave s e t u p  a t  wave b r e a k i n g  

i n c i d e n t  wave a n g l e  

i n c i d e n t  wave a n g l e  a t  wave b r e a k i n g  

t h e  c o n s t a n t  r 

dens  i t y of wa te r  

i n c i d e n t  wind a n g l e  

l o c a l  wave stress 

wind s t r e s s  
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